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FIG. 7. The� � Coulomb correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel) as
functions ofqo, qs, orql , respectively, for the azimuthally asymmetric source. The parameters areRx = 2 fm,Ry = 4 fm,Rz = 6 fm, � = 1 fm
and the pair velocity isv = (0.8,0,0). The extracted “free” functions are represented by the squares while the expected free correlation functions
correspond to the solid lines.

FIG. 8. The� � Coulomb correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel) as
functions ofqo, qs, orql , respectively, for the azimuthally asymmetric source. The parameters areRx = 4 fm,Ry = 2 fm,Rz = 6 fm, � = 1 fm
and the pair velocity isv = (0.8,0,0). The extracted “free” functions are represented by the squares while the expected free correlation functions
correspond to the solid lines.
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FIG. 9. The� � andKK Coulomb correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower
panel) as functions ofqo,qs, or ql , respectively, for the extremely anisotropic source. The parameters areRx = Ry = 0, Rz = 6 fm, � = 3 fm
and the pair velocity isv = (0.8,0,0).

FIG. 10. The� � andKK “free” correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower
panel) as functions ofqo, qs, or ql , respectively, for the extremely anisotropic source. The parameters are:Rx = Ry = 0, Rz = 6 fm, � = 3 fm
and the pair velocity isv = (0.8,0,0). The extracted “free” functions are represented by the squares for pions and by triangles for kaons; the
expected free correlation functions correspond to the solid lines.
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FIG. 11. The� � Coulomb correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel)
as functions ofqo, qs, or ql , respectively. The �reball and halo parameters areRx = 4 fm, Ry = 4 fm, Rz = 6 fm, � = 3 fm, Rh = 40 fm and
the pair velocity isv = (0.8,0,0). The exact Coulomb correlation functions are shown with the squares and the Coulomb correlation functions
�tted with the dilution formula (41) are represented by the solid lines.

FIG. 12. The� � Coulomb correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel)
as functions ofqo, qs, or ql , respectively. The �reball and halo parameters areRx = 4 fm, Ry = 4 fm, Rz = 6 fm, � = 3 fm, Rh = 40 fm and
the pair velocity isv = (0.8,0,0). The exact Coulomb correlation functions are shown with the squares and the Coulomb correlation functions
�tted with the Bowler-Sinykov formula (42) are represented by the solid lines.
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FIG. 13. The� � free correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel) as
functions ofqo, qs, or ql , respectively. The �reball and halo parameters areRx = 4 fm, Ry = 4 fm, Rz = 6 fm, � = 3 fm, Rh = 40 fm and the
pair velocity isv = (0.8,0,0). The “free” correlation functions are extracted by means of the dilution method for several values of� . The actual
free correlation functions are shown by the solid lines.

FIG. 14. The� � “free” correlation functionsC(qo,0,0) (upper left panel),C(0, qs,0) (upper right panel), andC(0,0, ql ) (lower panel) as
functions ofqo, qs, or ql , respectively. The �reball and halo parameters areRx = 4 fm, Ry = 4 fm, Rz = 6 fm, � = 3 fm, Rh = 40 fm and the
pair velocity isv = (0.8,0,0). The “free” correlation functions are extracted by means of the Bowler-Sinykov method for several values of� .
The actual free functions are shown by the solid lines.
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As mentioned at the end of Sec.VI , the model of halo
should in principle include its �nite lifetime. However, the
�nite lifetime increases the halo size in the out direction and
the “free” correlation function in out direction is distorted at
even smaller momenta than the “free” correlation functions
in side and long directions. Therefore, our conclusions cannot
be changed by taking into account a �nite duration of pion
emission from the halo.

XI. CONCLUSIONS

Let us summarize our study of the two-particle correlation
functions. We have derived a relativistic generalization of the
nonrelativistic Koonin formula. The calculations have been
performed in the center-of-mass frame of the pair where a
nonrelativistic wave function of the particle’s relative motion
is meaningful. It required an explicit transformation of the
source function to the center-of-mass frame of the pair. Finally,
the correlation function has been transformed to the source
rest frame as a Lorentz scalar �eld. The Coulomb correlation
functions of pairs of identical pions and kaons have been
computed. The source has been anisotropic and of �nite
lifetime. For pions the effect of halo has been also taken into
account. The source function has been always of the Gaussian
form.

Having the exact Coulomb correlation functions, the
Bowler-Sinyukov procedure to remove Coulomb effect was
tested. It was shown that the procedure works very well
even for an extremely anisotropic source provided the halo
is absent. For kaons small deviations are observed for a
suf�ciently large source. When the halo is included the pion
correlation function are noticeably distorted for very small
relative momenta but the source radii remain unin�uenced.
Thus, we conclude that the Bowler-Sinyukov procedure, which
at �rst glance does not look very reliable, appears to be
surprisingly accurate. A possible interplay of Coulomb effects
and �reball’s expansion has not been studied here but our
analysis shows that Coulomb effects are not sensitive to the
source’s shape as long as the characteristic source radius is
much smaller than the Bohr radius of the particle’s pair of
interest. Then, the Bowler-Sinyukov procedure is expected to
work well.
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APPENDIX A: DERIVATION OF CORRELATION
FUNCTION

We sketch here the derivation, which is discussed in
detail in Refs. [33–35], of the correlation function of two
identical interacting bosons. Under rather general conditions,
the correlation function as de�ned by Eq. (1) can be written

down as

C(p1,p2) =
�

d4x1d4x�
1d4x2d4x�

2� (x1,x2; x�
1, x �

2)

× � p1,p2(x1,x2)� 

p1,p2

(x�
1, x �

2), (A1)

where� (x1,x2; x�
1, x �

2) is the properly normalized coordinate
space density matrix describing production process of the two
particles and� p1,p2(x1,x2) is the Bethe-Salpeter amplitude;
x1,x2, x �

1, x �
2, p1,p2 are all four-vectors.

To separate the relative from center-of-mass motion, one
uses the variables (18) and expresses the Bethe-Salpeter
amplitude as� p1,p2(x1, x2) = eiP X � q(x). Then, the integrals
over X andX � are performed and the formula (A1) changes
into

C(P,q) =
�

d4xd4x�� P (x; x�)� q(x)� 

q (x�). (A2)

And now one argues that the density matrix� P (x; x�) can be
approximated by the diagonal form

� P (x; x�) = Dr (x) � (4)(x Š x�), (A3)

whereDr (x) is the relative source function of probabilistic
interpretation. The nonrelativistic counterpart ofDr (x) is given
by Eq. (7). To justify the expression (A3) one assumes that the
effect of particle production can be factorized from the �nal-
state interaction, as the production process occurs at a much
larger energy-momentum scale than the process of �nal-state
interaction. Substituting the formula (A3) into Eq. (A2) one
�nds

C(P,q) =
�

d4xDr (x)|� q(x)|2. (A4)

When the Bethe-Salpeter amplitude� q(x) is transformed
to the center-of-mass frame of the pair of particles, it can
be replaced by the nonrelativistic function� q
 (r 
 ) when
t
 is assumed to vanish. After that, one reproduces our
formula (23).

APPENDIX B: APPROXIMATION OF CONFLUENT
HYPERGEOMETRIC FUNCTION

We derive here an approximate expression of the Coulomb-
scattering function that holds when the source size is much
smaller than the Bohr radius of the two interacting particles.
The con�uent hypergeometric function1F1(a,b; z), which
gives the Coulomb scattering function, is de�ned as

1F1(a,b; z) = 1 +
��

n = 1

zn

n!

nŠ1�

k = 0

a + k
b + k

. (B1)

The Coulomb-scattering function corresponds to the argu-
mentsa = Š i
/q, b = 1, andz = i (qr Š qr). Introducing the
parabolic coordinate
 we haveq
 = qr Š qr and thus,

1F1

�
Š

i

q

, 1; iq

�

= 1 +
��

n = 1

(iq
 )n

(n!)2
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k = 0
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Š

i

q

+ k
�

.

(B2)
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FIG. 16. The real (left panel) and imaginary (right panel) part of the kaon Coulomb function1F1(Š i
 K /q, 1; iq
 ) as a function ofq for
several values of
 . The solid and dashed lines represent, respectively, the exact formula (B2) and the approximation (B8).

see that Re[1F1(Ši
/q, 1; iq
 )] 
 Im[1F1(Ši
/q, 1; iq
 )].
Therefore, the imaginary part can be neglected and

1F1

�

Š
i

q

, 1; iq


�

� 1 +


q

Si(q
 ). (B9)

Because

q Si(q
 ) � 1, we also have
�
�
�
�1F1

�
Š

i

q

, 1; iq

� �

�
�
�

2

� 1 + 2


q

Si(q
 ). (B10)

The approximations (B9) and (B10) were used to compute the
correlation functions of pions but not of kaons.
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[27] R. Maj and St. Mŕowczýnski, in Proceedings of XI International

Workshop on Correlation and Fluctuation in Multiparticle
Production, Hangzhou, China, 21–25 November 2006; Int. J.
Mod. Phys. E16, 3244 (2007).

[28] J. Adamset al. (STAR Collaboration), Phys. Rev. Lett.93,
012301 (2004).

[29] M. A. Lisa (STAR Collaboration), Acta Phys. Pol. B35, 37
(2004).

[30] A. Kisiel, W. Florkowski, W. Broniowski, and J. Pluta, Phys.
Rev. C73, 064902 (2006).

[31] S. Nickerson, T. Csorgo, and D. Kiang, Phys. Rev. C57, 3251
(1998).

[32] S. E. Koonin, Phys. Lett.B70, 43 (1977).
[33] R. Lednicky and V. L. Lyuboshits, Sov. J. Nucl. Phys.35, 770

(1982) [Yad. Fiz.35, 1316 (1981) (in Russian)].
[34] R. Lednicky and V. L. Lyuboshits, Heavy Ion Physics3, 93

(1996).
[35] R. Lednicky, J. Phys. G35, 125109 (2008).

034907-18



COULOMB EFFECTS IN FEMTOSCOPY PHYSICAL REVIEW C80, 034907 (2009)

[36] M. Jarvinen, Phys. Rev. D71, 085006 (2005).
[37] S. Chapman, P. Scotto, and U. W. Heinz, Phys. Rev. Lett.74,

4400 (1995).
[38] U. Heinz, B. Tomasik, U. A. Wiedemann, and Y. F. Wu, Phys.

Lett. B382, 181 (1996).
[39] G. Bertsch, M. Gong, and M. Tohyama, Phys. Rev. C37, 1896

(1988).
[40] S. Pratt, Phys. Rev. D33, 1314 (1986).

[41] G. Baym and P. Braun-Munzinger, Nucl. Phys.A610, 286c
(1996).

[42] L. I. Schiff, Quantum Mechanics(McGraw-Hill, New York,
1968).

[43] D. V. Anchishkin, W. A. Zajc, and G. M. Zinovjev, Ukr. Phys.
J.41, 363 (1996).

[44] U. A. Wiedemann and U. W. Heinz, Phys. Rev. C56, 3265
(1997).

034907-19


