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8 INTRINSIC GEOMETR Y OF ORIENTED CONGR UENCES IN

THREE DIMENSIONS

C. DENSON HILL AND P A WEŠ NUR O WSKI

Abstra ct. Starting from the classical notion of an orien ted congruence (i.e.

a foliation b y orien ted curv es) in R3
, w e abstract the notion of an oriented
ongruen
e stru
ture. This is a 3-dimensional CR manifold (M, H, J) with a

preferred splitting of the tangen t space T M = V � H . W e �nd all lo cal in v ari-

an ts of suc h structures using Cartan's equiv alence metho d re�ning Cartan's

classi�cation of 3-dimensional CR structures. W e use these in v arian ts and p er-

form F e�erman lik e constructions, to obtain in teresting Loren tzian metrics in

four dimensions, whic h include explicit Ricci-�at and Einstein metrics, as w ell

as not conformally Einstein Bac h-�at metrics.
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1. Intr oduction

W e study the lo cal di�eren tial geometry of orien ted congruences in 3-dimensional

manifolds. This geometry turns out to b e v ery closely related to lo cal 3-dimensionalCR geometry. The latter can b e traced bac k to Elie Cartan's 1932 pap ers [3], in

whic h he used his equivalen
e method to determine the full set of lo
al invariants
of lo cally em b edded 3-dimensional strictly pseudo con v ex CR manifolds.

This pap er should b e regarded as an extension and re�nemen t of Cartan's w ork.

This is b ecause a 3-dimensional manifold with an orien ted congruence on it is an ab-

stract 3-dimensional CR manifold with an additional structure: a preferred splitting
(see Section 3). This leads to a notion of lo cal equiv alence of suc h structures, whic h

is more strict that than of Cartan. Hence the (coarse) CR equiv alence classes of

Cartan split in to a �ne stru
ture ; as a result w e pro duce man y new lo
al invariants,

corresp onding to man y more nonequivalent structures than in Cartan's situation.

F rom this p ersp ectiv e, our pap er ma y b e also placed in the realm of spe
ialgeometries, i.e. geometries with an additional structure. These kind of geometries,

suc h as, for example, sp ecial Riemannian geometries (hermitian, Kähler, G2 , etc.),

�nd applications in mathematical ph yscis (e.g. string theory). The starting p oin t

of this pap er also comes from ph ysics: a congruence in R3
(i.e. a foliation of R3

b y curv es) is a notion that app ears in h ydro dynamics (v elo cit y �o w), Newtonian

gra vit y and electro dynamics (�eld strength lines). These branc hes of ph ysics ha v e

distinguished the t w o main in v arian ts of suc h foliations, whic h are related to the

classical notions of twist and shear. One of the b ypro ducts of our analysis is also a

re�nemen t of these ph ysical concepts.

Con temp orary ph ysicists, b ecause of the dimension of spacetime, ha v e b een

m uc h more in terested in congruences in four dimensions. Suc h congruences liv e

in Lorentzian manifolds, and as suc h, ma y b e timelike, spa
elike or null. It turns

out that the null congruences in spacetimes, whic h are tangen t to unparametrizedgeodesi
s without shear, lo cally de�ne a 3-manifold, whic h has a CR structure on it.

One of the outcomes of this pap er is that w e found connections b et w een prop erties

of four dimensional spacetimes admitting n ull and shearfree congruences, with their

corresp onding three dimensional CR manifolds, and our new in v arian ts of the clas-

sical congruences in three dimensions. In Sections 10 and 11 , in particular, w e use

these three dimensional in v arian ts, to construct in teresting families of Loren tzian

metrics with shearfree congruences in four dimensions (including metrics whic h are

Ricci �at or Einstein, Bac h �at but not conformal to Einstein, etc.).

Throughout the pap er w e will alw a ys ha v e a nondegenerate (not neccessarily

Riemannian) metric gij and its in v erse gij
. This enables us to freely raise and

lo w er indices at our con v enience. W e use the Einstein summation con v en tion. W e

also denote b y ! 1! 2 = 1
2 (! 1 ⊗ ! 2 + ! 2 ⊗ ! 1) the symmetrized tensor pro duct of

t w o 1-forms ! 1 and ! 2 . In this pap er w e shall b e w orking in the smo oth category;
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i.e., ev erything will b e assumed to b e C1

, without men tioning it explicitly in what

follo ws.

A large part of the pap er is based on length y calculations, whic h are required

b y our main to ol, namely Cartan's equivalen
e method. These calculations w ere

c hec k ed b y the sym b olic calculation program Mathematica. The structure of the

pap er is re�ected in the table of con ten ts.

W e ha v e b een inspired b y our con tact with Andrzej T rautman, Jacek T afel and

Jerzy Lew ando wski, whom w e thank w armly . W e also thank the Mathematisc hes

Institute der Hum b oldt-Univ ersität zu Berlin, and Ilk a Agricola and Jürgen Leit-

erer, in particular, for their kind hospitalit y during the preparation of this pap er.

2. Classical twist and shear

In a simply connected domain U of Euclidean space R3
, equipp ed with the �at

metric gij = � ij , w e consider a smo oth foliation b y uniformly orien ted curv es. Let v
b e a v ector �eld v = vi ∇i tangen t to the foliation, consisten t with the orien tation.

W e denote the total symmetrization b y round brac k ets on the indices, the total

an tisymetrization b y square brac k ets on the indices, and use � ijk = � [ijk ] , � 123 = 1 .

W e ha v e the follo wing classical decomp osition

(2.1) ∇i vj = � ij + � ij + 1
3 �g ij ;

where

� ij = ∇[i vj ] = 1
2 � ijk (curl v)k ;

� = gij ∇i vj = div v;

� ij = ∇(i vj ) − 1
3 �g ij :

The decomp osition (2.1) de�nes three functions, dep ending on the c hoice of v , whic h

can b e used to c haracterize the foliation. One of these functions is the div ergence

� , also called the expansion of the ve
tor �eld v . It merely c haracterizes the v ector

�eld v , hence it is not in teresting as far the prop erties of the foliation is concerned.

The second function is

� = |� ij | =
√

gik gjl � ij � kl ;

the norm of the an tisymmetric part � ij , called the twist of the ve
tor �eld v .

V anishing of t wist, the twist-free condition � = 0 , is equiv alen t to curl v = 0 .

Although this condition is v -dep enden t, it has a clear geometric meaning for the

foliation. Indeed, a v ector �eld v with v anishing t wist ma y b e represen ted b y a

gradien t: v = ∇f for some function f : U → R. In suc h a case the lev el surfaces

of the function f de�ne a foliation of U with 2-dimensional lea v es orthogonal to v .

This can b e rephrased b y sa ying that the distribution V?
of 2-planes, p erp endicular

to v , is in tegrable.

The third function obtained from the decomp osition (2.1 ) is

� = |� ij | =
√

gik gjl � ij � kl ;

the norm of the trace-free symmetric part � ij , called the shear of the ve
tor �eld v .

Regardless of whether or not V?
is in tegrable, the condition of vanishing shear

� = 0 is equiv alen t to ∇(i vj ) = 1
3 �g ij . Recalling that the Lie deriv ativ e Lvgij =

∇(i vj ) , w e see that the shear-free condition for v is the condition that this Lie

deriv ativ e b e prop ortional to the metric. Th us � = 0 if and only if Lvgij = hgij :
This condition again is v dep enden t. Ho w ev er, it implies the follo wing geometric
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prop ert y of the foliation: the metric gjV ⊥ induced b y gij on the distribution V?

is conformally preserv ed when Lie transp orted along v . T o sa y it di�eren tly w e

in tro duce a complex structure J on eac h 2-plane of V?
. This is p ossible since

eac h suc h plane is equipp ed with a metric gjV ⊥ and the orien tation induced b y the

orien tation of v . Kno wing this, w e de�ne J on eac h 2-plane as a rotation b y

�
2 ,

using the righ t hand rule. No w w e can rephrase the statemen t ab out conformal

preserv ation of the metric gjV ⊥ during Lie transp ort along v , b y sa ying that it is

equiv alen t to the constancy of J under the Lie transp ort along v .

The ab o v e notions of expansion, t wist and shear are the classical notions of

elasticit y theory . As w e ha v e seen, they are not in v arian ts of the foliation b y curv es,

b ecause they dep end on the c hoice of the v ector �eld v . Nonetheless they do carry

some in v arian t information. One of the main purp oses of this pap er is to �nd all of

the lo cal in v arian ts of the in trinsic geometry asso ciated with suc h foliations. With

this classical motiv ation w e no w pass to the sub ject prop er of this pap er.

3. Oriented congr uences

Consider a smo oth orien ted real 3-dimensional manifold M equipp ed with a

Riemannian metric g. Assume that M is smo othly foliated b y uniformly orien ted

curv es. Suc h a foliation is called an oriented 
ongruen
e. Note that w e are not
assuming that the curv es in the congruence are geo desics for the metric g.

Our �rst observ ation is that M has the structure of a smo oth abstract CRmanifold. T o see this w e in tro duce the orien ted line bundle V , a subbundle of

T M , consisting of the tangen t lines to the foliation. Using the metric w e also

ha v e V?
, the 2-plane subbundle of T M consisting of the planes orthogonal to the

congruence. These 2-planes are orien ted b y the righ t hand rule and are equipp ed

with the induced metric gjV ⊥ . Hence V?
is endo w ed with the complex structure

op erator J as w e explained in the previous section. The pair (V? ; J ), b y the v ery

de�nition, equips M with the structure of an abstract 3-dimensional CR manifold.

This CR manifold has an additional structure consisting in the prefered splitting

T M = V? ⊕ V . It also de�nes an equiv alence class [g] of adapted Riemannian

metrics g0
in whic h g0(V ; V? ) = 0 and suc h that g0

jV ⊥ is hermitian for J . Th us,

an orien ted congruence in (M; g) de�nes a whole class of Riemannian manifolds

(M; [g]) whic h are adapted to it.

Con v ersely , giv en an orien ted abstract 3-dimensional CR manifold (M; H; J )
with a distinguished line subbundle V suc h that V ∩ H = {0} , w e ma y reconstruct

the orien ted congruence. The curv es of this congruence consist of the tra jectories

of V . They are orien ted b y the righ t hand rule applied in suc h a w a y that it agrees

with the orien tation of H determined b y J . Here J : H → H and J 2 = − id.

Since T M = H ⊕V w e reco v er also the equiv alence class [g] of adapted Riemannian

metrics g0
in whic h g(V ; H ) = 0 and suc h that g0

jH is hermitian for J .

W e summarize with: let M b e an orien ted 3-dimensional manifold, then

Prop osition 3.1. There is a one to one 
orresponden
e between oriented 
ongru-en
es on M with a distinguished orthogonal distribution V? , and CR stru
tures
(H; J ) on M with a distinguished line subbundle V su
h that T M = H ⊕ V.

W e no w pass to the dual form ulation. Giv en a CR structure (H; J ) with a

prefered splitting T M = H ⊕ V , w e de�ne H 0
to b e the anihilator of H and V0

to
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b e the anihilator of V . Note that H 0

is a real line subbundle of T � M and V0
is a 2-

plane subbundle of T � M . This H 0
is kno wn as the 
hara
teristi
 bundle asso ciated

with the CR structure. V0
is equipp ed with the complex structure J �

, the adjoin t

of J with resp ect to the natural dualit y pairing. The complexi�cation CV0
splits

in to CV0 = V0
+ ⊕ V0

� , where V0
� are the ∓i eigenspaces of J �

. Both spaces V0
� are
omplex line subbundles of the complexi�cation CT � M of the cotangen t bundle.

V0
� is the complex conjugate of V0

+ , V0
� = V0

� .

The reason for passing to the dual form ulation is that w e w an t to apply Cartan's

metho d of equiv alence to determine the lo cal in v arian ts of an orien ted congruence

in M . F or this w e need a lo cal nonzero section � of H 0
and a lo cal nonzero section

� of V0
+ . Then � ∧ � ∧ �̄ 6= 0 . An y other lo cal section � 0

of H 0
and an y other lo cal

section � 0
of V0

+ are related to � and � b y � 0 = f � and � 0 = h� , for some real

function f and some complex function h . This motiv ates the follo wing de�nition:

De�nition 3.2. A stru
ture (M; [�; � ]) of an oriented 
ongruen
e on a 3-dimensional

manifold M is an equiv alence class of pairs of 1-forms [�; � ] on M satisfying the

follo wing conditions:(i) � is real, � is complex(ii) � ∧ � ∧ �̄ 6= 0 at eac h p oin t of M(iii) t w o pairs (�; � ) and (� 0; � 0) are equiv alen t i� there exist non v anishing func-

tions f (real) and h (complex) on M suc h that

(3.1) � 0 = f �; � 0 = h�:

W e sa y that t w o suc h structures (M; [�; � ]) and (M 0; [� 0; � 0]) are (lo cally) equivalent
i� there exists a (lo cal) di�eomorphism � : M → M 0

suc h that

(3.2) � � (� 0) = f �; � � (� 0) = h�

for some non v anishing functions f (real) and h (complex) on M . If suc h a di�eo-

morphism is from M to M it is called an automorphism of (M; [�; � ]). The full

set of automorphisms is called the group of automorphisms of (M; [�; � ]). A v ector

�eld X on M is called a symmetry of (M; [�; � ]) i�

LX � = f �; LX � = h�:

Here the functions f (real) and h (complex) are not required to b e non v anishing;

they ma y ev en v anish iden tically . Observ e, that if X and Y are t w o symmetries of

(M; [�; � ]) then their comm utator [X; Y ] is also a symmetry . Th us, w e ma y sp eak

ab out the Lie algebra of symmetries.Remark 3.3 . Note that E. Cartan [3] w ould de�ne a 3-dimensional CR manifold as

a structure (M; [�; � ]) as ab o v e, with the exception that condition (iii) is w eak end

to

(iii)CR t w o pairs (�; � ) and (� 0; � 0) are equiv alen t i� there exist non v anishing func-

tions f (real) and h (complex) and a complex function p on M suc h that

� 0 = f �; � 0 = h� + p�:

In this sense our structure of an orien ted congruence (M; [�; � ]) is a CR manifold

on whic h there is an additional structure. In particular the di�eomorphisms � that

pro vide an equiv alence of our structures are sp ecial cases of CR di�eomorphisms,

whic h for CR structures de�ned a la Cartan b y (iii)CR are � : M → M 0
suc h

that � � (� 0) = f � , � � (� 0) = h� + p� . In terms of the no w ada ys de�nition of a CR
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manifold as a triple (M; H; J ), this last Cartan condition is equiv alen t to the CR

map requiremen t: d� ◦ J = J ◦ d� and similarly for � � 1
.Remark 3.4 . T w o CR structures whic h are not equiv alen t in the sense of Cartan [3 ]

are also not equiv alen t, in our sense, as orien ted congruences; but not vice v ersa.

On the other hand, ev ery symmetry of an orien ted congruence (M; [�; � ]) is a CR

symmetry of the CR structure determined b y [�; � ] via (iii)CR ; and not vice v ersa.

W e omit the pro of of the follo wing easy prop osition.

Prop osition 3.5. A given stru
ture (M; [�; � ]) determines a CR stru
ture (M; H; J )with the preferred splitting T M = H ⊕ V, where H is the annihilator of SpanR(� )and CV is the annihilator of SpanC(� ) ⊕ SpanC(�̄ ). The 
lass of adapted Rieman-nian metri
s [g] is parametrized by two arbitrary nonvanishing fun
tions f (real)and h (
omplex) and given by
g = f 2� 2 + 2|h|2� �̄:

4. Elements of Car t an's equiv alence method

Here w e outline the pro cedure w e will follo w in applying Cartan's metho d to our

particular situation.

4.1. Cartan in v arian ts. Consider t w o structures (M; [�; � ]) and (M 0; [� 0; � 0]).

Our aim is to determine whether they are equiv alen t or not, according to De�-

nition 3.2 , equation (3.2 ). This question is not easy to answ er, since it is equiv alen t

to the problem of the existence of a solution � for a system (3.2) of linear �rst

order PDEs in whic h the righ t hand side is undetermined. Elie Cartan asso ciates

with the forms (�; �; �̄ ) and (� 0; � 0; �̄ 0), represen ting the structures, t w o systems ofordered 
oframes {Ωi } and {Ω0
i } on manifolds P and P0

of the same dimension, sa y

n ≥ 3 , whic h are �b er bundles o v er M . Then he sho ws that equations lik e (3.2 ) for

� ha v e a solution if and only if a simpler system

(4.1) Φ� Ω0
i = Ωi ; i = 1; 2; :::; n

of di�eren tial equations for a di�eomorphism Φ : P → P0
has a solution. Note that

deriv ativ es of Φ still o ccur in (4.1), since Φ�
is the pullbac k of forms from P0

to P .

One famous example is his original solution to the equiv alence problem for 3-

dimensional strictly pseudo con v ex CR structures. There P and P0
are 8-dimensional,

and his pro cedure pro duces t w o systems of eigh t linearly indep enden t 1-forms {Ωi }
and {Ω0

i } .

In our situation, pro vided n < ∞, and if w e are able to �nd n w ell de�ned

linearly indep enden t 1-forms {Ωi } on P , then (P; {Ωi }) pro vides the full system oflo
al invariants for the original structure (M; [�; � ]). In particular, using (P; {Ωi })
one in tro duces the s
alar invariants, whic h are the co e�cien ts {K I } in the decom-

p osition of {dΩi } with resp ect to the invariant basis of 2-forms {Ωi ∧ Ωj } .

No w in order to determine if t w o structures (M; [�; � ]) and (M 0; [� 0; � 0]) are

equiv alen t, it is enough to ha v e n functionally indep enden t {K I } . Then the condi-

tion (4.1) b ecomes

(4.2) Φ� K 0
I = K I ; I = 1; 2; :::; n:

The adv an tage of this condition, as compared to (4.1 ), is that (4.2), b eing the pull

bac k of functions, do es not in v olv e deriv ativ es of Φ. In this case the existence of Φ
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b ecomes a question in v olving the implicit function theorem, and the whole problem

reduces to c hec king whether a certain Jacobian is non-degenerate.

W e remark that an immediate application of the in v arian ts obtained b y Car-

tan's equiv alence metho d is to use them to �nd all the homogeneous examples

of the particular structure under consideration. The pro cedure of en umerating

these examples is straigh tforw ard and algorithmic once the Cartan in v arian ts ha v e

b een determined. In our situation the homogeneous examples will often ha v e lo cal

symmetry groups of dimension three. The 3-dimensional Lie groups are classi�ed

according to the Bianc hi classi�cation of 3-dimensional Lie algebras [1 ]. Since w e

will use this classi�cation in subsequen t sections, w e recall it b elo w.

4.2. Bianc hi classi�cation of 3-dimensional Lie algebras. In this section

X 1; X 2; X 3 denote a basis of a 3-dimensional Lie algebra g with Lie brac k et [·; ·].

All the nonequiv alen t Lie algebras fall in to Bian
hi types I , II , V I0 , V II 0 , V III ,

IX , V , IV , V Ih , V II h . Apart from t yp es V Ih and V II h , there is alw a ys precisely

one Lie algebra corresp onding to a giv en t yp e. F or eac h v alue of the real param-

eter h < 0 there is also precisely one Lie algebra of t yp e V Ih . Lik ewise for eac h

v alue of the parameter h > 0 there is precisely one Lie algebra of t yp e V II h . The

comm utation relations for eac h Bianc hi t yp e are giv en in the follo wing table.

Bianc hi t yp e: I II V I0 V II 0 V III IX
[X 1; X 2] = 0 0 0 0 −X 3 X 3
[X 3; X 1] = 0 0 −X 2 X 2 X 2 X 2
[X 2; X 3] = 0 X 1 X 1 X 1 X 1 X 1

Bianc hi t yp e: V IV V Ih V II h

[X 1; X 2] = 0 0 0 0
[X 3; X 1] = X 1 X 1 −X 2 + hX 1 X 2 + hX 1
[X 2; X 3] = −X 2 X 1 − X 2 X 1 − hX 2 X 1 − hX 2

Note that Bianc hi t yp e I corresp onds to the ab elian Lie group, t yp e I I cor-

resp onds to the Heisen b erg group; t yp es VI I I and IX corresp ond to the simple

groups: SO(1; 2), SL(2; R) for t yp e VI I I, and SO(3), SU (2) for t yp e IX.

5. Basic rela tive inv ariants of an oriented congr uence

W e mak e preparations to apply the Cartan metho d of equiv alence for �nding

all lo cal in v arian ts of the structure of an orien ted congruence (M; [�; � ]) on a 3-

manifold M .

Giv en a structure (M; [�; � ]) w e tak e represen tativ es � and � of 1-forms from the

class [�; � ]. Since (�; �; �̄ ) is a basis of 1-forms on M w e can express the di�eren tials

d� and d� in terms of the corresp onding basis of 2-forms (� ∧ �̄; � ∧ �; �̄ ∧ � ). W e

ha v e

d� = ia� ∧ �̄ + b� ∧ � + b̄�̄ ∧ �

d� = p� ∧ �̄ + q� ∧ � + s�̄ ∧ �(5.1)

d�̄ = −p̄� ∧ �̄ + s̄� ∧ � + q̄�̄ ∧ �;

where a is a real v alued function and b; p; q; s are complex v alued functions on M .

Giv en an y function u on M w e de�ne �rst order linear partial di�eren tial op erators

acting on u b y

du = u� � + u� � + u�̄ �̄:
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Note that u� is a real v ector �eld acting on u , u� is a complex v ector �eld of t yp e

(1,0) acting on u and u�̄ is a complex v ector �eld of t yp e (0,1) acting on u . The

comm utators of these op erators, when acting on u are

u�̄� − u� �̄ = −iau � − pu� + p̄u�̄

u�� − u�� = −bu� − qu� − s̄u�̄(5.2)

u� �̄ − u�̄� = −b̄u� − su� − q̄u�̄ :

A function u on a CR manifold (M; [�; � ]) is called a CR fun
tion if

(5.3) du ∧ � ∧ � ≡ 0:

In terms of the di�eren tial op erators ab o v e this is the same as

(5.4) u�̄ ≡ 0:

Th us u�̄ is just the tangential Cau
hy-Riemann operator acting on u . The equation

(5.3 ) or (5.4 ) is called the tangential Cau
hy-Riemann equation.

It is easy to see that eac h of the follo wing t w o conditions

(5.5) d� ∧ � = 0; d� ∧ � = 0;

is indep enden t of the c hoice of the respresen tativ es (�; � ) from the class [�; � ].

Th us the iden tical v anishing or not of either the co e�cien t a, or the co e�cen t s, is

an in v arian t prop ert y of the structure (M; [�; � ]). Using Cartan's terminology the

functions a and s are the basi
 relative invariants of (M; [�; � ]). By de�nition they

corresp ond to the iden tical v anishing or not of the twist (the function a) and of theshear (the function s) of the orien ted congruence represen ted b y (M; [�; � ]).

They are in v arian t v ersions of the classical v -dep enden t notions of t wist � and

shear � w e considered in Section 2. Giv en an orien ted congruence with v anishing

t wist a in M = R3
w e can alw a ys �nd a v ector �eld v tangen t to the congruence suc h

that the t wist � for this v ector �eld is zero. W e also ha v e an analogous statemen t

for s and � . Con v ersely , ev ery v ector �eld v in R3
whic h has v anishing t wist � (or

shear � ) de�nes an orien ted congruence with v anishing t wist a (or shear s).

W e note that the t wist a is just the Levi form of the CR structure and that the

shear s is no w complex; its meaning will b e explained further in Section 8 .

In what follo ws w e will often use the follo wing (see e.g. [12])

Lemma 5.1. Let � be a smooth 
omplex valued 1-form de�ned lo
ally in R3 su
hthat � ∧ �̄ 6= 0. Then
d� ∧ � ≡ 0 if and only if � = hd�where � is a smooth 
omplex fun
tion su
h that d� ∧ d�̄ 6= 0, and h is a smoothnonvanishing 
omplex fun
tion.Proof. Consider an op en set U ∈ R3

in whic h w e ha v e � suc h that d� ∧ � = 0
and � ∧ �̄ 6= 0 . W e de�ne real 1-forms � 1 = Re(� ) and � 2 = Im(� ). They satisfy

� 1 ∧ � 2 6= 0 in U . Since U ⊂ R3
w e trivially ha v e d� 1 ∧ � 1 ∧ � 2 ≡ 0 and d� 2 ∧ � 1 ∧ � 2 ≡

0 . No w the real F röb enius theorem implies that there exists a co ordinate c hart

(x; y; u) in U suc h that � 1 = t11dx + t12dy and � 2 = t21dx + t22dy , with some real
functions t ij in U suc h that t11t22 − t12t21 6= 0 . Th us in the co ordinates (x; y; u)
the form � = � 1 + i� 2

can b e written as � = c1dx + c2dy , where no w c1 , c2 are
omplex functions suc h that c1c̄2 − c̄1c2 6= 0 on U , so neither c1 nor c2 can b e

zero. The d� ∧ � ≡ 0 condition for � written in this represen tation is simply
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c2

2d( c1
c2

) ∧ dx ∧ dy ≡ 0 . Th us the partial deriv ativ e ( c1
c2

)u ≡ 0 , whic h means that the

ratio

c1
c2

do es not dep end on u . This ratio de�nes a non v anishing 
omplex function

F (x; y) = c1
c2

of only two real v ariables x and y . Returning to � w e see that it is

of the form � = c2
(
dy + F (x; y)dx

)
. Consider the real bilinear symmetric form

G = 2� �̄ = |c2|2
(

dy2 + 2
(
F (x; y) + F̄ (x; y)

)
dxdy + |F (x; y)|2dx2

)
. In v oking the

classical theorem on the existence of isothermal co ordinates w e are able to �nd

an op en set U0 ⊂ U with new co ordinates (�; �; u ) in whic h G = h2(d� 2 + d� 2),

where h = h(�; �; u ) is a real function in U0
. This means that in these co ordinates

� = hd(� + i� ) = hd� . The pro of in the other direction is ob vious. �

6. V anishing twist and shear

Let us assume that the structure (M; [�; � ]) satis�es b oth conditions (5.5 ); i.e.,

that a ≡ 0 and s ≡ 0 . It is easy to see that all suc h structures ha v e no lo cal

in v arian ts, meaning that all of them are lo cally equiv alen t. Indeed, if d� ∧ � ≡ 0
then the real F röb enius theorem guaran tees that lo cally � = f du . Similarly , if

d� ∧ � ≡ 0 , then the Lemma 5.1 assures that � = hd� . Since d� ∧ � ∧ � ≡ 0 ,

w e see that the function � is a holomorphi
 co ordinate. Recalling the fact that

� ∧ � ∧ �̄ 6= 0 , w e conclude that if a ≡ 0 and s ≡ 0 then the CR manifold M
with the prefered splitting is lo cally equiv alen t to R × C, with lo cal co ordinates

(u; � ), suc h that u is real. In these co ordinates the structure ma y b e represen ted

b y � = du and � = d� . The lo cal group of automorphisms for suc h structures is

in�nite dimensional and giv en in terms of t w o functions U = U(u) and Z = Z (� )
suc h that U is real, Uu 6= 0 , Z is holomorphic and Z � 6= 0 . The automorphism

transformations are then ũ = U(u), �̃ = Z (� ). Note that from the p oin t of view

of Cartan's metho d this is the involutive case in whic h n = ∞. There are no lo cal

in v arian ts in this situation.

7. Nonv anishing twist and v anishing shear

7.1. The relativ e in v arian ts K 1 and K 2 . Next let us assume that the structure

(M; [�; � ]) has some t wist, a 6= 0 , but has iden tically v anishing shear, s ≡ 0 . Let

us in terpret this in terms of the corresp onding CR structure with the prefered

splitting. The non v anishing t wist condition d� ∧ � 6= 0 is the condition that the CR

structure has non v anishing Levi form. This means that the CR manifold is stri
tlypseudo
onvex and hence is not lo cally equiv alen t to R × C. The no shear condition,

d� ∧ � ≡ 0 , b y the Lemma 5.1 , means that the class [� ] ma y b e represen ted b y a 1-

form � = d� with a complex function � on M satisfying d� ∧d�̄ 6= 0 . Note that this

function trivially satis�es the tangential Cau
hy-Riemann equation d� ∧� ∧� = 0 for

this CR structure, and hence is a CR fun
tion. If Z is any holomorphic function with

non v anishing deriv ativ e, then Z = Z (� ) is again a CR function with dZ ∧ dZ̄ 6= 0 .

This giv es us a distinguished class of gen uinely complex CR functions Z = Z (� ),

whic h w e denote b y [� ]. Con v ersely if w e ha v e a stri
tly pseudo
onvex 3-dimensional

CR structure (M; H; J ) with a distinguished class [� ] of CR functions Z = Z (� ),

suc h that d� ∧ d�̄ 6= 0 and Z 0 6= 0 , then this CR structure de�nes a represen tativ e

(�; � = dZ ), with � b eing a non v anishing section of the c haracteristic bundle H 0
.

This in turn de�nes a structure (M; [�; � ]) of an orien ted congruence whic h has

a 6= 0 and s ≡ 0 .

Summarizing w e ha v e
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Prop osition 7.1. All lo
al stru
tures of an oriented 
ongruen
e (M; [�; � ]) withnonvanishing twist, a 6= 0, and vanishing shear, s ≡ 0, are in a one to one 
orre-sponden
e with lo
al CR stru
tures (M; H; J ) having nonvanishing Levi form andpossessing a distinguished 
lass [� ] of genuinely 
omplex CR fun
tions on M .

Note that the prop osition remains true if w e drop the non v anishing t wist condi-

tion on the left and drop the non v anishing Levi form condition on the righ t.

W e no w pass to the determination of the lo cal in v arian ts of (M; [�; � ]) with

non v anishing t wist and v anishing shear. W e tak e a represen tativ e (�; � ). Because

of our assumptions the form ulae (5.1 ) b ecome

d� = ia� ∧ �̄ + b� ∧ � + b̄�̄ ∧ �

d� = p� ∧ �̄ + q� ∧ �(7.1)

d�̄ = −p̄� ∧ �̄ + q̄�̄ ∧ �:

F or example if w e w ere to c ho ose � as � = d� , where � is a particular represen tativ e

of the distinguished class [� ] of CR functions, then d� w ould iden tically v anish, so

p ≡ 0 and q ≡ 0 . Although this c hoice of � is v ery con v enien t and quite simpli�es

the determination of the in v arian ts, w e will w ork in the most general represen tation

(7.1 ) of [�; � ] to get the form ulae for the in v arian ts in their full generalit y .

Giv en a c hoice (�; � ) as in (7.1 ) w e tak e the most general represen tativ es

(7.2) ! = f �; ! 1 = h�; !̄ 1 = h̄�̄;

of the class [�; � ]. Here f 6= 0 (real) and h 6= 0 (complex) are arbitrary functions.

Then w e reexpress the di�eren tials d! , d! 1 and d!̄ 1 in terms of the general basis

(!; ! 1; !̄ 1). W e ha v e:

d! = i
fa
|h|2

! 1 ∧ !̄ 1 + [ d log f +
b
h

! 1 +
b̄
h̄

!̄ 1 ] ∧ !(7.3)

d! 1 = [ d log h −
p
h̄

!̄ 1 −
q
f

! ] ∧ ! 1(7.4)

d!̄ 1 = [ d log h̄ −
p̄
h

! 1 −
q̄
f

! ] ∧ !̄ 1(7.5)

Since a 6= 0 w e can easily ac hiev e

(7.6) d! ∧ ! = i! 1 ∧ !̄ 1 ∧ !

b y taking

(7.7) f =
|h|2

a
:

Th us condition (7.6 ) `�xes the gauge' in the c hoice of f .

In tro ducing the real functions � > 0 and � via h = � ei�
and main taining the

condition (7.6 ) w e ma y rewrite equation (7.3 ) in the form

d! = i! 1 ∧ !̄ 1 + (Ω + Ω̄) ∧ !;

where the real v alued 1-form Ω + Ω̄ is

(7.8) Ω + Ω̄ = 2d log � + (b− (log a)� )� + (b̄− (log a)�̄ )�̄ + t�:

The real function t app earing in Ω + Ω̄ can b e determined algebrai
ally from the

condition that

(7.9) (d! 1 + d!̄ 1) ∧ (! 1 − !̄ 1) = −! 1 ∧ !̄ 1 ∧ (Ω + Ω̄):
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If this condition is imp osed then

(7.10) t = −q − q̄:

No w, if t is as in (7.10 ) and f is as in (7.7 ) w e de�ne Ω − Ω̄ to b e an imaginary

1-form suc h that

(7.11) (d! 1 + d!̄ 1) ∧ (! 1 + !̄ 1) = ! 1 ∧ !̄ 1 ∧ (Ω − Ω̄):

This determines Ω − Ω̄ to b e

Ω − Ω̄ = 2id� + (q̄ − q)� + z� − z̄�̄;

where z is a still undetermined function. The condition that �xes z in an algebraic

fashion is the requiremen t that

(7.12) d! 1 = Ω ∧ ! 1; d!̄ 1 = Ω̄ ∧ !̄ 1:

If this is imp osed w e ha v e

(7.13) z = 2p̄ + b− (log a)� ; z̄ = 2p + b̄− (log a)�̄ :

Th us giv en a structure (M; [�; � ]) with non v anishing t wist and v anishing shear,

the four normalization conditions (7.6 ), (7.9 ), (7.11 ), (7.12 ) uniquely sp ecify a

5-dimensional manifold P , whic h is lo cally M × C, and a w ell de�ned coframe

(!; ! 1; !̄ 1; Ω; Ω̄) on it suc h that

! =
� 2

a
�

! 1 = � ei� �

!̄ 1 = � e� i� �̄(7.14)

Ω = d log � + id� + (p̄ + b− (log a)� )� − p�̄ − q�

Ω̄ = d log � − id� − p̄� + (p + b̄− (log a)�̄ )�̄ − q̄�:

Here the complex co ordinate along the factor C in M × C is h = � ei�
. The coframe

(!; ! 1; !̄ 1; Ω; Ω̄) satis�es

d! = i! 1 ∧ !̄ 1 + (Ω + Ω̄) ∧ !

d! 1 = Ω ∧ ! 1

d!̄ 1 = Ω̄ ∧ !̄ 1(7.15)

dΩ = K 1! 1 ∧ !̄ 1 + K 2! 1 ∧ !

dΩ̄ = −K 1! 1 ∧ !̄ 1 + K 2 !̄ 1 ∧ !;

where

(7.16) K 1 =
1
� 2 k1; K 2 =

e� i�

� 3 k2;

are functions on P with k1 and k2 giv en b y

k1 = Re
(

(log a)� �̄ − (log a)� p − iqa − b�̄ + bp− 2p̄�̄ + 2|p|2
)

k2 = a�� − ab� + i (log a)� (b�̄ − b̄� − bp+ b̄p̄) − 2a� q − aq� − (aq̄)� − abq̄:

Note that the functions k1 and k2 are actually de�ned on M . Note also that k1 isreal as a consequence of the comm utation relations (5.2). The functions K 1 and K 2
are the relative invariants of the structure (M; [�; � ]), and (7.15 ) are the stru
turalequations for (M; [�; � ]).
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Theorem 7.2. A given stru
ture (M; [�; � ]) of an oriented 
ongruen
e with nonva-nishing twist, a 6= 0, and vanishing shear, s ≡ 0, uniquely de�nes a 5-dimensionalmanifold P , 1-forms !; ! 1; !̄ 1; Ω; Ω̄ and fun
tions K 1; K 2; K 2 on P su
h that

- !; ! 1; !̄ 1 are as in (7.2) ,
- ! ∧ ! 1 ∧ !̄ 1 ∧ Ω ∧ Ω̄ 6= 0 at ea
h point of P ,
- the forms and fun
tions K 1 (real), K 2 (
omplex) are uniquely determinedby the requirement that on P they satisfy equations (7.15 ) .In parti
ular the identi
al vanishing, or not, of either k1 or k2 are invariant 
ondi-tions. Also the sign of k1 is an invariant, if k1 6= 0.

7.2. Description in terms of the Cartan connection. The ab o v e theorem,

stated in mo dern language, means the follo wing. The manifold P is a Cartan

bundle H2 → P → M , with H2 a 2-dimensional ab elian subgroup of a certain

5-dimensional Lie group G5 . The group G5 is a subgroup of SU (2; 1); i.e., the

8-dimensional Lie group whic h preserv es the (2; 1)-signature hermitian form

h(Z; Z ) =
(
Z 1; Z 2; Z 3)

ĥ




Z̄ 1

Z̄ 2

Z̄ 3



 ; ĥ =




0 0 2i
0 1 0

−2i 0 0



 :

The forms !; ! 1; !̄ 1; Ω; Ω̄ in the theorem can b e collected in to a matrix of 1-forms

!̃ =





1
3 (2Ω + Ω̄) 0 0

! 1
1
3 (Ω̄ − Ω) 0

2! 2i !̄ 1 − 1
3 (2Ω̄ + Ω);





satisfying

!̃ ĥ + ĥ!̃ y = 0:
The Lie algebra g5 of the group G5 is then

g5 = {





1
3 (2z2 + z̄2) 0 0

z1
1
3 (z̄2 − z2) 0

2x 2i z̄1 − 1
3 (2z̄2 + z2)




; x ∈ R; z1; z2 ∈ C};

and as suc h is a real 5-dimensional Lie algebra parametrized b y the parameters

x; Re(z1); Im(z1); Re(z2); Im(z2). It is naturally con tained in su(2; 1). The subgroup

H2 corresp onds to the subalgebra h2 ⊂ g5 giv en b y x = 0; z1 = 0 . No w, !̃ can b e

in terpreted as a Cartan connection on P [7 ] ha ving v alues in the Lie algebra g5 ⊂
su(2; 1). It follo ws from equations (7.15 ) that the curv ature R of this connection is

R = d!̃ + !̃ ∧ !̃ =




R1 0 0
0 R2 0
0 0 −R1 − R2



 ;

where

R1 = − 2
3 K 2! ∧ ! 1 − 1

3 K 2! ∧ !̄ 1 + 1
3 K 1! 1 ∧ !̄ 1

R2 = 1
3 K 2! ∧ ! 1 − 1

3 K 2! ∧ !̄ 1 − 2
3 K 1! 1 ∧ !̄ 1

It yields all the in v arian t information ab out the corresp onding structure (M; [�; � ]),

v ery m uc h in the same w a y as the Riemann curv ature yields all the information
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ab out a Riemannian structure.

7.3. Conformal Loren tzian metrics. Using the matrix elemen ts !̃ i
j of the Car-

tan connection !̃ it is con v enien t to consider the bilinear form

G = −i !̃ 3
j !̃ j

1:

This form, when written explicitly in terms of !; ! 1; !̄ 1; Ω; Ω̄, is giv en b y

G = 2! 1!̄ 1 +
2
3i

! (Ω − Ω̄):

In tro ducing the basis of v ector �elds X; X 1; X̄ 1; Y;Ȳ , the resp ectiv e duals of !; ! 1; !̄ 1 ,

Ω; Ω̄, one sees that G is a form of signature (+++−0) with the degenerate direction

tangen t to the v ector �eld Y + Ȳ = �@� . W e ma y think of the Cartan bundle P as

b eing foliated b y 1-dimensional lea v es tangen t to this v ector �eld. No w equations

(7.15 ) guaran tee that the Lie deriv ativ e

L(Y +Ȳ ) G = 2 G;

so that the bilinear form G is preserv ed up to a scale when Lie transp orted along

the lea v es of the foliation. Therefore the 4-dimensional leaf space N = P=∼ of the

foliation is naturally equipp ed with a conformal class of Loren tzian metrics [g], the

class to whic h the bilinear form G naturally descends. The Loren tzian metrics

(7.17) g = 2! 1!̄ 1 +
2
3i

! (Ω − Ω̄)

on N are the analogs of the F e�erman metrics [5] kno wn in CR manifold theory .

W e note that N is a circle bundle ab o v e M with the �b er co ordinate � .

In terestingly metrics (7.17 ) b elong to a larger conformal family , whic h is also

w ell de�ned on N . It turns out that if w e start with a bilinear form

Gt = 2! 1 !̄ 1 + 2ti ! (Ω̄ − Ω)

where t is any fun
tion on P constan t along the Y + Ȳ direction, then it also w ell

pro jects to a conformal Loren tzian class [gt ] on N with represen tativ es

(7.18) gt = 2! 1 !̄ 1 + 2ti ! (Ω̄ − Ω)

parametrized b y t . T o see this it is enough to lo ok at the explicit expressions for

the forms (! 1; !̄ 1; !; Ω; Ω̄) in (7.14 ) and to note that Gt is of the form Gt = � 2(:::),

where the dotted terms do not dep end on the co ordinate � whic h is aligned with

Y + Ȳ on P .

Although t ma y b e an arbitrary function on N , in what follo ws w e will only b e

in terested in the case when t is a 
onstant parameter.

W e return to metrics gt in Section 10.2 , where w e discuss their conformal curv a-

ture Ft and pro vide some example of the Loren tzian metrics satisfying the so called

Bac h condition.

7.4. Basic examples.

Example 7.3. Note that the assumption that K 1 and K 2 are 
onstant on P is

compatible with (7.15 ) i� K 1 = K 2 = 0 . In suc h case the curv ature R of the

Cartan connection !̃ v anishes, and it follo ws that there is only one, mo dulo lo cal
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equiv alence, [�; � ] structure with this prop ert y . It coincides with the CR structure

of the Heisenberg group
M = { (z; w) ∈ C2 : Im(w) = |z|2 }

with the preferred splitting V generated b y the v ector �eld v = @u , u = Re(w).

W e call this the standard splitting on the Heisen b erg group. The resulting orien ted

congruence has the maximal p ossible group of symmetries isomorphic to the group

G5 .

Example 7.4. W e recall that a 3-dimensional CR manifold M em b edded in C2

via

M = { (z; w = u + iv ) ∈ C2 : v = 1
2 H (z) };

where H is a real-v alued fuction of the v ariable z ∈ C, is called rigid. It can b e giv en

a structure of an orien ted congruence b y c ho osing the splitting to b e spanned b y

the v ector �eld @u . As in the ab o v e sp ecial case of the Heisen b erg group w e call this

preferred splitting on M the standard splitting on a rigid CR structure. In trinsically

this CR-manifold with the preferred splitting ma y b e describ ed in terms of the forms

� and � giv en b y

(7.19) � = du + i
2 (H z̄ dz̄ − H zdz); � = dz:

Via (3.1), these forms de�ne a structure (M; [�; � ]) of an orien ted congruence on

M . In the follo wing w e assume that

H zz̄ 6= 0

at ev ery p oin t of M . It means that M is strictly pseudo con v ex.

De�nition 7.5. A structure (M; [�; � ]) of an orien ted congruence with v anishing

shear and non v anishing t wist on a manifold M is called (lo cally) �at i� (lo cally) it

has v anishing curv ature R for its Cartan connection !̃ . The necessary and su�cien t

conditions for that are K 1 ≡ 0 and K 2 ≡ 0 .

A short calculation leads to the follo wing prop osition.

Prop osition 7.6. Let (M; [�; � ]) be a stru
ture of an oriented 
ongruen
e asso
i-ated with the rigid CR-manifold M via the forms � and � of (7.19). Then for anyreal-valued fun
tion H = H (z) su
h that H zz̄ 6= 0 this stru
ture has vanishing shearand non-vanishing twist. Its relative invariant K 2 is identi
ally vanishing, K 2 ≡ 0;the relative invariant K 1 is given by K 1 = 1
� 2 [log(H zz̄)]zz̄ . When it vanishes thestru
ture is �at.

Example 7.7. W e remark that the Heisen b erg group CR structure ma y ha v e v ar-

ious splittings that endo w M with nonequiv alen t structures of an orien ted congru-

ence. T o see this w e p erturb the standard splitting on the Heisen b erg group giv en

b y the v ector �eld @u . This is accomplished b y c ho osing a 2-parameter family of

CR-functions on M giv en b y

(7.20) � � 1� 2 = � 1z + � 2(u + i |z|2);

and de�ning the structure of an orien ted congruence on M via (3.1) with the forms

� = du + i (zdz̄ − z̄dz); � � 1� 2 = d� � 1 � 2 :

Note that since � is a section of the c haracteristic bundle H 0
of the Heisen b erg

group CR-structure, and � � 1� 2 is the di�eren tial of a CR-function, the structure



INTRINSIC GEOMETRY OF ORIENTED CONGRUENCES IN THREE DIMENSIONS 15
(M; [�; � � 1� 2 ]) is twisting and without shear for all v alues of the real parameters � 1
and � 2 . The real v ector �eld v whic h giv es the splitting on M is giv en b y

v = @u +
� 2

� 1
[

i� 1 + 2� 2z
−i� 1 + � 2(z̄ − z)

@z +
−i� 1 + 2� 2z̄

i� 1 + � 2(z − z̄)
@̄z ];

if � 1 6= 0 , and

v = i (z@z − z̄@̄z)
otherwise. A short calculation sho ws that the relativ e in v arian ts K 1� 1� 2 and K 2� 1� 2

for this 2-parameter family of structures are

K 1� 1� 2 =
8� 2

2
� 2|2� 2z + i� 1|4

; K 2� 1� 2 ≡ 0:

This pro v es that the structures with � 2 = 0 and � 2 6= 0 are not lo cally equiv alen t. T o

analyse if the structures with � 2 6= 0 are equiv alen t or not w e need to apply further

the Cartan equiv alence metho d. W e will p erform it in a more general setting than

this example.

7.5. The case K 1 6= 0 , K 2 ≡ 0 . Let (M; [�; � ]) b e an arbitrary structure of an

orien ted congruence whic h has non v anishing t wist, v anishing shear, and in addition

has the relativ e in v arian ts K 1 and K 2 suc h that

K 1 6= 0 and K 2 ≡ 0:

Giv en suc h a structure, using the system (7.15 ) and the assumption K 2 ≡ 0 , w e

observ e that the corresp onding structural form Ω has closed real part,

(7.21) d(Ω + Ω̄) ≡ 0:

The assumption that K 1 6= 0 enables us to mak e a further reduction of the Cartan

system (7.15 ) de�ning the in v arian ts. Indeed since K 1 = 1
� 2 k1 6= 0 , w e ma y restrict

ourselv es to a (p ossibly double-sheeted) h yp ersurface N0 in P on whic h

K 1 = ±1;

where the sign is determined b y the sign of the function k1 . Recall that this sign is

an in v arian t of the structure.

Lo cally N0 is a circle bundle o v er M de�ned b y the condition

� 2 = |k1|:

No w the system (7.15 ) when pullbac k ed to N0 lo cally reduces to

d! = i! 1 ∧ !̄ 1 + 2dA ∧ !

d! 1 = dA ∧ ! 1 + iΣ ∧ ! 1

d!̄ 1 = dA ∧ !̄ 1 − iΣ ∧ !̄ 1(7.22)

dΣ = ∓i! 1 ∧ !̄ 1:

Here the real 1-form Σ is the pullbac k of the form

1
2i (Ω−Ω̄) from P to N0 . A ccording

to our c hoice of Σ, the minus sign in (7.22 ) corresp onds to K 1 = +1 . The di�eren tial

dA of the real function A on N0 is determined b y the condition that 2dA is lo cally

equal to the pullbac k of the Ω + Ω̄ from P to N0 . Note that this pullbac k m ust b e

closed due to (7.21 ). Lo oking at the explicit expression for Ω + Ω̄ in (7.8 ), (7.10 )

and the in tegrabilit y conditions for (7.22 ) w e �nd that lo cally w e ha v e

(7.23) 2dA = A1! 1 + Ā1 !̄ 1;
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with

(7.24) A1 =
e� i�

√
|k1|

((log
|k1|
a

)� + b):

The function A1 giv es a new relativ e in v arian t for the structures (M; [�; � ]) with

K 1 6= 0 and K 2 ≡ 0 . It follo ws from the construction that t w o suc h structures

(M; [�; � ]) and (M 0; [� 0; � 0]) are (lo cally) equiv alen t if there exists a (lo cal) di�eo-

morphism of the corresp onding manifolds N0 and N0
0

whic h transforms the cor-

resp onding forms (!; ! 1; !̄ 1; Σ) to (! 0; ! 0
1; !̄ 0

1; Σ0). This in turn implies that the

relativ e in v arian t A1 m ust b e transformed to A0
1 .Remark 7.8 . W e note that among all the structures with K 1 6= 0 and K 2 ≡ 0 the

simplest ha v e A1 ≡ 0 . Mo dulo lo cal equiv alence there are only t w o suc h structures,

corresp onding to the ∓ sign in (7.22 ) with A1 ≡ 0 . These are the `�at 
ases' forthe subtree in whic h K 1 6= 0 and K 2 ≡ 0 .

The function A de�ning the relativ e in v arian t A1 is de�ned only up to the addi-

tion of a constan t, A → A + t . Giv en a family of functions A(t) = A + t w e consider

the family of bilinear forms GA (t) on N0 de�ned b y

GA (t ) = e� 2(A +t )! 1! 2:

The forms GA (t ) are clearly degenerate on N0 . Denoting b y (X; X 1; X̄ 1; Y ) the dual

v ector �elds to the basis of 1-forms (!; ! 1; !̄ 1; Σ) on N0 , w e see that the signature of

GA (t ) is (+; +; 0; 0) with the degenerate directions aligned with the real v ector �elds

X and Y . Next w e observ e that the system (7.22 ) implies that [X; Y ] ≡ 0 , hence

the distribution spanned b y X and Y is in tegrable. Th us N0 is foliated b y real 2-

dimensional lea v es. Lo cally the leaf space S of this foliation is a 2-dimensional real

manifold, whic h is a Riemann surface, since the pullbac k to S of the 1-form ! 1 giv es

a basis for the (1; 0) forms. No w the form ula (7.23 ) implies that X (A) = Y (A) ≡ 0 .

Using this and the system (7.22 ), a calculation sho ws that

LX GA (t ) ≡ 0; LY GA (t ) ≡ 0:

This means that the bilinear forms GA (t ) descend to Riemannian homothetic metrics

gA (t ) on the Riemann surface S . W e ha v e the follo wing theorem.

Theorem 7.9. The Riemann surfa
e S naturally asso
iated with the stru
ture ofan oriented 
ongruen
e having K 1 6= 0, K 2 ≡ 0 possesses Riemannian homotheti
metri
s gA (t ) whose Gaussian 
urvatures � (t) are related to the relative invariant
A1 via:

� (t) = ∓e2(A +t ); i:e: 2dA = d log �:

Example 7.7 (con tin ued) Calculating A1 for the structures (M; [�; � � 1� 2 ]) of

Example 7.7 , assuming that � 2 6= 0 , w e easily �nd that for all � 1 , and � 2 6= 0 ,

w e ha v e A1 ≡ 0 . Th us for all nonzero v alues of � 2 , and all v alues of � 1 , the

structures are lo cally equiv alen t. Hence the apparen t 2-parameter family of the

structures (M; [�; � � 1 � 2 ]) includes only two nonequivalent cases; isomorphic to those

with (� 1; � 2) = (1; 0), and e.g. to those with (� 1; � 2) = (0; 1). The �rst case is the

�at case K 1 ≡ 0 , K 2 ≡ 0 , corresp onding to the Heisen b erg group with the standard

splitting. The second case is considerably di�eren t, b eing one of the `�at cases' for

the subtree K 1 6= 0 and K 2 ≡ 0 , corresp onding to A1 ≡ 0 and the minus sign in
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(7.22 ). In particular the (0; 1) case has only a 4-dimensional symmetry group, as

opp osed to the 5-dimensional symmetry group of the (1; 0) case.

W e w ould lik e to p oin t out that if w e w ere to c ho ose a more complicated CR

function than the � � 1 � 2 of (7.20 ), for example

� = � 1z + � 2(u + i |z|2)m ;

with m 6= 0 and m 6= 1 , w e w ould pro duce an orien ted congruence (M; [du+ i (zdz̄−
z̄dz); d� ]), still t wisting and without shear, again based on the Heisen b erg group,

but not equiv alen t to either of the t w o structures ab o v e. The reason for this is that

the condition m 6= 0; m 6= 1 mak es (M; [du + i (zdz̄ − z̄dz); d� ]) ha v e the relativ e

in v arian t K 2 non v anishing.

W e no w giv e a lo cal represen tation for an arbitrary structure (M; [�; � ]) with

v anishing shear, non v anishing t wist, and with K 1 6= 0 , K 2 ≡ 0 . This can b e done

b y in tegration of the system (7.22 ). In terestingly this in tegration can b e p erformed

explicitly , leading to the follo wing theorem.

Theorem 7.10. If (M; [�; � ]) is a stru
ture of an oriented 
ongruen
e with van-ishing shear, nonvanishing twist, and with the relative invariants K 1 6= 0, K 2 ≡ 0then there exists a 
oordinate system (u; z; z̄) on M su
h that the forms � and �representing the stru
ture 
an be 
hosen to be
� = du + i

2 (H z̄dz̄ − H zdz); � = dz;where the real fun
tions A = A(z) and H = H (z) satisfy the system of PDEs
hzz̄ = ∓e2A e� h

(7.25)

H zz̄ = e� h
(7.26)with a real fun
tion h = h(z). The stru
ture 
orresponding to su
h � and � satis�esthe system

d! = i! 1 ∧ !̄ 1 + 2dA ∧ !

d! 1 = dA ∧ ! 1 + iΣ ∧ ! 1

d!̄ 1 = dA ∧ !̄ 1 − iΣ ∧ !̄ 1

dΣ = ∓i! 1 ∧ !̄ 1with forms
! = e2A �; ! 1 = eA e� h=2ei� �; !̄ 1 = eA e� h=2e� i� �̄

Σ = d� + i
2 (hz̄ dz̄ − hzdz):The relative invariant A1 of this stru
ture is given by

A1 = 2e� A eh=2e� i� Az :

Note that the system of PDEs (7.25 )-(7.26 ) is underdetermined. T o see that

it alw a ys has solutions, c ho ose a real function H = H (z) on the complex plane.

De�ne the real function h = h(z) via equation (7.26 ), insert it in to equation (7.25 )

and solv e this real PDE for a real function A = A(z). Since the function H can b e

c hosen arbitrarily , returning to Example 7.4 , w e see that this theorem c haracterizes

the orien ted congruences whic h are lo cally equiv alen t to those de�ned on rigid CR

manifolds with the standard splitting.
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Corollary 7.11. Every stru
ture (M; [�; � ]) of an oriented 
ongruen
e with van-ishing shear, nonvanishing twist, and with the relative invariants K 1 6= 0, K 2 ≡ 0admits one symmetry.Proof. T o pro of this it is enough to c hec k that in the lo cal represen tation (7.25 )-

(7.26 ) the symmetry is generated b y X 0 = @u . �

Starting with a structure (M; [�; � ]) ha ving K 1 6= 0 and K 2 ≡ 0 w e constructed

its asso ciated circle bundle S1 → N0 → M equipp ed with the in v arian t forms

(!; ! 1; !̄ 1; Σ). Using the dual basis (X; X 1; X̄ 1; Y ) and the system (7.22 ) w e see

that the symmetry X 0 lifts to a v ector �eld X̃ = e2A X with the prop ert y that

LX̃ Σ = 0; LX̃ ! 1 = 2X̃ (A)! 1:

W e no w in tro duce a quotien t 3-dimensional manifold M Σ whose p oin ts are the

in tegral curv es of X̃ . Then the forms Σ and ! 1 descend from N0 to a class of forms

[Σ; ! 1] on M Σ giv en up to the transformations Σ → Σ, ! 1 → h! 1 . Th us they can b e

used to de�ne a structure of an orien ted congruence (M Σ; [Σ; ! 1]). This structure

naturally asso ciated with (M; [�; � ]) ma y b e lo cally represen ted b y the co ordinates

(�; z; z̄) of Theorem 7.10 with the represen tativ es Σ and ! 1 giv en b y

Σ = d� + i
2 (hz̄dz̄ − hzdz); ! 1 = dz:

Here the real function h = h(z) is related to the original structure (M; [�; � ]) via

equations (7.25 )-(7.26 ). In particular (M Σ; [Σ; ! 1]) is again based on a rigid CR

structure with the standard splitting.

No w w e use Theorem 7.10 to describ e all the structures with K 1 6= 0 and K 2 ≡ 0
whic h ha v e a 4-dimensional transitiv e symmetry group. It turns out that they m ust

b e equiv alen t to those with dA ≡ 0 . This is b ecause the existence of a 4-dimensional

transitiv e symmetry group implies that A1 m ust b e a constan t. But since A and

h dep end only on z and z̄ , and A1 has non trivial ei�
dep endence, it is p ossible i�

Az ≡ 0 ; hence A1 ≡ 0 . Th us according to Remark 7.8 there are only t w o suc h

structures. One of them, the one with the upper sign in (7.22 ), is equiv alen t to the

structure (� 1; � 2) = (0; 1) of Example 7.7 . T o �nd the second one w e use Theorem

7.10 and in tegrate equations (7.25 )-(7.26 ) for A = 0 . Mo dulo equiv alence w e get

t w o solutions

h� = 2 log(1 ∓ 1
2 zz̄); H � = ∓2 log(1 ∓ 1

2 zz̄); A = 0

whic h lead to the t w o nonequiv alen t `�at mo dels' with K 1 = ±1 , A1 ≡ 0 . These

are generated b y the forms

(7.27) � � = du + i
2

zdz̄ − z̄dz
1 ∓ 1

2 zz̄
; � = dz:

Ob viously the structure corresp onding to the upp er sign is isomorphic to the struc-

ture (� 1; � 2) = (0; 1) of Example 7.7. In terestingly , in either of the t w o nonequiv alen t

cases the forms (�; � ) can b e used to in trinsically de�ne a �at CR structure (in the

sense of Cartan's pap er [3]) on M parametrized b y (u; z; z̄). Another feature of

these t w o nonequiv alen t structures is that their Riemann surface S� describ ed b y

Theorem 7.9 is equipp ed with metrics gA (t ) whic h ma y b e represen ted b y

g� =
2dzdz̄

(1 ∓ 1
2 zz̄)2 :
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Th us these Riemann surfaces are either lo cally homothetic to the P oincaré disc (in

the upp er sign case) or to the 2-dimensional sphere S2
(in the lo w er sign case). This

leads to the follo wing de�nition.

De�nition 7.12. The t w o structures of an orien ted congruence (M; [� � ; � ]) gen-

erated b y the forms � � ; � of (7.27 ) are called the Poin
aré dis
 stru
ture (in the

upp er sign case) and the spheri
al stru
ture (in the lo w er sign case).

W e further note that the natural structures (M Σ; [Σ� ; ! 1]) asso ciated with the

structures (7.27 ) are lo cally isomorphic to the original structures (M; [� � ; � ]). Fi-

nally w e note that the forms � +; � are iden tical with the forms whic h app ear in the

celebrated v acuum T aub-NUT solution of the Loren tzian Einstein �eld equations

(see form ulae (11.1 )-(11.2 ) with K − 1 = m = a = 0 and with the co ordinate z re-

placed b y 2=z). W e summarize the considerations of this paragraph in the follo wing

Theorem.

Theorem 7.13. All stru
tures (M; [�; � ]) of an oriented 
ongruen
e with vanishingshear, nonvanishing twist, having the relative invariants K 1 6= 0, K 2 ≡ 0 and pos-sessing a 4-dimensional transitive symmetry group are lo
ally isomorphi
 to eitherthe Poin
aré dis
 stru
ture (M; [� � ; � ]) or the spheri
al stru
ture (M; [� +; � ]), i.e.they are isomorphi
 to one of the '�at models' for the K 1 6= 0 and K 2 ≡ 0 
ase.
W e no w pass to the determination of all lo cal in v arian ts for the structures with

A1 6= 0 . Let (M; [�; � ]) b e suc h a structure with the corresp onding circle bundle

N0 and the system of in v arian ts (7.22 ). Lo oking at the explicit form (7.24 ) of the

relativ e in v arian t A1 , w e see that w e ma y alw a ys c ho ose a section of the bundle N0
suc h that A1 is real and positive. Lo cally this corresp onds to the c hoice of � as a

function on the manifold M suc h that

(7.28)

e� i�
√

|k1|
((log

|k1|
a

)� + b) =
ei�

√
|k1|

((log
|k1|
a

)�̄ + b̄) > 0:

If � satis�es (7.28 ) then

A1 > 0;

and all the structural ob jects de�ned b y the system (7.22 ) ma y b e uniquely pull-

bac k ed to M . As the result of this pullbac k the real 1-form Σ b ecomes dep enden t

on the pullbac k ed forms (!; ! 1; !̄ 1). Since these three 1-forms constitute a coframe

on M w e ma y write Σ = B0! + B1! 1 + B̄1 !̄ 1 where B0 (real) and B1 (complex)

are functions on M . No w using the fact that these structures admit a symmetry

(Corollary 7.11 ), w e get B0 ≡ 0 . Hence

Σ = B1! 1 + B̄1 !̄ 1:

With this notation the pullbac k ed system (7.22 ) b ecomes

d! = i! 1 ∧ !̄ 1 + 2A1(! 1 + !̄ 1) ∧ !

d! 1 = −(A1 + i B̄1)! 1 ∧ !̄ 1(7.29)

d!̄ 1 = (A1 − iB 1)! 1 ∧ !̄ 1;

with the fourth equation giv en b y

(7.30) d(B1! 1 + B̄1 !̄ 1) = ∓i! 1 ∧ !̄ 1:
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b y d(A1! 1 + Ā1 !̄ 1) = 0 , b ecause of (7.23 ), the equations (7.29 )-(7.30 ) should b e

supplemen ted b y the equation d[A1(! 1 + !̄ 1)] = 0 for A1 > 0 . This ho w ev er is

equiv alen t to

dA1 ∧ (! 1 + !̄ 1) = [iA 1(B1 + B̄1)]! 1 ∧ !̄ 1;

and turns out to follo w from the in tegrabilit y conditions for (7.29 )-(7.30 ).

W riting these in tegrabilit y conditions explicitly w e ha v e:

dA1 = [a11 + i
2 A1(B1 + B̄1)]! 1 + [a11 − i

2 A1(B1 + B̄1)]!̄ 1

dB1 = B11! 1 + [b12 + 1
2 A1(B̄1 − B1) + i (± 1

2 − |B1|2)]!̄ 1(7.31)

dB̄1 = [b12 − 1
2 A1(B̄1 − B1) − i (± 1

2 − |B1|2)]! 1 + B̄11 !̄ 1;

where the real functions a11 , b12 are the scalar in v arian ts of the next higher order

than A1 and B1 .

Theorem 7.15. The fun
tions A1 > 0 and B1 (
omplex) 
onstitute the full systemof basi
 s
alar invariants for the stru
tures (M; [�; � ]) with K 1 6= 0, K 2 ≡ 0 and
A1 6= 0. It follows from the 
onstru
tion that two su
h stru
tures (M; [�; � ]) and
(M 0; [� 0; � 0]) are (lo
ally) equivalent i� there exists a (lo
al) di�eomorphism between
M and M 0 whi
h transforms the 
orresponding forms (!; ! 1; !̄ 1) to (! 0; ! 0

1; !̄ 0
1).This in parti
ular implies that the invariants A1 and B1 must be transformed to A0

1and B 0
1.

The system (7.29 )-(7.31 ) and the ab o v e theorem can b e used to �nd all structures

with K 1 6= 0 and K 2 ≡ 0 ha ving a strictly 3-dimensional transitiv e symmetry group.

These are the structures describ ed b y the system (7.29 )-(7.31 ) with 
onstant basic

in v arian ts A1 > 0 , B1 . It follo ws that it is p ossible only if B1 = i� , A1 = � 1� 2� 2

2� > 0
and � 6= 0 is a real parameter. This leads to only t w o quite di�eren t cases, whic h

are describ ed b y Prop ositions 7.16 and 7.17 .

Prop osition 7.16. (i) All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented
ongruen
es having vanishing shear, nonvanishing twist, K 1 6= 0, K 2 ≡ 0, and
p ossessing a strictly 3-dimensional transitiv e group Gh of symmetries of Bianc hi

t yp e V Ih , h ≤ 0, may be lo
ally represented by
� = ybdu − y� 1dx; � = y� 1(dx + idy):Here (u; z; z̄) with z = x + iy are 
oordinates on M and

b = −2(1 ∓ 2� 2):The real parameter � is related to the invariants B1 and A1 via
B1 = i�; A 1 = −

∓1 + 2� 2

2�
> 0;and as su
h enumerates nonequivalent stru
tures.

(ii) Regardless of the values of � the stru
tures 
orresponding to the upper and lowersigns in the expressions above are nonequivalent. In the 
ase of the lower signs thereal parameter � < 0. In the 
ase of the upper signs � < − 1p
2
or 0 < � < 1

2 or
1
2 < � < 1p

2
.

(iii) The stru
tures are lo
ally CR equiv alen t to the Heisenberg group CR stru
tureonly in the 
ase of the upper signs with � =
p

3
2

p
2
.
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(iv) The symmetry group is of Bian
hi type V Ih , with the parameter h ≤ 0 relatedto � via

h = −
(3 ∓ 4� 2

1 ∓ 4� 2

)2
:In the lower sign 
ase the possible values of h are −9 < h < −1, and for ea
h valueof h we always have one stru
ture with the symmetry group Gh . In the upper sign
ase h may assume all values h ≤ 0, h 6= −1. In this 
ase, we always have

- t w o nonequivalent stru
tures with symmetry group Gh with h < −9;
- one stru
ture with symmetry group Gh with −9 ≤ h < −1; if the parameter

� is � =
p

3
2

p
2
then h = −9 and the stru
ture is based on the Heisenberggroup with a parti
ular nonstandard splitting;

- t w o nonequivalent stru
tures with symmetry group Gh with −1 < h < 0;
- one stru
ture with symmetry group of Bian
hi type V I0.

Prop osition 7.17. Modulo lo
al equivalen
e there exists only one stru
ture (M; [�; � ])of an oriented 
ongruen
e having vanishing shear, nonvanishing twist, K 1 6= 0,
K 2 ≡ 0, and p ossessing a strictly 3-dimensional transitiv e group of symmetries of

Bianc hi t yp e IV . Lo
ally it may be represented by the forms
� = y� 1(du + log ydx); � = y� 1(dx + idy):Here (u; z; z̄) with z = x + iy are 
oordinates on M . The stru
ture has the basi
lo
al invariants A1 = 1

2 and B1 = i
2 .

Summarizing w e ha v e the follo wing theorem.

Theorem 7.18. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
ongru-en
es having vanishing shear, nonvanishing twist, K 1 6= 0, K 2 ≡ 0, and p ossessing

a strictly 3-dimensional transitiv e group of symmetries are lo
ally equivalent to oneof the stru
tures de�ned in Propositions 7.16 and 7.17.Remark 7.19 . Example 7.3 , Theorem 7.13 and Theorem 7.18 describ e all lo cally

nonequiv alen t homogeneous structures of an orien ted congruence ha ving v anishing

shear, non v anishing t wist and with the in v arian t K 2 ≡ 0 . They ma y ha v e

- maximal symmetry group of dimension 5, and then they are lo cally isomor-

phic to the Heisen b erg group with the standard splitting.

- symmetry group of exact dimension 4, and then they are lo cally isomorphic

to one of the t w o nonequiv alen t structures of Theorem 7.13 .

- symmetry group of exact dimension 3 whic h m ust b e of either Bianc hi t yp e

V Ih or IV ; in this case they are giv en b y Prop ositions 7.16 and 7.17 .

7.6. The case K 2 6= 0 . Lo oking at the explicit expresion for K 2 in (7.16 ) w e see

that in this case w e ma y �x b oth � and � b y the requiremen t that

(7.32) K 2 = 1:

Indeed this normalization forces � and � to b e

� = |k2|
1
3 ; � = Arg(k2):

This pro vides an em b edding of M in to P . Using it (tec hnically sp eaking, b y in-

serting � and � in the de�nitions of the in v arian t coframe (7.14 )) w e pullbac k the
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forms (! 1; !̄ 1; !; Ω; Ω̄) on P to M . Also K 1 is pullbac k ed to M , so that

K 1 =
k1

|k2|
2
3

:

Since M is 3-dimensional the pullbac k ed forms are no longer linearly indep enden t,

and the pulbac k of the deriv ed form Ω decomp oses on to the in v arian t coframe

(! 1; !̄ 1; ! ) on M . W e denote the co e�cien ts of this decomp osition b y (Z1; Z2; Z0)
so that:

Ω = Z1! 1 + Z2!̄ 1 + Z0!

Ω̄ = Z̄2! 1 + Z̄1!̄ 1 + Z̄0!:

These co e�cien ts constitute the basic scalar in v arian ts of the structures under con-

sideration. They satisfy the follo wing di�eren tial system:

d! = i! 1 ∧ !̄ 1 + (Z1 + Z̄2)! 1 ∧ ! + (Z2 + Z̄1)!̄ 1 ∧ !

d! 1 = −Z2! 1 ∧ !̄ 1 − Z0! 1 ∧ !(7.33)

d!̄ 1 = Z̄2! 1 ∧ !̄ 1 − Z̄0 !̄ 1 ∧ !

with

d[Z1! 1 + Z2 !̄ 1 + Z0! ] = K 1! 1 ∧ !̄ 1 + ! 1 ∧ !

d[Z̄2! 1 + Z̄1 !̄ 1 + Z̄0! ] = −K 1! 1 ∧ !̄ 1 + !̄ 1 ∧ !:

Instead of considering the last t w o equations ab o v e, it is con v enien t to replace them

b y the in tegrabilit y conditions for the system (7.33 ). These are:

dZ1 = Z11! 1 + (−K 1 + iZ 0 − Z1Z2 + Z2Z̄2 + Z21)!̄ 1 + (Z0Z̄2 + Z01 − 1)!
dZ̄1 = (−K 1 − i Z̄0 − Z̄1Z̄2 + Z2Z̄2 + Z̄21)! 1 + Z̄11 !̄ 1 + (Z̄0Z2 + Z̄01 − 1)!

dZ2 = Z21! 1 + Z22 !̄ 1 + (Z02 + Z0Z̄1 + Z0Z2 − Z̄0Z2)!
dZ̄2 = Z̄22! 1 + Z̄21 !̄ 1 + (Z̄02 + Z̄0Z1 + Z̄0Z̄2 − Z0Z̄2)!(7.34)

dZ0 = Z01! 1 + Z02 !̄ 1 + Z00!

dZ̄0 = Z̄02! 1 + Z̄01 !̄ 1 + Z̄00!

dK 1 = K 11! 1 + K̄ 11 !̄ 1 + K 10!;

where, in addition to the basic scalar in v arian ts Z0; Z1; Z2; K 1 , w e ha v e in tro duced

the scalar in v arian ts of the next higher order: Z00; Z01; Z02; Z11; Z21; Z22 (comp-

lex) and K 10 (real). Note that if the basic scalar in v arian ts Z0; Z1; Z2; K 1 w ere

constan ts, all the higher order in v arian ts suc h as Z00; Z01; Z02; Z11; Z21; Z22; K 10
w ould b e iden tically v anishing.

Theorem 7.20. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
ongru-en
es having vanishing shear, nonvanishing twist, and with K 2 6= 0 are des
ribedby the invariant system (7.33) with the integrabilty 
onditions (7.34).
No w w e pass to the determination of all nonequiv alen t structures with K 2 6= 0

whic h ha v e a strictly 3-dimensional transitiv e group of symmetries. They corre-

sp ond to the structures of Theorem 7.20 with all the scalar in v arian ts b eing con-

stan ts. It turns out that there are t w o families of suc h structures. The �rst family



INTRINSIC GEOMETRY OF ORIENTED CONGRUENCES IN THREE DIMENSIONS 23
is describ ed b y the follo wing in v arian t system:

d! 1 = ei� [−(2 sin � )� 1=3! 1 ∧ !̄ 1 − (2 sin � )1=3! 1 ∧ ! ];
d!̄ 1 = e� i� [(2 sin � )� 1=3! 1 ∧ !̄ 1 − (2 sin � )1=3 !̄ 1 ∧ ! ];

d! = i! 1 ∧ !̄ 1 + (2 sin � )� 1=3(ei� ! 1 ∧ ! + e� i� !̄ 1 ∧ ! ):

All the non v anishing scalar in v arian ts here are:

K 1 = (2 sin � )� 2=3

and

Z1 = i (2 sin � )2=3; Z2 = ei� (2 sin � )� 1=3; Z0 = ei� (2 sin � )1=3:

T w o di�eren t v alues � and � 0
of the parameter yield di�eren t resp ectiv e quadru-

ples (K 1; Z0; Z1; Z2) and (K 0
1; Z 0

0; Z 0
1; Z 0

2), and hence corresp ond to nonequiv alen t

structures.

The second family of nonequiv alen t structures with a strictly 3-dimensional group

of symmetries corresp onds to the follo wing in v arian t system:

d! = i! 1 ∧ !̄ 1 + i� � 1! ∧ (! 1 − !̄ 1)
d! 1 = −i (�! + � � 1 !̄ 1) ∧ ! 1(7.35)

d!̄ 1 = i (�! + � � 1! 1) ∧ !̄ 1:

The non v anishing scalar in v arian ts here are:

(7.36) K 1 = (� 3 + 3)� � 2; Z1 = −2i� � 1; Z2 = −i� � 1; Z0 = −i�:

The corresp onding structures of an orien ted congruence are parametrized b y a real

parameter � 6= 0 . This means that eac h � 6= 0 de�nes a distinct structure.

A further analysis of this system sho ws that the congruence structures describ ed

b y it ha v e a transitiv e symmetry group of Bianc hi t yp e V II 0 (i� � = −2 1
3

), Bianc hi

t yp e V III (i� � > −2 1
3

), and of Bianc hi t yp e IX (i� � < −2 1
3

).

If w e parametrize the 3-dimensional manifold M b y (u; z; z̄), the structures

(M; �; � ) corresp onding to the system (7.35 ) ma y b e lo cally represen ted b y:

� = du +
2� e� i�u + i z̄

� (zz̄ − 2� 2(2 + � 3))
dz +

2� ei�u − iz
� (zz̄ − 2� 2(2 + � 3))

dz̄(7.37)

� = −
2� 2e� i�u

zz̄ − 2� 2(2 + � 3)
dz; �̄ = −

2� 2ei�u

zz̄ − 2� 2(2 + � 3)
dz̄:

Note that the ab o v e (�; � ) can b e also used to de�ne a CR stru
ture on M . De-

spite the fact that the 3-dimensional CR structures are asso ciated with this (�; � )
b y fairly more general transformations, (�; � ) → (f �; h� + p� ), than the oriented
ongruen
e stru
tures, whic h are de�ned b y the restri
ted (�; � ) → (f �; h� ) trans-

formations, eac h s 6= 0 in (7.37 ) de�nes also a distin
t CR structure in the sense of

Cartan.

Three particular v alues of � 6= 0 in (7.37 ) are w orth y of men tion. These are:

� = � B = −2
1
3 ;

when the lo cal symmetry group (b oth the CR and the orien ted congruence symme-

try) c hanges the structure from Bianc hi t yp e IX , with � < � B ; through Bianc hi

t yp e V II 0 , with � = � B ; to Bianc hi t yp e V III , with � > � B .
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Next is:

� = � H = −1;

when the lo w est order Cartan in v arian t of the CR structure asso ciated with � � H

and � � H is iden tically v anishing [15 ]; in this case the CR structure b ecomes lo cally

equiv alen t to the Heisen b erg group CR structure, and the 3-dimensional transitiv e

CR symmetry group of Bianc hi t yp e IX is extendable, from the lo cal SO(3) group,

to the 8-dimensional lo cal CR symmetry group SU (2; 1).

The third distinguished � is:

� = � K = −3
1
3 :

Note that for � = � K our in v arian t K 1 of the congruence structure (� � ; � � ) v an-

ishes, K 1 ≡ 0 , as in (7.36 ). This case is of some imp ortance, since it will b e sho wn

in Section 10.2 that the congruence structures with K 1 ≡ 0 and K 2 6= 0 ha v e v ery

nice prop erties.

8. V anishing twist and nonv anishing shear

No w w e assume the opp osite of Section 7, namely that (M; [�; � ]) has some

shear, s 6= 0 , but has iden tically v anishing t wist, a ≡ 0 . As in Section 6 the

no t wist condition d� ∧ � ≡ 0 yields � = f dt for some real function t on M .

Th us in this case w e again ha v e a foliation of M b y the lev el surfaces t = const.

Eac h leaf C of this foliation is a 2-dimensional real submanifold whic h is equipp ed

with a complex structure J determined b y the requiremen t that its holomorphic

v ector bundle H 1;0 = {X − iJX; X ∈ Γ(TC)} coincides with the anihilator of

SpanC(� ) ⊕ SpanC(�̄ ). But the simple situation of M b eing lo cally equiv alen t to

R×C is no longer true. If s 6= 0 the manifold M gets equipp ed with the structure of

a �bre bundle C → M → V , with �bres C b eing 1-dimensional complex manifolds

� the lea v es of the foliation giv en b y t = const, and with the base V b eing 1-

dimensional, and parametrized b y t . This can b e rephrased b y sa ying that w e ha v e

a 1-parameter family of complex curv es C(t), with complex structure tensors JC(t ) ,

whic h are not in v arian t under Lie transp ort along the v ector �eld @t . Recall that

ha ving a complex structure in a real 2-dimensional v ector space is equiv alen t to

ha ving a conformal metric and an orien tation in the space. Th us the condition of

ha ving s 6= 0 means that, under Lie transp ort along @t , the metrics on the 2-planes

tangen t to the surfaces t = const c hange in a fashion more general than conformal.

This means that small circles on these t w o planes do not go to small circles when Lie

transp orted along @t . They ma y , for example, b e distorted in to small ellipses, whic h

in tuitiv ely means that the congruence generated b y @t has shear. This explains the

name of the complex parameter s, as w as promised in Section 5 .

W e no w pass to a more explicit description of this situation. W e start with an ar-

bitrary structure (M; [�; � ]) with d� ∧� = 0 . This guaran tees that the 2-dimensional

distribution anihilating � de�nes a foliation in M , and M is additionally equipp ed

with a transv ersal congruence of curv es. Note that a foliation of a 3-space b y 2-

surfaces equipp ed with a congruence lo
ally can either b e describ ed in terms of

co ordinates (t; x; y ) suc h that the tangen t v ector to the congruence is @t (in suc h

case the surfaces are in general curv ed for eac h v alue of the parameter t ), or in

terms of co ordinates (u; z; z̄) suc h that lo cally the surfaces are 2-planes (in suc h

case the congruence is tangen t to a v ector �eld with a more complicated represen-

tation X = @u +S@z + S̄@̄z . Regardless of the descriptions the lea v es of the foliation
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are giv en b y the lev el surfaces of the real parameters t = const (in the �rst case,

as in the b egining of this Section) or u = const (as it will b e used in this Section

from no w on). Ha ving this in mind and recalling the allo w ed transformations (3.1 )

w e conclude that our (M; [�; � ]) with d� ∧ � = 0 ma y b e represen ted b y a pair of

1-forms

� = du; � = dz + H dz̄ + Gdu;

where H = H (u; z; z̄) and G = G(u; z; z̄) are complex-v alued functions on M , with

co ordinates (u; z; z̄), suc h that |H | < 1 . The foliation has lea v es tangen t to the

v ector �elds @z , @̄z . Eac h leaf is equipp ed with a complex structure, whic h ma y b e

describ ed b y sa ying that its T (1;0)
space is spanned b y the v ector �eld

(8.1) Z = @z − H̄@̄z ;

consequen tly the T (0;1)
space is spanned b y the complex conjugate v ector �eld

Z̄ = @̄z − H@z :

The congruence on M whic h giv es the preferred splitting is tangen t to the real

v ector �eld

(8.2) X = @u + ḠH � G
1� H H̄ @z + GH̄ � Ḡ

1� H H̄ @̄z :

Th us w e ha v e the follo wing prop osition.

Prop osition 8.1. All stru
tures (M; [�; � ]) with vanishing twist, a ≡ 0, may belo
ally represented by
(8.3) � = du; � = dz + H dz̄ + Gdu;where H = H (u; z; z̄) and G = G(u; z; z̄) are 
omplex-valued fun
tions on M , with
oordinates (u; z; z̄), su
h that |H | < 1. They have nonvanishing shear s 6= 0 i�

Hu − GH z + HG z − Gz̄ 6= 0:

The follo wing t w o cases are of particular in terest:

• H ≡ 0 . In this case all surfaces u = const are equipp ed with the standard

complex structure. The co ordinate z is the holomorphic co ordinate for

it, but the congruence is tangen t to a complicated real v ector �eld X =
@u − G@z − Ḡ@̄z :

• G ≡ 0 . Here eac h surface u = const has its o wn complex structure J , for

whic h z is not a holomorphic co ordinate; J is determined b y sp ecifying a

complex function H . A nice feature of this case is that the congruence is

no w tangen t to the v ery simple v ector �eld X = @u , whic h enables us to

iden tify co ordinates t and u .

Note that in Prop osition 8.1 w e made an assumption ab out the mo dulus of the

function H . The mo dulus equal to one is excluded b ecause it violates the condition

that the forms � , � , �̄ are indep enden t. W e excluded also the H > 1 case, since

b ecause of the co ordinate transformation z → z̄ follo w ed b y H → 1=H , suc h

structures are in one to one equiv alence with those ha ving |H | < 1 . W e no w turn to

the question ab out nonequiv alen t structures among those co v ered b y Prop osition

8.1 .
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8.1. The in v arian t T0 and the relativ e in v arian ts T1 , K 0 , K 1 . T o answ er this

w e ha v e to go bac k to the b egining of Section 5 and again p erform the Cartan

analysis on the system (5.1), but no w with a ≡ 0 , s 6= 0 . In this case the form ulae

(5.1 ) b ecome

d� = b� ∧ � + b̄�̄ ∧ �

d� = p� ∧ �̄ + q� ∧ � + s�̄ ∧ �(8.4)

d�̄ = −p̄� ∧ �̄ + s̄� ∧ � + q̄�̄ ∧ �:

It is con v enien t to write the complex shear function s as

s = |s|ei :

No w for a c hosen pair (�; � ) represen ting the structure, using (8.4 ), w e �nd that

the di�eren tials of the Cartan frame

(8.5) (!; ! 1; !̄ 1) = (f �; � ei� �; � e� i� �̄ )

are:

d! = d log f ∧ ! +
b
�

e� i� ! 1 ∧ ! +
b̄
�

ei� !̄ 1 ∧ !

d! 1 = id� ∧ ! 1 + d log � ∧ ! 1 +
p
�

ei� ! 1 ∧ !̄ 1 +
q
f

! 1 ∧ ! +
|s|
f

ei (2� + ) !̄ 1 ∧ !

d!̄ 1 = −id� ∧ !̄ 1 + d log � ∧ !̄ 1 −
p̄
�

e� i� ! 1 ∧ !̄ 1 +
|s|
f

e� i (2� + )! 1 ∧ ! +
q̄
f

!̄ 1 ∧ !:

Because of s 6= 0 , w e can gauge the structure so that

(8.6) d! 1 ∧ ! 1 = ! 1 ∧ !̄ 1 ∧ !:

This requiremen t de�nes f mo dulo sign to b e f = ±|s|. W riting f as

f = ei�� |s|;

where � = 0; 1 , and still requiring the normalization (8.6 ), w e get

� = − 1
2  + � �

2 :

Th us the functions f and � are �xed mo dulo � .

After this normalization w e in tro duce a real 1-form Ω suc h that

(8.7) (d! 1 − d!̄ 1) ∧ (! 1 + !̄ 1) = 2Ω ∧ ! 1 ∧ !̄ 1:

This equation de�nes Ω to b e

Ω = d log � + z! 1 + z̄!̄ 1 + (1 − ei�� q+q̄
2j sj )!;

where z is an auxiliary complex parameter. The condition that �xes z in an alge-

braic fashion is:

(8.8) d! 1 ∧ ! = Ω ∧ ! 1 ∧ !; d!̄ 1 ∧ ! = Ω ∧ !̄ 1 ∧ !:

It uniquely sp eci�es z to b e

z = (i µ � 2p̄)
2� e

i
2 ( � �� ); z̄ = (� i µ̄ � 2p)

2� e� i
2 ( � �� ):

Th us giv en a structure (M; [�; � ]) with v anishing t wist and non v anishing shear, the

three normalization conditions (8.6), (8.7), (8.8 ) uniquely sp ecify a 4-dimensional
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manifold P , whic h is lo cally M × R+ , and a w ell de�ned coframe (!; ! 1; !̄ 1; Ω) on

it suc h that

! = ei�� |s|�

! 1 = � e� i
2 ( � �� )�

!̄ 1 = � e
i
2 ( � �� ) �̄(8.9)

Ω = d log � + (i µ � 2p̄)
2� e

i
2 ( � �� )! 1 + (� i µ̄� 2p)

2� e� i
2 ( � �� ) !̄ 1 +

(1 − ei�� q+q̄
2j sj )!:

Here the p ositiv e co ordinate along the factor R+ in the �bration R+ → P → M is

� . The coframe (!; ! 1; !̄ 1; Ω) satis�es

d! = T1! 1 ∧ ! + T̄1!̄ 1 ∧ !

d! 1 = Ω ∧ ! 1 + (! 1 + !̄ 1) ∧ ! + iT0! 1 ∧ !

d!̄ 1 = Ω ∧ !̄ 1 + (! 1 + !̄ 1) ∧ ! − iT0 !̄ 1 ∧ !(8.10)

dΩ = iK 0! 1 ∧ !̄ 1 + K 1! 1 ∧ ! + K̄ 1!̄ 1 ∧ !

where

(8.11) T0 =  λ+i (q̄� q)
2j sj ei�� ; T1 =

t1

�
; K 0 =

k0

2� 2 ; K 1 =
k1

2�

and

t1 = (b|s| + |s|� )
e

i
2 ( � �� )

|s|
k0 = − � �̄ −  �̄� + p � + p̄ �̄ + 2i (p� − p̄�̄ )(8.12)

k1 = 2(t1 − t̄1) +

e
i
2 �� [(bq̄ − bq− q� + q̄� + iq � − i �� )e

i
2  + i �̄ |s|e� i

2  ]|s|� 1:

Note that functions T0 , T1 , K 0 and K 1 are in v arian ts of the structure on the bundle
R+ → P → M , with the �b er co ordinate � . They are de�ned mo dulo the parame-

ter � = 0; 1 . Th us t w o structures whic h di�er only b y the v alue of � are equiv alen t.

If w e w an t to lo ok for the in v arian ts on the original manifold M w e m ust examine

the �b er co ordinate dep endence of the structural functions T0 , T1 , K 0 and K 1 .

Since the last three functions T1 , K 0 , K 1 ha v e a non trivial � dep endence they do

not pro ject to in v arian t functions on M . Ho w ev er, since in all these cases this

dep endence is just s
aling b y � w e conclude that they lead to the relative in v arian ts

on M . Th us the v anishing or not of an y of the functions t1; k1 (complex), k0 (real)

is an in v arian t prop ert y of the structure on M . The situation is quite di�eren t

for the real function T0 . Although originally de�ned on P it is 
onstant along the

�b ers. Th us it pro jects to a w ell de�ned in v arian t on the original manifold M .

Th us T0 is an in v arian t of the structure on M . W e summarize the ab o v e discussion

in the follo wing Theorem.

Theorem 8.2. A given stru
ture (M; [�; � ]) of an oriented 
ongruen
e with vanish-ing twist, a ≡ 0, and nonvanishing shear, s 6= 0, uniquely de�nes a 4-dimensionalmanifold P , 1-forms !; ! 1; !̄ 1; Ω and fun
tions T0; K 0 (real) T1; K 1 (
omplex) on
P su
h that
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- !; ! 1; !̄ 1; Ω are as in (8.9 ) ,
- ! ∧ ! 1 ∧ !̄ 1 ∧ Ω 6= 0 at ea
h point of P ,
- the forms and fun
tions T0; T1; K 0; K 1 are uniquely determined by the re-quirement that on P they satisfy equations (8.10 ) .In parti
ular T0 is an invariant of the stru
ture on M ; the identi
al vanishing, ornot, of either of the fun
tions t1, k0 or k1 de�ned in (8.12) is an invariant 
onditionon M .

The structures co v ered b y Theorem 8.2 admit symmetry groups of at most four

dimensions. Those for whic h the symmetry group is strictly 4-dimensional ha v e all
the relativ e in v arian ts t1 , k0 , k1 equal to zero and 
onstant in v arian t T0 . When

�nding suc h structures it is enough to consider T0 = � = const ≥ 0 since, due to

the fact that T0 is de�ned mo dulo sign ( ei�� = ±1 ), eac h structure with T0 = � < 0
is equiv alen t to the one with T0 = |� |. Insp ecting all the p ossibilities w e get the

follo wing theorem.

Theorem 8.3. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
on-gruen
es having vanishing twist, nonvanishing shear, and p ossessing a strictly 4-

dimensional transitiv e group of symmetries are parametrized by a real 
onstant
� ≥ 0 as follows.

• if 0 ≤ � < 1 they 
an be lo
ally represented by
� = du; � = dx + e2u

p
1� � 2 (� + i

√
1 − � 2)dy

• if � = 1 they 
an be lo
ally represented by
� = du; � = dx + (i + 2u)dy

• if � > 1 they 
an be lo
ally represented by
� = du;

� = [(i + � ) cos(u
√

� 2 − 1) − i
√

� 2 − 1 sin(u
√

� 2 − 1)]dx +

[(i + � ) sin(u
√

� 2 − 1) + i
√

� 2 − 1 cos(u
√

� 2 − 1)]dy:Here (u; x; y ) are 
oordinates on M . The real parameter � ≥ 0 is just the invariant
T0 = � and as su
h enumerates nonequivalent stru
tures.
8.2. Description in terms of the Cartan connection. Equations (8.10 ) can

b e b etter understo o d in terms of the matrix !̃ of 1-forms de�ned b y

!̃ =





2(Ω − ! ) 0 0

! 1 Ω − ! !

!̄ 1 ! Ω − !;





where the 1-forms (! 1; !̄ 1; !; Ω) are as in (8.10 ) or as is (8.9).

This matrix has v alues in the 4-dimensional Lie algebra g4 whic h is a semidirect

pro duct of t w o 2-dimensional Ab elian Lie algebras

h0 = {





2x 0 0

0 x y

0 y x




| x; y ∈ R }
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and

h1 = {





0 0 0

u + iv 0 0

u − iv 0 0




| u; v ∈ R };

for whic h the comm utator is the usual comm utator of 3 × 3 matrices. Th us

(8.13) g4 = h0 ⊕ h1;

as the direct sum of v ector spaces h0 and h1 , with the comm utator b et w een h0 and

h1 giv en b y

[h0; h1] ⊂ h1:

It turns out that due to the relations (8.10 ), !̃ is a Cartan connection on the

principal �bre bundle R+ → P → M , whic h has as its structure group a 1-parameter

Lie group generated b y the v ector �eld �@� dual to Ω.Remark 8.4 . It is w orth wile to note that the �bre bundle R+ → P → M has some

additional structure. Indeed, equations (8.10 ) guaran tee that P is foliated b y 2-

dimensional lea v es of the integrable 2-dimensional real distribution D anihilating

forms ! 1 and !̄ 1 . Th us, lo cally , P has also the structure of a �bre bundle o v er the

leaf space P=D . This is actually a prin
ipal �b er bundle H0 → P → P=D , with

the structure group H0 ha ving h0 as its Lie algebra.

Equations (8.10 ) imply that the curv ature R of the Cartan connection !̃ is

R = d!̃ + !̃ ∧ !̃ =




2R1 0 0
R3 R1 R2
R̄3 R2 R1



 ;

where

R1 = iK 0! 1 ∧ !̄ 1 + (K 1 − T1)! 1 ∧ ! + (K̄ 1 − T̄1)!̄ 1 ∧ !

R2 = T1! 1 ∧ ! + T̄1 !̄ 1 ∧ !

R3 = iT0! 1 ∧ !:

In particular the absence of v ertical Ω∧ terms in the curv ature con�rms our in ter-

pretation of !̃ as a g4 -v alued Cartan connection on P o v er M .

The Cartan connection !̃ yields all the in v arian t information ab out the corre-

sp onding structures (M; [�; � ]) and can b e used in an in v arian t description of v arious

examples of suc h structures. In particular, the in v arian t decomp osition (8.13 ) ma y

b e used to distinguish t w o large classes (M; [�; � ])0 and (M; [�; � ])1 of nonequiv a-

len t structures (M; [�; � ]). These are de�ned b y the requiremen t that the curv ature

R of their Cartan connection !̃ has v alues in the resp ectiv e parts h0 for (M; [�; � ])0 ,

and h1 for (M; [�; � ])1 .

8.2.1. Curvature R ∈ h0. The curv ature R of the Cartan connection !̃ resides in

h0 i� it is of the form

R =




2R1 0 0

0 R1 R2
0 R2 R1



 :
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An example of a structure (M; [�; � ]) with suc h R is giv en b y the follo wing forms

(! 1; !̄ 1; !; Ω):

! 1 = er (dx + ie2(u+f )dy);
!̄ 1 = er (dx − ie2(u+f )dy);
! = du;

Ω = dr + 2du + 2f x dx;

with a real function f = f (x; y) of real v ariables x and y . These t w o v ariables,

supplemen ted with the real u and r , constitute a co ordinate system (u; x; y; r ) on

R+ → P → M . The triple (u; x; y ) parametrizes M , and r is related to the p ositiv e

�b er co ordinate � via � = er
.

F or eac h c hoice of a t wice di�eren tiable function f = f (x; y) the forms (! 1; !̄ 1; !; Ω)
satisfy the di�eren tial system (8.10 ) with

K 1 ≡ 0; T1 ≡ 0; T0 ≡ 0;

and the relativ e in v arian t K 0 b eing

K 0 = −e� 2(r +u+f )f xy :

A sp ecial case here is f xy ≡ 0 , in particular f ≡ 0 . If this happ ens the corresp onding

structures (M; [�; � ]) are all equiv alen t to the structure with 4-dimensional transi-

tiv e symmetry group ha ving � = 0 in Theorem 8.3 . If f xy 6= 0 , then K 0 6= 0 , and

the corresp onding structures ha v e the curv ature of the Cartan connection !̃ in the

form

R = −e� 2(r +u+f )




2i! 1 ∧ !̄ 1 0 0

0 i! 1 ∧ !̄ 1 0
0 0 i! 1 ∧ !̄ 1



 f xy :

As suc h they are spe
ial 
ases of structures with R ∈ h0 . W e will retutn to them

in Section 8.3.1 , where w e further analyze the case K 0 6= 0 , T1 = 0 and K 1 = 0 .

8.2.2. Curvature R ∈ h1. The case of R ∈ h0 is en tirely c haracterized b y the re-

quiremen t that all the relativ e in v arian ts t1; k0; k1 iden tically v anish. Examples

of suc h structures are structures with a 4-dimensional transitiv e group of symme-

tries giv en in Theorem 8.3 . Ho w ev er these examples do not exhaust the list of

nonequiv alen t structures ha ving R ∈ h1 . T o �nd them all w e pro ceed as follo ws.

W e w an t to �nd all structures with

R =




0 0 0

R3 0 0
R̄3 0 0



 ;

i.e. those for whic h all the relativ e in v arian ts T1 , K 1 , K 0 , as in (8.10 ), v anish:

(8.14) T1 ≡ 0; K 0 ≡ 0; K 1 ≡ 0:

Assuming (8.14 ), equations (8.10 ) guaran tee that real co ordinates u and r ma y b e

in tro duced on P suc h that

! = du; Ω = dr:

Then, taking the exterior deriv ativ es of b oth sides of equations (8.10 ), w e see that

(8.14 ) forces T0 to b e a real function of u only . Denoting this function b y � = � (u)
w e ha v e

T0 = � (u):
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In tegrating the system for suc h T0 , and denoting the u -deriv ativ es b y primes, w e

get the follo wing theorem.

Theorem 8.5. A stru
ture (M; [�; � ]) of an oriented 
ongruen
e with vanishingtwist, a ≡ 0, nonvanishing shear, s 6= 0, and having the 
urvature of its 
orrespond-ing Cartan 
onne
tion !̃ of the pure h1 type, R ∈ h1, 
an be lo
ally representedby
� = du; � = dz − (

h̄0

h
+

h̄
h

− i�
h̄
h

)dz̄;where the 
omplex fun
tion h = h(u) 6= 0 satis�es a se
ond order ODE:
(8.15) h00+ 2h0+ (� 2 + i� 0)h = 0:Here the nonequivalent stru
tures are distinguished by the real invariant T0 = � (u).

Note that if � (u) = const w e reco v er the structures from Theorem 8.3 .

8.3. The case T1 ≡ 0 . No w w e pass to the general case T1 ≡ 0 . T o pro ceed w e

ha v e to distinguish t w o sub cases:

• K 1 ≡ 0
• K 1 6= 0 .

8.3.1. The 
ase K 1 ≡ 0. In this situation w e ha v e

dΩ = iK 0! 1 ∧ !̄ 1;

with K 0 giv en b y (8.11 )-(8.12 ). Since K 0 is not iden tically equal to zero, b ecause

this correp onds to the case t1 ≡ 0 , k0 ≡ 0 , k1 ≡ 0 already studied, w e use it to �x

� b y the requiremen t

(8.16) K 0 = sign(k0) = ±1:

W e note that this sign is an in v arian t of the structures under consideration. This

implies that the structures with di�eren t signs are nonequiv alen t.

After the normalization (8.16 ) the forms (! 1; !̄ 1; !; Ω) are de�ned as forms on

M . P erforming the standard Cartan analysis on the system (8.10 ), w e v eri�ed that

after pullbac k to M it reads:

d! = 0;

d! 1 = (iB − A)! 1 ∧ !̄ 1 + iT0! 1 ∧ ! + !̄ 1 ∧ !;(8.17)

d!̄ 1 = (iB + A)! 1 ∧ !̄ 1 + ! 1 ∧ ! − iT0 !̄ 1 ∧ !;

d[(A + iB )! 1 + (A − iB )!̄ 1 + ! ] = ±i! 1 ∧ !̄ 1:

Here the real functions A; B; T 0 are the scalar in v arian ts on M . They satisfy the

follo wing in tegrabilit y conditions

dA = [A1 + i
2 (B1 + B̄1 ± 1)]! 1 + [A1 − i

2 (B1 + B̄1 ± 1)]!̄ 1 + (A − BT0)!
dB = B1! 1 + B̄1 !̄ 1 + (AT0 − B )!(8.18)

dT0 ∧ ! = 0;

with the functions A1 (real) and B1 (complex) b eing the scalar in v arian ts of the

next higher order. In principle, w e could ha v e written the explicit fotm ulae for

all these scalar in v arian ts in terms of the de�ning v ariables b; q; p and s of (8.4 ).

W e refrain from doing this, b ecause the form ulae are quite complicated, and not

enligh tening.
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W e summarize these considerations in the follo wing theorem.

Theorem 8.6. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
ongru-en
es having vanishing twist, nonvanishing shear, with T1 ≡ 0 and K 1 ≡ 0, aredes
ribed by the invariant forms (!; ! 1; !̄ 1) satisfying the system (8.17)-(8.18) on
M .

Th us ha ving a represen tativ e (�; � ) of a structure with v anishing t wist, non-

v anishing shear and with T1 ≡ 0 , w e alw a ys can gauge it to the in v arian t forms

satisfying system (8.17 )-(8.18 ). The other w a y around: giv en t w o 1-forms ! and ! 1
satisfying the system (8.17 )-(8.18 ), w e ma y consider them as a represen tativ e pair

(� = !; � = ! 1) of a certain structure with v anishing t wist, non v anishing shear and

with T1 ≡ 0 .

The immediate consequence of the in tegrabilt y conditions (8.18 ) is the nonexis-ten
e of structures (8.17 ) with a strictly 3-dimensional transitiv e group of symme-

tries. This is b ecause, if suc h structures existed, they w ould ha v e 
onstant in v arian ts

A , B and T0 . Th us, for suc h structures the righ t hand sides of all the equations

(8.18 ) w ould b e zero. But this is imp ossible, since in suc h a situation the second

equation (8.18 ) implies B1 ≡ 0 whic h, when compared with equating to zero the

r.h.s of the �rst equation (8.18 ), giv es con tradiction.

A family of nonequiv alen t structures (M; [�; � ]) from this branc h of the classi�-

cation is giv en in Section 8.2.1 . Indeed, consider the examples of this section for

whic h

f xy 6= 0:

Since this guaran tees that K 1 6= 0 , and since w e ha v e T1 = 0 and K 1 = 0 (and,

what is less imp ortan t for us here T0 = 0 ) for them, w e ma y p erform the ab o v e

describ ed normalization pro cedure on the in v arian t forms (! 1; !̄ 1; !; Ω) de�ned in

8.2.1 . A simple calculation, based on the normalization

(8.19) − e� 2(r +u+f )f xy = ±1;

leads to the reduction to M , where the in v arian t forms read:

! = du;

! 1 = e� (u+f )( ∓ f xy
) 1

2 (dx + ie2(u+f )dy);

!̄ 1 = e� (u+f )( ∓ f xy
) 1

2 (dx − ie2(u+f )dy):

They satisfy the system (8.17 )-(8.18 ) with the functions A and B giv en b y:

A = 1
4

(
∓ f xy

)� 3
2
(

2f x f xy + f xxy

)
eu+f

B = 1
4

(
∓ f xy

)� 3
2
(

2f y f xy − f xyy

)
e� u � f :

These structures can th us b e represen ted on M b y

� = du; � = dx + ie2
(

u+f (x;y )
)
dy:

The only scalar in v arian ts for them are the functions A and B as ab o v e, since as

w e already noticed, the scalar in v arian t T0 iden tically v anishes, T0 ≡ 0 .

Note in particular, that giv en a function f = f (x; y), t w o structures (M; [�; � ])
with � , � as ab o v e, corresp onding to t w o di�eren t signs of f xy are nonequiv alen t.

This is b ecause the sign ± in (8.19 ) is an in v arian t of suc h structures.
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whic h the curv ature R is m uc h more restricted than to h0 . Since, in addition to

T0 ≡ 0 , w e ha v e here T1 ≡ 0 , the curv ature R is actually con tained in the diagonal

1-dimensional subalgebra of h0 . Moreo v er, since also K 1 ≡ 0 , the curv ature R do es

not in v olv e ! ∧ terms. This means that in this example, similarly as in all examples

with T0 ≡ T1 ≡ K 1 ≡ 0 , the curv ature of the Cartan connection !̃ is horizontal fromthe point of view of the prin
ipal �ber bundle H0 → P → P=D discussed in Remark

8.4 . Th us here, the Cartan connection !̃ can b e rein terpreted as a g4 -v alued Cartan

connection on the bundle H0 → P → P=D .

8.3.2. The 
ase K 1 6= 0. If K 1 6= 0 w e can use de�nition (8.11 ) to scale it in suc h

a w a y that it has v alues on the unit circle

K 1 = ei
 :

This �xes � uniquely , and the system (8.10 ) is again reduced to an in v arian t system

on M . This reads (with new A and B ):

d! = 0;

d! 1 = (iB − A)! 1 ∧ !̄ 1 + (1 − C + iT0)! 1 ∧ ! + !̄ 1 ∧ !;

(8.20)

d!̄ 1 = (iB + A)! 1 ∧ !̄ 1 + ! 1 ∧ ! + (1 − C − iT0)!̄ 1 ∧ !;

d[(A + iB )! 1 + (A − iB )!̄ 1 + C! ] =
iK 0! 1 ∧ !̄ 1 + ei
 ! 1 ∧ ! + e� i
 !̄ 1 ∧ !:

Here, all the real in v arian ts are T0 , A , B , C , 
 and K 0 are w ell de�ned functions

on M . They are expressible in terms of the original v ariables de�ning the structure

and the functions k0 , k1 of (8.12 ). In particular,

K 0 = 2
k0

|k1|2
:

T o discuss the in tegrabilt y conditions for the system (8.20 ) w e ha v e to distinguish

t w o cases:

• either K 1 = ei
 6= ±1 ,

• or K 1 = ei
 ≡ ±1 .
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In the �rst case:

dT0 = i (ei
 ! 1 − e� i
 !̄ 2) + T00!

dA = 1
2 [i (K 0

2 + A1) + A2]! 1 + 1
2 [−i (K 0

2 + A1) + A2]!̄ 1 + A0!

dB = 1
2 [− K 0

2 + A1 + iB 1]! 1 + 1
2 [− K 0

2 + A1 − iB 1]!̄ 1 + B0!

(8.21)

dC = [−2A + AC + A0 + BT0 + i (BC − AT0 + B0) + ei
 ]! 1 +
[−2A + AC + A0 + BT0 − i (BC − AT0 + B0) + e� i
 ]!̄ 1 + C0!

d
 = [B + (A + 
 1) cot 
 + i
 1]! 1 + [B + (A + 
 1) cot 
 − i
 1]!̄ 1 + 
 0!

dK 0 = K 01! 1 + K̄ 01 !̄ 1 + 2[(A + 
 1) csc 
 + (1 − C)K 0]!;

and in addition to the the basic scalar in v arian ts K 0 , 
 , A , B , C , w e ha v e higher

order scalar in v arian ts A0; A1; A2; B0; B1; C0; 
 0; 
 1 (all real) and K 01 (complex).

In the second case, when ei
 ≡ ±1; one of the in tegrabilt y conditions is the

v anishing of the scalar in v arian t A of (8.20 ),

A ≡ 0:

The rest of the in tegrabilt y conditions are

dT0 = ±i (! 1 − !̄ 2) + T00!

dB = [− K 0
2 + iB 1]! 1 + [− K 0

2 − iB 1]!̄ 1 + B0!

(8.22)

dC = [BT0 + i (BC + B0) ± 1]! 1 +
[BT0 − i (BC + B0) ± 1]!̄ 1 + C0!

dK 0 = K 01! 1 + K̄ 01 !̄ 1 + 2[∓B + (1 − C)K 0]!;

with the new higher order scalar in v arian ts B0; B1; C0 (all real) and K 01 (complex).

Theorem 8.8. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
ongru-en
es having vanishing twist, nonvanishing shear, with T1 ≡ 0 and K 1 6= 0, aredes
ribed by the invariant forms (!; ! 1; !̄ 1) satisfying
• either the system (8.20), (8.21) on M , in whi
h 
ase K 1 = ei
 6= ±1,
• or the system (8.20), (8.22) on M , in whi
h 
ase K 1 ≡ ±1 and A ≡ 0.

As it is readily seen fom the in tegrabilt y conditions (8.21 ), (8.22 ) neither of

these cases admits structures with a strictly 3-dimensional transitiv e symmetry

group (lo ok at the equations for dT0 in (8.21 ), (8.22 ), and observ e that T0 = const,

whic h implies dT0 = 0 , is forbidden!).
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8.4. The case T1 6= 0 . T o analyze this case w e again start with the basic system

(8.10 ) and w e assume that t1 6= 0 . This assumption enables us to normalize T1 so

that its mo dulus is equal to one. Th us no w w e require

|T1| = 1;

whic h uniquely �xes � to b e

� = |t1|:

After suc h normalization all the forms b ecome forms on M and, dep ending on the

lo cation of T1 on the unit circle, w e ha v e to consider t w o cases:

• either T1 = ei� 6= ±1 ,

• or T1 = ±1 .

W e analyze the T1 6= ±1 case �rst. Here w e easily reduce the system (8.10 ) to the

follo wing system on M :

d! = (ei� ! 1 + e� i� !̄ 1) ∧ !;

d! 1 = (iB − A)! 1 ∧ !̄ 1 + (1 − C + iT0)! 1 ∧ ! + !̄ 1 ∧ !;(8.23)

d!̄ 1 = (iB + A)! 1 ∧ !̄ 1 + ! 1 ∧ ! + (1 − C − iT0)!̄ 1 ∧ !:

It has the follo wing in tegrabilit y conditions:

d� = [� 1 + i ((B − � 1) cot � − A)]! 1 + [� 1 − i ((B − � 1) cot � − A)]!̄ 1 + � 0!

(8.24)

dT0 ∧ ! =
{[B0 + BC − AT0 + 2 sin � + i (2A − AC − BT0 − A0 + C1) −
ei� (T0 − iC )]! 1 +
[B0 + BC − AT0 + 2 sin � − i (2A − AC − BT0 − A0 + C̄1) −
e� i� (T0 + iC )]!̄ 1} ∧ !:

Here, the new scalar in v arian ts are: T0; �; A; B; C (real), and the higher order scalar

in v arian ts are: � 0; � 1; B0 (real) and C1 (complex).

In the T1 ≡ ±1 case the equations (8.23 ) are still v alid, pro vided that w e put

B ≡ 0:

This condition is implied b y T1 ≡ ±1 . Th us in this case the in v arian t forms satisfy

d! = ±(! 1 + !̄ 1) ∧ !;

d! 1 = −A! 1 ∧ !̄ 1 + (1 − C + iT0)! 1 ∧ ! + !̄ 1 ∧ !;(8.25)

d!̄ 1 = A! 1 ∧ !̄ 1 + ! 1 ∧ ! + (1 − C − iT0)!̄ 1 ∧ !:

The in tegrabilit y conditions for this system are:

dT0 = T00! +
(
(∓1 − A)T0 + i (2A − AC − A0 + C1 ± C)

)
! 1 +(8.26)

(
(∓1 − A)T0 − i (2A − AC − A0 + C̄1 ± C)

)
!̄ 1;

with the in v arian t sign equal to ±1 , the new scalar in v arian ts b eing: T0; A; C (real),

and the higher order scalar in v arian ts b eing: B0 , T00 (real) and C1 (complex).

W e summarize with the follo wing theorem.
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Theorem 8.9. All lo
ally nonequivalent stru
tures (M; [�; � ]) of oriented 
ongru-en
es having vanishing twist, nonvanishing shear, with T1 6= 0, are des
ribed by theinvariant forms (!; ! 1; !̄ 1) satisfying

• either the system (8.23), (8.24) on M , in whi
h 
ase T1 = ei� 6= ±1,
• or the system (8.25), (8.26) on M , in whi
h 
ase T1 ≡ ±1.

W e pass to the determination of the structures with strictly 3-dimensional tran-

sitiv e group of symmetries.

Using the system (8.23 ), (8.24 ) w e easily establish that in the case T1 6= ±1 the

structures are go v erned b y the follo wing system of in v arian t forms:

d! = (ei� ! 1 + e� i� !̄ 1) ∧ !;

d! 1 = −
1 − C − cos 2�
1 − C + cos 2�

e� i� ! 1 ∧ !̄ 1 + (1 − C + i sin 2� )! 1 ∧ ! + !̄ 1 ∧ !;(8.27)

d!̄ 1 =
1 − C − cos 2�
1 − C + cos 2�

ei� ! 1 ∧ !̄ 1 + ! 1 ∧ ! + (1 − C − i sin 2� )!̄ 1 ∧ !:

In a similar w a y , if T1 ≡ ±1 , using the system (8.25 ), (8.26 ), w e see that the

structures with 3-dimensional symmetry groups are go v erned b y the follo wing sys-

tem:

d! = ±(! 1 + !̄ 1) ∧ !;

d! 1 = ±! 1 ∧ !̄ 1 + iT0! 1 ∧ ! + !̄ 1 ∧ !;(8.28)

d!̄ 1 = ∓! 1 ∧ !̄ 1 + ! 1 ∧ ! − iT0!̄ 1 ∧ !:

9. Nonv anishing twist and nonv anishing shear

The Cartan pro cedure applied to this case is v ery similar to the one in Section

8 concerned with a ≡ 0 and s 6= 0 . There, b efore the �nal reduction to three

dimensions, the pro cedure stopp ed at the in termediate 4-dimensional manifold M ×
R+ parametrized b y the p oin ts of M and the p ositiv e co ordinate � . In the presen t

case, in addition to s 6= 0 , w e also ha v e a 6= 0 , whic h enables us to mak e an

immediate reduction to three dimensions and th us to pro duce in v arian ts on M .

Explicitly this reduction is ac hiev ed as follo ws.

W e start with the general system (5.1 ) of Section 5 . W e ha v e

a 6= 0; s 6= 0

and w e again write the complex shear function s as

s = |s|ei :

No w, for a c hosen pair (�; � ) represen ting the structure, w e imp ose the conditions

d! ∧ ! = i! 1 ∧ !̄ 1 ∧ !(9.1)

d! 1 ∧ ! 1 = ! 1 ∧ !̄ 1 ∧ !(9.2)

on the Cartan frame

! = f �; ! 1 = � ei� �; !̄ 1 = � e� i� �̄:

Note that (9.1 ) is p ossible b ecause of a 6= 0 and (9.2 ) is p ossible b ecause of s 6= 0 . It

is a matter of straigh tforw ard calculation to sho w that these t w o conditions uniquely

sp ecify the c hoice of f , � and � . T o write the relev an t form ulae for f , � and � w e
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denote the sign of a b y ei��

, where � = 0 or 1 . Then ha ving ei�� = sign(a), these

form ualae are:

f = ei�� |s|; � ei� =
√

|a|
√

|s|e� i
2 ( � �� )

and the forms (!; ! 1; !̄ 1) satisfy

d! = i! 1 ∧ !̄ 1 + k1! 1 ∧ ! + k̄1 !̄ 1 ∧ !

d! 1 = k2! 1 ∧ !̄ 1 + k3! 1 ∧ ! + !̄ 1 ∧ !(9.3)

d!̄ 1 = −k̄2! 1 ∧ !̄ 1 + ! 1 ∧ ! + k̄3 !̄ 1 ∧ !:

Here the complex functions k1 , k2 , k3 are de�ned on M and:

k1 =
(b|s| + |s|� )√

|a|
√

|s|3
e

i
2 ( � �� )

k2 =
−(log |a|)�̄ + 2p − (log |s|)�̄ + i �̄

2
√

|a|
√

|s|
e� i

2 ( � �� )

k3 =
ib�̄ − i b̄� − ibp + i b̄p̄ + e� i�� |a|(q − q̄ − (log |s|)� + i � )

2|a||s|

These functions constitute the full system of in v arian ts of (M; [�; � ]) for a 6= 0 ,

s 6= 0 .

Theorem 9.1. A given stru
ture (M; [�; � ]) of an oriented 
ongruen
e with nonva-nishing twist, a 6= 0, and nonvanishing shear, s 6= 0, uniquely de�nes the frame ofinvariant 1-forms !; ! 1; !̄ 1 and invariant 
omplex fun
tions k1; k2; k3 on M . Theforms and the fun
tions are determined by the requirement that they satisfy thesystem (9.3). Starting with an arbitrary representative (�; � ) of the stru
ture [�; � ],the forms are given by
! = ei�� |s|�; ! 1 =

√
|a|

√
|s|e� i

2 ( � �� )�; !̄ 1 =
√

|a|
√

|s|e
i
2 ( � �� )�̄;where the shear fun
tion is s = |s|ei . Here ei�� , � = 0; 1, denotes the sign ofthe twist fun
tion a. The system (9.3) en
odes all the invariant information of thestru
ture (M; [�; � ]).

W e pass to the determination of all homogeneous examples with a 6= 0 , s 6= 0 .

No w the maximal dimension of a group of transitiv e symmetries is three. The

structures with 3-dimensional groups of symmetries corresp ond to those satisfying

system (9.3) with all the functions k1; k2; k3 b eing constan ts. Applying the exterior

di�eren tial to the system (9.3 ) with k1; k2; k3 constan ts w e arriv e at the follo wing

Theorem.

Theorem 9.2. All homogeneous stru
tures (M; [�; � ]) with nonvanishing twist,
a 6= 0, and nonvanishing shear, s 6= 0, have a stri
tly 3-dimensional symmetrygroup and fall into four main types 
hara
terized by:I: k3 = 1. In this 
ase there is a 2-real parameter family of nonequivalentstru
tures distinguished by real 
onstants x and y related to the invariants

k1 and k2 via:
k1 = x; k2 = iy:
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ase there is a 2-real parameter family ofnonequivalent stru
tures distinguished by real 
onstants x; y whi
h togetherwith the parameter � are 
onstrained by the equation
cos � (1 − 2xy + cos � ) = 0:The invariants k1; k2; k3 are then given by

k1 = x(cot �
2 + i ); k2 = −iy (cot �

2 + i ); k3 = cos � + i sin �:III: k3 + k̄3 = 0, k3 6= ±i . In this 
ase there is a 3-real parameter familyof nonequivalent stru
tures distinguished by real 
onstants y0 6= ±1, x, yrelated to the invariants k1, k2, k3 via:
k1 = x + iy; k 2 = k̄1 = x − iy; k 3 = iy 0:IV: |k3| 6= 1, k3 + k̄3 6= 0. In this 
ase there is a 3-real parameter family ofnonequivalent stru
tures distinguished by real 
onstants x0 6= 0, y0, x, y
onstrained by the equation

x02 + y02 + 2y0(x2 + y2) − 4xy = 1:The invariants k1; k2; k3 are then given by
k1 = x + iy; k 3 = x0+ iy 0; k2 =

k̄1(1 + k2
3) − k1(k3 + k̄3)
1 − |k3|2

:

Among all the structures co v ered b y the ab o v e theorem, the simplest ha v e k1 =
k2 = k3 ≡ 0 . This unique structure b elongs to the case I I I ab o v e and is the �at
ase for the branc h a 6= 0 , s 6= 0 . W e describ e it in the follo wing prop osition.

Prop osition 9.3. A stru
ture of an oriented 
ongruen
e (M; [�; � ]) with nonvan-ishing twist, a 6= 0, nonvanishing shear s 6= 0 and having k1 = k2 = k3 ≡ 0, may belo
ally represented by forms
(9.4) � = du +

√
2eiu − i z̄
zz̄ − 1

dz +
√

2e� iu + iz
zz̄ − 1

dz̄; � =
2eiu

zz̄ − 1
dz −

√
2�;where (u; z; z̄) are 
oordinates on M . This stru
ture has the lo
al symmetry groupof Bian
hi type VIII, lo
ally isomorphi
 to the group SL(2; R).Remark 9.4 . There are more structures with a 6= 0 , s 6= 0 , whic h ha v e a 3-

dimensional transitiv e symmetry group of Bianc hi t yp e VI I I. It is quite complicated

to write them all here. F or example, among them, there is a 1-parameter family of

nonequiv alen t structures with k1 = k2 ≡ 0 . They ma y b e represen ted b y

(9.5) � = du +
� eiu − i z̄

zz̄ − 1
dz +

� e� iu + iz
zz̄ − 1

dz̄; � = (� 2 − 1)
2eiu

zz̄ − 1
dz − ��;

where � > 0; � 6= 1 . The only non v anishing in v arian t for this 1-parameter family

is k3 = −i (1 − 2
� 2 ). It ma y b e considered as a deformation of the �at case ab o v e,

whic h corresp onds to � =
√

2.Remark 9.5 . In a similar w a y , among all the structures with a 6= 0 , s 6= 0 , whic h

ha v e a 3-dimensional transitiv e symmetry group of Bianc hi t yp e IX, w e ma y easily

c haracterize those with k1 = k2 ≡ 0 . They ma y b e represen ted b y

(9.6) � = du +
� eiu − i z̄

zz̄ + 1
dz +

� e� iu + iz
zz̄ + 1

dz̄; � = (� 2 + 1)
2eiu

zz̄ + 1
dz − ��;

where � > 0 . Here the only non v anishing in v arian t is k3 = −i (1 + 2
� 2 ).
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resp ond to the �at CR-structure in the sense of Cartan. A ccording to [15 ], they

corresp ond to � = 0;
√

2 in the (9.5 ) case, and � = 0 in the (9.6 ) case. Th us in

these cases the corresp onding structures of an orien ted congruence are lo cally CR-

equiv alen t to the h yp erquadric CR structure of Example 7.3 , with a nonstandard

splitting, whic h causes the shear s 6= 0 .

It is a rather complicated matter to describ e whic h Bianc hi t yp es ha ving a 3-

dimensional transitiv e symmetry group corresp ond to a giv en homogeneous struc-

ture with a 6= 0 , s 6= 0 . W e remark that the groups of Bianc hi t yp es I and V areex
luded for suc h structures. W e also fully describ e the situation for Bianc hi t yp es

I I and IV. This is summarized in the follo wing theorem.

Theorem 9.7.There are only two nonequivalent stru
tures of an oriented 
ongruen
e (M; [�; � ])with a 6= 0, s 6= 0, whi
h have a lo
al transitive symmetry group of Bian
hi type II.They may be lo
ally represented by
� = du + i

2 (zdz̄ − z̄dz); � = dz ±
√

2(1 − i )�;where (u; z; z̄) are 
oordinates on M . The 
onstant invariants are
k1 = ±

1 − i√
2

; k2 = ±
1 + i√

2
; k3 = −i;and the sign ±1 distinguishes between the nonequivalent stru
tures.There are also only two 2-parameter families of nonequivalent stru
tures of anoriented 
ongruen
e (M; [�; � ]) with a 6= 0, s 6= 0, whi
h have a lo
al transitivesymmetry group of Bian
hi type IV. They may be lo
ally represented by

� = y� 1(du − log ydx); � = y� 1d(x + iy ) ±
√

2(1 − i )w�;where (u; x; y ) are 
oordinates on M and w = Re(w) + i Im(w) 6= 0 is a 
omplexparameter. The 
onstant invariants are
k1 = ±

1 − i√
2

+
i

2w̄
; k2 = ±

1 + i√
2

+
i

2w̄
; k3 = −i ± (

1 + i
w̄

+
1 − i

w
);and the two real parameters Re(w) and Im(w), together with the sign ±1 distinguishbetween the nonequivalent stru
tures.Remark 9.8 . W e remark that the structures with a symmetry group of Bianc hi t yp e

I I are in a sense the limiting case of the t w o families of structures with Bianc hi t yp e

IV. They corresp ond to the limit |w| → ∞.

10. Applica tion 1: Lorentzian metrics in f our dimensions

In this section w e use our results ab out orien ted congruence structures to con-

struct Loren tzian metrics in 4-dimensions.

10.1. V anishing t wist � non v anishing shear case and pp-w a v es. Since our

orien ted congruence structures are 3-dimensional ob jects, w e concen trate only on

those structures, whic h in some natural manner de�ne an asso ciated 4-dimensional

manifold. As w e noted in the sections dev oted to the Cartan analysis of the orien ted

congruence structures, in some cases, suc h as those describ ed in Section 8 , the

Cartan bundle P enco ding the basic in v arian ts of the structures is 4-dimensional.
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So in this case, i.e. when the t wist a ≡ 0 and the shear s 6= 0 , w e ha v e a 4-

dimensional manifold naturally asso ciated with the orien ted congruence structure.

Moreo v er, in suc h case the Cartan pro cedure pro vides us also with a rigid coframe

of in v arian t forms (! 1; !̄ 1; !; Ω) on P . Using these forms w e ma y de�ne

(10.1) g = 2! 1!̄ 1 + 2! Ω;

or, as suggested b y the form of the asso ciated Cartan connection,

(10.2) g = 2! 1 !̄ 1 + 2! (Ω − ! ):

These b oth are w ell de�ned Loren tzian metrics on P , whic h are built only from the

ob jects naturally and in v arian tly asso ciated with the orien ted congruence structure.

T o b e more sp eci�c, let us consider the structures with the curv ature of the

Cartan connection R ∈ h1 , as describ ed in Theorem 8.5 . In this case the bundle P
is parametrized b y (z; z̄; u; r ) and the in v arian t forms are:

Ω = dr; ! = du

! 1 = er
(

hdz − (h̄0+ h̄ − i� h̄)dz̄
)

!̄ 1 = er
(

h̄dz̄ − (h0+ h + i�h )dz
)

;

with functions � = � (u) (real) and h = h(u) (complex) satisfying the ordinary

di�eren tial equation 8.15 . Inserting these forms in the form ulae (10.1 )-(10.2 ), w e

get the resp ectiv e 4-dimensional Loren tzian metrics

g0 = 2e2r
(

hdz − (h̄0+ h̄ − i� h̄)dz̄
)(

h̄dz̄ − (h0+ h + i�h )dz
)

+ 2dudr;

and

g� 1 = 2e2r
(

hdz − (h̄0+ h̄ − i� h̄)dz̄
)(

h̄dz̄ − (h0+ h + i�h )dz
)

+ 2du(dr − du):

It turns out that b oth these metrics ha v e quite nice prop erties.

A ctually , in tro ducing a still bigger class of metrics

gc = 2e2r
(

hdz − (h̄0+ h̄ − i� h̄)dz̄
)(

h̄dz̄ − (h0+ h + i�h )dz
)

+ 2du(dr − cdu);

with c = const ∈ R, one c hec ks that they all are of t yp e N in the P etro v classi�-

cation of 4-dimensional Loren tzian metrics. This means that their W eyl tensor is

expressed in terms of only one non v anishing complex function Ψ4 , called the W eyl

spin co e�cien t, whic h reads

Ψ4 = 2(i� − c − 1):

All the other W eyl co e�cien ts (Ψ0; Ψ1; Ψ2; Ψ3), whic h together with Ψ4 totally

enco de the W eyl tensor of gc , are iden tically zero.

Lo oking at the spin co e�cien t Ψ4 w e see that there is a distinguished metric

in the class gc . This corresp onds to c = −1 . In suc h case the W eyl tensor of g
is just prop ortional to Ψ4 = 2i� and w e ha v e a Loren tz-geometric in terpretation

of the in v arian t � = � (u) of the corresp onding structure of the orien ted congru-

ence. Confron ting these considerations with the results of Section 8.2.2 w e get the

follo wing
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Theorem 10.1. Every stru
ture of an oriented 
ongruen
e (M; �; � ) with vanish-ing twist, a ≡ 0, nonvanishing shear s 6= 0, and having the 
urvature R of its
orresponding Cartan 
onne
tion in h1, de�nes a Lorentzian metri


g� 1 = 2! 1 !̄ 1 + 2! (Ω − ! );whi
h is of Petrov type N or 
onformally �at. The nonequivalent metri
s 
orrespondto di�erent stru
tures of the oriented 
ongruen
e, and the metri
 is 
onformally �atif and only if R ≡ 0.
In terestingly metrics g� 1 are conformal to Ricci �at metrics. The Ricci �at

metric in the conformal class of g� 1 is giv en b y

ĝ� 1 =
2e4u

(t + e2u )2

((
hdz−(h̄0+h̄−i� h̄)dz̄

)(
h̄dz̄−(h0+h+i�h )dz

)
+e� 2r du(dr −du)

)
;

where t is a real constan t. F or eac h � = � (u) and for eac h solution h = h(u) of

(8.15 ), the corresp onding Ricci �at metric is the so called linearly polarized pp-wave
from General Relativit y Theory (see [10 ], p. 385).

10.2. Non v anishing t wist � v anishing shear case and the Bac h metrics.

Another example of 4-dimensional Loren tzian manifolds naturally asso ciated with

the structures of orien ted congruences app ears in the non v anishing t wist � v anishing

shear case, as w e explained in Section 7.3 . A ctually in Section 7.3 w e de�ned
onformal Loren tzian 4-manifolds equipp ed with the 
onformal class of Loren tzian

metrics [gt ], whic h are naturally asso ciated with a congruence structure with t wist

and without shear. Here w e study the conformal prop erties of these metrics.

10.2.1. The Cotton and Ba
h 
onditions for 
onformal metri
s. W e recall [4 ] that a

Loren tzian metric g on a manifold M is called 
onformal to Einstein i� there exists

a real function Υ on M suc h that the rescaled metric ĝ = e2Υg satis�es the Einstein

equations Ric(ĝ) = Λĝ. In the case of an orien ted M with dimM = 4 there are t w one
essary conditions [2 , 8 ] for g to b e conformal to Einstein (in algebraically generic

cases [4 ] these necessary conditions are su�cien t). T o describ e these conditions w e

denote b y F the curv ature 2-form of the Cartan normal conformal connection ! [g]
asso ciated with a conformal class [g] (see [7] for de�nitions). The curv ature F is

horizon tal. Th us, c ho osing a represen tativ e g of the conformal class [g], w e can

calculate its Ho dge dual ∗F and calculate the 6 × 6 matrix of 3-forms

(10.3) D ∗ F = d ∗ F + ! [g] ∧ ∗F − ∗F ∧ ! [g]

for the connection ! [g] . This matrix has a remark ably simple form

D ∗ F =




0 ∗j � 0
0 0 ∗j �

0 0 0



 ;

where ∗j �
is a v ector-v alued 3-form, the Ho dge dual of the so called Yang-Mills
urrent j �

for the conformal connection ! [g] . Ha ving said this w e in tro duce the

v acuum Y ang-Mills equation for the conformal connection ! [g]

(10.4) D ∗ F = 0

i.e. the condition that the Y ang-Mills curren t j �
v anishes. It turns out that in

dimM = 4 equations (10.4 ) are 
onformally invariant. They are equiv alen t to the

requiremen t that the Ba
h tensor of g iden tically v anishes [2 , 4]. This condition is
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kno wn [9 ] to constitute a �rst system of equations whic h a 4-dimensional metric g
m ust satisfy to b e conformal to Einstein.

Another indep enden t condition can b e obtained b y decomp osing F in to F =
F + ⊕ F �

, where ∗F � = ±iF �
are its selfdual and an tiselfdual parts (note that i

app ears here as a consequence of the assumed Loren tzian signature). Decomp osing

the curv atures F �
on to a basis of 2-forms {� i ∧ � j } asso ciated with a coframe {� i }

in whic h g tak es the form g = gij � i � j
, w e recall that the second necessary condition

for a 4-metric g to b e conformal to Einstein is

(10.5) [F +
ij ; F �

kl ] = 0 ∀i; j; k; l = 1; 2; 3; 4:

Here [; ] is the comm utator of the 6 × 6 matrices F +
ij and F �

kl . W e term (10.4 ) theBa
h 
ondition and (10.5 ) the Cotton 
ondition [4].

10.2.2. Conformal 
urvature of the asso
iated metri
s. No w w e calculate the Car-

tan normal conformal connection and its curv ature for the conformal metrics (7.18 ).

W e recall the setting from Sections 7.2 , 7.3. The structure of an orien ted congru-

ence (M; �; � ) with v anishing shear and non v anishing t wist de�nes a 5-dimensional

principal �b er bundle H2 → P → M , on whic h the in v arian t forms (! 1; !̄ 1; !; Ω; Ω̄),

satisfying the system (7.15 ) reside. There is another �b er bundle asso ciated with

suc h a situation. This is the bundle P → N with a 4-dimensional base N and

with 1-dimensional �b ers. The manifold N is in addition �b ered o v er M also with

1-dimensional �b ers. The forms

{� 1; � 2; � 3; � 4} = {! 1; !̄ 1; !; ti (Ω̄ − Ω)}

on P are used to de�ne a bilinear form Gt = 2(� 1� 2 + � 3� 4) on P . Although this

is degenerate on P , it pro jects to a w ell de�ned conformal class [gt ] of Lorentzian
metrics

(10.6) gt = 2(� 1� 2 + � 3� 4)

on N , see (7.18 ).

One can try to calculate the Cartan normal conformal connection for the metrics

gt on N itself, but w e prefer to do this on the 5-dimensional bundle P instead.

This is more con v enien t, since in suc h an approac h w e can directly use the coframe

deriv ativ es (7.15 ) of the forms (! 1; !̄ 1; !; Ω; Ω̄) on P , without the neccessit y of

pro jecting them from P to N .

Th us, in the follo wing, w e asso ciate the dual set of v ector �elds (E1; Ē1; E0; E2; Ē2)
to (! 1; !̄ 1; !; Ω; Ω̄), and w e will use them to denote the deriv ativ es of the functions,

suc h as the in v arian ts K 1 , K 2 and K̄ 2 . The con v en tions will b e as follo ws: the

sym b ols K 11 = E1(K 1) and K 11̄ = Ē1(K 1) will denote the directional deriv ativ es

of K 1 in the resp ectiv e directions of the v ector �elds E1 and Ē1 . In particular K 21̄0
will denote E0(Ē1(K 2)).
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A (rather tedious) calculation giv es the follo wing expressions for the Cartan

normal conformal connection ! t for the metrics gt on P :

(10.7) ! t =





1
2 (Ω + Ω̄) � 1 � 2 � 3 � 4 0

� 1 −iΩ1 0 −Ω2
i
2 � 1 � 2

� 2 0 iΩ1 −Ω̄2 − i
2 � 2 � 1

� 3 i
2 � 2 − i

2 � 1 − 1
2 (Ω + Ω̄) 0 � 4

� 4 Ω̄2 Ω2 0 1
2 (Ω + Ω̄) � 3

0 � 2 � 1 � 4 � 3 − 1
2 (Ω + Ω̄)





:

Here the 1-forms Ω1 (real) and Ω2 (complex) are

Ω1 = tK 1� 3 + 1� t
2t � 4; Ω2 = itK 1� 1 + it K̄ 2� 3; Ω̄2 = −itK 1� 2 − itK 2� 3

and the 1-forms {� 1; � 2; � 3; � 4} are:

� 1 = − 1
6 (5t − 2)K 1� 2 + 1

4 (2itK 11 + K 2(1 − t))� 3

� 2 = �̄ 1 = − 1
6 (5t − 2)K 1� 1 + 1

4 (−2itK 11̄ + K̄ 2(1 − t))� 3

� 3 = 1
4 (2itK 11 − K 2(t + 1))� 1 − 1

4 (2it K̄ 11̄ + K̄ 2(t + 1))� 2 − t2K 2
1 � 3 + 1

6 (4t − 1)K 1� 4

� 4 = 1
6 (4t − 1)K 1� 3 − 1

4 � 4:

The next step, namely the calculation of the curv ature Ft = d! t + ! t ∧ ! t of

! t , is really tedious, but ac hiev able with the help of sym b olic calculation programs

suc h as, e.g. Mathematica. The resulting form ulae are to o complicated to displa y

here, but the so(1; 3)-part of the curv ature, whic h is just the W eyl tensor of gt , is

w orth quoting. W e presen t it in terms of the (lifted to P ) W eyl spinors Ψ0 , Ψ1 ,

Ψ2 , Ψ3 and Ψ4 . These read:

Ψ0 = 0; Ψ1 = 0;

Ψ2 = 1
6 (1 − 4t)K 1;

Ψ3 = 1
4

(
2itK 11̄ + (3t − 1)K̄ 2

)
;(10.8)

Ψ4 = −it K̄ 21̄:

W e ha v e the follo wing

Prop osition 10.2. Every metri
 gt with K 1 ≡ 0 or t = 1
4 is of Petrov type IIIor its spe
ializations. If t = 1

3 and K 1 ≡ 0, then the 
onformal 
lass [g1=3] of themetri
 g1=3 is of Petrov type N .
Calculation of the Y ang-Mills curren t j = j � � �

for ! t is also p ossible. Since the

co v arian t deriv ativ e of the Ho dge dual of the curv ature Ft is horizontal with rep ect

to the bundle P → N , the curren t comp onen ts j � , as view ed on P or on N , di�er

only b y non v anishing scales. The result of our calculation on P reads:

j 1 = j̄ 2 = 1
3 (1 − 4t)[K 111� 1 − 2iK 11� 4] + 1

6 j 1
2 � 2 − 1

6 j 1
3 � 3

j 3 = − 1
6 j 1

3 � 1 − 1
6 j̄ 1

3 � 2 − 1
6 j 3

3 � 3 − 1
6 j 1

2 � 4

j 4 = 2
3 (4t − 1)[K 1� 4 + iK 11� 1 − iK 11̄� 2] − 1

6 j 1
2 � 3;
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where

j 1
2 = (1 − 4t)(1 − 12t)K 2

1 + (7t − 1)(K 111̄ + K 11̄1)
j 1

3 = 16it (4t − 1)K 1K 11 − 2(1 − 2t)(1 − 4t)K 1K 2 + (1 − 4t)K 21̄1 +
3it (K 111̄1 + K 11̄11)

j 3
3 = 16t2(1 − 4t)K 3

1 − 36t2K 11K 11̄ + 3(1 − t)(1 + 3t)|K 2|2 + 2(t + 2)K 21̄3 −
24t2K 1(K 111̄ + K 11̄1) + 2it (4 − 7t)(K 11̄K 2 − K 11K̄ 2):

W e ha v e also calculated the Cotton matrices [F +
tij ; F �

tij ] for eac h v alue of the

real parameter t . W e obtained form ulae whic h are to o complicated to write here.

Ho w ev er w e observ ed, that among all the parameter v alues for t , there are a few

preferred ones for whic h the form ulae simplify signi�can tly . These sp ecial parameter

v alues are:

t = ±
1
3

; t =
1
4

; t = 1:

Here w e fo cus on t = − 1
3 and t = 1 , for whic h w e ha v e the follo wing theorem.

Theorem 10.3. If t = − 1
3 or t = 1 and the relative invariant K 1 ≡ 0, thenthe 
onformal metri
s [gt ] satisfy the Ba
h 
ondition. If in addition the relativeinvariant K 2 6= 0, the metri
s are not 
onformally �at and do not satisfy the Cotton
ondition. If K 1 ≡ K 2 ≡ 0 the 
onformal metri
s g� 1=3 and g1 have Ft ≡ 0, i.e.they are 
onformally �at.

The theorem can b e v eri�ed b y using the explicit form ulae for the Y ang-Mills

curren t j �
, the matrices [F +

tij ; F �
tij ], and the in tegrabilit y conditions for the system

(7.15 ) with K 1 = 0 . These in tegrabilit y conditions, in particular, imply that K 21̄ =
0 .

W e shall return to the other t w o in teresting v alues t = 1=4 and t = 1=3 for gt

b elo w, where w e consider examples.

10.2.3. Examples. As noted ab o v e a particularly in teresting class of structures

(M; �; � ) corresp onds to K 1 ≡ 0 and K 2 6= 0 . Lo oking at the list of our examples

presen ted in Section 7 w e �nd suc h a structure in Section 7.6 . This corresp onds to

a sp ecial v alue of the parameter � K = −3 1
3

in the family of structures describ ed b y

the in v arian t system (7.35 ), and is lo cally represen ted b y forms � , � as in (7.37 ) with

� K = −3 1
3

. A ctually it is w orth while to write the metrics gt for all the structures

co v ered b y (7.37 ). These metrics read:

gt = gt (� ) = 2dzdz̄ +

t
(

du +
2� e� i�u + i z̄

� (zz̄ − 2� 2(2 + � 3))
dz +

2� ei�u − iz
� (zz̄ − 2� 2(2 + � 3))

dz̄
)

×

(zz̄ − 2� 2(2 + � 3))2

2� 4

(
2dr +

2(� e� i�u − i z̄)
zz̄ − 2� 2(2 + � 3)

dz +
2(� ei�u + iz )

zz̄ − 2� 2(2 + � 3)
dz̄

)
;

and in addition to the real parameter t , they are parametrized b y the real parameter

� 6= 0 whic h en umerates nonequiv alen t structures (M; �; � ).

These are quite in teresting conformal Loren tzian metrics for the follo wing rea-

sons.

First, if

� = � K = −3
1
3 ;
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w e ha v e K 1 ≡ 0 , and according to Theorem 10.3 , the metrics

g� 1=3(−3
1
3 ) = 2dzdz̄ −

(
du +

2·3 1
3 e3

1
3 iu − i z̄

3 1
3 (zz̄ + 2·3 2

3 )
dz +

2·3 1
3 e� 3

1
3 iu + iz

3 1
3 (zz̄ + 2·3 2

3 )
dz̄

)
×

(zz̄ + 2·3 2
3 )2

18·3 1
3

(
2dr −

2(3 1
3 e3

1
3 iu + i z̄)

zz̄ + 2·3 2
3

dz −
2(3 1

3 e� 3
1
3 iu − iz )

zz̄ + 2·3 2
3

dz̄
)

;

and

g1(−3
1
3 ) = 2dzdz̄ +

(
du +

2·3 1
3 e3

1
3 iu − i z̄

3 1
3 (zz̄ + 2·3 2

3 )
dz +

2·3 1
3 e� 3

1
3 iu + iz

3 1
3 (zz̄ + 2·3 2

3 )
dz̄

)
×

(zz̄ + 2·3 2
3 )2

6·3 1
3

(
2dr −

2(3 1
3 e3

1
3 iu + i z̄)

zz̄ + 2·3 2
3

dz −
2(3 1

3 e� 3
1
3 iu − iz )

zz̄ + 2·3 2
3

dz̄
)

;

are Ba
h �at. Since the in v arian t K 2 of the corresp onding structures (M; �; � )
is non v anishing, they are also not conformal to an y Einstein metric. Note that,

again b ecause of K 1 ≡ 0 and K 2 6= 0 , b oth metrics g1(−3
1
3 ) and g� 1=3(−3

1
3 ) are

of general P etro v t yp e III (see Prop osition 10.2 ). As far as w e kno w, they b oth

pro vide the �rst expli
it examples of conformally non Einstein Bac h metrics whic h

are of this P etro v t yp e (compare e.g. with [16 ]).

Second, note also that, since K 1 ≡ 0 for � K = −3
1
3

, the metric g1=3(� K ), with

no w t = +1=3 , is also quite in teresting. A ccording to Prop osition 10.2 this metric is

of P etro v t yp e N. In gra vitation theory it w ould b e also termed twisting t yp e N (see

[10 ]). It is not conformal to an y Einstein metric, since for all metrics gt (� K ) the

Bac h tensor B t (� k ), when expressed in terms of the coframe (� 1; � 2; � 3; � 4), reads

B t (−3
1
3 ) = 25·34 (t − 1)(1 + 3t)

(zz̄ + 2·3 2
3 )6

� 3 ⊙ � 3:

This ob viously do es not v anish, when t = 1=3 , hence the metrics g1=3(� K ) are

examples of t wisting t yp e N metrics, whic h are not conformally Einstein.

Third, suggested b y the structure of the W eyl tensor (10.8 ) for all the metrics

gt w e sp ecialize the metrics gt (� ) to the case when t = 1
4 . The Y ang-Mills curren t

for this sp ecial case ma y b e read o� from the general form ulae from the previous

section. Here ho w ev er w e prefer to giv e the explicit form ulae for the Bac h tensor

for g1=4(� ). Here again the Bac h tensor B1=4(� ) for these metrics has a v ery simple

form

B1=4(� ) = 6
� 6(� 6 + 36� 3 + 36)
(zz̄ − 2� 2(2 + � 3))6 � 3 ⊙ � 3:

As is readily seen this v anishes for the follo wing t w o real v alues of � :

� S1 = −
(
6(3 + 2

√
2)

) 1
3 ; � S2 = −

(
6(3 − 2

√
2
) 1

3 :

Th us the t w o corresp onding metrics g1=4(� S1), and g1=4(� S2) are further examples

of Bac h Loren tzian metrics, whic h are again of P etro v t yp e I I I. One can c hec k b y

direct calculation that they are also not conformal to an y Einstein metric.
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Motiv ated b y this last example w e calculated the Bac h tensor for all the metrics

g1=4 (not neccessarily those asso ciated with the � -parametrized-structures (7.37 )).

This calculation leads to the follo wing

Theorem 10.4. If t = 1
4 and a stru
ture (M; �; � ) with nonvanishing twist andvanishing shear has the relative invariant K 1 satisfying

K 111̄ + K 11̄1 ≡ 0;then the Ba
h tensor B t of the metri
s gt 
orresponding to the stru
ture (M; �; � ),as de�ned in (10.6), has a very simple form
B1=4 =

3
32

(
4K 11K 11̄ + 2i (K 11K̄ 2 − K 11̄K 2) − 7K 2K̄ 2 − 4(K 21̄0 + K̄ 210)

)
� 3 ⊙ � 3;in whi
h nine out of the apriori ten 
omponents, identi
ally vanish.

Apart from the structures with � S1 and � S2 w e do not kno w examples of struc-

tures satisfying condition K 111̄ + K 11̄1 ≡ 0 .

11. Applica tion 2: Algebraicall y special sp a cetimes

All the metrics discussed in Section 10 are examples of algebrai
ally spe
ial spa
e-times. These are 4-dimensional Loren tzian metrics, whose W eyl tensor is degenerate
in an op en region of the spacetime. The algebraically sp ecial va
uum (or in other

w ords: Ri

i �at ) metrics ha v e the in teresting prop ert y that they de�ne a congru-

ence of shearfree and n ull geo desics in the underlying spa
etime. A t this stage w e

m ust emphasize that the congruence asso ciated with suc h metrics liv es in four di-

mensions and the v anishing shear and the geodesi
 condition is a four dimensional

notion here. Nev ertheless w e observ e that the 3-dimensional orien ted congruences

in our sense are related, at least at the lev el of the Loren tzian metrics discussed so

far, to an analogous notion in 3+1 dimensions, where the metric is of Loren tzian

signature. In this section w e discuss this relationship more closely . Note that inall the examples of Section 10 the four -dimensional congruence of shearfree n ull

geo desics w as alw a ys tangen t to the v ector �eld k = @r .

Before passing to the sub ject prop er of this section w e remark that the alge-

braically sp ecial Loren tzian metrics are v ery imp ortan t in ph ysics. T o b e more

sp eci�c w e consider the metric

(11.1) g = 2
(

P2� �̄ + � (dr + W � + W̄ � + H� )
)

;

where

� = du +
i
(
2M + (a + M )zz̄

)

z(1 + K
2 zz̄)2

dz −
i
(
2M + (a + M )zz̄

)

z̄(1 + K
2 zz̄)2

dz̄; � = dz;

P2 =
r 2

(1 + K
2 zz̄)2

+
(
KM − a + (KM + a)K

2 zz̄
)2

(1 + K
2 zz̄)4

;

(11.2) W =
iKa z̄

(1 + K
2 zz̄)2

;

H = −
K
2

+
mr + KM 2 − aM

1� K
2 zz̄

1+ K
2 zz̄

r 2 +
(

KM � a+(KM +a) K
2 zz̄

)2

(1+ K
2 zz̄)2

;
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and m; a; M; K are real constan ts.

This scary-lo oking metric has v ery in teresting prop erties. First, it admits a 4-

dimensional congruence of n ull and shearfree geo desics, whic h is tangen t to the

v ector �eld k = @r . Second, if K = 1 , it is algebrai
ally spe
ial, actually of P etro v

t yp e D , and more imp ortan tly , it is Ri

i �at. The parameter v alues K −1 = M = 0 ,

corresp ond to the celebrated Kerr metri
, describing a gra vitational �eld outside arotating bla
k hole, with mass m and angular momentum parameter a. In this case

the angular momen tum parameter a measures the twist of the congruence tangen t

to k . If in addition a = 0 , the t wist of the congruence v anishes, and the metric

b ecomes the S
hwarzs
hild metri
. Third, in the K −1 = a = m = 0 case the metric

is the Taub-NUT va
uum metri
, whic h is imp ortan t in Relativit y Theory b ecause

its serv es as a `coun terexample for almost ev erything' [13 ]. F ourth, it should b e

also noted that if M = 0 and the other parameters, including K , are arbitrary , the

metric is again t yp e D and Ri

i �at. Finally , w e should men tion that for general

v alues of K 6= 1 and M 6= 0 the metric is algebraically general and neither Ricci

�at nor Einstein.

F rom the p oin t of view of our pap er the relev ance of the metric (11.1 )-(11.2 ) is

self eviden t. The four dimensional spacetime M on whic h the metric is de�ned,

lo cally parametrized b y (u; z; z̄; r), is lo cally a pro duct M = M × R, with M
b eing parametrized b y (u; z; z̄). The 3-dimensional manifold M is then naturally

equipp ed with the orien ted congruence structure (M; �; � ), de�ned in terms of the

1-forms �; � from (11.2 ). Note that these forms, although de�ned on M , do not

dep end on the r co ordinate, and as suc h pro ject to M . Note also that the orien ted

congruence structure de�ned b y these forms has alw a ys v anishing shear s ≡ 0 . It

has non v anishing t wist, with the exception of the Sc h w arzsc hild metric a = M = 0 ,

or the case when K = 0 and M + a = 0 . In this last case the metric is of P etro v

t yp e D , but is neither Ricci �at nor Einstein.

Since in the case of Ri

i �at metrics (11.1 )-(11.2 ) only the Sc h w arzsc hild metric

has the corresp onding structure of an orien ted congruence with v anishing t wist, in

the next sections w e decided to mak e a systematic study of the Loren tzian metrics

(11.1 ) (not necessarily of the form (11.2 )), with forms �; � de�ning an orien ted

congruence structure in three dimensions whic h ha v e v anishing shear, but non v an-

ishing t wist, only . A ctually , for the sak e of brevit y , w e only discuss the case when

the structural in v arian ts K 1 and K 2 of the congruence structures, as de�ned in

Section 7.1 , satisfy K 1 6= 0 , K 2 ≡ 0 .

11.1. Reduction of the Einstein equations. As w e kno w from Section 7.5 ev ery

structure (M; [�; � ]) ha ving K 1 6= 0 , K 2 ≡ 0 de�nes an in v arian t coframe (!; ! 1; !̄ 1)
on M whic h satis�es the system (7.29 ), (7.31 ). Giv en suc h a structure w e consider

a 4-manifold M = R × M with a distinguished class of Loren tzian metrics. These

metrics can b e written using an y represen tativ e of a class [�; � ]. Since the in v arian t

forms (!; ! 1) pro vide us with suc h a represen tativ e it is natural to use them, rather

than a randomly c hosen pair (�; � ). Th us, giv en a structure (M; [�; � ]) ha ving

K 1 6= 0 , K 2 ≡ 0 , w e write a metric on

(11.3) M = R × M

as

(11.4) g = P2 [ 2! 1!̄ 1 + 2! (dr + W ! 1 + W̄ !̄ 1 + H! ) ]:
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Here the forms (!; ! 1; !̄ 1) satisfy the system (7.29 ), (7.31 ), r is a co ordinate along

the R factor in M , and P 6= 0 , H (real) and W (complex) are arbitrary functions

on M .

The n ull v ector �eld k = @r is tangen t to a congruence of t wisting and shear-free

n ull geo desics in M . This is a distinguished geometric structure on M .

No w w e pass to the question if the metrics (11.4 ) ma y b e Einstein. T o discuss

this w e need to sp ecify what is the in teresting energy momen tum tensor that will

constitute the r.h.s. of the Einstein equations. Since the only geometrically dis-

tinguished structure on M is the shear-free congruence generated b y k = @r it is

natural to consider the Einstein equations in the form

(11.5) Ric(g) = Φk ⊙ k:

If the real function Φ satis�es Φ > 0 the ab o v e equations ha v e the ph ysical in ter-

pretation of a gra vitational �eld of `pure radiation' t yp e in whic h the gra vitational

energy is propagated with the sp eed of ligh t along the congruence k . If Φ ≡ 0 w e

ha v e just Ricci-�at metrics, whic h corresp ond to v acuum gra vitational �elds. This

last p ossibilit y is not excluded b y our Einstein equations. In the follo wing analysis

w e will not insist on the condition Φ ≡ 0 .

A t this p oin t it is w orth while to men tioned that a similar problem w as studied

b y one of us some y ears ago in [14 ]; see also the more mo dern treatmen t in [6 ].

Using the results of [6, 14 ] and the sym b olic calculation program Mathematica, w e

reduced the Einstein equations (11.5 ) to the follo wing form:

First, it turns out that the Einstein equations (11.5 ) can b e fully in tegrated along

k , so that the r dep endence of the functions P , H , W is explicitly determined.

A ctually w e ha v e:

P =
p

cos r
2

W = i� e� ir + �(11.6)

H = −
m̄
p4 e2ir −

m
p4 e� 2ir + 1

2 �̄ eir + 1
2 � e� ir + 1

2 �;

where the functions p; � (real) and �; �; m (complex) do not dep end on the r co-

ordinate. Th us, using some of the Einstein equations (11.5 ), one quic kly reduces

the problem from M to a system of equations on the CR-manifold with preferred

splitting (M; [�; � ]).

No w w e in tro duce a preferred set of v ector �elds (@0; @;̄@) on M de�ned as

the resp ectiv e duals of the preferred forms (!; ! 1; !̄ 1). Note that this notation

is in agreemen t with the notation of CR-structure theory . In particular @̄is the

tangen tial CR-op erator on M , so that the equation for a CR-function � on M is

@̄�= 0 .

With this notation the remaining Einstein equations (11.5 ) for ds2
giv e �rst:

� = 2(@log p − c)
� = 2i (@log p − 2c− A1)(11.7)

� = (@̄+ A1 + i B̄1 + i �̄ )� − 4
m
p4

� = 3� �̄ + 2i (@+ A1 − iB 1)�̄ − 2i (@̄+ A1 + i B̄1)� ∓ 1;

where w e ha v e in tro duced a new unkno wn complex function c on M and used the

Cartan in v arian ts A1 > 0 , B1 and ±1 of the system (7.29 ), (7.31 ).
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Finally the di�eren tial equations for the unkno wn functions c; m and p equiv alen t

to the Einstein equations (11.5 ) are:

(@− 3A1 + iB 1)c − 2c2 + a11 − A2
1 + i

2 A1(3B1 + B̄1) = 0(11.8)

(@̄− 6c̄)m = 0(11.9)

(@+ 3A1 − iB 1)@̄p+ (@̄+ 3A1 + i B̄1)@p+
−3[(@+ 3A1 − iB 1)c̄ + (@̄+ 3A1 + i B̄1)c + 2cc̄+

8
3 A2

1 + 4
3 a11 + 2i

3 A1(B̄1 − B1) ± 1
6 ]p =(11.10)

−
m + m̄

p3 :

W e th us ha v e the follo wing theorem.

Theorem 11.1. Let (M; [�; � ]) be a stru
ture of an oriented 
ongruen
e havingvanishing shear, nonvanishing twist and the invariants K 1 6= 0, K 2 ≡ 0. Then aLorentzian metri
 asso
iated with (M; [�; � ]) via (11.3)-(11.4) satsi�es the Einsteinequations (11.5) if and only if the metri
 fun
tions are given by means of (11.6)-(11.7) with the unknown fun
tions c; m (
omplex), p (real) on M satsifying thedi�erential equations (11.8)-(11.10).Remark 11.2 . Note that con trary to the in v arian ts (!; ! 1; !̄ 1) the co ordinate r ,

and in turn the di�eren tial dr , has no geometric meaning. A ctually the co ordinate

freedom in c ho osing r is r → r + f , where f is an y real function f on M . This

induces some gauge transformations on the v ariables � and � . Nev ertherless the

equations (11.8 )-(11.10 ) are not a�ected b y these transformations.Remark 11.3 . Equations (11.8 )-(11.10 ) should b e understo o d in the follo wing w a y .

Start with a structure of an orien ted congruence (M; [�; � ]) ha ving v anishing shear,

non v anishing t wist and the in v arian ts K 1 6= 0 , K 2 ≡ 0 . Calculate its in v arian ts

(!; ! 1; !̄ 1), (@0; @;̄@), A1 , B1 , a11 of (7.29 ), (7.31 ). Ha ving this data write do wn

equations (11.8 )-(11.10 ) for the unkno wns c; m; p. As a hin t for solving these equa-

tions observ e that the equation (11.8 ) in v olv es only the unkno wn c. Th us solv e it

�rst. Once ha ving the general solution for c insert it to the equation (11.9 ). Then

this equation b ecomes an equation for the unkno wn m . In particular m = 0 is

alw a ys a solution of (11.9 ). Once this equation for m is solv ed, insert c and m
to the equation (11.10 ), whic h b ecomes a real, second order equation for the real

unkno wn p. In particular, if it happ ens that y ou are only in terested in solutions for

whic h m + m̄ = 0 , this equation is a linear second order PDE on M . F or particular

c hoices of (M; [�; � ]) it can b e reduced to w ell kno wn equations of mathematical

ph ysics, suc h as for example the h yp ergeometric equation [14 ].Remark 11.4 . The unkno wn v ariable m is related to a notion kno wn to ph ysicists

as 
omplex mass. F or ph ysically in teresting solutions, suc h as for example the Kerr

blac k hole, the imaginary part of m is related to the mass of the gra vitational

source. The real part of m is related to the so called NUT parameter. Moreo v er

m is resp onsible for algebraical sp ecialization of the W eyl tensor of the metric. If

m ≡ 0 the metric is of t yp e I I I, or its sp ecializations, in the Cartan-P etro v-P enrose

algebraic classi�cation of gra vitational �elds.
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11.2. Examples of solutions. Here w e giv e examples of metrics (11.4 ) satisfying

the Einstein equations (11.5 ). In all these examples the structures of orien ted

congruences (M; [�; � ]) will b e isomorphic to the structures with a 3-dimensional

group of symmetries describ ed b y Prop osition 7.16 . The in v arian t forms (!; ! 1; !̄ 1)
for these structures are:

! =
2� 2

1 ∓ 4� 2 (y� 2(1� 2� 2)du − y� 1dx);

! 1 = ±i�y � 1(dx + idy);(11.11)

!̄ 1 = ∓i�y � 1(dx − idy):

W e recall that the real parameter � is related to the in v arian ts A1 , B1 of the

structures (11.11 ) via:

A1 = −
∓1 + 2� 2

2�
; B1 = i�:

Since these in v arian ts are 
onstant, all the higher order in v arian ts for these struc-

tures, suc h as for example the a11 in (7.31 ), are identi
ally vanishing. Although

Propsition 7.16 excludes the v alues � 2 = 1
2 in the upp er sign case, w e include it

in the discussion b elo w. This v alue corresp onds to A1 = 0 and therefore m ust

describ e one of the t w o nonequiv alen t structures (M; [�; � ]) of Example 7.7 . F rom

the t w o structures of this example, the one corresp onding to � 2 = 1
2 is de�ned b y

(� 1; � 2) = (0; 1). In particular, it has a strictly 4-dimensional symmetry group.

First w e assume that the metric (11.4 ) has the same 
onformal symmetries as

the structures (11.11 ). This assumption, together with Einstein's equations (11.5 ),

whic h are equiv alen t to the equations (11.6 )-(11.7 ), (11.8 )-(11.10 ), implies thatall the metri
 fun
tions p; m; c must be 
onstant. Then the system (11.8 )-(11.10 )

reduces to the follo wing algebraic equations for m; p; c:

(−3A1 + iB 1)c − 2c2 − A2
1 + i

2 A1(3B1 + B̄1) = 0(11.12)

c̄m = 0(11.13)

3[(3A1 − iB 1)c̄ + (3A1 + i B̄1)c + 2cc̄ +(11.14)

8
3 A2

1 + 2i
3 A1(B̄1 − B1) ± 1

6 ]p =
m + m̄

p3 :

Th us w e ha v e t w o cases.

• Either c = 0
• or m = 0 .

Strangely enough in b oth cases equations (11.12 )-(11.14 ) admit solutions only for

the upper sign in (11.14 ).

If c = 0 then w e ha v e only one solution corresp onding to � = ± 1p
2

with arbitrary
constan t p 6= 0 and m = p4

4 + iM , where M is real constan t. The corresp onding

metric

ds2 =
p2

cos2 r
2

[
dx2 + dy2

y2 + 2(
dx
y

− du)(dr − 2 cos2 r
2 (cos r + 4M sin r )(

dx
y

− du)]

is va
uum i.e. it satis�es equations (11.5 ) with Φ ≡ 0 .

If m = 0 then p 6= 0 is an arbitrary constan t, and w e ha v e the follo wing solutions:
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• � = � 1

4

√
5 + � 2

√
17, c = − � 1√

5+� 2
p

17
,

• � = � 1
2

√
1
2 (7 + � 2

√
17), c = � 1

4

√
1
2 (7 + � 2

√
17)(3 + � 2

√
17).

Here � 2
1 = � 2

2 = 1 . Sadly , irresp ectiv ely of the signs of � 1; � 2 , all these solutions ha v e

Φ = const < 0 , and as suc h do not corresp ond to ph ysically meaningful sources.

As the next example w e still consider structures (M; [�; � ]) with the in v arian ts

(11.11 ), and assume that the metrics ha v e only two conformal symmetries @u and

@x . F or simplicit y w e consider only solutions with m = 0 in (11.9 ). Under these

assumptions w e �nd that the general solution of (11.8 )-(11.10 ) includes a free real

parameter t and is giv en b y

(11.15) c =
−2 + 4� 2

4�
+

1 − 4� 2

4�
1

1 − ty (4� 2� 1) ;

with the real function p = p(y) satisfying a linear 2nd order ODE:

4y(y − ty4� 2
)2 [ yp00 + (4� 2 − 2)p0 ] +

[(−32� 4 + 20� 2 − 1)y2 + 4t2(4� 4 − 7� 2 + 2)y8� 2
−(11.16)

16t(8� 4 − 5� 2 + 1)y(4� 2+1)]p = 0:

If this equation is satis�ed, the only a'priori non v anishing comp onen t of the Ricci

tensor is

R33 = − 1
8

( cos( r
2 )

� (y − ty4� 2)p

)4
×

((
(8� 2 − 3)(128� 6 − 160� 4 + 92� 2 − 21)y4 +

8t4� 2(32� 6 + 8� 4 − 28� 2 + 9)y16� 2
+

4t(8� 2 − 3)(256� 6 − 248� 4 + 58� 2 + 3)y3+4� 2
+

36t2(4� 4 + � 2 − 1)(32� 4 − 12� 2 − 1)y2+8� 2
+

16t3� 2(128� 6 − 184� 4 + 122� 2 − 27)y1+12� 2)
p2 −

4y(y − ty4� 2
)
(
(8� 2 − 3)(16� 4 − 3)y3 + 4t3� 2(16� 4 − 3)y12� 2

+

6t(8� 2 − 3)y2+4� 2
+ 96t2� 2(1 − 2� 2)2y1+8� 2)

pp0+

4y2(y − ty4� 2
)2(

(8� 2 − 3)y + 4t� 2y4� 2)2
p02

)
:

It follo ws that this R33 , with p satisfying (11.16 ), may iden tically v anish for some

v alues of parameter � . This happ ens only when the parameter t = 0 . If

t = 0

the v alues of � for whic h R33 ma y b e iden tically zero and for whic h the function

p = p(y) satis�es (11.16 ) are:

� = ± 1
2

√
2; � = ± 1

2

√
3
2

; � = ± 1
2

√
5
3

; � = ± 1
2

√
3;

� � = ± 1
2

√
1
6 (11 −

√
13); � + = ± 1

2

√
1
6 (11 +

√
13):

Of these distinguished v alues the most in teresting (mo dulo sign) are the last t w o,

� � and � + , since for them the corresp onding metrics (11.4 ) ma y b e va
uum and



52 C. DENSON HILL AND PAWE� NUROWSKInot conformally �at. A ctually , restricting our atten tion to the plus signs ab o v e and

assuming t = 0 , w e ha v e the follo wing p ossibilities:

• � " = 1
2

√
1
6 (11 + "

√
13), " = ±1 ; for these t w o v alues of � the general

solution of (11.16 ) is

p" = y
1
12 (1� "

p
13)(s2 + s1y);

and the only p oten tially non v anishing comp onen t of the Ricci tensor is

R33 = − 4
9 (7 + "

√
13) s2

2 y� 1
6 (1� "

p
13)

( cos r
2

s2 + s1y

)4
:

This vanishes when s2 = 0 . If s2 = 0 the corresp onding metrics g" , as

de�ned in (11.4 ), read

g" = 2P2
(

! 1 !̄ 1 + !
(
dr + W ! 1 + W̄ ¯! 1 + 3+(9� 20� 2

ε ) cos r
12� 2

ε
!

))
;

with

P = s1y 2(1−τ2
ε )

cos r
2

; W = i 2(20� 2
ε � 9)+(8� 2

ε � 9)e−ir

24� 3
ε

;

and !; ! 1; !̄ 1 giv en b y (11.11 ). F or b oth v alues of " = ±1 the metric isRi

i �at and of P etro v t yp e III . In particular it is neither �at, nor of

t yp e N .

In all other cases of the distinguished � s the corresp onding va
uum metrics are the�at Mink o wski metrics. In fact,

• if � = 1
2

√
3
2 , the general solution to (11.16 ) is

p = s1
√

y + s2y;

and the corresp onding metric (11.4 ) is �at.

• if � = 1
2

√
5
3 , the general solution to (11.16 ) is

p = y
2
3 (s1 + s2 log y);

and the p oten tially non v anishing Ricci comp onen t R33 is

R33 = − 8
25 s2(2s1 + s2 + 2s2 log y)

( cos r
2

(s1 + s2 log y)y
1
3

)4
:

This v anishes when s2 = 0 . In suc h case the metric is �at.

• if � = 1
2

√
2, the general solution of (11.16 ) is

p =
√

y(s1 + s2 log y);

and

R33 = −
2s2

2
y

( cos r
2

s1 + s2 log y

)4
;

this v anishes when s2 = 0 ; in suc h case the metric is �at.

• if � = 1
2

√
3, the general solution of (11.16 ) is

p = s1y + s2y� 1;

and

R33 = −32s2
2y2

( cos r
2

s2 + s1y2

)4
;
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this v anishes when s2 = 0 ; in suc h case the metric is the �at Mink o wski

metric.

W e close this section with an example of a metric that go es a bit b ey ond the

form ulation of the Einstein equations presen ted here. Remaining with the structures

of an orien ted congruence with the upp er sign in (11.11 ), w e tak e c as in (11.15 )

with t = 0 , and consider the metric (11.4 ), (11.6 ), (11.7 ) with a 
onstant function

p giv en b y

p =
√

3
4s�

√
"(−1 + 20� 2 − 32� 4):

Here the " is ±1 , and is c hosen to b e suc h that the v alue "(−1 + 20� 2 − 32� 4) is

p ositiv e; s is a nonzero constan t. A short calculation sho ws that the Ricci tensor

for this metric has the follo wing form

Ric = (� 2 − 1)(8� 2 − 5)
16Λ(4� 2 + 1) cos4 r

2
3� 2(1 − 20� 2 + 32� 4)

k ⊙ k + Λg:

Th us, this metric is Einstein, with cosmological constan t equal to Λ = "s2
, pro vided

that

� = ±1; or � = ± 1
2

√
5
2

:

It is remark able that the Einstein metric

g = −
3

5Λ cos2 r
2

(
! 1 !̄ 1 + !

(
dr + i (2e−ir+5)p

10
! 1 − i (2eir+5)p

10
!̄ 1 + 7

10 (3 + 2 cos r )!
))

;

corresp onding to � = ± 1
2

√
5
2 , is of Petrov type N with the quadruple principal n ull

direction of the W eyl tensor b eing twisting. It w as �rst obtained b y Lero y [11 ] and

recen tly discussed in [17 ]. The Einstein metric

g = −
39

8Λ cos2 r
2

(
! 1 !̄ 1 + !

(
dr + i (e−ir+4)

2 ! 1 − i (eir+4)
2 !̄ 1 + 5

8 (3 + 2 cos r )!
))

;

corresp onding to � = ±1 is of P etro v t yp e III .

11.3. Discussion of the reduced equations. Here w e discuss the in tegration

pro cedures for equations (11.8 )-(11.10 ) along the lines indicated in Remark 11.3 .

W e start with equation (11.8 ). This is an equation for the unkno wn c. Remark ably ,

the existence of a function c satisfying this equation is equiv alen t to an existence

of a certain CR function � on M . T o see this w e pro ceed as follo ws. W e consider a

1-form Π on M giv en b y

(11.17) Π = ! 1 + 2i (A1 + c̄)!;

where c is an arbitrary complex function on M . Of course

(11.18) Π ∧ Π̄ 6= 0;

since otherwise the forms ! 1 and !̄ 1 w ould not b e indep enden t. No w using the

di�eren tials d! , d! 1 , dA1 giv en in (7.29 ), (7.31 ), w e easily �nd that

dΠ ∧ Π = 2i [ (@̄− 3A1 − i B̄1)c̄ − 2c̄2 + a11 − A2
1 − i

2 A1(3B̄1 + B1) ]! 1 ∧ !̄ 1 ∧ !:

Th us our equation (11.8 ) is satis�ed for c if and only if dΠ ∧ Π = 0 . Due to our

Lemma 5.1 , Π satisfying dΠ ∧ Π = 0 de�nes a complex v alued function � on M
suc h that Π = hd� . Because of (11.18 ) w e ha v e hh̄d� ∧ d�̄ 6= 0 . F urthermore, since
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Π is giv en b y (11.17 ) then Π ∧ ! ∧ ! 1 = 0 , whic h after factoring out b y h giv es

d� ∧ ! ∧ ! 1 = 0 . Th us � is a CR-function on M .

Con v ersely , supp ose that w e ha v e a CR-function � on M suc h that

(11.19) d� ∧ d�̄ 6= 0:

Then the three one forms ! 1 , ! and d� are linearly dep enden t at eac h p oin t. Th us

there exist complex functions x , y on M suc h that

(11.20) d� = x! 1 + y!:

Due to the nondegenarcy condition (11.19 ) w e m ust ha v e xx̄! 1 ∧ !̄ 1 + xȳ! 1 ∧ ! −
x̄y ¯! 1 ∧ ! 6= 0 , so that the complex function x m ust b e non v anishing. In suc h case

w e ma y rewrite (11.20 ) in the more con v enien t form hd� = ! 1 + z̄! , where h = 1=x
and z̄ = y=x. No w, de�ning c to b e c = iz

2 − A1 , w e see that the trivially satis�ed

equation (hd� )∧d(hd� ) = 0 implies that the function c m ust satisfy equation (11.8 ).

Summarizing w e ha v e the follo wing prop osition.

Prop osition 11.5. Every solution � of the tangential CR equation @̄�= 0 satis-fying d� ∧ d�̄ 6= 0 de�nes a solution c of equation (11.8). Given � , the fun
tion csatisfying equation (11.8) is de�ned by
(11.21) c =

i
2

ȳ
x̄

− A1;where d� = x! 1 +y! . Also the 
onverse is true: every solution c of equation (11.8)de�nes a CR fun
tion � su
h that d� ∧ d�̄ 6= 0.Remark 11.6 . Recall that the structures (M; [�; � ]) satisfying the system (7.29 ),

(7.31 ) admit at least one CR-function � , since they ha v e zero shear s ≡ 0 . Asso-

ciated to � , b y the ab o v e Prop osition, there should b e a solution c of the Einstein

equation (11.8 ). One c hec ks b y direct calculation that

c = −A1

automatically satis�es (11.8 ). And this is the solution c aso ciated with � . This is

consisten t with form ula (11.21 ), since y ≡ 0 means that d� ∧ d� ≡ 0 (compare with

(11.20 )).

W e no w pass to the discussion of the second Einstein equation (11.9 ). Equa-

tion (11.9 ), the equation for the function m , has a principal part resem bling the

tangen tial CR-equation. Remark ably its solutions m are also expressible in terms

of CR-functions. T o see this consider an arbitrary complex v alued function � and

de�ne m to b e

(11.22) m = [ @0� − 2i (A1 + c̄)@�+ 2i (A1 + c)@̄� ]3:

Here c is supp osed to b e a solution to the �rst Einstein equation (11.8 ). Observ e,

that since the v ector �eld @0 − 2i (A1 + c̄)@+ 2i (A1 + c)@̄is real, then giv en m one

can alw a ys lo cally solv e for � . Our goal no w is to sho w that if � is a CR-function

on M , then m giv en b y (11.22 ) satis�es equation (11.9 ). T o pro v e this one inserts

(11.22 ) in to equation (11.9 ) and comm utes the op erators @̄@0 and @̄@. After this is

p erformed the equation (11.9 ) for m b ecomes the follo wing equation for � :

(@0 + 2i @̄(A1 + c) + 2i (A1 + c)@̄− 2i (A1 + c̄)@− 4i c̄(A1 + c) + A1 − iB 1)@̄�= 0:

This, in particular, means that if � is a CR-function then this equation is satis�ed

automatically . Th us giv en a CR-function � , via (11.22 ), w e constructed m whic h
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satis�es equation (11.9 ). T o see that all solutions m of (11.9 ) can b e constructed

in this w a y is a bit more subtle (see [6]).
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