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V
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There is a one to one correspondence between oriented congru-
ences on M with a distinguished orthogonal distribution V? , and CR structures
(H;J) on M with a distinguished line subbundle V such that TM =H [V1

(H;J)
TM =H [V1 Ho H VO
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\Y HO real line TM VO
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(iii) Gy %9
f h M
0—¢. 0— h:
M; ;D MG % 9P equivalent
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M M automorphism — (M; [; ])
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X M symmetry  (M;[; 1)
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Remark . O
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(M;H;J)
d oJ=J-d 1
Remark . O

[Q ] (iii)CR

A given structure (M; [; 1) determines a CR structure (M;H;J )
with the preferred splitting TM = H [\] where H is the annihilator of Spang( )
and CV is the annihilator of Spanc( ) CShanc(™). The class of adapted Rieman-
nian metrics [Q] is parametrized by two arbitrary nonvanishing functions f (real)
and h (complex) and given by

g=f2 2+2hnf =

M ;D MS[ % 9

] —
1
G ) (%599
ordered coframes {Q;} {Q% P po
n=3 M 1
if and only if
o Q0=0q; i=1;2;:5n
®:P PO
o 1 ® P P
P PO
{Qi}
{Q%
n < oo n
{Q}y P ((HE1oT))] full system of
local invariants ML D P:{Q})
scalar invariants {K}
{dQ; } invariant {Q ()}
M LD MSL% 9
n {Ki}
]
o KO =K;; | =1;2;:0n:
] ]
® 0]
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all
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[X1;X2] = 0 0 0 0
[X3;X1] = | X1 X1 —X2+hX1 | X2 +hX;
[X2;X3] = | X2 | X1 =Xz | X1—hX2 | X1 —hX>
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M
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d d ( 1 17 [0
d = ia CHb [CHb 1
d = p [CH+q s [
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u M
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u u u
u u- u
u

u- —u - = —iau —pu +pu-
u -—u = —bu —qu —su-
u-—u- = —bu —su —qu-:

u M;[; D CR function

du CI1=0:
u-=0:
u- tangential Cauchy-Riemann operator u
] ] tangential Cauchy-Riemann equation

d [1=0; d C1=0;

G o) []
a S
ML)
a S basic relative invariants (M;[; 1)
twist a
shear S M;T; D
\'
O
a M=RS® v
s v RS
a S
a Levi form
s g
1

Let  be a smooth complex valued 1-form defined locally in R® such
that [180. Then

d [1=0 if and only if =hd

where is a smooth complex function such that d Cd 8 0, and h is a smooth
nonvanishing complex function.

Proof. U RS d C1=0
180 real ' =Re() 2=1m()
1r3aso U U R dCACA=0 d?2CACA=
0
(x;y;u) U 1 =ty1dx + tiody 2 = ty1dX + tpody real
tj; u tiitor —tioto; B0 (X y;u)
= 14+j2 = ¢dx + cpdy a G
complem C]_Ez - 61C2 80 U C1 Co
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c3d(%) Cdx Cdy =0 (&) =0
g—; u complex
Fxy) =g wo 1 X y
= IGEIdy + Iszx;y)dx O ]
G =2 " =lcf dy*+2 F(xy)+F(xy) dxdy + |F(x;y)[?dx?
u° Cu (;u) G =h*d?+d?
h=h(;;u) uo
=hd( +i )=hd 1
ML D -
a=o0 s=0
d C1=0
= fdu
d C1=0 — = hd d CJ1C1=0
holomorphic
C1C18 0 a=0 s=0 M
RxC
u; ) u
= du =d
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U U 80 z Z BO
T=U@W =2()
involutive n=oo
K1 K2
M; [ D ago s=0
d EO
strictly
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d =0 — [] _
=d M d dEO0

tangential Cauchy-Riemann equationd [T =0
CR function Z any

Z=2Z() dZ [dz 80
Z=2z()
[1 strictly pseudoconvex
M;H;J3) [] Z=2()
d [dl g0 Z°80
(; =d2) HO
ML D
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All local structures of an oriented congruence (M; [; 1) with
nonvanishing twist, a 8 0, and vanishing shear, S = 0, are in a one to one corre-
spondence with local CR structures (M;H;J ) having nonvanishing Levi form and
possessing a distinguished class [ ] of genuinely complex CR functions on M .

M D
G )
1
d = ja Wb [CHb [
d = p [CH+q [
d- = —p g 1
=d
[] d
p=0 q=0
1 [ ]
G ) —
I =f; I 1=h 'h=h7
[; ] f 80 hg&o
d dl, dry
((HIEHEY
_fa b b
dl, = [dlogh—Erl—fﬂ! ] 11
dr, = [dlogﬁ—E!l—fg! ] [Tl
ago
d =i, [} [
2
i =IF,
a
] f
> 0 h= ¢
1 1
dl =il ; [T]1+(Q+Q) [T]
Q+0Q
Q+§_2=2dlog + (b—(loga) ) +(5—(Ioga)f)_+t:
t Q+Q algebraically

(dlq+dly) Oy —Tq) =—1; [T] (@ +Q):
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t=—q—q:
t 1 f (- 0-Q

(dlq+dly) Oy +Ty) =1, 7] [(@—Q):

Q-0
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z z
d =0 [13; dry =Q [T1:
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™MD
] .3 3 3
B P M xC
((HEEHENON0)
2
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a
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Q = dlog +id +(+b—(oga) ) —p —q
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B C MxC h= ¢
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dl = il { [C1+(Q+Q) [
d, = Q1
d, = QL[
dQ = Kl [ +Ky ;[
d§_2 = —K1!1EE1+?2!_1DZI

1 e
K1 = ki Ko = —5ko;

p K K
— ! 2 1

ki, = Re (loga) - — (loga) p—iga—b-+ bp—2p- + 2|p|?
kz = a —ab +i(loga) (kr—B —bp+_b|5)—2a g—aq —(aq) — ahg:
k1 kz M kl
real ] K1 Kz
relative invariants M; ;D —1 structural

equations  (M; [; )
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A given structure (M; [; 1) of an oriented congruence with nonva-
nishing twist, a 8 0, and vanishing shear, s = 0, uniquely defines a 5-dimensional
manifold P, 1-forms ;! 1;71;Q;Q and functions K 1;K2; K5 on P such that

LY ;T are asin [,

[ 1 [QIE 0 at each point of P,

the forms and functions K1 (real), K2 (complex) are uniquely determined
by the requirement that on P they satisfy equations [_] .

In particular the identical vanishing, or not, of either Ky or Ko are invariant condi-
tions. Also the sign of K1 is an invariant, if ky & 0.

P
H, - P - M H»
Gs Gs SU(Z;].)
(2;1)
I | I [ I i
] = Z_l 0 0 2i
h(z;z)= Z% z% z3 hiza;d=0pl 1 oL
z3 —=2i 0 O
Lo To:Q
vt _ -
z(2Q+ Q) 0 0
r= Iy 1@Q-0) 0
21 2T —1(Q+Q);
Fh+hry =0
G
o ° 1
3(222"'22) 0 0
g5 ={ z; Hz2—2) 0 A (R z1;z, CCl};
2X 2iz1 —%(222 + 22)
X; Re(z1); Im(z1); Re(z2); Im(zy) su(2;1)
H» h2 @ x =0; Z1 = 0 r
P gs [
su(2;1) —1 R
L1 —1
Ry O 0
R=dr+r = Lol R, o L1
0 0 —-R;1—R2
R = —2ZK,! [ —1iK,! [ +iK,!, O
R, = 2K, M —1K,! [ —2K,y!, [
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Ft
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G=201T+ 2! (Q-Q)
X; X 1 X1 Y;Y HIPH
G _ (+++-0)
Y+Y =@ P
G
N =P=[1
g]
G
_ 2 =
g=2! 1!1+§! Q—-Q)
O
N M
—1
N
G =2, + 2ti! (Q—Q)
any function P Y +Y
@] N
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Culuh 20 [ Gy Ge= (=)
P
t N
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O —1
K1 K> constant P
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[ ]
Heisenberg group

M ={ (z;w) CCF : Im(w) = |2 }

\Y V=@ u= Re(w)
standard splitting

Gs
M C?
M={(zzw=u+iv) [CF : v=1H(2) };
H z [T rigid
@
M standard splitting
= du + 5(HzdZ — H,dz); =dz:
] ML D
M
H,z80
M M
M D
M flat
R r

Let (M; [; ] be a structure of an oriented congruence associ-
ated with the rigid CR-manifold M via the forms and of (Z19). Then for any
real-valued function H = H (2) such that H,z & 0 this structure has vanishing shear
and non-vanishing twist. Its relative invariant K is identically vanishing, K, = 0;

the relative invariant K1 is given by K1 = L[log(H;2)].z. When it vanishes the
structure is flat.

2= 1z + 2(uilzl);
]

= du +i(zdz — zdz); =d

12

HO

12

12
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M;[; ..D  twisting without shear 1
2 \% M
2 i1+22Z —i1+22i
v=@Q + = - = - ;
@ 1[—|1+ 2(z2—2) i+ 2(2—2)@]
180
V=i(z@—-z@)
K112 K212
82
K :—2.; K =0
Y12 T2z 40 4 2z
2 =0 280 not
2 B0
KiB0 Ky=0 M D
K1 Ko
KiB0 and K, =0:
—1 Kz =0
Q
d(Q+Q)=0:
K180
I:I Klz%klgo
No P
Kq==#1;
k1
No M
2 = |kq):
1 No
d = il ; [} +2dA [
d, = dA[M+ix [}
dr; = dALM—-ix [}
d> = 0O [O:
> %(Q_ﬁ) P No
s minus 1 Ki=+1
dA A No _ 2dA
Q+Q P No _
—1 Q+Q [ [
—1

20A = Aql g + AT
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AL = f%l«log aly 1y,
1

Ay M D
Ki 80 K, =0

M;[; D MO % 9

No No°
(HIEHES (R RS
A A9
Remark . KiEB0 K,=0
A1 =0
1 ] A =0 ‘flat cases’ for
the subtree K180 Ko,=0
A Ay
A - A+t A() = A+t
Ga(t) No
GA(t) =€ 2(A+t)! 1! o:
Gaw® No XX 1;X1;Y)

&G T2) No
Gaqy (+:+;0;0)
X Y — X;Y]=0
X Y No

S !
(1;0) —1 X (A) =Y(A1) =0
—1

Lx GA(t) =0; Ly GA(t) =0:

Gam
Oa(t)

The Riemann surface S naturally associated with the structure of
an oriented congruence having K1 8 0, K2 = 0 possesses Riemannian homothetic
metrics Qa ) whose Gaussian curvatures (t) are related to the relative invariant
A1 via:

(t) = [e2*0; ite: 2dA =dlog :

l:l Al (M: [; 1 2])
— 280 1 P=]
AL =0 2 1
are
M ..D only two nonequivalent
(1; 2)=(0) (1; 2)=(01)
Ki=0 K,=0

Ki80 Ky, =0 AL =0 minus
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—1 ()
(1;0)
L, [
= 1z+ H(u+ilz])";
mEg0 mg1l (M; [du+i(zdz—
zdz);d ])
mE0omEg1l (M; [du +i(zdz — zdz);d ])
K>
M D
K180 K,=0
—1

If (M; [; D is a structure of an oriented congruence with van-
ishing shear, nonvanishing twist, and with the relative invariants K1 8 0, Ko, =0
then there exists a coordinate system (U;z;Z) on M such that the forms and
representing the structure can be chosen to be

= du + 5(HzdZ — H,dz); =dz;
where the real functions A = A(z) and H = H (2) satisfy the system of PDEs
hzz = Iﬁe h
Hiz = el

with a real function h =h(z). The structure corresponding to such and  satisfies
the system

d = it [1+2dA [

d; = dA[}+ix [T}

diy, = dALM—-iZ M

d~z = 0O
with forms
| =2 - |, =efe "% ro=ele M2 1~
2=d + iE(hzdi— h,dz):
The relative invariant A1 of this structure is given by
A =2e "M% T A:
I
H = H(2)
h =h(z) —1 —1
real A =A(2) H

T
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Every structure (M; [; 1) of an oriented congruence with van-
ishing shear, nonvanishing twist, and with the relative invariants K1 8 0, Ko, =0
admits symmetry.

Proof. 1
—1 Xo=@ —
M ;D K180 K2=0
St & No - M_
(AN ET ) (X; X 1;X13Y) —
Xo X =e*AX
LeZ=0; Lg!i=2X(A)
~ Mz
X > I No
[Z11]  Msx S35 1;-h,
Mx; [ 14D
ML D
(;z; 2) — s '
> =d + 5(hzdz— h,dz); I, =dz:
h = h(z) ML D
—1 M= [0 4]
—1 K:80 K, =0
dA=0
Aq A
h V4 z Ay e!
A, =0 AL =0 ]
upper ]
(1, 20=1(0;1) —
—1 I — A=0

h =2log(l C£12); H = [ZIbg(l [£22); A=0
Ki=#1 A1 =0

zdz —zdz . o
—du+§17|$z, =dz:
(15 2)=(01) —
G flat
O M (u;z;2)
S
1 Oa )
2dzdz

T Qe
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82
ML 5D
; —/ Poincaré disc structure
spherical structure
M= [Z :14])
(- (.
+;
—1 1 K—-—1=m=a=0 z

2=z

All structures (M; [; 1) of an oriented congruence with vanishing
shear, nonvanishing twist, having the relative invariants K1 8 0, K2 =0 and pos-
sessing a 4-dimensional transitive symmetry group are locally isomorphic to either
the Poincaré disc structure (M; [ ; 1) or the spherical structure (M; [ +; 1), i.e.
they are isomorphic to one of the ’flat models’ for the K1 8 0 and K2 =0 case.

No —1 —1
A]_ NO
A1 real positive
M
i;gmm iigmm )+m>o
|Kal Kl
—1
AL > 0;
—1
M >
(HIEHEY _
M > =By +Bil1+Bil; Bo B1
M
] Bo=0
>=Bi!l 1+ B_]_!—]_
—1
d! = 1 D_:i+2A1(!1+!_1) [T
dl; = —(Ar+iBy)! [}

dly = (Ap—iBy)!l1 [

d(Bi! 1 +B1y) = O] [TY:
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Remark . No Aq
d(A]_' 1 +A1!—1) =0 ] —1 3
diAi(l2+T))]=0 A1 >0

dAy C(1; + 1) = [iA1(B1 + B! 1 [TL;

—1 1
dA; = [ayx+ 5A1(B1+By)]! 1 +[a1s — bA1(B1 + By
dB1 = Bu!i+[bia+1A1(By—By) +i(xl —[B1AIM:
dB1 = [bi—1A;(B1—B1)—i(xL—|B1?)]' 1 +Buly;

ai1 bz
Aq B1

The functions A1 > 0 and B1 (complex) constitute the full system
of basic scalar invariants for the structures (M;[; 1) with Ky 8 0, K2 =0 and
A1 B 0. It follows from the construction that two such structures (M;[; 1) and
(MO % 9 are (locally) equivalent iff there exists a (local) diffeomorphism between
M and M © which transforms the corresponding forms (1;! 1;71) to (1 %1 9;T9).
This in particular implies that the invariants Ay and By must be transformed to A?
and BY.

—1 1
Ki80 Ko, =0
—1 1 constant
A,L>0 B Bi=i A;= 1222>0
BO only
—1 —1

All locally nonequivalent structures (M; [; 1) of oriented
congruences having vanishing shear, nonvanishing twist, K1 8 0, K, = 0, and

Vi, h <0, may be locally represented by o
=yPdu—y ldx; =y (dx +idy):
Here (U;Z;Z) with Z =X + iy are coordinates on M and
b= —2(1 CZ1%):
The real parameter is related to the invariants By and A1 via
Bizii A= 1sp

and as such enumerates nonequivalent structures.
Regardless of the values of  the structures corresponding to the upper and lower
signs in the expressions above are nonequivalent. In the case of the lower signs the

real parameter < 0. In the case of the upper signs < —Pl—§ or0< < % or
1 1
3< < P

The structures are locally pto the Heisenberg group CR structure
only in the case of the upper signs with = p=.

N
N
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The symmetry group is of Bianchi type V |y, with the parameter h < 0 related

to wia
A Calrgpe ]
T 5
In the lower sign case the possible values of h are —9 <h < —1, and for each value
of h we always have structure with the symmetry group Gy. In the upper sign

case h may assume all values h <0, h & —1. In this case, we always have

nonequivalent structures with symmetry group Gn with h < —=9;
structyge with symmetry group Gn with —9 < h < —1; if the parameter

s = Ep% then h = —9 and the structure is based on the Heisenberg
group with a particular splitting;

nonequivalent structures with symmetry group Gn with —1<h < 0;
structure with symmetry group of Bianchi type V lg.

Modulo local equivalence there exists only structure (M; [; ])
of an oriented congruence having vanishing shear, nonvanishing twist, K1 8 0,
K2 =0, and
IV . Locally it may be represented by the forms

=y (du + logydx): =y dx +idy):

Here (U;2;Z) with z = X + iy are coordinates on M. The structure has the basic

local tnvariants Ay = % and B, = IE

All locally nonequivalent structures (M; [; 1) of oriented congru-
ences having vanishing shear, nonvanishing twist, K1 8 0, Ko =0, and
are locally equivalent to one
of the structures defined in Propositions and [717.

Remark . ] —1 — all
homogeneous
Ko, =0
—1
Vip IV —] 1
K, 80 Ko ]
Ky=1
= |ko|3; = Arg(kz)
M P
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Q9 P M K1 M
K]_ == klg .
k2|3
M
Q
((EHEHD (Z21;22;Z0)

Q=271 1+2Z1+Zg!
Q=751 1+ZT1+Zg

dl =il [T+ (Z1 4+ Zp)! 1 [T+ (Zo + Z1)T; [T
dl; =—Z,! 1 [T —Zo! 1 [T
d!—]_:Zz! 1 E!:!__Zorl L1l

d[Z]_| 1+Zz!—1+20!]:K1! M+ M
d[ZZ| 1+Zl!—1+Zo!]:—K1!1 [ +1, [

1

dZy = Z11! 1+ (K1 +iZo—Z1Z2 + Z2Z2 + Z1)T1 + (ZoZ2 + Zoy — 1)!
dZ1 = (K1 —iZ0 = Z1Zp + Z2Zp + Z1)! 1 + Z1aT1 + (ZoZ2 + Zo1 — 1)!
dZ2 = Zo1! 1+ Z2T1 + (Zoz + ZoZ1 + ZoZ2 — Z0Z2)!

dZy = Z! 1+ ZnT1 + (Zoz + ZoZ1 + ZoZ2 — ZoZ2)!

dZo =Zo1! 1+ Zo2" 1 + Zoo!

dZo = Zo2! 1 + Zo1T1 + Zoo!
dK1 =Kl 1+ Kalg + Kol

Zo;Z1,Z2,K1
Zoo; Zo1; Zo2; 211,221, 222

Ko Z0,21;Z2,K1
Z00;Z01; 202,211,221, Z22; K 10

All locally nonequivalent structures (M; [; 1) of oriented congru-
ences having vanishing shear, nonvanishing twist, and with K> 8 0 are described
by the invariant system (7.33) with the integrabilty conditions (7.34).

K, B0
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dy=¢€ [-@sin ) ¥, [T] — @2sin )1, [1];
dfy=e ' [(2sin ) 81, [T —(2sin )¥°r, [1];
dl =il [T+ @2sin ) ¥B8E 1, M+e ' I [T):
K, =(2sin ) 28
Z;=i@sin )>3; Z,=¢" (2sin ) 3 zZog=¢€ (2sin )
0
(K1;Z0;21;22) K%$z2%2%2Y)
dl =il O +i Y @y —Ty)
di,=—i(! + )M
d!_]_:i(! + l!l)DjZ
Ki=(°%+3) % zi=-2 Y Z,=—i Y Zo=-i:
80 80
Vil = —23
Al > —23 IX < —23
M (u;z;2)
M5 ) —1
2 eV +iz 2 eV —iz _
=du+ +
W @—22er N @2 er
2 2e iu 2 2eiu
=—— dz; = - Z:
zz—2 22+ 3) zz—2 22+ 3)
G o) CR structure M
G o)
(; )-(@;h +p) oriented
congruence structures restricted (; ) - (f;h )
sB0 [ distinct
g0 [
= 3 :—2%,
IX < B

Vilg = B VI > B
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= K :—]_'
Cartan o
o [
IX SO(3)
SU(2;1)
= g =—33
= k our K1 C ;)
Ki1=0 —/
—1 Ki1=0 K, EO0
O ()]
sB0 a=0 O
d C1=0 = fdt t M
M t = const
C
J
HL0 = {X —iJX;X [I(TC)}
Spanc( ) [Spanc( ) M
RxC s80 M
C-M oV C
t = const V
t
C(t) Jew
not @
SE0 @
t = const
@
@
s O
()] d 0
M M
locally
txy) @

(u;z;2)
X =@+S@+S@
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t = const
u = const
1
M D d 1=0
= du; =dz +Hdz + Gdu;
H =H(u;z;2) G =G(u;z;2) M
(u;z;2) H| <1
@ @
T@0)
Z=@-H@;
TOD
Z=@-Ha@
M

All structures (M; [; 1) with vanishing twist, a = 0, may be
locally represented by

= du; =dz + Hdz + Gdu;

where H = H (U;2;2) and G = G(U; z;Z) are complez-valued functions on M, with
coordinates (U;Z;Z), such that |H| < 1. They have nonvanishing shear s 8 0 iff

eH=0 u = const
z
— X:
@-G@ —-G@:
e G= u = const J
Z J
H
X =@
t u
1
H
- H>1
Z—»z H - 1=H
H|< 1
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To T1 Ko Ki
O
1 a=0s80
—J
d = b b [
d = p [CH+q s [
d = —p [+s [Hq [
s
s=|sle' :
G ) -
G pT)=@; ¢ ; e’ ")

_ b | b
d = dlogf [T+ -e ' !; [TI+—¢ T[]

— P - q Isl i + yp
di; = id [} +dlog [T]+ ~e !1IZE1+f—!1IZEI+f—e Iy [
dry = —id [T]+dlog D:i—Eei!lD:H'fi'e i<2+>!1|:j+f9rl|::|

s80
d, =, [} [
f f = +|s| f
f=e |s;
=0;1 ]
:—% -+ 5:
f
real Q
(d!l—dl_l) EC[I1+!_1)=ZQI21EE1:
Q
Q=dlog +z!;+z+(1—¢ %?)!;
z z
d, [MO=Q [T} [T] diy M=Q [} [
z

7= Me3C ),

()]
— 0 =3

Cig 2. s .
+92 :

N
Il
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P M >R+ ((HIEHER))
| = ¢ |S|
I, = e 5( )
I—l = elﬁ( )_
Q = dlog +(i;72‘3e'§( o+ Clp 2 3¢+
Q—e FHr
R+ R+ - P — M
(N EN))
d = T, [M+T,0; MO
d,; = Q D:i_+(| 1+!_1) [C+iTq! 4 [
diy = QIO+ (1y+Ty) [O=iTel [
dQ = Kol M +Kq! M+ Kq. [
_ AH@ ). _ _ ko . _ ki
To—%el : T, =—=; Ko—2—2, K1—2—
SRR
1 = S S _
Is|
kp = — —= - +p +p -+2i( —p)
k]_ = Z(tl_tl)+
i i i
ez [(bg—bg—q +q +ig —i )e2 +i —sle 2 Jjs| -
To T1 Ko K1 bundle
Ry 5P oM
=0;1
original M
To T1 Ko K1
T1 Ko Ki
M
scaling relative
M t1; ke ko
M
To P constant
M
To M

A given structure (M; [; 1) of an oriented congruence with vanish-
ing twist, a = 0, and nonvanishing shear, S 8 0, uniquely defines a 4-dimensional
manifold P, 1-forms ;! 1;71;Q and functions To; Ko (real) T1; K1 (complex) on
P such that
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LY ;71;Q are as in [,

I [ [T] CQAE 0 at each point of P,

the forms and functions To; T1;Ko; K1 are uniquely determined by the re-
quirement that on P they satisfy equations 1.

In particular To is an invariant of the structure on M ; the identical vanishing, or

not, of either of the functions t1, Ko or Ky defined in (812) is an invariant condition
on M .

] at most
all
t1 ko ki Zero constant To
To= =const=0
To e ==1 To= < 0

To=1 |

All locally nonequivalent structures (M; [; 1) of oriented con-
gruences having vanishing twist, nonvanishing shear, and
are parametrized by a real constant
=0 as follows.

e if0< < 1 they can be locally represented by

P
= du; =dx+e 1 ( +i 1— 2dy
e if =1 they can be locally represented by
= du; =dx + (i +2u)dy
e if > 1 they can be locally represented by
= du —1 —1 —1
= [(i+ )cos(u 2—1)—i_2—1sin(u__ 2—1)]dx +
1 1 1

[(i+ )sin(u 2—1)+i 2—1cos(u 2—1)]dy:

Here (U;X;y) are coordinates on M . The real parameter =0 is just the invariant

To= and as such enumerates nonequivalent structures.
1
r
1 1
2Q-1) 0 0
r= Iy Q—1 I
r I Q-1
(FHEH )] —/ —
04
2x 0 O
ho={ 84 x y ¥y (R}
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hy ={ fpo—=tiv 0 Oy v (R},

u—iv 0 O
3x%x3
gs = ho [Chyl;
ho hy ho
hy
[ho; he] [Chyl
—/ r
Ry P - M
@ Q
Remark . Ry =P - M
—1 P
integrable D
Iq [ P
P=D principal Ho - P - P=D
Ho ho
1 R r
1
2Ry, 0 0
R=dr+r m=[CR] R, R,
R:; Ry R
R = iKgl'; E!:i_"'(Kl_Tl)! 1 I:!:H_(K_l_fl)!—l LL]
R, = Tq!; O+ Ty [
R3 = iTo!]_ [T
QL1
r Oa P M
r
M ;D
—1
M; [ Do M; [ Da
M D
R r ho (M [;
b (M [; s
Curvature R [hp. R r
ho

1
2R;, 0 O
R=L0o R, R,
0 R, R;

29

Do
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MDD R
((FHEHHE®))
I = e (dx +ie?M*Ndy);
M = e (dx —ie?M*Ndy);
I =du;
Q = dr + 2du + 2f (dx;
f =f(y) X y
u r (u;xyy;r)
Ry - P - M (u;xy) M r
=¢g'
f=f(xy) (R EHHNC))
—/
K1 =0; T1 =0; To =0;
Ko
Ko=—e 2(r+u+f)fxy:
fry =0 f=0
ML D
r
1 [ —
2il ¢ [ 0 0
R=—e 20+u+h) 1] ity [ 0 Ly
0 0 il 4
special cases R [Chy
1] KoE0 T1=0 Ki=0
Curvature R [Chj. R [Chy
t1; Ko; K1
—
R Q] all
1 1
0 0O
R=[I[RJ 0 oL
R; 0 O
all T]_ K]_ Ko I:I
T.=0 Ko=0 K=
—I u r
P
I =du Q=dr
—1
—1 To u = (U)

To= (u):
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To u

A structure (M; [; 1) of an oriented congruence with vanishing
twist, a = 0, nonvanishing shear, S 8 0, and having the curvature of its correspond-
ing Cartan connection T of the pure hy type, R [hk, can be locally represented
by . _

h h . h _
=du; =dz (h +h i h)dz,
where the complex function h = h(u) & 0 satisfies a second order ODE:

h%+2h%+ ( 2+i Yh =0:

Here the nonequivalent structures are distinguished by the real invariant To = (U).
(u) = const 1
T.=0 T.=0
e Ky =
« K180
The case K1 = 0.
dQ = iK o1 Eﬂ_;
Ko —1 3 Ko

t1 =0 koEO k]_EO

Ko =sign(kp) = +1:
—1 ((FHEHHEC))

dl =0;

d;=(B —A) ; [ +iTg! [+T; [T]

d!_]_:(iB +A)!1 [T+ CO—iTely [T

di(A+iB) ;+(A—iB);+!]==i,; []:
A;B;To M

dA =[A;+ 5(B1+By£1)] 1 +[A; — 5(B1 + By £1)]7 1 + (A —BTo)!
dB =By! 1 + Byl + (ATo — B)!
dTo [T1=0;

A]_ Bl

bia;p s [
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All locally nonequivalent structures (M; [; 1) of oriented congru-
ences having vanishing twist, nonvanishing shear, with Ty = 0 and K1 = 0, are

described by the invariant forms (1;! 1;11) satisfying the system (817)-(818) on
M.

G o)
T]_ =0
Y — Lo,
—1 1
(=5 =)
T]_E
—1 noneris-
tence —1
constant
A B To
—1
—1 B1=0
—1
ML D
—1
fy B0
K]_ =30] T]_ =0 K]_ =0
To =0
((FHEH o)
—1
M
I =du;
] [l
l,=e (u+f) DZ!/ E(dx+i62(u+f)dy);
]
Fi=e WD Y 2(dx —ie*@*Ddy):
—1 1 A B
I L]
A=1TTE] 2 2,0,y +fyy e
1I:I s L L1 ;
1 1
= du; =dx +ie? U &Y gy
A B
To TOEO
f =f(xy) M D
fyy

]
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Remark
R hg
TOEO TlEO R
ho Ki=0 R
L
To=T1=K.;=0 T horizontal from
the point of view of the principal fiber bundle Ho - P - P=D
1 r Oa
HO - P - P=D
The case K; 80. K180 —1
Kl—ei
—1
M A B
dl =0;
d! 1=(iB —A)! 1 EE_"‘(].—C"'iTo)! , O+ T4 [T
dr]_:(IB +A)' g +1y D]+(1—C—iTo)!_1 [T
di(A+iB) ;+(A—iB);+C!]=
iKoly [Tl +e 1y [(M+e ' Iy [
To A B C Ko
M
ko ki [
ko
Ko=2—7r:
° T TP
—1
. Ki=¢e Bzl

e Ky=¢6 ==1
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dT():i(ei l1—e i !_2)+Too!
dA = 3[i(52 + A1) + Ag]l 1 + Z[—i (52 + A1) + Az]T1 + Ag!
dB =[-8 + A +iB ]l 1 + [-E2 + AL —iB{]T1 + Bo!

dC =[-2A +AC +Ag+BTo+i(BC —ATo+Bg) +e' ]! 1+
[<2A + AC +Ag+BTo—i(BC —ATo+Bg)+e ' Iy + Co!

d :[B+(A+ 1)COt +i 1]!1+[B+(A+ 1)COt —i 1]!—1+ o!

dKo =Kol 1 +Koil1 +2[(A+ 1)csc + (1 — C)Kol';

Ko A BC
Ao;A1;A2;B0;B1;Co; 0; 1 Ko1
e = =+l
A [
A=

dTg = ii(! 1 '_2) + Too!

dB =[5 +iB ]! 1 +[-K2 —iB]T; + Bo!

dC =[BTo +i(BC +Bp) £ 1]! ; +

[BTO — I(BC + Bo) + 1]|—1 + Co!

dKo = Ko1! 1 + KoiT1 + 2[ (B} (1 — C)Ko]!;
Bo;B1;Co Koz

All locally nonequivalent structures (M; [; 1) of oriented congru-
ences having vanishing twist, nonvanishing shear, with Ty = 0 and K1 8 0, are
described by the invariant forms (1;! 1;71) satisfying

* cither the system (8.20), (821) on M, in which case Ky =¢' B %1,
e or the system (820), (822) on M , in which case K1 = *1 and A =0.

— /3

dTo, [ [ To = const
dTo =0
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T, 80
—1 t1 80 T1
[T1] =1,
= |tal:
M
Ty
. T, = e B+l
i T, ==%1
T8 +1 1
M

d =@ !1+e ' Ty [T
d']_:(IB —A)!l E!:!_+(1—C+iTo)!1 DZI+!_1 [T]
d!_]_:(iB +A)!1 ]+, ED"‘(].—C—iTo)!_]_ [T

d =[1+i((B— 1)cot —A)'1+[1—i((B— 1)cot —A);+ ¢!

dTo [=

{[Bo +BC — ATy +2sin +i(2A—AC —BTo—Ag+Cy) —
el (To—iC)|l 1+

[Bo+BC —ATo+2sin —i(2A —AC —BTo—Ag+Cy) —
e ! (To+iC)M 1} [

To; ;A B;C
0; 1;Bo Cq
Tp==+1 —1
B =0:
T, ==1

d! =i(!1+!_1)DII
dl; =-Al; Eﬂ_+(1—c+iTo)!1 [+ 1, [T
dr{ =Al{ [T} +! IZEI+(1—C—iTo)!_1 [HH

= Too! + O
I3 A)To+i(2A —AC —A0+cliC)!Dl+
(CIF A)To—i(2A —AC —Ag+C, +C) Tq;

+1 To;A; C
Bo Too C,
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All locally nonequivalent structures (M; [; 1) of oriented congru-
ences having vanishing twist, nonvanishing shear, with T1 8 0, are described by the
invariant forms (1;! 1;71) satisfying

e cither the system (823), (824) on M, in which case Ty =€ 8 %1,
e or the system (8.27), (828) on M , in which case T1 = 1.

— 3 T, 8=*1
d =@ !,+e ' ) [T
gl =—17CTC0S2 iy s —C+isin2 )y [TI+ T, [T
1—C +cos2
1—C—cos2
M, =___ - """~ a1 | —_ — s r
dr, l_c+cosze.1EE1+.1DZI+(l C—isin2 )l [T
T, ==+1 I R
d ==x(,.+T,) [T
dl ==+l [O] +iTo! 1 [T+ T4 [T
di = M + 1 [—iTel [
a=0 s80
M x
R+ M
sB80 ago
M
— O
aBo; sB80
S
s =|sle
G )
d [ il 1 ] [T
d, M = !,[O] [
I =f; Ilzei, Mm=e'
— ago — 3=20)
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a ¢ =0 1 el =sign(a)
_ A s
f=e |[s|; ¢ = Ja [sle 2¢
((HEEHEY
dl = il { [T} +Kky!y O+ kT OO
dl; = ko1 [} +ks! O+, [
dry, = —kp!{ [+ [+ksTy [T
ki ko ks M
k= GEEESH G
la] [s|®
= —Ooglah)-+pp=dogish-+i - i
2 [l [
ib-—ib —ibp+ibp+e ' |aj(q—qg—(log|s]) +i )
k3 =
2|al|s|

™MD ago
s8o0

A given structure (M; [; 1) of an oriented congruence with nonva-
nishing twist, a 8 0, and nonvanishing shear, S 8 0, uniquely defines the frame of
invariant 1-forms ;! 1;71 and invariant complex functions Ki1;ka;ks on M. The
forms and the functions are determined by the requirement that they satisfy the
system ([(9.3). Starting with an arbitrary representative (; ) of the structure[; 1],
the forms are given by

. C—1T 1, -~ I — _
=e |s|; 1 1= Ja Isle 2¢ M= Ja [sle2¢ 3
where the shear function is s = |s|e’ . Here € , = 0;1, denotes the sign of

the twist function a. The system ([9.3) encodes all the invariant information of the
structure (M; [; ]).

aB0s80

— Ki;ka; ks
— ki; ko ks

All homogeneous structures (M; [; 1) with nonvanishing twist,
a 8 0, and nonvanishing shear, S 8 0, have a strictly 3-dimensional symmetry
group and fall into four main types characterized by:

I: k3 = 1. In this case there is a 2-real parameter family of nonequivalent
structures distinguished by real constants X and y related to the invariants
ki and Ko via:

ki =x; ko = iy:
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II: k3 =¢ ,0< < 2 . In this case there is a 2-real parameter family of
nonequivalent structures distinguished by real constants X;y which together
with the parameter  are constrained by the equation

cos (1—2xy +cos )=0:
The invariants K1;Kz; Kz are then given by
ki = x(cot 5 +i); ko = —iy (cot 5 +1i); ks =cos +isin:
1I: ks + Eg = 0, k3 B =xi. In this case there is a 3-real parameter family

of nonequivalent structures distinguished by real constants y° 8 *1, X, y
related to the invariants K1, Ko, K3 via:

ki = X +iy; ko = kg = x —iy; ks =iy®
1V: |ks3| 8 1, kg + E3 8 0. In this case there is a 3-real parameter family of

nonequivalent structures distinguished by real constants X° 8 0, y% x, y
constrained by the equation

x® 4+ y® +2y%x2 +y2) — 4xy = 1:
The invariants K1; Ko; K3 are then given by
_ ka1 +k3) —Ka(ks +ks).
1-lksl? '

ki =x +1iy; ks =x%+iyC ko

k1=
ko =ks =0 flat
case ag0 sg80

A structure of an oriented congruence (M; [; 1) with nonvan-
ishing twist, a B 0, nonvanishing shear S 8 0 and having K1 = k2 = ks =0, may be
locally represented l_)\g%forms

u _ ;5 u H u
Il L ML S dz—\/§;
zz—1 zz—1 zz—1
where (U; Z;Z) are coordinates on M . This structure has the local symmetry group
of Bianchi type VIII, locally isomorphic to the group SL(2; R).

Remark . aB80sB80
k]_:szO
el —jz e Uiz _ 2ell
=du+ —— dz + —— dz; =(°-1)—"—dz— ;
u zz—1 z zz—1 % ( )zz—lz '
> 0, 81
ks =—=i(1— %) V.
= 2
Remark . aB0sg80
k]_:szO
el —jz e Uiz _ 2ell
=du+ — + _ dz: =( 2+1)= dz —
u zz+1 z zz+1 % ( )zz+1z '

>0 k3:—i(1+%)
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Remark . —
v O

sEO0

aBg0sg0 are
excluded

There are only two nonequivalent structures of an oriented congruence (M; [; 1)
with a8 0, s 8 0, which have a local transitive symmetry group of Bianchi type I1.
They may be locally represented by

. v_
= du + 5(zdz — zdz); =dzx 2(1-i);
where (U; Z;Z) are coordinates on M . The constant invariants are

K, = ilx%l; Ky = ii%; K = —i:

and the sign 1 distinguishes between the nonequivalent structures.

There are also only two 2-parameter families of nonequivalent structures of an
oriented congruence (M;[; 1) with a 8 0, s 8 0, which have a local transitive
symmetry group of Bianchi type IV. They may be locally r_c;;;resented by

=y (du — logydx); =y YMdx+iy)+x 2(1—i)w;

where (U;X;y) are coordinates on M and w = Re(w) +ilm(w) & 0 is a complex
parameter. The constant invariants are

10 1i i . i i
kl—i—‘v%+ﬁ, kg—i—\%+ﬁ, ka = =i (= + =)

and the two real parameters Re(w) and Im(w), together with the sign £1 distinguish
between the nonequivalent structures.

Remark

|W|_.oo

pp

natural
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a 0 s80

;T Q P
g:2| T1+21Q;

g=2 I +21 (Q—="):

P
R [h] ]
(z:Z;u;r)
= . I =
Q dr,D. _du B O
l;=¢" hdz—(h°+h—i h)dz
1

M =e¢ hdz—(h°+h+ih )dz ;

= (u) h = h(u)
—1 I —
1 111 1

g =2¢% hdz—(h°+h—i h)dz hdz— (h°+h+ih )dz + 2dudr;

N & 1 -
g 1=26" hdz—(h°+h—i h)dZ hdz—(h°+h+ih )dz + 2du(dr — du):

] o _ [TT1 1
g =2 hdz—(h°+h—i h)dz hdz—(h°+h+ih )dz + 2du(dr — cdu);
¢ = const (R
Wy
WY,=2( —c—1)
Wo; W1, Wo, W3) W,
Oc
Wy
Oc c=-1
l-|J4 = 2i
= ()
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Every structure of an oriented congruence (M; ; ) with vanish-
ing twist, a = 0, nonvanishing shear S B 0, and having the curvature R of its
corresponding Cartan connection in hy, defines a Lorentzian metric

gir=2 T +21(Q—-1);

which is of Petrov type N or conformally flat. The nonequivalent metrics correspond

to different structures of the oriented congruence, and the metric is conformally flat
if and only if R = 0.

g1
g1

§ .= 2 Iﬁﬁd ROsh—i Mydz hdz—(ho+h+ih )dz %e 2 du(dr—d -
gl—m z—( —i h)dz z—( ih)dz +e u(dr—du) ;

t = (u) h = h(U)
—1 linearly polarized pp-wave

]
] ]
conformal conformal
(0]
The Cotton and Bach conditions for conformal metrics. O
g M conformal to Einstein
Y M g=¢e?Yg
Ric(§) = N\g M dimM =4

necessary ogd g

O

F "ot
(] O F
9 [a]
[El 6x6
D [H=d[H +! g CIFE - [E [Ty
!
- C (-
0 O1 O
DE=L10 @@L
0 O 0

01 Yang-Mills

current | ' [a]
Moy
DIH=0
i

dimM =4 —1 conformally invariant

Bach tensor g oo
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F* [CEl [(Fl = +iF i
F o {' 7} {'}
g g=g; '’

[Fi" Ful1=0 Lkl =1;2;3;4:

] 6x6 Fij+ Fy —1
Bach condition 1 Cotton condition []

Conformal curvature of the associated metrics.

]
o
M;5 ) B
H - P - M ((EH EHHNOR0))
—1
P - N N
N M
{45 %% 9=0uTunt Q-3
P Gt — 2( 12,4 3 4) P
P [ae] Lorentzian
gt — 2( 12 + 3 4)
N —1
O N P
— (! 1;!—1;!; Q;ﬁ) P
P N B _
_ (E1;E1E0EoE)
(T Q) _
K1 K> K2
K1 = E1(K1) Ki1 = E1(K1) _
Kl E]_ E]_ Kzio

Eo(E1(K2))
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|t gt P
e T
! —-iQ 0 -Q; 51 2
2 0 i -Q, -5 1
!t: ) ) _
: I e (ORI ®) 0 4
4 Q@ 0 1@Q+Q) 3
0 2 1 4 3 _%(Q_,_ﬁ)
o} Q,
Ql=tK13+%4; Qz=itK11+itK_23; §2=—itK12—itK23
{ 1. 2. 3. 4}
b= —1(6t—2)K; ?+ 1K 1l+K2(1—t_)) 3
2 = T=-1Gt-2)Ky P+ (2K g+ Ko@) 2
3 = 12K 11 — Kot +1) P 1QitK g+ Kot +1)) 2—t2K2 S+ L@t — 1K, 4
4= lat-DK, 3 -1 %
Ft =d!t+!t D:l
Iy
so(1;3) O
P Yo Y,
W, Y, W,
Yo =0; Y, =0;

Wy = 1(1— 4t)K y;

2 6&' ) 1 M
W3 =1 2itK ;7 + (3t — 1)K ;
Lp4:_it|22I:

Every metric ¢ with K1 =0 ort = % is of Petrov type |11
or its specializations. Ift = % and K1 = 0, then the conformal class [01=3] of the
metric O1=3 is of Petrov type N .

i =] Ly

Ft  horizontal

P - N i P N
P
it = 2= -4Ku -2k G+ 21
©3 _  _1:11_1712_1:33_1;1 4
J = HE HE HE 82

it = R@-DKy ik ik f - g %
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i = Q-4 —120)KZ? + (7t — 1)(K a1 + K1)
ji = 16it (4t — 1)K K11 —2(1 — 2t)(1 — 4t)K 1K 2 + (1 — 4t)K p1; +
3it (K111 + Kg111)
i3 = 16t%(1 — 4t)K 3 — 362K 11K 17 + 3(1 — t)(1 + 3t)[K 2|? + 2(t + 2)K 5153 —
24K 1 (K 137 + K g11) + 2it (4 — Tt)(K 17K 2 — K 11K p):
[Fti_j'_ Fg
t
t
1 1
t==*_; t=—; t=1
3 4
—_1 —
Ift = —% or t = 1 and the relative invariant Ky = 0, then
the conformal metrics [0r] satisfy the Bach condition. If in addition the relative
invariant Ko 8 0, the metrics are conformally flat and do satisfy the Cotton

condition. If K1 = Ky = 0 the conformal metrics § 1=3 and g1 have Fy = 0, i.e.
they are conformally flat.

j [Ft;j'_;Ftij]
— Ki=0 KZI:
0
t=1=4 t=1=3 g
Ezamples.
M5 ) Ki=0 K, 80
O 1
K :—3%
—1 —1
Kk =—33 o all
—1
o =a( ) =2dzdz +
tlil;+ 2 eV +iz dz + 2 eV —iz dZI:xI
(zz—2 22+ ?3)) (zz—2 22+ ?3))
(zZ—2 22+ 3))2%” 20e ' —i5) ., 2 €Y +iz) dzl-j
2 4 27—2 2(2+ 9) 27—2 22+ 3)
t
g0 M; 5 )
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Ki=0 1

g 123(—33) = 2dzdz —

O1=4( s,) O1=4( s,)

45

] Z-S%BS%iu —iz 2'3%6 330y +iz _|:|
du + —/—— —dz + ——— 5 <
33(zz +2:33) 3§(zz+23§)
@r23iy L a@iete vig 2@le S —ig)
18.33 2z + 235 77 + 233 '
01(—33) = 2dzdz +
= Z-S%eséi“ —iz 2.33¢ 33y +iz -
du+ —F—— —dz+ —(—— . x
33(zz + 2:3%) 3§(zz+23§)
@+23)2 50 2@kt vin 26t P —in)
633 77 + 2:3% 77+ 2.3% '
Bach flat Ko M; :
not
1 1
Ki=0  K,80 0u(—33) g 15(-37)
1 I
explicit
= 1
Ki=0 Kk =33 O1=3( k)
t=+1=3 —J
twisting
= o( )
Bt( k) (l; 2. 3. 4)
+
B(—3%) =253 4% 3
(zz+233)6
=1=3 G=3( « )
1
& () t=1
G1=a( ) Bi-4( )
6( 6+36 3+36)
Bi=a( ) =6 — 3 H
1= ) (zz—2 22+ 3))8
(| AN ] V_[1]
ss=—6B+2 2) 3 s, =— 6(3—2 2 3:

)
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all
O1=4 1

Ift = % and a structure (M; ; ) with nonvanishing twist and
vanishing shear has the relative invariant K1 satisfying
K11 + Ky =0

then the Bach tensor By of the metrics G corresponding to the structure (M; ; ),

as defined in (I0.6), has a very simple form
1 1

3 _ — _ _
Bis = 5 4K 11K 17 + 2 (K 11K 2 — K 17K 2) = TK oK o — 4(K 530 + Ko10) 2 3%
in which out of the ten components, identically vanish.
S1 Sz
Kut+Kin =0
1 algebraically special space-
times degenerate
vacuuwm
Ricci flat
spacetime
four
shear geodesic four
all (I four
k=@
(| _ 1
g=2 P2 "+ (dr+W +W +H) ;
'%lM +(@+M) 7 '%IM +(@+M) 7
| a 2z | a zz
=du+ % dz — = K dz; = dz;
z(1+ 5-22)? z(1+ 5-22)?
1 K =
»_ r2 , KM —a+ (KM +a)527
(1+527)2 (1+ X zz) ’
|Ka z
(1 + & 727)2’
1 K27
mr +KM 2 —aM -
H = _E — 2 zz
2 KM a+(KM +a)527

r2+

(1+K7zz 2
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m; a; M; K real
k=@ K=1 algebraically special
D Ricci flat K=1=M =0
Kerr metric
rotating black hole mass M angular momentum a
a twist
k a=20
Schwarzschild metric K—1l=a=m=0
Taub-NUT vacuum metric
1
M =0 K
D Ricci flat
K g1 M 80 general neither
nor
I
M
(u;z;z;r) M=M xR M
(u;z;2) M
M5 )
; — M
r M
S =
a=M =
K =0 M+a=0
D neither nor
Ricci flat —1 1
—] —1 ;
three
K1 K2
1 KiE0 K;=0
1
ML D KiB0 Ky=0 (GIREHEY
M —1 3
M=RxM
[ ]
®ra)
G o) M D
K180 K,=0
M=RxM

g=P2[ 203 +2 (dr +W!; +WIy+H!)J:
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((AEEHEY —/] 3
M PEO0OH W
k=@
M
—1
M
Ric(g) = ok k1
® >0
®=0
[
ocl
—1
—1
r P H W
p = P
Cos 5
= ie"+
H — %ezir ;eZIF_'_%eIF_'_%eIF_'_%
p ;.m
—I
M
D _
(@ @0
((HEEHEY
M
—1
= 2(@ogp—c)

2i(@ogp — 2c— Ay)
(@+A,+iBi+i ) —aT

P _

3 T +2(@+AL—iBy) —2i(@+A;+iBy)
Cc

A1>0 B +1 I R
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c;m p
L1
(@— 3A; +iB 1)C— 2¢% + aijp — A% + I§A1(3Bl + B_l) =0

(@ 60m =0

(@+3A; —iB1)@pF (@+ 3A; +iBL)@pr
—3[(@+ 3A; —iB1)C+ (@+3A; +iBi)c+2cc+
SAf+2ann +3A1(B1—B1)*x1]p=

m+m .

-

Let (M; [; 1 be a structure of an oriented congruence having
vanishing shear, nonvanishing twist and the invariants K1 8 0, Ko = 0. Then a
Lorentzian metric associated with (M; [; 1) via (IL3)-({I17) satsifies the Einstein
equations (I17) if and only if the metric functions are given by means of (I1.6))-
(IIL7) with the unknown functions c;m (complex), p (real) on M satsifying the

differential equations (I1.8)-(I110).

Remark . ((HIEHEY) r
dr
r r ->r++f f f M
—
Remark ) —
M D

_ Klgo KzEO
&G o) @e@ AL B an [ [

— c;m;p
—1 c
c 1
m m=20
—I m c m
—1

p_
m+m=20 M

ML D

|
Remark . m

complex mass

3 3
i
o
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—1
1
ML D _
L1 (CIEEHEY
272 2
| = 21 2 24—y Lvy.
TV du—y “dx);
Iy ==y dx +idy);
M= 0y Y(dx —idy):
A1 B;
1
[T#2 2
AL =— 2 ) B = i
2
constant
air [ identically vanishing
—1 2=1
A]_ =0
ML D —
21
2
(15 2)=(0;1)
] conformal symmetries
—1 —1
| 1 1 | 1 1 |
all the metric functions p;m;C must be constant —

(—3A; +iB1)c—22 — A2+ LA; (3B + B1) =0
cm=0

3[(3A1 —iB 1)C+ (3A, +iB1)C+ 2cC+

iAo m+m
AT+ 5ABL— By Eglp= —5—
. c=0
. m=20
—1 only
upper —1
c=0 = ipl—i arbitrary
PEO0  m=E+iM M real
2 2 2
o_ P dx +dy+ dx _ 21 N . dx
ds os? ri[ v 2( y du)(dr —2cos” 5(cosr + 4M sinr)( y du)]
vacuum —1 =0

m=20 pE0
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e =34 5+, ﬁcz—;%ﬁ,E
— — V__
e =3 L@+, 1) c=3 L0+, 1INB+ , 17)
%: %:1 1, 2
® =const< 0
()]
—1 two Q@
@ m=0 [
—
t
_—2+42+1—42 1 _
=773 4 1-ty@Gz D’
p=p(y)

ayy —ty* Y [yp™ + (4 2—2)p°]+
[(—32 4+20 2 — 1)y +4t2(4 4 —7 2+2)y8 " —
16t(8 4 —5 2 +1)y¢ **Dp=0:
a’priori
Rasz_% - COS(—%)z -
(y—ty* “)p

(8 2—3)(128 ©—160 4 +92 2—21)y* +
8t* 2(32 6+8 4—28 2+9)y16 * +
4t(8 2 —3)(256 6 —248 4 +58 2+ 33+ +
36t2(4 4+ 2—1)(32 4—12 2—1)y>*8 "+
16t3 2(128 ©—184 4 +122 2 —27)yt+12 ” % —
ayy—ty* ) @ 2 —3)(16 “—3)yd+at> 216 “ =3y "+
6t(8 2 _3)y2+4 2 + 96t2 2(1 -9 2)2y1+8 ZI_EFO_,_
a2y —ty* P @ =)y +ar 2yt TS

Ras p 1 may
only t=20
t=0
Ras
p=p(y) (-
— 1\/—. 4,1 3 L1 O — 1\/—.
_ii 2, _ii z, _ii §, _ii 3,
=+l l11- 1), +==x3 111+ 13)
distinguished

4 —1 vacuum
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not
t=0
IZI_V/j
e =31 11+ W) "==1
—1
la -1
p =y2® " (s, +s1y);
v_ 1, P host [al
Ryz=—2(7+" 13)s3y s¢ " 1» _~—2
33 5( Y% Sy
vanishes s, =0 s, =0 o
—
] L] = . 3+(9 20 ?)cosr 5]
g =2P% 1T+ 1 dr + W+ W1+ 2522580
_ sy20—TD) _2(20 2 9)+(8 2 9",
P_lcos§ ’ W= 24 3 !
HEEHE] —1 "=+l
Ricci flat Il neither nor
N
distinguished vacuum
fiat -
_1 3
e =3 3 —/1
V_
p=s1 y+syy;
1 -
_1 5
® =35 3 —/1
2
p=y3(s1 +szlogy);
Ras
s L] Cos 5 Ll
Ra3 = —ﬁSZ(ZS]_ + S, + 25, Iog y) —_——T
(s1 +s2logy)y3
NA Sy = 0
- =172 —
V_
p=Y(s1 +szlogy);
R _2s% - Cos 5 '-T—'
B s; + s, logy
.\/_ Sy = 0
- =13 —
p=siy+sy
I:lcos% '-T—'

Raz = —323%3/2 S5+ 51y2 S1y?
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s, =0
—1 c —1
t=0 [ [ [ ] constant
\/§ 1+202—-32 4
=__ "(—-1+ — :
P= ( )
"%l "(—1+202-32 %

16A(4 2 +1)cos* §

Ric=(2-1)8 %2-5 k CK3I Ag:
e =("~1X )320-202+32 9 9
Finstein A ="s2
5
=+1; or =+3 >
[ ] )
3 _ Ll ieriras) i@ +5) L 7
g=—— 1T+ dr+ G 9 G O 4 734 2c0sr)
5Acos? § 10 10 10
1
=-_|-% % Petrov type N
twisting [
[
1 ) ]
39 - L1 ieirva i+ . 5
g=——— 1 T 4! dr+'C I, — M1+ 2(3+2cosr)!
8Acos? § 2 2 8
==+1 11
—/ —
—1 c
c
M
M M
N=1!,+2i(A;+0)
c M
M e o;
'y M
dl d'; dA; —1 3
dn = 2i [ (@ 3A;1 —iB1)c— 2% + a1 —A? — LA (3B1 +B1) ]! 1 [T] [T
1 (o] din =0
—n din =0 M

M= hd —1 hhd AT E0
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M —1 NG =0 h
d M} =0 M
M
d [dI BO:
Ig ! d
Xy M
d =x!,+y!
—1 xx!'p [T} +xy! 1 [T1—
xyl; 180 X
—1 . hd =1,+7! h =1=x
Z = y=X c c=%-A
(hd )[d{hd ) =0 c —I

Every solution  of the tangential CR equation @ = 0 satis-
fying d AT 8 O defines a solution C of equation (IL8). Given , the function
satisfying equation (I1.8) is defined by

_y

€= 2%

whered =x! 1+yl . Also the converse is true: every solution C of equation (I1.8)
defines a CR function such that d [dl 8 0.

—Aq;

Remark . () L1
—1 s=0
C
—1
c=-—A;
—1 c
— y=0 d rdl=0
—/
—1
—1 m
m
m

mM=[@ —2i(A1+0@ +2i(A1+0@ |*:

c _ —]
@—2i(A1 +0)@+ 2i(AL + 0@ m
M m — — _
— —1 @ @@
—1 m

(@ + 2i@A1 +C) + 2i (AL + Q)@ 2i (AL + 0@ 4iC(AL +C) + A, —iB1)@ =0

1 m
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