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Irreducible SO(3) geometry in dimension five

By Marcin Bobienski and Pawel Nurowski at Warszawa

Abstract. We consider the nonstandard inclusion of SO(3) in SO(5) associated with
a 5-dimensional irreducible representation. The tensor Y representing this reduction is
found to be given by a ternary symmetric form with special properties. A 5-dimensional
manifold (M, g, Y) with Riemannian metric g and ternary form generated by such a tensor
has a corresponding SO(3) structure, whose Gray-Hervella type classification is established
using s0(3)-valued connections with torsion.

Structures with antisymmetric torsions, we call them the nearly integrable SO(3)
structures, are studied in detail. In particular, it is shown that the integrable models
(those with vanishing torsion) are isometric to the symmetric spaces M, = SU(3)/SO(3),
M_ =SL(3,R)/SO(3), My = R>. We also find all nearly integrable SO(3) structures with
transitive symmetry groups of dimension d > 5 and some examples for which d = 5.

Given an SO(3) structure (M, g, Y), we define its “twistor space” T to be the S°-
bundle of those unit 2-forms on M which span R® = so(3). The 7-dimensional twistor
manifold T is then naturally equipped with several CR and G, structures. The ensuing
integrability conditions are discussed and interpreted in terms of the Gray-Hervella type
classification.
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1. Introduction

In Cartan’s list of the irreducible symmetric spaces of Type I the first entry is occu-
pied by the family of symmetric spaces SU(n)/SO(n). If n = 2 the corresponding manifold
is a 2-dimensional sphere S2, but n =3 already corresponds to a nontrivial manifold
M, = SU(3)/SO(3). This is the so called Wu space [12], [14] which has a number of inter-
esting properties. Among them there is a fact that M constitutes the lowest dimensional
example of a simply connected manifold nor admitting a Spin® structure [6]. From the point
of view of the present paper another property of this space is crucial: the isotropy re-
presentation of M, = SU(3)/SO(3) coincides with the irreducible 5-dimensional repre-
sentation of SO(3). Thus, this space provides a symmetric model of a 5-dimensional mani-
fold equipped with the irreducible SO(3) structure. Inspecting the entire Cartan list of the
irreducible symmetric spaces one finds (in Type III, again at the first entry!) another 5-
dimensional space M_ = SL(3,R)/SO(3) equipped with the natural irreducible SO(3)
structure.

The aim of this paper is to study 5-dimensional geometries modelled on the spaces
M and M_. By this we mean studies of 5-dimensional manifolds with the reduction of the
structure group of the SO(5)-frame bundle to the irreducible SO(3). This places the paper
in the domain of special geometries, i.e. Riemannian geometries equipped with additional
geometric structures. In Ref. [3] Th. Friedrich provides a general framework for analysing
such geometries. He also proposes the investigation of geometries modelled on M, there.

The framework for analysis of special geometries consists of several steps. First, one
distinguishes a geometric object, preferably of tensorial type, that reduces the structure
group and defines the special geometry. Then, one introduces a metric connection which
preserves this object. As the last step one determines the restrictions on the special geome-
try for this connection to be unique. This unique connection, its torsion and curvature are
then the main tools to study the properties of the considered special geometry.

It is instructive to illustrate this procedure on the well known example of a nearly
Kaéhler geometry. Our choice of nearly Kdhler geometry for this illustration is motivated



Bobienski and Nurowski, Irreducible SO(3) geometry in dimension five 53

by the fact that its behaviour is remarkably close [7] to all the phenomena we want to dis-
cuss in the context of the irreducible SO(3) geometries in dimension five.

A Riemannian geometry (M, g) on a 2n-dimensional manifold M can be made more
special by an introduction of a metric compatible almost complex structure. This is a tensor
field J : TM — TM which satisfies J?> = —id and ¢g(JX,JY) = g(X, Y). The tensor J re-
duces the structure group from SO(2n) to U(n) and induces the distinguished inclusion of
the Lie algebra u(n) in so(2n). This inclusion defines a class of a metric compatible connec-
tions I" which preserve J. Here and in the following we will represent connections by means
of Lie-algebra-valued 1-forms on manifolds so, in the considered case, I' € u(n) ® Q' (M),
where u(n) < so(2n). The connections I' are highly not unique. However, since all of them
may be considered as elemeilés of s0(2n) ® Q' (M), i.e. as elements of the space in which

the Levi-Civita connection I' resides, one can try to make I" unique by the requirement
that in the decomposition

(1.1) F:F+%T

the T-part has some special properties. In the considered case the uniqueness of I' is
achieved by the demand that in the above decomposition

(1.2) T eQ*(M).

The 3-form T is then interpreted as a skew-symmetric torsion of the connection I'. It fol-
lows that the decomposition (1.1)—(1.2) is possible only for a subclass of metric compatible
almost complex structures. They may be characterised by the condition

LC
(V.J)(v) =0 YveTM.

The metric compatible almost complex structures satisfying this condition are called nearly
Kahler. Their geometric properties are described in terms of the properties of the unique
u(n)-valued connection I" defined by (1.1)—(1.2). In particular, the torsion-free case, 7' = 0,
corresponds to Kédhler geometries. Another type of the nearly Kédhler structures may be
distinguished by specifying that the curvature of I' belongs to a particular U(n)-irreducible
component of the tensor representation u(n) ® Q*(M).

Our treatment of the irreducible SO(3) geometries in dimension five imitates the
above approach to the nearly-Kéhler geometries. We first introduce an object, the (3,0)-
rank tensor Y, which reduces the SO(5) structure to the irreducible SO(3). Although this
tensor has a different rank then J its geometric characterisation, which is a certain algebraic
quadratic identity on Y, resembles very much the quadratic condition J? = —id. Using Y
we distinguish an inclusion of s0(3) in so(5). This maximal inclusion is used on a Riemann-
ian manifold endowed with Y to distinguish a class of so(3)-valued metric connections I'.
These are such that, in the decomposition (1.1), they have the skew-symmetric 7-part. It
follows that such connections, if exist, are unique. Their existence is only possible for a par-
ticular class of tensors Y characterised by the condition

LC
(V,Y)(v,0,0) =0 Yve TM.
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The organisation of the paper is reflected in the table of contents. The notation is
standard. However, depending on the context and esthetics of the presentation, we use
both the Schouten notation with the indices of tensors as well as the geometric, index-free
notation. Since all the time we are in the Riemannian category, we do not distinguish be-
tween covariant and contravariant tensors. This convention, when used in the formulae
written in the Schouten notation, enables as to identify tensors with upper and lower in-
dices. We will write them in the both positions depending on convenience. In the entire text
the Einstein summation convention is assumed.

2. Tensor Y reducing O(5) to the irreducible SO(3)

The two obvious examples M, = SU(3)/SO(3) and M_ = SL(3, R)/SO(3) of the ir-
reducible SO(3) structures should be supplemented by still another one, which in a certain
sense, is the simplest. One achieves this example by identifying vectors 4 in R> with 3 x 3
symmetric traceless real matrices a(4),

(2.1) M3 = {a(4) € M3,3(R) : 0(4)" = a(4),tr(a(4)) =0},
and defining the unique irreducible 5-dimensional representation p of SO(3) in R’ by

(2.2) p(NA = ha(A)h" YheSO(3), 4 € R>.

Then My = (SO(3) x, R)/SO(3) also has an irreducible SO(3) structure.

From now on we identify R> with matrices M° as in (2.1). Given an element 4 € R’
we consider its characteristic polynomial

Pa(2) = det(a(A) — AI) = —3> + g(4, A)i + %g Y(4, 4, A4).

This polynomial is invariant under the SO(3)-action given by the representation p of (2.2),
Pyiya(4) = Pa(4).

Thus, all the coefficients of P4(4), which are multilinear in A, are SO(3)-invariant. It is
convenient to choose a basis ¢; in R in such a way that the identification o is given by

1
a 4 2 3
— —d a a
V3
1
23) Rsd=ae—od)=| & “4at & |ewm’
(2.3) (4) 7
1
a’ a’ _2a_
V3

After this convenient choice, the bilinear form g simply becomes

(2.4) g(4,4) = al2 + a% + a§ + af + ag,
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and the ternary one Y is given by

1
(2.5) Y(A4,4,4) = §a1(6a§ + 6a; — 2aj — 3a3 — 3a?)
3V3
+ T\/_a4(a§ — a%) + 3V3arazas.

Both g and Y are obviously SO(3)-invariant. Since ¢ is the usual Riemannian metric on R’
the action p of (2.2) gives a nonstandard irreducible inclusion

(2.6) 1:SO(3) — O(5).
Remark 2.1. Although it is obvious we remark that

Y(A4,A4,4) = 3\76 det(a(4)).

In the following we consider a tensor Y € @3 R° such that
Y(A4,4,A4) = Yya'a’a".

A simple algebra leads to

Proposition 2.2.  The tensor Y has the following properties:

(i) It is totally symmetric, Y = Y ).

(i) It is trace-free, Yy; = 0.

(i) 1t satisfies the identity

Yii Yini + Y0ji Yini + Yuii Xjni = GiGin + 91j9kn + GriGjn,

where g(A, A) = gza‘a’.

Remark 2.3. It is worth noting that property (iii) after contraction with g, and
Y, respectively, implies

4Yijkijk = 14gim,
4Yilmr/'ln Ykmn = _3Yijk-
Group O(5) naturally acts on @3 R> by
Y — H/H"H} X}y, HeO(5).
Our aim now is to find the stabiliser Gy of tensor Y;; under this action. We know that

SO(3) = Gy. In the following we show that it is actually equal to SO(3). To see this we
take a 1-parameter subgroup H(s) = e** of SO(5) generated by an element X of the Lie
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algebra so(5) in the standard 5-dimensional representation of skew symmetric matrices.

. d e ) " )
Taking d_l of the stabilising equation Y = H (s),.[H (s)j’H (8)g Ximn we get the linear
S|s=0

equation
(2.7) Yy X!+ Yue X! + XX, =0
for the elements of the Lie algebra of the stabiliser. Its general solution is
X = (X)) =x'"E\+ X’Ey + ¥’ E; = X"Ey,

where (x!), I = 1,2, 3, are real parameters and the matrices

0 0 0 0 3
0O 0 1 0 0
(2.8) Er=l 0 -1 0 0 0 |,
0O 0 0 0 1
-3 0 0 -1 0
0 0 V3 00 0 0 0 00
0O 0 0 0 1 0 0 0 20
E=l-v3 0 0 10|, Es=|0 0 0 0 1],

0O 0 -1 00 0 -2 0 00
0 -1 0 00 0 0 -1 00

satisfy the so(3) commutation relations
[E\, Ex] = E5, [Es,E\| = Ey, [Ey, Es] = Ej,

or [Ey, Ex] = el Ej, for short. Thus, the intersection of the stabiliser with the SO(5) com-
ponent of O(5) is equal to the irreducible SO(3). Actually the stabiliser does not intersect
with the complement of SO(5) in O(5), as it is explained in the following lemma.

Lemma 2.4. The stabiliser of Y is contained in SO(5) component of O(9).

Proof.  Since the complement of SO(5) in O(5) consists of elements of the form —g
such that g € SO(5) it is enough to prove that —g with g € SO(5) can not be in Gy. Assum-
ing the opposite i.e. that g € SO(5) and —g € Gy we get the contradiction by the following
steps. The adjoint map Ad, preserves so(3). Thus it provides an orthogonal (with respect to
the Killing form) transformation of so(3)

Adg|50(3) € SO(5D(3)), s0(3) = Span(E), E», E3).
On the other hand, any orthogonal transformation of our so(3) has the form Ad,

for an element % e:(SO(3)). So, g has its corresponding /€ :(SO(3)) such that,
Ady|.y3) = Adplg(3)- Thus, Ady-1[s,3) = Id, so that the element gh~! € SO(5) must satisfy
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gh™'X = Xgh™' VX e Span(E|, E,, E3).
Forcing gh~! to satisfy this condition on the basis E; for J = 1,2, 3, we find that gh~' = I.

Thus g = & is in Gy which means that also —gg~! = —I is in Gy. But —1 € O(5) sends Y
to — Y, which gives the contradiction and finishes the proof. []

Thus we have the following proposition:

Proposition 2.5.  The stabiliser of tensor Yy is the irreducible SO(3) included by 1 in
O(5).

2.1. The O(5) invariant characterisation of tensor Y. Since the stabiliser of Y is the
irreducible SO(3), its orbit under the O(5) action is a 7-dimensional homogeneous space
O(5)/1(SO(3)). In this section we fully characterise this orbit among all the orbits of O(5)
action in @3 R>. On doing this we view Yy as a linear map

R®>s v+~ Y, € End(R%), (Yo); = Yyrvx.

Using this map we can rewrite the property (iii) of Proposition 2.2 characterising Y to the
equivalent form

YoeR> Y2 =g(v,0)v.
The importance of this reformulation is justified by the following theorem.

Theorem 2.6. The O(5) orbit of tensor Yy consists of all tensors Yy for which the
associated linear map

Rsvi—Y, € End(RS), (YL)U = YijkUk

satisfies the following three conditions:
(1) 1t is totally symmetric, i.e. g(u,Y,w) = g(w,Y,u) = g(u, Y,,0).
(2) It is trace free tr(Y,) = 0.
(3) For any vector v € R®
(2.9) Y20 = g(v, v).

Remark 2.7. The O(5) orbit of Yz, described invariantly in the above theorem,
consists of two disjoint SO(5) orbits: the orbit of Y and the orbit of —Y;;. Indeed, both
tensors + Y satisfy the three conditions characterising the O(5) orbit and Y can not be
sent to — Y via an element /2 € SO(5). Otherwise the element —/ preserves Y and as such
belongs to Gy which contradicts Lemma 2.4.

Proof of Theorem. Let us consider tensor Y for which Yjxa'a’a* has the standard
form (2.5). Then its corresponding map Y, in the g-orthonormal basis e; of (2.3), is repre-
sented by the following matrices
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100 0 0 0100 0
0 1 000 10000
2100 Ye,=|0 0 s 0 0|, Y,=[0 00 0 ¢/,
0 0010 0000 O
0 000 s 00 ¢ 00
00 s 0 0 00 0 1 0 0000 s
0 0 0 00 0 00 00 ¢ 00
Y,=[s 0o 0o -5 0|, Y.,=[00 -500][ Y.=[0c 00 0],
00 —b 0 0 10 0 0 0 0000 b
0 ¢c 0 0 0 00 0 0 b s 00 b 0

where s = —1/2, b = ¢ = v/3/2. The advantage of introducing additional constant b will be
clear later in the proof.

Now, let us take an arbitrary tensor Yy satisfying the three assumptions of Theorem
2.6. The theorem will be proven if we manage to construct an orthonormal basis
(e1,...,es) in R in which the matrices Y., take the same form (2.10) as the matrices Y.

Lemma 2.8. For any pair of orthogonal vectors v, w the following identity holds:
g(v,v)w = Zwa + Y, Y.

Proof of Lemma. Applying (2.9) for the vector v + rw (r € R) we get

rg(v,v)w + rzg(w, w)v = rwa + rZYiv + 1YY 4+ YW+ FY Y0+ Y YW

The linear in r term of this identity when compared with the symmetry Y,,v = Y, w yields the
thesis. [

The 5-th order homogeneous polynomial det(Y,) considered on the unit sphere
{v: g(v,v) = 1} satisfies det(Y_,) = —det(Y,). Thus, it can not have a fixed sign everywhere
on the sphere and there exists a unit vector e, such that

det(Y,,) = 0.
Let
e) = Ype
and let e4 be the unit vector in the kernel of Y,,:
Ye,e4 = 0.
Lemma 2.9. The vectors (ey, ez, es) are unit and pairwise orthogonal.
Proof.
gles,e1) = glea,Ye,02) = g(ea, Ye,ea) =0,

gles,e2) = gles, Y2 e2) = glea, Y2 e4) = 0.
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Using Lemma 2.8 for the unit orthogonal vectors w = e, and v = e4 we get ex = Y., Y,,e4
and so

g(€2a 81) = g(e2vY€2Y€2Y€4e4) = g(Y32€27Y3484) =0.
Finally, the vector e; is unit:
gler,er) = g(Yee2,Ye02) = g(Yoe2,e2) = 1. [
The space Span(ey, ez, eq) is Y,,-invariant and Y,, restricted to this invariant space
is trace-free; the same is true for the restriction of Y,, to the orthogonal complement
Span(ey, ez, e4)L. So, there exists a number ¢ = 0 and a pair of unit vectors (e3, es) such that

Ye,e3 =ces, Ypes=ce3, ¢=0

and the system (ej, ez, e3,e4,es5) is the orthonormal basis of R’. The matrix of Y., in this
basis has the form as in (2.10), but the constant ¢ is not fixed.

Now, the use of the assumed properties of (Y;x) and the successive application of

Lemma 2.8 proves that the matrices Y,,, ..., Y., have the form of (2.10) with the following
restrictions to the constants (b, ¢, s):

If b = —c then one can perform the following change of basis:
(e1,€2,€3,e4,€5) — (e1, €2, —€3, —ea, —es)

resulting the change b — (—b) in the matrices (2.10).

This finishes the proof of Theorem 2.6. [

Corollary 2.10.  The tensor Yy is fully determined by its properties listed in Proposi-
tion 2.2.

3. The SO(3) structure in R> and the representations of SO(3)
The last corollary motivates the following definition.

Definition 3.1. An SO(3) structure on R° is a pair (g, Y) where g is a Riemannian
metric g(4, A) = gya'a’ and Y is a ternary form Y (A4, 4, A) = Y;a'a’a* such that

(1) Yix = Yy
(ii) Yy =0,

(1) Y Yini + Y5 Xini + Yoti Yini = GiGin + 9iiGkn + GraGjn-



60 Bobienski and Nurowski, Irreducible SO(3) geometry in dimension five

In this section we will use an SO(3) structure to define representations of SO(3) in
®*R>. First, we recall the following well known theorem.

Theorem 3.2. A/l the irreducible finite-dimensional representations of SO(3) are odd
dimensional. There is a unique irreducible representation of SO(3) in space R** for each
1€{0,1,2,3,...}. The tensor product R>+! @ R+ decomposes onto the SO(3)-irreducible
components according to the following Wigner formula:

(31) R211+1 ® R212+1 — |l%2‘ R21+1.
1=|li—b)|

The 5-dimensional irreducible representation p of SO(3) with the carrier space

AL B

was already considered in (2.2). To find the projectors onto the irreducible components of
the tensor representations ®* R*, A*R® and (O R’ we use the SO(3) structure (g, Y). As-
sociated with Y is the endomorphism

T: Q'R — QR
WS A Y W

which preserves the decomposition > R® = A? R® @ (O R®. Now, a simple algebra leads
to the following proposition.

Proposition 3.3. @R =N ON @O ®@ O ® O3, where
Ol ={Sec@*R°|Y(S)=14-5} ={S=4-g,he R},
A= {Fe®*R*|Y(F) =7 F} = s0(3) = Span(Ey, E, E3),
:={Se @ R|Y(S) = -3- S},
N ={Fe@ R |Y(F)=-8-F} =,
O ={Se@*R*|Y(S) =4-5}.

All the representations /\]2 c /\2 R> and Q/% c @2 R> are irreducible; the indices j and k de-
note their dimensions.

Remark 3.4. Note that the tensor Y defines a nondegenerate SO(3) invariant scalar
product (F | F') = «(Y(F) n=F') of signature (3,7) on the space of 2-forms

(3.2) N R =s0(5) =s0(3) @n=A; DN

Although this scalar product differs from the one associated with the Killing form
k(F,F') = —6* (F AF"), in both of them we have so(3) L n.
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Remark 3.5. In agreement with the above notation we will denote the irreducible
representation R by

A= RS = \TRS
Using the SO(3) structure (g, Y') we can also build up an endomorphism
Y- Oz RS _ @2 RS
given by
s AY kg Vi S

It is independent of Y|®z rs- Note that Y is a composition Y = 4Y o Y of two maps

O’ L AL OF
given by
(3.3) Y(S); = YuSi, Y(v) = Y.
We have

ker(Y) = Q7 @ 5, im(Y) = As.

Thus Y restricted to @g is an isomorphic intertwiner between the representations @g and
/\é Furthermore we have:

4Y o Y‘@% =14 -id.

Summarising we have

Proposition 3.6.  The eigenvalues of Y on the representations @f @ @g and Og are 0
and 14, respectively.

4. The SO(3) structure on a manifold

Definition 4.1. An SO(3) structure on a 5-dimensional Riemannian manifold (M, g)
is a structure defined by means of a rank 3 tensor field Y for which the associated linear
map

TMsve— Y, e End(TM), (Y.); = Yivr,

satisfies the following three conditions:

(1) Tt is totally symmetric, i.e. g(u, Y,w) = g(w, Y,u) = g(u, Y\yv).

(2) Itis trace free tr(Y,) = 0.
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(3) For any vector field ve TM
YZv = g(v,v)v.

Definition 4.2. Two SO(3) structures (M, g, Y) and (M, g, Y) defined on two respec-
tive 5-manifolds M and M are (locally) equivalent iff there exists a (local) diffeomorphism
¢ : M — M such that

¢'(g) =g and ¢°(Y)=1.

If M =M, 5=g, Y= the equivalence ¢ is called a (local) symmetry of (M,g, Y). The
group of (local) symmetries is called a symmetry group of (M,g, Y).

In view of Corollary 2.10, Theorem 2.6 and Proposition 2.2 the tensor field Y reduces
the structure group of the bundle of orthonormal frames over M to the irreducible SO(3).
Thus, locally, we can represent an SO(3) structure on M by a coframe

(4.1) 0= (0") = (0",0%,6°,0% 0
on M, given up to the SO(3) transformation
(4.1) TM @ Q' (M) 30— 6 =p(h)b.
For such a class of coframes the Riemannian metric ¢ is
g =07 +05+ 065 +0; + 03,
and the tensor Y, reducing the structure group from SO(5) to SO(3), is

(43) Y= %91 (603 + 607 — 207 — 307 — 302) + %%4(95 — 03) + 3v/30,0+05.

Definition 4.3. An orthonormal coframe (91,62, 03, 0%, 0 ) in which the tensor Y of
an SO(3) structure (M, g, Y) is of the form (4.3) is called a coframe adapted to (M, g, Y), an
adapted coframe, for short.

4.1. Topological obstruction. The determination of topological obstructions for ex-
istence of an irreducible SO(3) structure on a 5-dimensional manifold is presented in a sep-
arate paper of one of us [2]. For the completeness of the present paper we quote the result
here. In the theorem below we denote by p; the jth Pontriagin class.

Theorem 4.4. Let M be a 5-dimensional Spin manifold. There exists an irreducible
SO(3) structure on M iff M admits the standard SO(3) structure (i.e. TM splits on the rank 2
trivial bundle and a rank 3 complement) and

pi(TM) = 5p, where pe H*(M;Z).

Remark 4.5. The irreducible inclusion 1(SO(3)) = SO(5) induces the irreducible
inclusion of 7(Spin(3)) = Spin(5). Assuming that w,(TM) = 0, the SO(5) structure on M
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can be lifted to the Spin(5) structure. It further may be reduced to the 7(Spin(3)) structure
on M, provided that M admits an irreducible SO(3) structure.

4.2. so(3) connection. Given an SO(3) structure as above, we consider an so(3) con-
nection on M represented locally by means of an so(3)-valued 1-form I" given by

(4.4) I=(T))= V' E1 + 9 E; + B3,

where y!, y2, y* are 1-forms on M and E; with I =1,2,3 are given by (2.8). This con-
nection, having values in s0(3) < so(5), is necessarily metric. Via the Cartan structure
equations,

(4.5) o'+ Tin® = T

(4.6) dr} + Ty AT = K},

it defines the torsion 2-form 7T’ and the so(3)-curvature 2-form KI’ Using these
forms we deﬁne the torsion tensor T i e (R°® A’R®) and the so(3)-curvature tensor

e (s0(3) ® A\’ R®), respectively, by

1 1
T = 5T],{ef AOF

and

1 3 ;
(4.7) rl=dy! + EenyJ Ay = 5 rjIka A

(Note that, K = (K/) =r'E\ +r?Ey +r’E;.) The connection satisfies the first Bianchi
identity
(4.8) KiAG) = DT!

J

and the second Bianchi identity

(4.9) DK/ =0,

with the covariant differential defined by
i __ i i j i __ i i k i k
T'=dT"+ AT/, DK/ =dK/+ I} AK" — K AT

Since the irreducible SO(3) was defined by the demand that it preserves g and Y we
have

Proposition 4.6.  Every so(3) connection I of (4.4) is metric
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and preserves tensor Y
r
Vi(Y) =0 YoeTM.

4.3. SO(3) structures with vanishing torsion. In this section we find all SO(3) struc-
tures (M, g, Y) which admit so(3) connections I" of (4.4) with vanishing torsion

(4.10) T =0.

Assuming that 7' is identically zero and using the first Bianchi identity (4.8) for I" we

easily find that a lot of components of the so(3)-curvature 7/ vanish. Explicitly, we find that

in such a case the curvature forms (r!, 72, r?) are expressible in terms of only one function

r{s and read

(4.11) M =rlad, P =rla? P =g,
where
K'=V30'A0°+ 0P A0+ 04 A0,
K2 =V30' A0+ 0> A0’ +0° A0,
K =202 A0+ 0P A0,

It further follows, that under the assumption of (4.10), the second Bianchi identity (4.9) im-
plies that

1 _
rys = const.

This means that rls is a real parameter and that there is only a 1-parameter family of SO(3)
structures with vanishing torsion. This family equips the principal fibre bundle F(M) of
SO(3) frames

SO(3) — F(M) 5> M
over M with an so(3)-connection

(4.12) T = p()Tp(h)~" = dp(h)p(h)™"

=7'E1 + 7*E> + 7°E;.
This, together with the lifted coframe
(4.13) 6= p(h)o

of (4.2), satisfies the following differential system:
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d0' = —V35' A G5 — V3P A,
d6> = —3' A 0> — 7 A 0° — 277 A O,
40P =5 A2 + V3P NG — 7 A0 — 7 AG5,

do* = —5' A0’ + 7P A0 + 277 A6,

(4.14)
dés :\/§]~/1/\0~1+]~)1A0~4+?2/\52+}73/\é3,
dj' = =52 A5 4+l
dj? = =5 Aj 4+l
dj? = =5 A 4 1|3,
where
k' =V30"A0° +6* A O +§4A§5,
(4.15) B2 =V30"A0 +0° A0+ 0 A O%,

=202 n0*+0° A 0P
The eight linearly independent 1-forms (0',62,63,60%, 0% 7,72 7) constitute a basis of
1-forms on the eight dimensional manifold F(M). Moreover, since equations (4.14) have
only constant coefficients on their right-hand sides, the basis (8,62, 63, 6% 6°,3',52,7°)
can be identified with a basis of left invariant forms on a Lie group to which the bundle
F(M) is (locally) diffeomorphic. Thus we may identify F (M) with a local Lie group, the

structure constants of which can be read off from the system (4.14)—(4.15). We find that,
depending on the parameter rls, these structure constants correspond to

(i) SO(3) x, R group iff rls = 0,
(i) SU(3) group iff {5 > 0,
(iii) SL(3,R) group iff ris < 0.
It further follows from the system (4.14)—(4.15) that the tensors
(4.16) G=07+07+03+0;+02,
and

1. 2 o o 2 o 33 o -
@17 Y=20 (605 + 60, — 20, — 305 — 302) + ‘2[94(0§ —63) + 3v/30,0505

on F(M) are preserved under the Lie transport along the fibres of SO(3) — F(M) = M.
Moreover, these tensors are degenerate in precisely vertical directions. Thus they descend to
M defining, respectively, g and Y, i.e. an SO(3) structure, there. Locally, depending on the
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sign of rls, this structure is isomorphic to the homogeneous model M, in case (i), the ho-
mogeneous model M, in case (ii) and the homogeneous model M _ in case (iii).

Theorem 4.7. All SO(3) structures with vanishing torsion are locally isometric to one
of the symmetric spaces

M = G/SO(3),
where

G =S0(3) x, R°, SU(3) or SL(3,R).

The Riemannian metric g and the tensor Y defining the SO(3) structure are obtained via
(4.16)—(4.17) by means of the left invariant forms (6',0%,60%,6%, 0%, 7', 5%, 73) on G, which
satisfy (4.14)—(4.15). In all three cases the metric g is Einstein. It is flat in case of
G = SO(3) x, R°. In the other two cases the metric is not even conformally flat.

Proof- Only the last three sentences of the theorem remain to be proven. Since there
is no torsion, the Levi-Civita connection for g, when written in terms of the coframe
(0',0%,60%,6%,0°,5", 52,7, is simply T of (4.12). Then, the direct calculation shows that
the metric is Einstein with both the Ricci scalar and the Weyl tensor being proportional,
modulo a constant factor, to ris. [J

Remark 4.8. According to the last sentence of the theorem the spaces M, corre-
sponding to nontrivial SO(3) structures without torsion are not of constant curvature for
the Levi-Civita connection of g.

Remark 4.9. Note that

(4.18) —Ko=«"E;

is the curvature of the canonical connection [5] on the symmetric space SU(3)/SO(3).
Moreover, the forms (0',92703,04,05,771,372,)73) define an absolute teleparallelism on
F(M). They can be collected to an su(3)-valued matrix

——-0* 0
. V3
oy 7 ] T )
(419) 1—‘Cartem = —)73 0 5)1 + i 92 —+ 94 95 ’
_732 _)jl 0 \/§
6 6° —20—1
V3

which defines an su(3)-valued Cartan connection on the bundle SO(3) — F(M) — M. The
curvature of this connection

(420) QCartan = drCartan + rCartan A 1—1Cartan
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is
0 & &

Qcartan = ("115 - 1) —i3 0 K

-x* k' 0

—

and it vanishes iff the corresponding so0(3) connection I' has constant positive curvature
determined by rls = 1.

Remark 4.10. Remark 4.9 can be generalised leading to the description of SO(3)
geometries with arbitrary so(3) connection in terms of an su(3) Cartan connection on
the fibre bundle SO(3) — F(M) — M. Indeed, given an SO(3) geometry with the adapted
coframe (Ql, Qz, 0°,0*,60°) and the so(3) connection I' we define the lifted coframe
(0',6%,0%,0% 0°) via (4.13) and the 1-forms (7',7%,73) via (4.12). Then, the su(3)-valued
Cartan connection on F(M) is given by equation (4.19). The curvature (4.20) of this con-
nection satisfies the Bianchi identity

(421) DQCartan = dQCartan + 1—‘Caurtan A QCartan - QCartan A 1—‘Cartan =0

and naturally splits onto the real and imaginary parts

— T T? T3
3 2 \/§
0 r r 7l
QCartan = RC(QCartan) + iO'(T) = —f3 0 7’1 +i TZ — 4 T4 TS
2 -l V3
- —-r 0 -
~ ~ T
73 5 2
V3

The imaginary part is simply the lift of the torsion 7 of the so(3)-connection I,
T =p(h)T.
The real part can be collected to a 5 x 5 matrix
R=F#E +PE, +PE;.

This satisfies

(4.22) R=K-K,, K=phKph ™",
where K is the so(3) curvature of I" and f{o is given by (4.18). Thus, R is the lift of the so(3)
curvature K shifted by the curvature —K; of the canonical connection on the symmetric
space SU(3)/SO(3).

4.4. spin(3) connection. The even Clifford algebra Cly(5,0) has a 4-dimensional

faithful representation in which the orthonormal vectors (ej, e, e3,e4,es) may be repre-
sented by
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0 0 1 0 010 0
0 0 0 —1I 1 00 0
4.2 = =
(4.23) “11 0 0 o "o oo 1]

0 -1 0 0 001 0
0 0 —i 0 0 —i 0 0 1 0 0 0
{o 0 o i 0o 0 o0 fo =1 0 o0
STl o0 o0 o] “Tlo oo o0 —i|" “Tlo o -1 0
0 —i 0 0 0 0 i 0 0 0 0 1

One checks, by direct calculations, that
e? =1, ee +ee=0 j+i=1727345.

Now, the double covering homomorphism Spin(5) — SO(5) induces the isomor-
phism of the Lie algebras spin(5) — so(5). By means of this isomorphism an element
e;e; € spin(5), i < j, is mapped to (f;;)—a 5 x 5 antisymmetric matrix having value 1 at its
entry f;, value —1 at f; and value 0 in all the remaining entries. This implies that the basis
of the Lie algebra spin(3) corresponding to the basis (E), E», E3) of the irreducible so(3) is

1 1
E = E(ﬁeles +eres teses), Er=3 (V3eies + eres + ezes),

1
E; = 3 (28284 + e3e5).
Explicitly:
0 i -3 i
1f i 0o —i =V3
4.24 E = 5
(4.24) T2V - o —i
i V3 i 0
i3 -1 0 -1 20 i 0
1l 1 3 -1 0 1o —=2i 0 i
E, =~ E; =~
T2l 0 1 i3 1 |” T2l o 2i 0
1 0 -1 —-iV/3 0 i 0 =2

Thus we have

1
spin(3) = Span(E}, E,, E3) < spin(5) = Span(zeie/,i <j=12.. .,5>.

Now, given an SO(3) structure (M, g, Y) and an so(3) connection I' = y' E| + y*E; + y*E;,
we associate with it a connection

(4.25) Copin = 7' E1 + 92 Ey + p°E5 € spin(3)
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which we call spin(3) connection. This connection will be used in Section 7 to define cova-
riantly constant spinor fields on M.

5. Characteristic connection

Suppose now that we are given an SO(3) structure (M,g,Y) on a 5-dimensional man-
ifold M. This defines the Levi-Civita connection I" which, having values in so(5), is an

LC
element Ty of s0(5) ® R® = A’ R’ ®@ R°. In the following we will be only interested in a
subclass of SO(3) structures, which we term nearly integrable.

Definition 5.1. An SO(3) structure (M, g, Y) is called nearly integrable iff
LC
(5.1) (V,Y)(v,0,0) =0
. . . . LC
for the Levi-Civita connection V.
The condition (5.1), when written in an adapted coframe (4.1), is
LC
(5.2) Lo Yetym = 0.
This motivates an introduction of the map
Y ANR QR — O R
such that
| LC LC
LC LC LC
= 1—‘mtimkl + Iﬂmkinml + leinkm
LC LC LC
+ 1—‘min‘mkl + kajYiml + 1—‘mle‘ikm
LC LC LC
+ rmikij/ + I_‘mjkYiml + 1—‘mlkYijm
LC LC LC
+ rmilijk + 1—‘mjlY‘imk + rmleijlw
We have the following proposition.

Proposition 5.2. éln SO(3) structure (M, g, Y) is nearly integrable if and only if its
L

Levi-Civita connection T € ker Y.

It is worthwhile to note that each of the last four rows of (5.3) resembles the L.h.s. of
equality (2.7). Thus, s0(3) ® R> < ker Y'. Due to the first equality in (5.3) we also have
AP R® = ker Y. It further follows that ker Y’ = [s0(3) ® R’] + A’ R®. Now, introducing
the map
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Y:ker Y — Q'R

given by
. LC LC
T(I)y = Yir Ty
and observing that ker Y = A’ R we get the SO(3) invariant decomposition
ker Y' = [s0(3) @ R’} @ A\’ R®.

This is the base for the following proposition.

LC
Proposition 5.3. The Levi-Civita connection T of a nearly integrable SO(3) structure

(M, g, Y) uniquely decomposes onto
(54) I =T+

where

Feso(3)QR® and Te R’ =kerY.

LC
The decomposition (5.4) of the Levi-Civita connection I' of a nearly integrable

SO(3) structure defines an so(3) connection I'. Rewriting the Cartan structure equation

. LC. .
do' + T/ n0" =0

LC
for T' into the form

de"+r;wf:%7;;;9mek

enables us to interpret 7" as the totally skew symmetric torsion of T.

Definition 5.4. An so(3) connection I' of an SO(3) structure (M, g, Y) is called a
characteristic connection if its torsion T is totally skew symmetric.

The consideration of this section can be summarised in

Theorem 5.5.  Among all SO(3) structures only the nearly integrable ones admit char-
acteristic connection I. Every nearly integrable SO(3) structure defines I uniquely.

Remark 5.6. LCNote, that out of a priori 50 independent components of the Levi-

Civita connection I', the nearly integrable condition (5.1) excludes 25. Thus, heuristi-
cally, the nearly integrable SO(3) structures constitute ‘a half” of all the possible SO(3)
structures.

Remark 5.7. Note, that given a nearly integrable SO(3) structure its totally skew
symmetric torsion Ty defines the torsion 3-form
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T :éTl_-jkof NN

Since
NR=NR =A\0A

we have two kinds of skew symmetric torsions of ‘pure type’—those for which T belongs to
the representation /\; and those whose T is in AZ.

Note that for an SO(3) structure with arbitrary so(3) connection its torsion Ty
belongs to /\ R> ® R>. Thus, according to the discussion at the beginning of this section,
under the action of SO(3), such Ty satisfy

T e NRP®R’ = ([503) @ R°] @ \' R®) ® R™.
Obviously, R?® further decomposes onto irreducibles: R = R> @ R’ @ R'!.

We close this section with the analysis of the SO(3) decomposition of the curvature
K = jk,ek A =dT}+ T AT
of the characteristic connection I'. Since Ky € 50(3) ® A? R®, this is given by
Proposition 5.8. The projectors onto the irreducible components of the decomposition
2 2 2 2 2 2 1
(5.5) BN R =2OTON BN OO5 ©O5 @ As
are:
45 _ al
Kijr — Ky € N" R = A,
K — Kijir =: ki — kyjpy € /\§ @ /\%7
1
Kijii — Kijii = kj — (k(jl) 3 ug/z> @5 @ @9,
Kijr — Ky = ki — ki € Of.

Remark 5.9. Note that the curvature tensor decomposition (5.5) is an analog,
but not just the refinement, of the standard Riemann tensor components. The so(3)-
connection, we investigate, is not in general (compare Section 4.3 for the exception) the
torsion free connection and so the curvature does not have the usual Riemann tensor
symmetries.

6. Homogeneous examples

In the present section we look for examples of nearly integrable SO(3) structures ad-
mitting transitive symmetry groups.
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Using the fact that the possible subgroups of SO(3) may have dimensions 0, 1, 3 we
get

Proposition 6.1. A transitive symmetry group G of an SO(3) structure may have the
dimension 5, 6 or 8.

6.1. Examples with 8-dimensional symmetry group. If the group of transitive
symmetries G is 8-dimensional, the SO(3) frame bundle F(M) may be identified with G.
Then, the problem of finding all the examples with such group of symmetries is equivalent
to find those Gs for which the basis of left invariant forms (6',62,6%,6%,6°,5',7%,73) sat-
isfies the pull-backed Cartan equations (4.4)—(4.6) with the torsion coeflicients T and the
curvature coefficients rfk constant on G. This is a purely algebraic problem with the follow-
ing solution.

Proposition 6.2. There are only three different examples of nearly integrable SO(3)
geometries with 8-dimensional symmetry group. These are the torsion-free models:

M. =SU(3)/SO(3), M, = (SO(3) x, R%)/SO(3), M_=SL(3,R)/SO(3).

6.2. Examples with 6-dimensional symmetry group. To obtain all the examples with
6-dimensional transitive symmetry groups we do as follows. We further reduce the lifted
system (4.4)—(4.6) from the SO(3) frame bundle F(M) to a 6-dimensional group G fibred
over M. We will identify G with the transitive symmetry group of the considered structure.
Thus, M will be a homogeneous space

M =G/H
where H is a 1-dimensional subgroup of G.

The reduction of the lifted system (4.4)—(4.6) from F(M) to G implies that on G, the
two of the connection 1-forms (3',72,7%), say 7' and 72, must be R-linearly dependent on
the lift of the adapted coframe (0',6%,6°,0%,0°). Thus, in such case, the basis for 1-forms
on Gis (0',0%,0° 0% 6°,7°). It is subject to the lift of the structure equations (4.4)—(4.6).
One of the integrability conditions for these equations requires that 7' and 7> must be of the
form

= b0 + ab’,
(6.1) o
7> = ab® + b6,

where a,b € R.
Due to the fact that all the coefficients in the pullback of the Cartan structure equa-
tions (4.4)—(4.6) are constant on G, the closure of these equations implies the following

proposition.

Proposition 6.3. A/l SO(3) nearly integrable structures with 6-dimensional symmetry
group have (skew symmetric) torsion of the form
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T=00" "> AO* 4+ 120" AOP A O°.
There are three families of such geometries:
(1) b=1t, =t, =0, and a arbitrary;,
(2) a=b=0andt, t, arbitrary;

H — 2t

2V3

Below we discuss all possibilities.

(3)a=0,b= and ty, t, arbitrary.

The point (1) of Proposition 6.3. In this case the torsion is obviously zero and the
sp(3) curvature form is

K =—d’[k" - E +x* Ey+1° - Ej),
where !, 12, k3 are given by (4.11). Thus, in this case, we reconstruct two of the three tor-
sion-free examples. For @ = 0 the respective SO(3) structure is equivalent to M. Fora + 0

we reconstruct the structure M_ = SL(3, R)/SO(3). The latter case corresponds to the fol-
lowing 6-dimensional subgroup of SL(3, R):

d e f cost sint 0
G=<M=|g h k|:detM=1,, H=SO_2) = —sinz cost 0
0 0 m 0 0 1

The point (2) of Proposition 6.3. In this case an invariant coframe (é Lo 0~5, %) on

G satisfies the following differential system:
do' = 10> A 0" + 1,0° A O°,
d0? = —1,0' A O* +20* A7,
d0® = —6,0' A 0° + 0° A7,
do* = 1,0" A 0> — 20 A7,
do® = 1,0' A 6® — 6° AT,

dj’ = —%(93 AN +20% £ 6%,

The symmetry group G = G(,, ,,) depends on the torsion parameters (t1,#,). We depict the
possible Gs on the (71, 2)-plane in Figure 1.

Below we discuss each G, ,,) separately.

(1) tita(t; — 212) * 0. In this case G is always of the form
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Figure 1. Groups G, ,,) of SO(3) structures of Proposition 6.3 (2).

(62) G= Gl X G27

where G; is either SO(3) or SO(1,2)—see Figure 1. There is a standard inclusion of SO(2)
in both of the above groups. The inclusion of H = SO(2) in the product G is given by
SO(2) 3 h — (h*,h) € G x G,. We consider the standard 3-dimensional representations of
s0(1,2) and so(3) so that the Maurer-Cartan form fyc on G is given by

0 ca' +25 a? 0 0 0
—(ca' + 27) 0 & 0 0 0
52 74
&0 &0 0 0 0 0
6.3 Omc = ;
(63) Omc 0 0 0 0 20 47 &3
0 0 0 —(—2ca'+7%) 0 &
0 0 0 A &’ 0
where
1
c=—,
V3

& = —Sgl’l[ll(ll — 2[2)],

& = sgn[lz(tl — 212)}
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and (&',7) is a left invariant coframe on G. We have the following relations between (a’,7)
and the canonical coframe (6, 7°):

P =i 2+ L - V5 !
\/g(ll - 2t2) ’ t —2h ’
= — 2 g g
(64) —ll(Z1 — 2[2) —ll(ll — 2[2)
03 = L.Oﬁ’ 0 = L.&i
Zz(ll — 2[2) Zz(tl — 2t2)

Now, we take (g, Y) in the canonical form (4.16), (4.17). These descend to the SO(3)
structure (g, Y) on M = G/H due to the isotropy invariance of (g, Y). The G-invariant
sp(3) connection I' on M has the form

1
F=To—z2n+ $)0" - E,

where I’y is the canonical connection on the reductive homogeneous space G/H—see [5].

Remark 6.4. It is worth to notice that on the line #, = —2¢; the connection I'
coincides with the canonical connection I'g. The example from this line corresponding to
(t1,1,) = (1/5,=2/5) is due to Th. Friedrich [4].

In general, the torsion 7' has components in the both possible irreducible SO(3) re-
presentations /\g and /\% (see Remark 5.7). On the line #, = 2#; the torsion is of pure type
/\%; on the line #; = —2#, it is of pure type /\g—see the Figure 1.

The s0(3) curvature is of the form

K = —le‘2K3 - E3.

It belongs to so(3) ® so(3). If #;#, & 0 the curvature has non-zero values in all of the
components Of @ @§ @® /\é of the irreducible decomposition (5.5).

(i) 44 =0, t, + 0. The group G; of the previous case contracts and the symmetry
group becomes

G = (SO(2) < R?) x SO(3).
The inclusion of H = SO(2) in the product G is given by
SO(2) 5 h— (K%, h).

The Maurer-Cartan form on G has the form (6.3) with ¢ = 0. The relations (6.4) remain

valid after passing to the limit j—l — —sgn[(t) — 25)] = sgn ty:
1
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These define an SO(3) structure on M = G/H in an analogous way as in the previous case.
The torsion 7' = 0 is never of a pure type and the so(3) curvature K = 0.

(i) #, =0, #; # 0. This case is the same as the previous one. One has to put &; = 0 in
€ . . .
(6.3) and t_2 — sgn t; in (6.4). The statements about curvature and torsion are the same as in
2
the previous point.
(iv) 1 =0, t, = 0. In this case both the torsion and the so(3) curvature vanish. Thus,
this case corresponds to the flat model M,. Hence the symmetry group G is extendable to
SO(3) %, R>. For the purpose of the next point it is useful to analyse G more carefully. Let

7 be the standard representation of SO(2) in R2. In conform with the Figure 1 we observe
that

G=Rx (SO(2) xR*), H=S0(2),

where the semi-direct product is taken with respect to the representation 2 @ 7 of SO(2) on
R*. The Maurer-Cartan form Oyc on G is

0 27 & 0 0 0 0

=27 0 & 0 0 0 0

0 0 0 0 0 0 0

(6.5) Ouc=| 0 0 0 0 7 & o0
0 0 0 —7 0 & 0

0 0 0 0 0 0 0

0 0 0 0 0 0 &

The relation between (&/,7) and (67,7°) is 6/ = &/ and 7° = 7.
(V) t; =21, t; + 0. In this case the group G = G, has the following abstract descrip-
tion. We present the Lie algebra of G as a central extension by R of a 5-dimensional alge-

bra I. Let us recall (see [13]) that such extensions are classified by closed 2-forms ¢ € /\2 .

Let L = SO(2) < R* with the representation > @ 7 of SO(2) as in the previous point;
[ is the Lie algebra of L. We take the Maurer-Cartan forms (&2,a*,a*, &>, 7), defined in
(6.5), as the basis of the left invariant forms on L. One can check that the following 2-
form on L:

(6.6) = Aa>+20*nat, o:=6,e N'T*

1s closed.
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We define the Lie algebra g = g, as a central extension of [ by R
(6.7) 0—-R—g>1—0

characterised by the element o. Let G = G, be a Lie group with Lie algebra g,. We extend
the basis of left invariant forms on L to the (left invariant) basis (a', %, &, a* &°,7) on G.
The differential da' is (see [13])

da!' = é.

The exact sequence of Lie algebras (6.7) has a partial splitting s : s0(2) — g (i.e. the com-
position 7 o s is the inclusion of so(2) into [) which defines the inclusion H = SO(2) < G.

Finally, the relation between this basis (6/,7) and the canonical coframe (67,73) is as
follows:

Pei-n-al, 0'=nd, = =& 0'=i =3

These define a nearly integrable SO(3) structure on M = G/H as in each of the previous
cases. The torsion T = 0 is never of a pure type and the so(3)-curvature has the form

K = —2(I2)2K3 - E3.

The point (3) of Proposition 6.3. We start with the observation that the line ¢; = 21,
on the (71, %)-plane in the present case and the line #; = 2#, of the previous case coincide
(see Proposition 6.3). Thus, in the entire analysis of this case, we assume that #; + 21,.

We have the following differential system on G:
dél = 1152 /\0~4 + (I1 — f2)0~3 /\557
d6? = —116" A 6% +26% A7,

t — 2t ~

~ I - ~ S~ 151 1~ = A
dP = 10" AP + P AP+ —=20* AP+ ——=0* £ O,
ks W 23
6.8 - . -
(68) do* = 10" A 67 — 20 A7,
1 4 s = H—2t = s 1 —20 - =
d0° =20,0' AP — P A3 L2202 g5 L2243 g4
2" V] 2V3
2 o, 1 O
d)~)3 = —5(1‘12 — ity + Z§)02A94 —511([1 — [2)93/\95.

It follows, that off the line #; = 2t,, independently of (¢, #;), the symmetry group G = G,
is a central extension of the group

L =SL(2,R) > R?

by a I-dimensional Lie group. G, is characterised by a closed 2-form &0 e /\21*,
e =sgnlt; — 1.
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2 =3

It is convenient to choose the basis of left invariant forms (& ,a* @, 7) on L so

that the Maurer-Cartan form H~Mc on L reads

, o

—at A +i @l
Omc=|a*—7 & &
0 0 0

Obviously, we have SO(2) = SL(2,R) < L.

Now, the possible symmetry groups G = G,,, ¢ =0, 1, are presented in Figure 2.
Below, we discuss cases ¢ = 1 and ¢ = 0 separately.

' h,l

Figure 2. Groups G = G,, of SO(3) structures of Proposition 6.3 (3).

(i) €= 1. This case corresponds to #; =+ #,. Here, we observe that

G=and’, o:=6.e N
is closed on L. It is this form that defines the desired central extension of the Lie algebra I to
the Lie algebra g = g, of the symmetry group G,. Now, the forms (2,43, a*,&°,#) extend
to the left invariant forms on G,. Together with the form &' such that da' = & they define

the left invariant coframe on G,. This coframe is related to the canonical coframe (é’ ,73) of
(6.8) via
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0~1:_ 64 2'~+2<l‘1—l‘2>.&17
(tl —2t2) &
02 — 2V3 22 G4 2V3 5t
(69) Hh— 2t ’ Hh — 2t ’
0= —a, 0° =& +a°,
3 _ (Zl — 2[2)2 + 3Z12 s Z](tl — lz) ' &1
(1 —21)* € '

Now, in analogy to the case (v), we use the partial splitting s : s0(2) — 1, to recover the in-
clusion H = SO(2) = G,. Then the SO(3) structure on M = G/H is obtained via the stan-
dard procedure of taking (g, Y) in the form (4.16), (4.17) and passing to the quotient struc-
ture (g, Y). The G-invariant so(3) connection on M is given by

t — 2t 3 t — 2t 5 1
03 E + 0 Ey— 20" B,
2\/§ 1 2 3

r=r,-

where I'y is the canonical connection on G/H.

As in the entire point (2) of the present proposition, the torsion 7" has the pure type
/\§ iff t, = 2¢;; it is of the pure type /\% iff 1; = —2#,; in all other cases it is not of a pure
type (see Figure 2).

In contrast to the point (2) of the present proposition, the so(3) curvature has the
form

1
12

+ (V301(t1 = 20)0" AO* — (11 = 20)*(0° A O° + 0P A 0%)) - Es

K [(V3t:(t1 — 26)0" AO° — (1 — 26)* (0> AO° + 0* A 0°)) - E

+ (=8(] — tita + B)0° AO* + (=768 + 108112 — 413)0° A 0°) - E3],

and (off the line #; = 21,) it is never of type s0(3) ® so(3). In general, the curvature can
assume values in all of the components of the decomposition (5.5), but /\§ and /\%:

KeQi@Q; ®0Qs @ As-

Independently of (71, #;) the curvature has always the ()7 and ()? part; it is without the
(D5 component on the line #, = 2#; and without the /5 component on lines #; = 0 and
3t; = 2t,—see Figure 2.

(if) & = 0. This corresponds to the line #; = ;. Now, all the formulas of the previous
case remain valid, except the formulas for §' and 7. To get correct expressions for them, one

D78 in(69).

has to pass to the limit
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It is worthwhile to note that the central extension Gy is, in this case, trivial. Hence, the
symmetry group is simply a product

Go = R x (SL(2,R) < R?) with H = SO(2) = SL(2, R).

6.3. Examples with 5-dimensional symmetry group. The first set of examples in this
section is characterised by the requirement that a nearly integrable SO(3) geometry has flat
characteristic connection. The full list of such geometries is given in Section 6.3.1. In The-
orem 6.5 we prove that flatness of the characteristic connection implies that the correspond-
ing nearly integrable SO(3) geometry has at least 5-dimensional transitive symmetry group.
Inspection of the examples of Section 6.3.1 shows that, in generic cases, their symmetry
groups are strictly S-dimensional.

Of course, examples with flat characteristic connections do not exhaust the list of all
nearly integrable SO(3) structures with strictly 5-dimensional transitive symmetry group.
We obtained other two classes of examples assuming that, in addition to the action of a
5-dimensional transitive symmetry group, the torsion of characteristic connection is of
pure type. The results are given in respective Sections 6.3.2 and 6.3.3. It is worth noticing
that it was possible to find a// structures with 5-dimensional transitive symmetry group and
torsion in A3 (see Theorem 6.7). In case of AJ type torsion we were only able to find a
2-parameter family of examples.

6.3.1. Vanishing curvature.

Theorem 6.5. Let (M, g, Y) be a nearly integrable SO(3) structure with vanishing cur-
vature of its characteristic connection. Then M has a structure of a 5-dimensional Lie group
G and the SO(3)-structure is G-invariant.

Proof. Since the characteristic connection of an SO(3) structure is flat, one can as-
sume that the connection (locally) vanishes. Thus, in a suitably chosen local coframe (4.1)
the first Cartan structure equations are

do' = 110> A O + 10> AO* + 307 AO° + 140° A O* + 150° A O° + 160% A6,
d6? = —10' A0 — 10" A0 — 50" AO° + 10> A OF + 130° AO° + 150% A O,
(6.10)  dO> = 10" AO* — 140" AO* — 150" A O° — 110> AO* — 1307 AO° + 1100 A 0P,
dO* = 60" AO? + 140" A O — 150" AO° + 10° A O — 150> ANO° — 100> A 0P,
d0® = 10" A 0% + 150" A O° + 160" A O + 107 A O + 1907 A O* + 1100° A O
Here the functional coefficients #;, i = 1,2, ..., 10 are related to the torsion 3-form 7 via:
(6.11) T =00"A0* A + 060" NO* AO* + 130" NO* AO° + 1,0 AO> A O*
+ 150" NP AO + 160" NOPADY + 167 AOP AO* + 107 AOP A O°

+ 1602 AO A O + 11003 A O A O°.
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Now, the Bianchi identities are equivalent to the following integrability conditions of the
system (6.10):

(a) All the functions #;,i = 1,2,...,10 are constants.

(b) They are subject to the constraints

3010 + tly — 15ty = 0,
titio + tst7 — 1413 = 0,
(6.12) t3t; — bitg + titg = 0,
bty + Lty — taty = 0,

Ity — thts + titg = 0.

The point (a) above proves the theorem, showing that M can be identified with the symme-
try group G which has #; as its structure constants. []

Below we solve conditions (6.12) to fully characterise G under the genericity as-
sumption

tio £ 0.

If this is assumed the general solution of system (6.12) is

1 1 1
Hh=— ([4[8 — 15l7), Hh =— (Z4Z9 — [617), 3 =— (Zstg — [6[8).
ho o o

Now it is easy to see that the linearly independent (z,9 & 0!) 1-forms

at = 11061 — [603 + 1504 — 14(95,

o = 11092 — Z903 + 1804 — t765

are closed. They can be further supplemented to a coframe (a!, a2, o3, a* o) on M such
that
da! = o® Ao,
do® = o Aol
do’® = ol Ao?,
do* =0,

do® = 0.

This proves
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Proposition 6.6. If the torsion coefficient ty & 0, the symmetry group G of a nearly
integrable SO(3)-structure with flat characteristic connection is isomorphic to SO(3) x R

6.3.2. Torsion in /\§ In the following a parameter 6 = 0, 1 labels 5-dimensional Lie
groups Gys. By definition Gy = SO(3) x Aff(1), the direct product of SO(3) and the affine
group Aff(1) in dimension 1. We characterise the group G; by specifying the structure
equations for a left invariant coframe on G;. Thus, G is such a 5-dimensional Lie group

for which there exists a coframe (o', o?, o, a*, «°) which satisfies the following equations:

do! =0,
do? = o' Ao,
do® = =20 A0,

do* = —a! Aot + oa® A d?,
do® = a® Aot

This group has the Lie algebra g, which is a central extension 0 — R — g, — b — 0 of the
4-dimensional Lie algebra

xl x3 x4
[): 0 —Xl x2 ,Xl,XZ,X3,X4E|R
0 0 0

by a real line R. The extension is given by means of a closed 2-form (see [13]) o = o A o*.

The following theorem is obtained by a successive application of the Bianchi identi-
ties on the system (4.5)—(4.6) in which the characteristic connection I is supposed to have
torsion in /\% and for which all the connection coefficients, the curvature coefficients and
the torsion coeflicients are constants.

Theorem 6.7. Let (M,g,Y) be a nearly integrable SO(3) geometry admitting a
S-dimensional transitive symmetry group G. Assume, in addition, that the torsion of its char-
acteristic connection is of pure type /\% Then:

® Modulo a constant SO(3) gauge transformation, it is defined by means of the adapted
coframe (0',0%,60°,0%,0°) satisfying the following differential system:

do' = —§\/§gs(02 ANO* 4 (2 36)0° £ 0°),

d6* = —2pcos go@z NS

d0® = —pcosph? A 0° +V3pe(1 —0)0" A O° + 0e00” AO° + o(de — sinp)O* A 6,

do* = —2psinp0* A 0*,

d0® = pcos p0* A 0 +V30e(d — 1)0' A 07 — 0650* A O° — o(Je + sin p)0° A 0°,
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with constant parameters o > 0, p € [0,2n[, e =+1,0 =0, L.
* G =Gy

e For all values of the parameters ¢, 6, o, ¢ the curvature of the characteristic connec-
tion is of type le @ @g @® /\é with all the irreducible components non-zero.

6.3.3. Torsion in /\$ It is easy to check that an adapted coframe (0',6°,60°,0%,6°)
with differentials given by

de' =0,

d6* = —pcos pb* A 0%,

do? = %ﬁgcosq)el A —%ﬁgsingp@l AO — %gsin(pﬁz AO? +%gcos¢03 NS
do* = psin g A 0%,

1 1 1 1
do® = —E\@Qsin(pﬁl A —E\@gcosw@l A —E,Qsin(pHZAHS —Egcos¢94/\95,

where the parameters o > 0, ¢ € [0, 2z[ are constants, defines a nearly integrable SO(3) geo-
metry whose characteristic torsion has pure type /\% Its symmetry group is transitive,
strictly 5-dimensional and has the Maurer-Cartan form

a0 0 al
Onic = 0 o 0 o?

0 0 —(a*+a% o |’

0 o0 0 0

where the forms (a!, a2, o, o*, o%) are related to the coframe (0,67, 6%, 0%, 0°) via an ap-

propriate o-dependent GL(5, R) transformation.

It is worth noting that the curvature of the characteristic connection in this
2-parameter family of examples is always of the type @f @® @3 with both the irreducible
components Non-zero.

7. Ricci tensor and covariantly constant spinors

7.1. Ricci tensor. We have the following proposition:

Proposition 7.1. For every nearly integrable SO(3) structure (M,g,Y) the Ricci
LC

tensor Ric™C of the Levi-Civita connection T is related to the Ricci tensor Ric™ of the char-
acteristic s0(3) connection T via

) . 1 1
R1cl.jL.C = Rlcl; + 1 T T + 3 (xd * T),.j.
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Corollary 7.2.  Given a nearly integrable SO(3) structure (M, g, ) the following two
conditions are equivalent:

o The codifferential of the torsion 3-form T vanishes.
e The Ricci tensor Ric™ of the characteristic connection T is symmetric.
Thus, for nearly integrable SO(3) structures we have

xdxT=0 < Ric; = Ric};.

In the rest of this section we discuss the torsion/curvature properties of the homoge-
neous examples of Section 6. It is interesting to note that all these examples satisfy

xdx T =0.

Thus, the Ricci tensor Ric! is symmetric for them. In many cases both the Ricci tensors
Ric" and Ric'C are diagonal®. More explicitly:

¢ In case (1) of Proposition 6.3 we have:
Ric© = Ric" = —6a%g, T =0.
e In case (2) of Proposition 6.3 we have:

1

1
Ric™© = E(tl +13)g +52 (léz1 + 1201ty — B)E? + o (41 — 3)EY,

_ 1
RlCr == Z1Z2E32,
2
dT = 200> NP ANO* A O°.

e In case (3) of Proposition 6.3 we have:
LC _ 1 1 22 Lo 2y 14
Ric £ —tity+= 70 )9+ 5; (4417 — 58112 + 2785 ) E5 + 7 (817 — 101112 + 385 ES,

1
146 — 294112 + 148)Ef + — (11 — 26) (211 — 1) ES,

1 1
Ric’ = 2[1([1 le)g + B

2
dT = -0 A0 AO* A 6°.

e For the examples of Theorem 6.5 we have:

D Note that the square of the matrix E3 and its fourth power are diagonal matrices.
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and Ric™® has a rather complicated form depending on the torsion parameters #,,
a=1,2,...,10; for some values of the parameters the Levi-Civita Ricci tensor Ric'©
may be diagonal, e.g.: if 7, = 0, Va £ 1 then

1 0000
01000
RicLC:%tleOIOO
00000
00000

e For the examples of Theorem 6.7 we have:
. LC 2(10 252
Ric™™ =p ?—25 g—+20°E3,

) 4
Ric" = —20%g + 3 Q2E32,

4
dr = 592(35 AN AN AN

¢ For the examples of Section 6.3.3 we have:

1 0 0 0 0
1
0 sin’(p) 0 3 sin(2p) 0
2
Ric'C = 3% 0 0 0 0 o,
0 % sin(2p) 0 cos’(p) O
0 0 0 0 0
3 0 0 0 0
[ 0 2—cos(2p) 0 sin(2¢p) 0
Ricl = —% 0 0 1 0 o[,
0 sin(2¢) 0 2+cos(2¢) O
0 0 0 0 1
dT =0

7.2. Absence of covariantly constant spinors. We now pass to the question if a man-
ifold with an SO(3) structure (M, g, Y) and an so(3) connection I' may admit a covariantly
constant spinor field. We look for ¥ : M — C* such that

(7.1) d¥ + I'qyin¥ =0,
where Iy, is a spin connection (4.25) corresponding to I'.

We use the curvature
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Qgpin = drspin + rspin A rspin

. . oy 3 ;
of I'spin. This curvature is expressible in terms of the curvature K = \é_r;ﬁ-’ 0E ;7 of I and
the (Dirac) matrices E; of (4.24). We have
V3,
Quyin = =130’ NO"EL.

It is easy to see that the integrability conditions for the equations (7.1) are
Qi = 0.

These equations should be satisfied for each element of the basis of 2-forms 0° A 0. Thus,
they are equivalent to

Wy¥=0 Vi<j=1,273,45
where Wj; is a 4 x 4 matrix
VV,’j I}";E].

This shows that an existence of a non-zero solution for ¥ gives a severe restriction on the
curvature Q... In particular, this implies that

(7.2) det(Wy) = det(rjE;) =0 Vi< j=1,2,3,4,5.

But

det(Wy) =~ ((r)* + () + ()

Thus, equations (7.2) are satisfied only if a// the curvature coefficients r/ are zero. In such
case Qqpin = 0, which means that the corresponding so(3) connection I is flat. This proves

Proposition 7.3. Let (M,g,t) be a 5-dimensional SO(3) geometry equipped with an
s0(3) connection T'. Then (M,g,Y) admits a covariantly constant spinor field with respect
to the corresponding spin(3) connection Ty if the connection T is flat. If this condition is
satisfied then, locally, one has a 4-parameter family of constant spinors.

8. The twistor bundle T

It is remarkable that each 5 dimensional manifold M with an SO(3) structure (g, Y)
on it defines a natural 2-sphere bundle S> — T — M. This bundle, which via analogy with
the twistor theory, we call the twistor bundle, will be defined by recalling that at every point
x of M we have a distinguished subspace (/\%)x of those 2-forms that span the irreducible
s0(3). Considered point by point, spaces (A\3), form a rank 3 vector bundle A3 M over M
with the following basis of sections:
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K'=V30'A0° + 0P A0+ 04 A O,
K2 =V30' A0+ 0> A0’ +0° A0,
K =20 A0+ 0P A0,

Here we have used the adapted coframe (6, 0%, 0%, 0%, 0 ) for (M, g, Y). It is also convenient
to note that the forms (x!,x2, x3) are related to the basis (Ei, Ey, E3) of the irreducible

. o
s0(3) = s0(5) via k! = EEH/HI NG T =1,2,3, see (2.8).

Definition 8.1. The twistor bundle over a 5-dimensional manifold M equipped with
an SO(3) structure (g, Y) is the 2-sphere bundle S?> — T 5 M defined by

(8.1) T={we\iM : +(wAr*w)=5}.

Remark 8.2. The constant 5 in the above normalisation means that w e /\g M iff
o = bixc' + byrc? + byic® where b + b3 + b2 = 1.

Consider the complexification T M of the tangent bundle of (M, g, Y) and denote by

the same letters the complexifications of the tensors g and Y. At every point x € M consider
the space

Ny={neT"M : YX(n,n, ) =0}

of vectors, which are null with respect to the complexified Y. Given any complexified vector
0 4 v e TCM we define

dir(v) = {lve TEM : L e C}.

We have

Proposition 8.3.  The space of null directions

PN, = {dir(n) : n € N,}
is a disjoint sum of two connected components
PN, =PN UPN_, PN =PN;.

Each of them is naturally diffeomorphic to the fibre T = n~'(x) = S? of the twistor bundle T.

Proof. Consider a 2-form w € T,. In the adapted coframe (01, 6%, 0%, 0%, 05) it reads
W= %w,-jé)i A6/ Tt defines a linear map

TﬁfM 35— (a)v)j = ;iV; € T;(C:M.

It is easy to see that the eigenvalues of this endomorphism are {0,+i, +2i}. The corre-
sponding +2i eigenspaces are null with respect to Y due to the following argument. The
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SO(3) invariance of the tensor Y, see (2.7), when applied to form w and a vector n belong-
ing to the +2i eigenspaces of w;; reads

0= Y(wn,n,-)+ Y(n,on,-)+ Y(n,n,w)=4iY(nn,-)+ Y(nn,w).

Now, if v belongs to any eigenspace of w;; the implication of this equality is Y(n,n,v) =0,
which means that Y(n,n,-) = 0.

Thus, the map

Ty o~ ker(w F 2i) e PNT.

is well defined. It further follows that it provides the desired diffeomorphism between T
and PN O

Now we define the 2-sphere bundle of null directions for Y to be

PN = |J PN/
xeM ’

and, as a corollary to the above proposition, we get:

Proposition 8.4. There exists a natural bundle isomorphism between the bundle PN of
null directions for Y and the twistor bundle T.

Remark 8.5. The above proposition enables one to view the twistor bundle T as an
analog of the twistor bundles of 4-dimensional (pseudo)Riemannian geometries (see e.g.
[8]). Historically, the first such bundle—Penrose’s bundle of light rays over the Minkowski
space-time [10]—is a 2-sphere bundle of null directions. It proved to be very useful in Gen-
eral Relativity Theory, especially in the case of complexified Minkowski space-time and its
curved generalisations. Motivated by the utility of Penrose’s bundle of light rays Atiyah,
Hitchin and Singer [1] considered the 2-sphere bundle of complexified null 2-planes over
a 4-dimensional Riemannian manifold. This bundle, which they identified with the bundle
of almost hermitian structures over the 4-manifold, they termed the twistor bundle. Later,
mathematicians generalised the notion of twistor bundle in many directions, so that the
relation between null directions and todays twistors is weaker and weaker. We find par-
ticularly remarkable the fact that the 5-dimensional geometries considered in the present
paper lead to twistor bundle T whose relation to null directions is very apparent.

8.1. Elements of geometry of T. Now, we consider an arbitrary SO(3) structure
(M, g, Y) equipped with an so(3) connection I' (we do not assume that I' is the character-
istic connection). These data induce interesting geometrical structures on the twistor bundle
T. The rest of this section is devoted to their brief description.

(1) The connection I" splits the tangent space TT into horizontal and vertical parts:
TT=x#7.

The fibre of the twistor bundle T is naturally embedded in the vector space (A3),. It is a
unit sphere S? with respect to the natural scalar product £ on two-forms, which explicitly
reads
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1
2(0'1,0'2) = g * (0'1 A *0'2> Voi,00 € (/\%)Y

Thus the vertical tangent space 7, at a point w € T, may be identified with the orthogonal
complement of @ with respect to . Hence

Yoy ={o€ (N3, : Z(o,w) = 0}.

(2) There is a natural Riemannian metric g on T. This metric is given by
g =2, ®n*g, where X, is the natural scalar product induced on the fibre by X.

(3) There is a natural complex structure J on the fibre T, given by
Jw(()') = [a)>0_L oSy (/\%)‘C
Here, we view the forms  and ¢ as elements of the Lie algebra so(3) = (A3),, so that |-, -]
is the Lie bracket in so(3). Obviously, J is compatible with the metric £,. Now, the metric
¥, together with orientation given by J determine the volume 2-form #, on the fibre.

(4) There is a tautological horizontal 2-form w on T.

(5) T is equipped with the horizontal vector field u given by

(1, A A o)

L

g(u) =

where * is the Hodge star operation on (T, g). The vector field « is unital: g(u,u) = 1. We
denote the g-orthogonal complement of u in # by #“.

(6) At every point x € T the metric g descends to the 4-dimensional, naturally ori-
ented, vector space . Thus, in ", the Hodge star operator is well defined. By using it
we decompose the restriction of the tautological 2-form w),, into the self-daul and anti-
self-dual parts

w,, =04 +o_.

The forms w4 define the pair of 7*g-compatible complex structures J,. on #"

[\

n'g(Jivy,v0) = mwi(vl, ), vi,vel(HY).

These two complex structures commute:
[J+, J,] — 0

8.2. Almost CR-structures on T and their integrability conditions. We recall that an
odd-dimensional real manifold P is equipped with an almost CR-structure if there exists on
P a distinguished codimension one distribution .4#" endowed with an almost complex struc-
ture # (see e.g. [9]). The +i eigenspaces of # define the split
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CRN =10 g 40D,

An almost CR-structure (4", #) on P is called an integrable CR-structure iff the following
integrability conditions are satisfied:

[/1/(1,0),%(170)] c (10

The twistor bundle T is naturally equipped with four almost CR-structures. They are
genuinely distinct i.e. not related by the conjugacy operation. One obtains these structures
by defining the distribution ./" to be 41 = u', the orthogonal complement of the unit vec-
tor u with respect to the metric g on T. Since AT = ¥~ @ #“, then the four almost com-
plex structures on ./ may be defined by

J=J®eJ, e=1lor—1.

Thus we have four natural almost CR-structures on T defined by means of four #s on A.
Among them the most interesting is

(N7, S),  where 7y =J @ J,.

This structure is the only one among (A7, #) that may be integrable. More specifically, we
have

Theorem 8.6. (1) Among the four natural almost CR-structures (N1,J @ eJy) on T,
the only one that may be integrable is (N, #,).

(2) Let (M,g,Y) be a nearly integrable SO(3) structure and let (N'r, #,) be the almost
CR-structure on T induced by the characteristic connection of (M, g, Y). This CR-structure
is integrable if and only if

K.,;=0, and Te A

Sketch of the proof. We start by choosing an SO(3) adapted coframe
(0',6%,0°,0*,0°) on U = M. We parametrise T|, by U x C, so that the tautological
2-form w reads

z4+Z i(Z—2z 1—z? —
w = 2K1+( g 2 ||2 3, zeC.
1+ |z] 1+ |z 1+ |z]

(8.2)

The horizontal-vertical splitting of the tangent bundle 7T with respect to an so(3)-
connection I' = y, E| + y,E> + y;E3 is given by the complex valued 1-form

1 —z2 1+ 22
<d2 TNt Y2+ iZV3>-

h= 2i 2

L+ 2
The horizontal subspace # < T'T is the kernel of .

The 1-form # = g(u)—the g-dual to the unit horizontal vector field u—is given by



Bobienski and Nurowski, Irreducible SO(3) geometry in dimension five 91

1= V= DE+D) p VEE (A - 1)

SN TIREE 1+ AP
VAR WA= =)
(1+1z%)? (1+121%)°

Since there exist two commuting complex structures J,. on every 4-dimensional hori-
zontal subspace ., the complexification of this subspace decomposes onto the common
eigenspaces of J. Explicitly we have

(AN =N @N,® N ® N,
where the spaces N; and N, are defined by
JiNy =iNy, JLNy = =+iN,,
and N;, N, denote their respective complex conjugates. The explicit formulae for the

g-duals 7; and 7, of the vectors n; and n, generating the subspaces N; and N, are the
following:

_ :i2\/§z(|z|2—1)01_ 2(z3 +2) 02_i(1—3z2—3zz+z3z-)03

ny
(1+]z1%)? (1+z%)? (1+ 2%
_2i(z3—2) 4_1+322—3ZZ—Z3Z" 5
(1+ %7 (1+ %7 ’

i2V/322 9! 24 -1 P 2iz(z2 - 1) 03 i(z4 +1) o4 2z(z2 + 1) 0

PTURE TUAED AR A 4P

The space A" W(TI’O) of (1,0)-forms with respect to the almost complex structure 7, is
spanned by

A0 = Span (b, 7, ).
Thus the integrability conditions for the CR-structure (A7, #,) have the form
dﬁ/\ﬁ/\il/\ﬁl Ay =0,
diz/\ﬁ/\iz/\ﬁl Aty =0,
dry /\ﬁ/\iz/\le Ay =0,
dity AlE AR ATy ATy = 0.
The expression for the other almost CR-structures are analogous.

The remaining part of proof of the theorem is skipped due to its purely computational
character. [
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Remark 8.7. We close this section with a remark that on T there exist also other
natural geometries whose integrability conditions may encode the torsion/curvature prop-
erties of SO(3) structures. Let us define the following real 1-forms:

' =Re(@), 9 =Im(n), % =Re(m), & =Im),
& =u, 9°=—-Im(h), 9 =Re(h).

They define the g-orthonormal (local) coframe on T. The 3-forms

i ~ = ~ = ~
b, :i( | ARl — iy ATD) AU,
¢2:%(~1/\ﬁg/\l~z—51/\ﬁ2/\f;),
#3 :%ﬁ/\iz/\z

are well defined on T. They may be collected to a single well defined 3-form

= ¢+ ¢+ ¢s.

This, when expressed in terms of the orthonormal coframe (9!, 9%, 83, 9% 8, 9% 97), reads

= AP —FPAIHAP + (9 AP - F A A

AP —FAIHAY +F A A,

It equips T with a G, < SO(g) structure (see [11]).
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