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1. Introduction

Recently Dunajski and Sokolov have found [1] a general solution to an interesting 7th order ODE:
10y _ 70y3*y@y®) _ 49317 y5% 4 280y3y@%y5) _ 175y@* — .

This equation can be characterized as a unique (modulo contact transformations of variables) 7th order ODE which has a
10-dimensional group of local contact symmetries [2-4]. As mentioned by Dunajski and Sokolov, this equation was known
already in 1904 by Noth. Since we cannot find any earlier reference to this equation, we will call this Noth’s equation in the
following.

In this short note, we show that Noth’s equation also turns out to be a natural geometric condition for a certain class of
generic 2-distributions in dimension five.

We say that a 2-distribution D = Span(X4, Xs), where X4 and X5 are two vector fields on a 5-dimensional manifold M, is
generic, or (2,3,5) on M, if the system of five vector fields

(X1,X2,X3,X4, X5 ) = ([X5, [Xa, X511, [Xa, [X4, X5]], [X4,X5], Xa, X5)

forms a frame on M. Locally, a generic 2-distribution D on M can be defined as the annihilator of three 1-forms (w1, w,, w3)
on M, defined in terms of a single real function f = f(x, y, p, q, ), such that fy; # 0, via

wy=dy—pdx, @ =dp-—gqdx, w3=dz—f(xy,p,q,z)dx (1.1)

Here (x, y, p, q, z) is a local coordinate system in M.
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The local geometry of (2,3,5) distributions is nontrivial: there exist generic distributions D, and D, on M which do not
admit a local diffeomorphism ¢ : M — M such that ¢, D; = D,. For example, distributions corresponding to a function
f = ¢q*and f = ¢%in (1.1) do not admit such a diffeomorphism. In such case, we say that they are locally nonequivalent.
The full set of differential invariants of (2,3,5) distributions considered modulo local diffeomorphism was given by Cartan
in [5]. For each (2,3,5) distribution he associated a Cartan connection, with values in the split real form of the exceptional Lie
algebra g, whose curvature provided the invariants. These invariants can be also understood in terms of a certain conformal
class of metrics [6], defined on M by D. This conformal class is defined as follows:

Let D be defined as the annihilator of 1-forms (w1, w;, w3), as e.g. in (1.1). We supplement them by the 1-forms w4 and
ws, in such a way that w7 A @y A w3 A wg A ws # 0. 1In case of (1.1), we take wys = dq and ws = dx. Consider the forms
(01,602,603, 04, 0°) defined on M via

o' b1 b1z b3 0 O '
92 bz] b22 b23 0 0 a)z
> =|bsi b, bz 0 O w |, (1.2)
94 bsi bay baz bas bss | | ?
9° bsi  bsy bs3 bsy bss °
with some functions by, i,j = 1,2, ...,5,0on M such that 8! A 92 A 03 A 6% A 9> # 0.1t follows that for a (2,3,5) distribution
D one can always find functions b; and 1-forms £2,,, u = 1, 2,...,7,on M such that

do' = 0" A (2921 + 24) + 0> A2, + 60> A 6*

do? = 0" A 25+ 02 A (21 +224) + 0> A 07

dO3 = 0" A 25+ 02 A 26 + 03 A (21 + 24)+ 6% N6 (1.3)
A0 =0'"A 27+ 30° N6+ 0° A 21+ 0° A 2o

d6° = 0> A 27 — 56> A 25+ 0 A 254 0° A 2.

And now, it turns out that the (3, 2)-signature conformal class [gp] represented on M by the metric
S =80 R =0'®0°+0°®0'-0°®0*-0"®0°+10°®0° (1.4)

is well defined, and that its Weyl tensor can be used to get all the basic differential invariants of the distribution D. The
simplest of these invariants, the so called Cartan’s quartic C(¢) of D, can be obtained in terms of the Weyl tensor of the
conformal class [gp] as follows [7,8]: . A
Calculate the Weyl tensor W = Wu6' ® ¢/ ® 6 ® 6' for the metric gp in the coframe (67, 62, 63, 6, 6°). (Use the metric

gp to lower the index i from the natural placement W', to Wi, Wiy = gipW’;k,). Then Cartan’s quartic for D is

C(Z) = A1+ 4A2¢ + 6As¢? + 4As0° + Asc?
with the functions A;,I = 1, 2, ..., 5, given by

Ar=Wyia, Ax = Wyig, A3 =Wyis, Ag=Wgs, As = Wsas.

The simplest equivalence class of (2,3,5) distributions corresponds to the vanishing of Cartan’s quartic, C(¢) = 0, or
equivalently, Ay = Oforalll = 1,2, ..., 5. Modulo local diffeomorphisms there is only one such distribution D. It may be
represented by (1.1) with f = ¢. This distribution has maximal group of local symmetries. This group is isomorphic to the
split real form of the exceptional group G, [5].

This provokes a problem: find all functions f = f(x,y, p, q, z), which via (1.1), define a generic distribution D, which is
locally diffeomorphically equivalent to the most symmetric one, the one with f = ¢

The general solution to this problem requires rather elaborate calculations, and it follows that the PDEs required for f
to correspond to vanishing A;s are quite ugly. However in the restricted case when the function f depends only on a single
variable q the solution is quite nice (see [6], Eq. (57)). For completeness, we recall this solution in the next section.

2. Cartan quartic for the distribution with f = f(q)

If the distribution is given as the annihilator of
wy = dy — pdx
wy = dp — qdx (2.1)
w3 = dz — f(q)dx,
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the conformal class [gp] can be represented by (1.4), with the forms (81, 82, 63, 64, 63) given by
1

0" =w — F(f/wz — w3)
2 1 /
0° = fTU wy — w3)
4f//2 _f/f(3) f(?:)
3 _
0° = 4f//2 w2 + 4f//2 @3
2
(7O — 4f"f®)
= T(f/wz—ah)-l-éw—ws
0° = —ws,
where
w4 = dq, w5 = dx.

With this choice of 8's the Cartan quartic is

ds 4
C =
()= 15t

with
as = 10f©)f"> — 80f*fOIf® _ 5172 4 336 fO12F® _ 204",

We see, in particular, that the only nonvanishing component of Cartan’s quartic is As, and that the quartic has a quadruple
root, which makes it of type IV, in the terminology of [9].
We have the following corollary.

Corollary 2.1. Necessary and sufficient conditions for the distribution

D = Span(dq, d + pdy + q3, + f(q)3;)
to have split real form of the exceptional Lie group G, as a group of its local symmetries are

f"#0 (2.2)
and

10f©f"% — 8of"2ffS) _ 51f72f? 4 336f7f3?F) _ 204r3)* — . (2.3)

Thus apart from the genericity condition (2.2) the function f must satisfy quite a complicated 6th order ODE (2.3).
Strangely enough, this ODE is closely related to the Noth equation, studied by Dunajski and Sokolov, and mentioned in
the Section 1. We have the following proposition.

Proposition 2.2. Suppose that a real, sufficiently many times differentiable, function f = f(q) satisfies (2.3). Let ® = ©(xs) be
another real, sufficiently many times differentiable, function of a real variable xs, whose second and third derivatives with respect
to x5 are related to f via an equation:

f(—0) +x,0% — " =0. (2.4)
Assume in addition that @ = 0. Then the function ® = ©(xs) satisfies the following 8th order ODE:
1009°6® — 700’007 — 490W?0®” 1 2800We*® — 17505 = 0.

Proof. The proof consists in a successive differentiation of the equation f(—©®)) = —xs @) 4+ " using the chain rule. We
have —OWf = —00) — x;0® + ©O) je.f = xs. Then, in the same way:
1 d
(— _— flp=1) —
fP = 0@ dx, for p=2,3,...,
2

ief! = _ﬁvfw) = — (3)(:5))3 O = (?(T)l — 38235 , etc. Inserting these derivatives of f into the definition of a5 we get

as =

1009’06 — 700W*@G)e7 — 490W*@©° + 2800WEE*E®) — 1750G)*
oW '
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Thus if the equation as = O for f is satisfied, i.e. if (2.3) holds, then the function ® = ®(xs) satisfies the 8th order ODE from
the proposition, as claimed. O

Magically, Eq. (2.3), when transformed via (2.4) into the 8th order ODE from Proposition 2.2 and then reduced by one
order viay = ®’, becomes the 7th order ODE of Noth. The magic is in a peculiar form of the transformation (2.4) relating f
and ©@. The geometric reason for this transformation is explained in the next section.

3. Distribution with f = f(q) as a twistor distribution

A particular class of (2,3,5) distributions is associated with 4-dimensional split signature metrics. This is carefully
explained in [7], see Section 2, for every split signature metric. Here we concentrate on a special case, when the metric
is given in terms of a one real function of four variables, called Plebariski second heavenly function.

Let ® = ©(x,y,z, w) be a real, sufficiently smooth, function of four real variables (x, y, z, w) which satisfies the
differential equation called second heavenly equation of Plebariski:

Oux + Oy + OOy — B2, = 0. (3.1)
Such a function enables us to define a 4-metric g, on a manifold ¢/ parametrized by (x, y, z, w), via

g = dwdx + dzdy — Oxdz?® — Oyydw? + 20, dwdz. (3.2)
This is Plebariski’s second heavenly metric. It can be written in the form

g=1t'*+c'+Pr+* @,

where
t! = dx — Oyydw + Oydz
2 =dw
3 = dy — Ondz + Oydw
4 =dz.

Since g has split signature on ¢/, there is a natural circle bundle S! — T(&/) — ¢ over ¢/ [7]. In this bundle, which we call
as the circle twistor bundle for (4, g), every point in the fiber over x € ¢/ is a certain real totally null selfdual 2-plane at x.
There is an entire circle of such planes at x. The bundle T(t/) S uis naturally equipped with a 2-dimensional distribution
D. Its plane D, at a point p € T(i/), which as we know can be identified with a certain real totally null 2-plane N(p) at
7(p), is the tautological horizontal lift of N(p) from 7 (p) to p. Horizontality in T(i/) is induced by the Levi-Civita connection
of g from u. (See [7], Section 2, for details.) In case of the Plebariski metric (3.2), given in terms of the heavenly function
® = O(x,y, z, w), the circle twistor bundle can be locally parametrized by (x, y, z, w, &) and the twistor distribution can be
defined as the annihilator of the 1-forms

@y = dE — ((ax n Say)36~)>dz
@y = dw + £dz
@y = dy — £dx — ((ax + an)z@)dz.

A little tweak (see [9], Thm 3.3.5), which we have learned from Ian Anderson [10], and which he attributes to Goursat [11]
(see also [12], p. 7), consists in introducing new coordinates (x1, X2, X3, X4, X5) on T(U4):

X; =2, X,=w, x3=-§,  xg=y—§&Xx, X=X, (3.3)
and enables us to conclude that the twistor distribution for the Plebariski metric (3.2) can equivalently be defined by the
annihilator of the forms

w1 = dXz — X3dX1

wy = dx3 + Oss5dx; (34)

w3 = dx4 — (Os55 — X5O555)dX;.

2o
Bxg !
Now we can demystify transformation (2.4): Consider the case when the function @ is a function of x only, ® = ©(xs).

Note that in this case the second heavenly equation (3.1) is automatically satisfied. Then, comparing the formulae (2.1) and
(3.4), we see that the relation between the function f in (2.1) and the function ® in (3.4) is

Here @55 = ";T(Z) Oss55 = and because O is originally function of only four variables (x, y, z, w), we have ©3+x50,4 = 0.
X5

q = —Osss, f(q) = Os5 — X5Os55.
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This inevitably leads to
f(=0Os55) = Os5 — X5Os55,

which is the relation (2.4).

For an explicit derivation of Noth’s ODE in terms of the Plebariski second heavenly metric, we find explicit formulae for
the conformal class [gp] associated with the distribution D defined by (3.4) with ® = ©(xs). Since for this the function &
is a function of one variable only, we will denote the derivatives w.r.t. x5 by primes, double primes, etc. First we extend the
forms (3.4) by

w4 = dX], w5 = dX5 (35)

to a coframe on T(2/), and then find a suitable representatives of the forms (61, 2, 63, 6%, 8°) defining, via (1.4), the conformal
class [gp]. These forms can be taken to be

9] = w1 — @(4)()(5(1)2 — (,()3)
6% = @(4)()(5(1)2 — w3)
g3 = 20 +x5@(5)w2 + o w3
40@ 46@
"= 5@(5)24(:@4(1(4)@(6) (Xsw3 — w3) + ws — OWaws
95 = (")(4)605,

with
w1 = dX2 — X3dX]
wy = dX3 + (")(3)dX1
w3 = dX4 — (@// — X5@<3))dX1
Wy = dX]
w5 = dX5.
It is straightforward now to calculate Cartan’s quartic for g with these forms 6'. It reads
ast?
Clg)y=— ,
(€)= ~1000®
where «s is given by

as = 100W°0® — 700W*0®e7 — 4004’67 4 2800WEG 06 _ 175",

Thus under the condition ®® £ 0, Cartan’s quartic identically vanishes if and only if y = @’ satisfies Noth’s ODE.
We have just proved the following theorem.

Theorem 3.1. The twistor distribution D on the circle twistor bundle S' — T(M) — M of the Plebariski second heavenly manifold
(M, g) with the metric

g = dwdx + dzdy — ©®"dz?

and the second heavenly function ® = ©(x) such that ©*® = 0, has the split real form of the exceptional group G, as a group of
its local symmetries if and only if the heavenly function © satisfies the ODE:

1009°0® — 700’007 — 490’ 9©®? 1 28000’ 0©® — 1750 = 0.

4. G, flatness for D of Plebanski metrics implies Noth’s equation

The aim of this section' is to argue that G, flatness of the twistor distribution associated with Plebariski second heavenly
manifolds (M, g) implies Noth’s equation for the heavenly function ®. Since the Cartan quartic for the general case looks
horrible and is impossible to be displayed here, we present the details of the calculation only in the restricted case when the
heavenly function @ is independent of w and z. We will comment on the general case at the end of this section.

1 The first version of this paper appeared on arXiv.org in 2013 without this section. Since then we have expanded our result to general Plebanski metrics.
Also, the results of our arXiv.org version of the paper were used by M. Randal in [13,14].
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If we assume that © is independent of w and z, we have ®,, = 0 and ®, = 0, which degenerates the second heavenly
equation into the form:

OxOyy — OF =0, (4.1)

which is the homogeneous Monge-Ampere equation. This is a special case which is convenient to study using the same
change of coordinates as before in (3.3), because in them the differential equation retains its form:

OuOs5 — OF = 0. (4.2)

Also, the conditions ®,, = ®, = @; = 0 in the original coordinates imply, and are equivalent to, that the function ® in the
new coordinates satisfies

1 =0, =03+ x50, =0.
It is convenient to rewrite the Monge-Ampere equation (4.2) into equivalent form,

Os5 = HOs5

4.3
O44 = H*Oss, (43)

which is a system of differential equations for ® and a certain differentiable function H. Then applying these relations, we
can compute the exterior derivatives of ®, H and their partials as follows:
dO® = —O4x5dx3 + O4dxs + Osdxs
dOs = (—O4 — HOs5%5)dx3 + HOs5dx4 + Os5dX5
dOy = —H?Ossx5dx3 + H>Os5dx4 + HOssdxs
dOss = —(2HOs5 + H5sOssx5 + HOs55%5)dx3 + (Hs Os5 + HOs55)dx4 + Oss50Xs
d®ss5 = (—3H5Os5 — 3HOs55 — Hs5Os5%5 — 2H5 Os55%5 — HOs555X5)dX3
+ (Hs50s5 + 2Hs Os55 + HOs555)dx4 + Oss55dxs
dOss55 = (—4Hs50s5 — 8HsOs55 — 4H Os555 — Hss5Os5%5
— 3Hs550s555X5 — 3Hs5Os555X%5 — HOs5555X5)dx3
+ (Hss550s5 + 3Hs55O555 + 3H5 Os555 + HOs5555)dX4 + Os5555dX5

dOss555 = (—5H555055 — 15H550555 — 15H5@s555 — SHOs5555 — Hss55 @555
— 4H555@s55X%5 — 6H55@s555X5 — 4H5Os5555%5 — HOs55555X5 )dX3
+ (Hss5550s5 + 4Hs55Os55 + 6Hs5Os555 + 4Hs Oss555 + HOs55555 )dX4
+ Osss555dX5
dOss5555 = (—6Hs555 055 — 24H555 0555 — 36Hs5 05555 — 24H5 Os5555 — 6H Os55555
— Hss5550355X5 — SHs555@555X5 — 10Hs55 @5555X5 — 10H55 Os55555X5
— 5H5Os55555%5 — HOs555555X5)dX3
+ (Hs5555@s55 + 5Hs555 @555 + 10Hs555 @5555 4+ 10Hs55O55555
+ 5HsOs55555 + HOs555555)dX4 + Os555555dXs5

dH = H(H — Hsxs)dxs + HHsdx4 + Hsdxs
dHs = (HHs — H2xs — HHssxs)dx3 + (HZ + HHss )dx4 + Hssdxs
dHss = —(3HsHss + HHsss )x5dx3 + (3HsHss + HHsss )dxs + Hsssdxs
dHsss = (—3HsHss — HHsss — 3HasXs — 4HsHsssXs — HHssssXs )dxs
+ (3H25 + 4HsHsss + HHssss)dXs + HssssdXs
dHssss = (—6HZ5 — 8HsHsss — 2HHsss5 — 10Hss5HsssXs — 5HsHssssXs
— HHss555%5)dx3
+ (10Hs5Hss5 + 5HsHssss + HHsssss )dXa + HsssssdXs.

Now, we can calculate the components A;, i = 1, 2, ..., 5 of the Cartan quartic for the twistor distribution associated
with this Plebariski function ®. We take the coframe given by (3.4) and (3.5), and find a new coframe (1.2) such that (1.3) is
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satisfied. It requires long steps of calculations to find such a coframe. The coframe we eventually found is shown below:

Osss55 0 0 0 0

) 0 —xs 1 0 0
0

0 1 0 0 0

—5@Z555 + 35555 Os55555

3002

U W N =

0 —Ossss
5555

bsq bs, 0 1 2HOss

€ & &8 & ¢’

where

by = (3Hss55 025 Oss55 + 27Hss55 05505555555 + 45Hs5 0255 Oss55

15 Osss
+ 18Hs5055 0% 55 + 45Hs Os55 %55 — 5Hss5 02 Oss555
— 35H55055 @555 Os5555 — 40Hs Q25 Os5555 + 7Hs Os5Os555 Dsss55
+ 5HOs55Os555 Os5555 + 5HOs55 555 — 3HOs55 05555 Ds55555)
1005555 Os5555 + 502 555X5 — 35555 Ds55555X5

3003555

bsyp =

bsy = (—5HZ 08 — 70Hs5Hs55 02 Oss5 — 245H% O 02

- 3005555
— 80Hs5Hs55 025 ©2;5 — 560HsHs5 Q550255 — 320H2 Os s + 30HZ O25 Osss5
+ 20HsHs55 02 Oss55 — 6HHs555 03 Oss55 + 260Hs Hss O Os55Os555

— 44HHs55 ©2 555 Os555 + 280H2 O55 0255 Os555 — 20HHs5 055 0255 Os555
+ 80HH5 O35 Oss55 — 35HZ 02,025 — 36HHs502; 02455

— 140HH; @55 @555 @255 — 20H>O255 02555 + 30H? O55 02555

+ 10HHs55 025 Oss555 + 70HHs5 Q% Os55 55555 + SOHH5 Os5 O Os5555

— 14HH5 @2, Os555 55555 — 10H? Os5 555 5555 55555 — SH2O2 O

+ 3H? ©2; O5555 Os55555)

bs; = (—Hs5502 — 7THs5055Os55 — 8Hs @255 + 5Hs Os5 Osss5

367555
~+ 4H Os555O5555 + HO55Os55555).

Even in this restricted situation the computed Cartan’s matrix coefficients A;, i = 1, 2, 3, 4, 5, are too complicated to list
them all here. However, surprisingly we found that

As (175055555 — 28005555 O2s555 Oss5555 + 4903555 Odssss5

~ 100055554
+ 7002555 Os5555 Os555555 — 1002555 Os5555555 ).

For G, flatness of the twistor distribution we need that all the A;,i = 1, 2, 3, 4, 5 must vanish. The form of the computed As
shows that Noth’s equation

175035555 — 28005555 025555 Os55555 -+ 4902555 Oss5555+ s
7003555 Oss555Dss55555 — 1003555 Dssssssss = 0,

for @5 is a necessary condition. Whether this condition is sufficient is an open question.
Interestingly, there are three well-known solutions of the Monge-Ampere equations (4.1):

(1) O =¢(Crx+ Cy) + Gx + Gy + G5
(2) @ =(Cix+Cy)p (£) + Csx + Cay + G5

(3) © = (Cix+ oy + ) (E43% ) 1 Gx+ Gy + Go

Rewriting these solutions in terms of the variables x3, x4 and x5 using x = X5, y = X4 — X3X5, we impose Noth'’s equation
(4.4) on such ®s, which in turn impose conditions on the free function ¢ appearing in (1)-(3). The results are as follows:

ad (1) Inthis case all the A;s,i = 1, 2, 3, 4, 5, vanish provided that the function ¢, satisfies Noth’s ODE for the variable
t = Cixs + Co(x4 — x3xs). Thus in this case Noth’s ODE is sufficient to guarantee the G, flatness of the twistor
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distribution. However, by a simple change of coordinates, one can convince himself that the heavenly metric
corresponding to @ = ¢(C1x + Coy) + C3x + C4y + Cs is the same as in Theorem 3.1.

ad (2)-(3) Inthese cases the equations A; = 0,i = 1, 2, 3, 4, 5, cannot be satisfied by function ¢, which obey the genericity
condition ®sss5 #~ 0.

We actually have computed A;,i = 1, 2, ..., 5 for the Plebanski metric satisfying the heavenly equations with heavenly
function ® depending on all the variables (x, y, z, w). This was done with the help of Mathematica symbolic calculation
program. It follows that in that, fully general case, the Noth equation (4.4) is still necessary for the heavenly function 6 to
correspond to G, flat twistor distribution. While this could be checked by brute force calculation, we conjecture that there
should be a more geometrical argument for this, which we leave as an open question. Also it would be interesting to know
if there are heavenly functions satisfying both (3.1) and (4.4) and for which the corresponding heavenly metric (3.2) is not
equivalent to the one from Theorem 3.1.
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