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EINSTEIN'S EQUATIONS AND THE EMBEDDING OF3-DIMENSIONAL CR MANIFOLDSC. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIAbstra
t. We prove several theorems 
on
erning the 
onne
tion between thelo
al CR embeddability of 3-dimensional CR manifolds, and the existen
e ofalgebrai
ally spe
ial Maxwell and gravitational �elds. We redu
e the Einsteinequations for spa
etimes asso
iated with su
h �elds to a system of CR invariantequations on a 3-dimensional CR manifold de�ned by the �elds. Using theredu
ed Einstein equations we 
onstru
t two independent CR fun
tions for the
orresponding CR manifold. We also point out that the Einstein equations,imposed on spa
etimes asso
iated with a 3-dimensional CR manifold, implythat the spa
etime metri
, after an appropriate res
aling, be
omes well de�nedon a 
ir
le bundle over the CR manifold. The 
ir
le bundle itself emerges as a
onsequen
e of Einstein's equations.MSC 
lassi�
ation: 32V10, 32V30, 83C15, 83C20
Contents1. Introdu
tion 11.1. 3-dimensional CR stru
tures 11.2. The dual formulation 31.3. Lifting CR manifolds to Lorentzian spa
etimes 41.4. From 
ongruen
es of shearfree and null geodesi
s to CR manifolds 62. Lo
al CR embeddability theorems 73. The Einstein equations and CR fun
tions 93.1. The �rst CR fun
tion 93.2. Redu
tion of the Einstein equations to the CR manifold 173.3. The se
ond CR fun
tion 24Referen
es 341. Introdu
tion1.1. 3-dimensional CR stru
tures. Let M be an open set in R3, with real 
o-ordinates (x, y, z). We 
onsider a 
omplex ve
tor �eld(1.1) Z = a
∂

∂x
+ b

∂

∂y
+ c

∂

∂z
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2 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIHere the 
oe�
ients
a = a(x, y, z), b = b(x, y, z), c = c(x, y, z)are 
omplex valued fun
tions on M . We assume that that the ve
tor �eld Z and its
omplex 
onjugate Z̄ are linearly independent at ea
h point of M . The ve
tor �eld

Z spans a 1-dimensional 
omplex distribution T1,0 in CTM . By de�nition the pair
(M, T1,0) is an abstra
t 3-dimensional CR manifold. The CR stru
ture (M, T1,0)on M is said to be of 
lass Ck i� the 
oe�
ients a = a(x, y, z), b = b(x, y, z) and
c = c(x, y, z) are of di�erentiability 
lass Ck.If the ve
tor �elds Z, Z̄ and [Z, Z̄] are linearly independent at ea
h point of
M then the CR stru
ture (M, T1,0) is 
alled stri
tly pseudo
onvex. When [Z, Z̄] islinearly dependent on Z and Z̄ at a point p, the Levi form of the stru
ture (M, T1,0)vanishes at p.Natural examples of 3-dimensional CR manifolds are hypersurfa
es M of onereal 
odimension embedded in C2. They a
quire a CR stru
ture T1,0M from theambient spa
e by T1,0M = {X−iJX | X ∈ TM∩J(TM)}, where J is the standard
omplex stru
ture on C2.Given an abstra
t CR manifold (M, T1,0) one asks if there exists a lo
al di�eo-morphism

ι : M → ι(M) ⊂ C
2su
h that

ι∗T
1,0 = T1,0ι(M).Su
h a di�eomorphism is 
alled a lo
al CR embedding of (M, T1,0) into C2.The question of whether or not a given 3-dimensional CR manifold (M, T1,0)
an be lo
ally CR embedded as a hypersurfa
e in C2 is related to the problem ofthe lo
al existen
e of solutions to the linear partial di�erential equation(1.2) Z̄ζ = 0,where

Z̄ = ā
∂

∂x
+ b̄

∂

∂y
+ c̄

∂

∂zis a se
tion of the bundle T̄1,0 = T0,1. The solution ζ = ζ(x, y, z) is 
alled a CRfun
tion. Of 
ourse any holomorphi
 fun
tion h = h(ζ) of a CR fun
tion is a CRfun
tion. When speaking about di�erent CR fun
tions, we will mean only thosewhi
h are not fun
tionally related to ea
h other by a holomorphi
 fun
tion in thissense.If the CR stru
ture (M, T1,0) on M is real analyti
, then by the Cau
hy-Kowalewskatheorem, equation (1.2) lo
ally admits two fun
tionally independent CR fun
tions
ζ = ζ(x, y, z), η = η(x, y, z)su
h that

dζ ∧ dη 6= 0.Then the CR manifold is lo
ally CR embeddable with the lo
al CR embeddingbeing real analyti
, and given by [1, 21℄
ι : M ∋ (x, y, z) 7→ (ζ, η) = (ζ(x, y, z), η(x, y, z)) ∈ C

2.The situation in whi
h (1.2) has two fun
tionally independent solutions may alsohappen when the CR stru
ture on M is su�
iently smooth but not real analyti
.



EINSTEIN'S EQUATIONS AND THE EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS 3The important thing is that the requirement that (1.2) lo
ally admits two fun
tion-ally independent CR fun
tions is equivalent to the lo
al embeddability of M . Thereal analyti
ity is not needed for this equivalen
e to hold.It turns out that if one abandons the assumption about the real analyti
ity of
(M, T1,0), e.g. if one assumes that (M, T1,0) is only of 
lass C∞, then the equation(1.2) may have no other lo
al solutions than the trivial ones ζ = const. Thisremarkable result is due to Louis Nirenberg [23, 24℄, where he gave the �rst exampleof a Z having C∞ 
oe�
ients su
h that (1.2) has only 
onstant lo
al solutions.As a 
onsequen
e su
h abstra
t CR manifolds are not lo
ally CR embeddable ashypersurfa
es in C2.There are a few situations in whi
h a C∞ 3-dimensional abstra
t CR manifoldis lo
ally embeddable. Among them are the Levi �at stru
tures (those whoseLevi form vanishes identi
ally in a neighborhood), as well as those whi
h admita lo
al symmetry (i.e. a lo
al real ve
tor �eld X su
h that [X, Z] ∧ Z = 0, in aneighborhood). It is also possible to �nd C∞ 3-dimensional abstra
t CR stru
tureson M whi
h have one CR fun
tion ζ, with dζ 6= 0, but su
h that any other lo
al CRfun
tion is fun
tionally dependent on ζ; hen
e su
h stru
tures are also not lo
allyCR embeddable.However the surprising and remarkable thing about C∞ 3-dimensional CR stru
-tures is that the generi
 situation is like the example of Nirenberg : The 
omplexve
tor �elds Z, having only lo
ally 
onstant solutions, are dense (in the C∞ topol-ogy). This is a 
onsequen
e of a Baire 
ategory argument.Given a stri
tly pseudo
onvex stru
ture (M, T1,0) on M whi
h is lo
ally CRembeddable, an arbitrary small randomly 
hosen C∞ perturbation of it will nolonger be lo
ally CR embeddable, see [12℄.Consequently, for smooth 3-dimensional CR stru
tures, those whi
h are lo
allyembeddable form a thin set (in the sense of Baire 
ategory) in the spa
e of allsu
h stru
tures. So we have the question: What sort of 
onditions (aside from realanalyti
ity) 
an be imposed on a su�
iently smooth 3-dimensional CR stru
turein order to guarantee lo
al CR embedding? In this paper, among other things, weshow how imposing the va
uum Einstein equations on an asso
iated spa
e time 
ansingle out elements of this thin set.1.2. The dual formulation. Sin
e we have Z∧Z̄ 6= 0 we 
an supplement these two
omplex ve
tor �elds by one real ve
tor �eld Z0 on M so that the triple (Z0, Z, Z̄)
onstitutes a basis for 
omplex ve
tor �elds on M . Asso
iated to the basis (Z0, Z, Z̄)there is its dual basis of 1-forms (λ, µ, µ̄) on M satisfying

Z0−| λ = 1, Z−| µ = 1, Z̄−| µ̄ = 1,all other 
ontra
tions being identi
ally equal to zero. Note that the form λ is realvalued.The forms (λ, µ, µ̄) are determined by the CR stru
ture (M, T1,0) up to thefollowing transformations:(1.3) λ 7→ λ′ = fλ, µ 7→ µ′ = hµ + pλ, µ̄ 7→ µ̄′ = h̄µ̄ + p̄λ,where f 6= 0 (real) and h 6= 0, p (
omplex) are fun
tions on M .It is obvious that the di�erential equation
dζ ∧ λ ∧ µ = 0



4 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIfor a 
omplex valued fun
tion ζ on M is invariant under the transformations (1.3).It is the dual version of the tangential CR equation (1.2) and its solutions are justCR fun
tions.The Levi form of a 3-dimensional CR stru
ture (M, T1,0) at a point is a nonva-nishing multiple of the value of the real valued fun
tion ω de�ned by(1.4) λ′ ∧ dλ′ = iωλ′ ∧ µ′ ∧ µ̄′.Thus the CR stru
ture is stri
tly pseudo
onvex i�
λ ∧ dλ 6= 0on M . (Note that this statement is independent of the 
hoi
e of the representative

λ′ in (1.3).)This enables us to formulate an equivalent de�nition of a 3-dimensional CRstru
ture, the original one, that was a
tually used by Elie Cartan [4℄:De�nition 1.1. A 3-dimensional CR stru
ture is a 3-dimensional real manifold Mequipped with an equivalen
e 
lass of pairs of 1-forms (λ, µ) su
h that:
• λ is real valued, µ is 
omplex valued
• λ ∧ µ ∧ µ̄ 6= 0 at ea
h point of M
• two pairs (λ, µ) and (λ′, µ′) are in the same 
lass i� there exists fun
tions

f , h, p su
h that (1.3) holds.We will use this de�nition in the following and, rather than (M, T(1,0)), we willwrite (M, (λ, µ)) to stress that a CR stru
ture is asso
iated with a 
lass [(λ, µ)].1.3. Lifting CR manifolds to Lorentzian spa
etimes. Three dimensional CRstru
tures are very 
losely related to the so 
alled 
ongruen
es1 of null geodesi
swithout shear in a spa
etime [33, 41, 48℄. These are well known in general relativitytheory and proved to be very useful in the pro
ess of 
onstru
ting nontrivial solu-tions to the va
uum Einstein equations in 4-dimensional manifolds equipped withLorentzian metri
s.Given a 3-dimensional CR manifold M , we 
onsider a representative (λ, µ) of the
lass [(λ, µ)] de�ning the CR stru
ture on it. On the Cartesian produ
tM = M×Rwe have a distinguished �eld of dire
tions k, whi
h is tangent to the R fa
tor in
M. The four manifold M = M × R naturally proje
ts onto M with a proje
tion
π : M → M and π∗(k) = 0. We 
hoose a 
oordinate r along the R fa
tor, so thatthat k may be represented by k = ∂r. Omitting the pullba
ks π∗ when expressingthe forms on M, i.e. for example, denoting by µ the pullba
k π∗(µ), we equip Mwith a 
lass of metri
s [41, 42, 52℄(1.5) g = 2P 2 [ µµ̄ + λ(dr + Wµ + W̄ µ̄ + Hλ) ],where P 6= 0, H (real) and W (
omplex) are arbitrary fun
tions on M; the expres-sions like e.g. µµ̄ denote the symmetrized tensor produ
t: µµ̄ = 1

2 (µ ⊗ µ̄ + µ̄ ⊗ µ).We note that that the 
oordinate r has no geometri
al meaning; it 
an be repla
edby any other fun
tion r′ = r′(r, x, y, z) su
h that ∂r′/∂r 6= 0.Now we 
onsider the entire 
lass of metri
s (1.5), whi
h depends on arbitraryfun
tions P, W, H and the 
lass of 
oordinates r′. We 
laim that this 
lass isnaturally atta
hed to the CR stru
ture (M, (λ, µ)). To see this, start with another1In mathemati
al language the physi
ists' term `
ongruen
e' means: `foliation of a manifoldby 
urves'; in this parti
ular situation it means: `foliation by means of a three parameter familyof null and shearfree geodesi
s'.
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lass [(λ, µ)]). The new forms (λ′, µ′) are related to theprevious 
hoi
e (λ, µ) via (1.3). Now, maintaining the same P, W, H and r, write ametri
 g′ using formula (1.5) with (λ, µ, µ̄) repla
ed by (λ′, µ′, µ̄′). Using de�nitions(1.3) the metri
 g′ 
an be reexpressed in terms of the original forms (λ, µ, µ̄). A short
al
ulation shows that after this, g′ has again form (1.5) with merely the fun
tions
P, W, H and the 
oordinate r being 
hanged. Thus with ea
h 3-dimensional CRstru
ture (M, (λ, µ)) there is an asso
iated 4-dimensional manifold M = M × Rwith a 
lass of Lorentzian metri
s g as in (1.5). Now we 
an 
ompare g and g′. Itfollows that there exists a nonvanishing real fun
tion α and a 1-form ϕ on M su
hthat(1.6) g′ = α2g + 2g(k)ϕ.Here g(k) is the 1-form onM su
h that X−| g(k) = g(k, X). The 
lass of Lorentzian4-dimensional metri
s [g] with the equivalen
e relation g ∼ g′ i� g and g′ are relatedby (1.5), (1.6) is 
alled the 
lass of metri
s adapted to the CR stru
ture (M, (λ, µ)).In ea
h of the metri
s from this 
lass the lines tangent to the integral 
urves ofthe ve
tor �eld k = ∂r, are null. They have the further property of satisfying(1.7) Lkg = Θg + 2g(k)ϑ,with a real fun
tion Θ, the expansion, and a real 1-form ϑ on M. This equationin parti
ular means that the integral 
urves of k are geodesi
s. It also implies thatthe 
urves are shearfree, meaning that they preserve the natural 
onformal metri
de�ned by the 
lass [g] in the quotient spa
e k⊥/k.In the traditional language of physi
sts M = M ×R is equipped with a 
ongru-en
e of null and shearfree geodesi
s tangent to k. Physi
ists say that this 
ongruen
eis diverging at a point of M i� the expansion Θ in (1.7) is nonvanishing at thispoint.The leaf spa
e of integral 
urves of the 
ongruen
e generated by k 
an be iden-ti�ed with M . The property of the 
ongruen
e of being null geodesi
 and shearfreemeans pre
isely that the 3-dimensional leaf spa
e M of its integral 
urves has anabstra
t CR stru
ture.The above des
ribed pro
edure of asso
iating a metri
 g from [g], to a 3-dimensionalCR stru
ture (M, (λ, µ)), will be 
alled a lift of the CR stru
ture to a spa
etime[40, 41, 52℄.Given a lift of a CR stru
ture (M, (λ, µ)) to a spa
etime, we now brie�y de�netwo 
on
epts, whi
h are important for the formulation of our main results. Moredetailed de�nitions are to be found in Se
tion 3.1 and Se
tion 3.3.1, respe
tively.The �rst notion (see the end of Se
tion 3.1) is de�ned as follows:Having 
hosen a representative (λ, µ) of [(λ, µ)] we pull it ba
k to M = R × Mby π∗. Then we observe that the 2-dimensional 
omplex distribution N , 
onsistingof 
omplex ve
tor �elds Y on M satisfying Y −| π∗(λ ∧ µ) = 0 is well de�ned. Thisis be
ause the 2-forms π∗(λ ∧ µ) and π∗(λ′ ∧ µ′) 
orresponding to di�erent repre-sentatives of the 
lass [(λ, µ)] merely di�er by the s
ale of a nonvanishing 
omplexfun
tion. The distribution N is 
alled the distribution of α planes asso
iated withthe CR stru
ture (M, (λ, µ)) in the lifted spa
etime M.The se
ond notion we de�ne here (again skipping the details to Se
tion 3.3.1,whi
h in
ludes a beatiful example due to Ivor Robinson) is a null Maxwell �eldaligned with the 
ongruen
e. Sometimes we will use the term `a null aligned Maxwell�eld ', for short. Suppose that in the 
lass of forms [(λ, µ)] there is a pair (λ′, µ′)



6 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIwith the property that d(π∗(λ′ ∧ µ′)) = 0. Then we say that the CR stru
ture
(M, (λ, µ)) admits a null aligned Maxwell �eld F = π∗(λ′ ∧ µ′).1.4. From 
ongruen
es of shearfree and null geodesi
s to CR manifolds.The fa
t that any 3-dimensional CR manifold (M, (λ, µ)) lo
ally de�nes a 
lass ofLorentzian metri
s (1.5) on M × R in whi
h the lines tangent to the R fa
tor arenull and shearfree geodesi
s has also its 
onverse. This is given by the followingtheorem [33, 40, 41, 45, 48, 52℄.Theorem 1.2. Let (M, g) be a 4-dimensional manifold equipped with a Lorentzianmetri
. Suppose that M is foliated by a 3-parameter family of 
urves whi
h are nullgeodesi
s without shear. Then M is lo
ally a 
artesian produ
t M = M×R with Mbeing a 3-dimensional CR manifold. The CR stru
ture (M, (λ, µ)) on M is uniquelydetermined by (M, g) and the shearfree 
ongruen
e on M. If r is a real 
oordinatesu
h that k = ∂r is tangent to the 
ongruen
e, then the Lorentzian metri
 g on M
an be lo
ally represented by (1.5) with some spe
i�
 fun
tions P, W, H dependingon the 
hoi
e of the representatives (λ, µ) of the 
orresponding CR stru
ture.It should be noti
ed that 4-dimensional Lorentzian metri
s of the form (1.5) havebeen studied by physi
ists sin
e the late 1950s. In parti
ular physi
ists found a lotof examples of su
h metri
s whi
h satisfy Einstein's equations Ric(g) = Λg. Amongthem is the S
hwarzs
hild solution (the 
orresponding CR manifold is Levi �at),the Taub-NUT solution (the 
orresponding CR manifold is almost everywhere CRequivalent to the Heisenberg group CR stru
ture), the Kerr rotating bla
k hole so-lution (the 
orresponding CR manifold is almost everywhere stri
tly pseudo
onvexand has only a 2-dimensional group of lo
al CR symmetries; so it is not CR equiv-alent to the Heisenberg group CR stru
ture), and many others (see [13℄, se
tionsdevoted to algebrai
ally spe
ial solutions, for huge families of Einstein exampleswith various CR stru
tures). Physi
ists were looking for the Einstein solutionsamong the metri
s (1.5) be
ause su
h metri
s were believed to 
orrespond to gravi-tational radiation. Although the understanding of the mathemati
al fa
t that thereis a CR stru
ture behind the s
enes 
ame mu
h later, physi
ists were from the verybegining aware that radiative Maxwell or Einstein �elds impose a sort of a 
omplexstru
ture in the underlying spa
etimes. The notion of a CR stru
ture was impli
itin su
h papers as [5, 7, 14, 25, 31, 32, 36, 37, 39, 38, 43, 44, 45, 46, 50, 51℄, but physi-
ists did not manage to abstra
t the 
on
ept for about twenty years [46, 48, 52℄.Ironi
ally, at about the same time when the systemati
 work on gravitational ra-diation started, the notion of a CR stru
ture was being revived in mathemati
s,due to the dis
overy of the nonsolvability of equations of Hans Lewy type [22℄.Mathemati
ians were however unaware of the developement in general relativitytheory and also did not make the 
onne
tion. We hope that this paper �lls the gapbetween these two areas of mathemati
s and physi
s.Our main motivation is the paper [19℄ and the resear
h on relations between 3-dimensional CR stru
tures and algebrai
ally spe
ial gravitational �elds undertakenby the Warsaw Relativity Group in the 1980s [15, 16, 17, 18, 20, 26, 29, 27, 41, 40,42, 48, 49, 52, 53℄. We are also inspired and impressed by the works of relativistson gravitational radiation; in parti
ular by the 
ontributions of Andrzej Trautman,Ivor Robinson, Roger Penrose, Ray Sa
hs, Roy Kerr, Ted Newman and Ja
ek Tafel.



EINSTEIN'S EQUATIONS AND THE EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS 72. Lo
al CR embeddability theoremsIn the sequel we assume our CR stru
tures have a su�
iently high �nite orderof di�erentiability, in parti
ular they need not be real analyti
. All 
onsiderationsare lo
al on M .Theorem 2.1. Let M be a su�
iently smooth 3-dimensional CR manifold. If it hasa lift to a spa
etime whose 
ongruen
e of null and shearfree geodesi
s is divergingover the points where the Levi form vanishes, and whose 
omplexi�ed Ri

i tensorvanishes on the distribution of α planes asso
iated with the 
ongruen
e, then Madmits a CR fun
tion ζ su
h that dζ ∧ dζ̄ is nowhere zero.In parti
ular Theorem 2.1 applies to the stri
tly pseudo
onvex 
ase. Thus it rulesout the generi
 situation, like the example of Nirenberg, in whi
h all CR fun
tionsare lo
ally 
onstant.A
tually, in the stri
tly pseudo
onvex 
ase, we have a stronger theorem.Theorem 2.2. Let M be a su�
iently smooth stri
tly pseudo
onvex 3-dimensionalCR manifold. Then the following two 
onditions are equivalent.(i) M admits a lift to a spa
etime whose 
omplexi�ed Ri

i tensor vanishes onthe 
orresponding distribution of α planes(ii) M admits one CR fun
tion ζ su
h that dζ ∧ dζ̄ is nowhere zero.Our next result gives an if and only if 
riterion for the lo
al embeddability of a suf-�
iently smooth, not ne
essarily real analyti
, stri
tly pseudo
onvex 3-dimensionalCR manifold:Theorem 2.3. Let M be a su�
iently smooth stri
tly pseudo
onvex 3-dimensionalCR manifold. It is lo
ally CR embeddable as a hypersurfa
e in C2 if and only if(i) it admits a lift to a spa
etime whose 
omplexi�ed Ri

i tensor vanishes onthe 
orresponding distribution of α planes,(ii) and it admits a nontrivial null Maxwell �eld aligned with the null 
ongruen
eof shearfree geodesi
s 
orresponding to the CR stru
ture on M .Next we abandon the requirement about the existen
e of a null Maxwell �eldand repla
e it by further assumptions about the 
urvature of the lifted spa
etime.This leads to a remarkable theorem.Theorem 2.4. Let M be a su�
iently smooth stri
tly pseudo
onvex 3-dimensionalCR manifold. If M admits a lift to a Ri

i �at spa
etime whi
h has lo
ally 
onstantPetrov type, then it is lo
ally CR embeddable as a hypersurfa
e in C2.The hypothesis of lo
ally 
onstant Petrov type is a te
hni
al assumption, whi
hwill be explained in detail in Se
tion 3.1. Here we only mention that a

ording tothe theory of exa
t solutions of Einstein equations, a spa
etime metri
 at a point
an have one of the six Petrov types [3, 34, 31℄. These are: Petrov types I, II, D,
III, N or 0, and they may 
hange from point to point in the spa
etime. With thisinformation we may formulate the following theorem.Theorem 2.5. Let (M, (λ, µ)) be a real analyti
 stri
tly pseudo
onvex 3-dimensionalCR manifold. Then it always has a lift to a spa
etime satsifying the Einstein equa-tions Ric(g) = Λg + Φλ ⊗ λ whose Petrov type is II or D.



8 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIHere Λ is the 
osmologi
al 
onstant and the fun
tion Φ 
orresponds to the en-ergy momentum tensor of pure radiation. We believe that this theorem is also truewhen we repla
e the term `real analyti
' with `su�
iently smooth embeddable' (seeRemark 3.25).The proofs of the above theorems will emerge in the dis
ussion whi
h follows.A
tually the theorems stated above, 
onstitute only a sele
tion of the results weprove in the paper. In spe
ial 
ases, whi
h are systemati
ally studied in the mainbody of the paper, we obtain sharper results than stated here.We 
lose this se
tion with a remark about the nontriviality of Theorems 2.1 and2.4. As was already mentioned after Theorem 1.2 both theorems are far from beingempty. There is an abundan
e of Ri

i �at Lorentzian 4-metri
s whi
h admit a
ongruen
e of null and shearfree geodesi
s. The en
y
lopedia book [13℄ gives anup to date 
atalog of su
h metri
s in the se
tions devoted to algebrai
ally spe
ialva
uum solutions (Se
tions 26 through 30 in the se
ond edition). Every Ri

i�at metri
 in these se
tions of the book has a 
orresponding 3-dimensional CRstru
ture. This may be Levi �at everywhere (as is the 
ase for the S
hwarzs
hildmetri
) or stri
tly pseudo
onvex in 3-dimensional regions and Levi �at on somelower dimmensional sets as in the following example:We 
onsider the metri

g = 2

(

P2µµ̄ + λ(dr′ + Wµ + W̄µ + Hλ)
)

,where
λ = du +

i
(

2b + (a + b)ζζ̄
)

ζ(1 + ζζ̄
2 )2

dζ −
i
(

2b + (a + b)ζζ̄
)

ζ̄(1 + ζζ̄
2 )2

dζ̄, µ = dζ,

P2 =
r′2

(1 + ζζ̄
2 )2

+

(

b − a + (b + a) ζζ̄
2

)2

(1 + ζζ̄
2 )4

,

W =
iaζ̄

(1 + ζζ̄
2 )2

, H = −
1

2
+

mr′ + b2 − ab
1−

ζζ̄
2

1+
ζζ̄
2

r′2 +

(

b−a+(b+a)
ζζ̄
2

)2

(1+
ζζ̄
2 )2

,and m, a, b are real 
onstants.Clearly this metri
 is in the form (1.5), and as su
h may be 
onsidered as thelift of a CR stru
ture (λ, µ) whi
h is de�ned on the 3-dimensional manifold Mparametrized by (u, Re(ζ), Im(ζ)).The interesting feature of this s
arry-looking 3-parameter family of metri
s isthat it is Ri

i �at for all values of the 
oordinates (u, Re(ζ), Im(ζ), r′) in whi
h gis not singular [13℄. A
tually if b = 0 the above metri
 is just the Kerr rotatingbla
k hole with mass m and the angular momentum parameter a; if a = b = 0 themetri
 g des
ribes the S
hwarzss
hild bla
k hole with mass m. If m = a = 0 the
orresponding metri
 is the Taub-NUT va
uum metri
.Cal
ulating λ ∧ dλ we get:
λ ∧ dλ = i

(a + b)ζζ̄ − 2(a − b)

(1 + ζζ̄
2 )3

du ∧ dζ ∧ dζ̄ .
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h value of the three parameters (m, a, b) the 
orrespondingCR stru
ture (M, (λ, µ)) is stri
tly pseudo
onvex everywhere ex
ept the pointswhere
(a + b)ζζ̄ − 2(a − b) = 0.Note that if a > b and a 6= −b, there is an entire 
ylinder ζζ̄ = 2(a−b)

a+b
in M onwhi
h λ ∧ dλ = 0. In su
h 
ase the 
orresponding CR stru
ture is Levi �at on this
ylinder and stri
tly pseudo
onvex outside it. A short 
al
ulation shows that on this
ylinder the shearfree 
ongruen
e of null geodesi
s tangent to k = ∂r′ is divergingeverywhere. So this 
ase is a nontrivial example of a metri
 whi
h appears inTheorem 2.1. Many more su
h examples 
an be found in the appropriate se
tionsof [13℄. 3. The Einstein equations and CR fun
tions3.1. The �rst CR fun
tion. Here we prove Theorem 2.1 by adapting the argu-ment presented in [13℄.We 
onsider a general 4-dimensional spa
etime M, i.e. a 4-manifold equippedwith a metri
 g of Lorentzian signature (+, +, +,−). We assume that the spa
etime

M admits a null 
ongruen
e of shearfree and null geodesi
s. This may be des
ribedas follows:The 
ongruen
e is tangent to a nonvanishing ve
tor �eld k whi
h is null, g(k, k) =
0. Having k, we introdu
e a 
oframe (θ1, θ2, θ3, θ4) on M su
h that(3.1) g = 2(θ1θ2 + θ3θ4), θ3 = g(k, ·), and k−| θ1 = k−| θ2 = 0.Note that, due to the signature of the metri
 g, this de�nition implies that the1-forms θ3, θ4 are real valued, whereas the 1-forms θ1, θ2 are 
omplex valued with
θ̄2 = θ1. Note also that the 
oframe (θ1, θ2, θ3, θ4) is not uniquely de�ned by (3.1).It is given up to a linear transformation asso
iated with a 4-dimensional paraboli
subgroup of the Lorentz group preserving the null dire
tion k. Expli
itly:

θ1′ = eiφ(θ1 + B̄θ3)

θ2′ = e−iφ(θ2 + Bθ3)(3.2)
θ3′ = Aθ3

θ4′ = A−1(θ4 − Bθ1 − B̄θ2 − BB̄θ3),where A 6= 0, φ are real fun
tions, and B is a 
omplex fun
tion. The 
oframes (3.2)are said to be adapted to k.Imagine now that we have k, whi
h in some adapted 
oframe (θ1, θ2, θ3, θ4)satis�es:
dθ3 ∧ θ1 ∧ θ3 = −κ̄ θ1 ∧ θ2 ∧ θ3 ∧ θ4(3.3)
dθ1 ∧ θ1 ∧ θ3 = −σ̄ θ1 ∧ θ2 ∧ θ3 ∧ θ4,with some 
omplex fun
tions κ and σ. Then, it follows that in any other adapted
oframe (3.2) we have

dθ3′ ∧ θ1′ ∧ θ3′ = −A2eiφκ̄ θ1′ ∧ θ2′ ∧ θ3′ ∧ θ4′

dθ1′ ∧ θ1′ ∧ θ3′ = −Ae2iφ(B̄κ̄ + σ̄) θ1′ ∧ θ2′ ∧ θ3′ ∧ θ4′,as 
an be easily 
he
ked. This means that the simultaneous vanishing or not of both
oe�
ients κ, σ at a point, is independent of the 
hoi
e of the adapted 
oframe,



10 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIand thus is a property of a null 
ongruen
e asso
iated with k. If(3.4) κ = σ = 0everywhere, the null 
ongruen
e asso
iated with k is 
alled a shearfree 
ongruen
eof null geodesi
s. We mention in addition that the vanishing of κ alone at a point,is also an invariant property of the 
ongruen
e. If we assume nothing about σbut require that κ = 0 everywhere, su
h a 
ongruen
e turns out to 
onsist of nullgeodesi
s, whi
h may or may not be shearfree.It is also worthwhile to look at the transformations of dθ3 ∧ θ3. To be 
onsistentwith (3.3) we write it as:(3.5) dθ3 ∧ θ3 = iΩθ1 ∧ θ2 ∧ θ3 − (κθ1 + κ̄θ2) ∧ θ3 ∧ θ4,with a real fun
tion Ω on M. Changing the adapted 
oframe to (3.2) we get:
dθ3′ ∧ θ3′ = A(B̄κ − Bκ̄ + iΩ)θ1′ ∧ θ2′ ∧ θ3′ − A2

(

e−iφκθ1′ + eiφκ̄θ2′) ∧ θ3′ ∧ θ4′.In the 
ase of a geodesi
 null 
ongruen
e, κ ≡ 0, these equations redu
e respe
tivelyto:(3.6) dθ3 ∧ θ3 = iΩθ1 ∧ θ2 ∧ θ3and
dθ3′ ∧ θ3′ = iAΩθ1′ ∧ θ2′ ∧ θ3′.This proves that in su
h 
ase the vanishing or not of Ω at a point is also an invariantproperty of k, and thus, of the 
ongruen
e. Consider a null and geodesi
 
ongruen
eat a point x ∈ M. If

Ω 6= 0at x, we say that the 
ongruen
e is twisting there. If
Ω = 0at x, we say that the 
ongruen
e is not twisting at x.From now on we assume that we have k with κ = σ = 0 everywhere, i.e. thatwe have a null 
ongruen
e of shearfree geodesi
s in M. Our next step is to give thegeometri
 interpretation of (3.4).Choosing an adapted 
oframe (3.1), using Cartan's formula Lkθ = k−| dθ +

d(k−| θ) for the Lie derivative of a 1-form θ, and the respe
tive equations (3.6),(3.3)2 with σ = 0, we easily get
(Lkθ3) ∧ θ3 = 0, and (Lkθ1) ∧ θ1 ∧ θ3 = 0,everywhere in M. The meaning of these two equations is obvious: the real 1-form

θ3, when Lie transported by the �ow φt generated by the 
ongruen
e, transformsas φ∗
t (θ

3) = fθ3, where f is a real fun
tion on I ×M, t ∈ I; the 
omplex 1-form
θ1 transforms as φ∗

t (θ
1) = hθ1 + pθ3, where h, p are 
omplex fun
tions on I ×M.Sin
e φt is a lo
al di�eomorphism, the fun
tions f and h are lo
ally nonvanishing.Now, taking any hypersurfa
e M in M transversal to k, we equip it with a CRstru
ture (λ′, µ′, µ̄′) as in (1.3) by setting
λ′ = ι∗(θ3), µ′ = ι∗(θ1), µ̄′ = ι∗(θ2).Here ι : M → M is the natural in
lusion of M in M, so that ι∗θ is just therestri
tion of θ to M . The above dis
ussed 
hanges of θ3 and θ1 along k implythat the CR stru
tures on any two transversal hypersurfa
es are CR equivalent.The pseudo
onvexity property of these CR stru
tures is easily des
ribed by means
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k this equation by means of ι∗, from thespa
etime to M , we get
dλ′ ∧ λ′ = iι∗(Ω)µ′ ∧ µ̄′ ∧ λ′.This means that the Levi form ω, as de�ned by (1.4), is ω = ι∗(Ω). Thus the CRstru
ture (λ′, µ′, µ̄′) has a nonvanishing Levi form ω 6= 0 at p ∈ M i� the unique
ongruen
e 
urve passing through p is twisting at ι(p).Summarizing we have the following lemma [41℄.Lemma 3.1. The 3-dimensional leaf spa
e of a null 
ongruen
e of shearfree geodesi
sin spa
etime is lo
ally a CR manifold. This CR manifold is stri
tly pseudo
onvex ata point i� the 
ongruen
e 
urve is twisting at the 
orresponding point in spa
etime.It is 
onvenient to 
hoose a real fun
tion r on M, so that k = P−1∂r, where

P 6= 0 is a real fun
tion on M. Then our Lemma guarantees that the adapted
oframe (θ1, θ2, θ3, θ4) 
an be 
hosen in su
h a way that
θ1 = Pµ

θ2 = Pµ̄

θ3 = Pλ(3.7)
θ4 = P (dr + Wµ + W̄ µ̄ + Hλ),where lo
allyM = R×M , λ, µ are the 1-forms on M whi
h de�ne the CR stru
turethere, and the fun
tions H (real) and W (
omplex) are fun
tions onM. This in par-ti
ular means that in addition to k−| λ = k−| µ = 0 we also have k−| dλ = k−| dµ = 0.Thus we just demonstrated how a shearfree 
ongruen
e of null geodesi
s in spa
e-time restri
ts the spa
etime metri
 to the form (1.5). As we already mentionedin Se
tion 1.3, we also have the statement in the opposite dire
tion: given a 3-dimensional CR stru
ture represented on M via forms (λ, µ, µ̄) we lift it to a spa
e-timeM = R×M with metri
 (1.5) and with a null 
ongruen
e of shearfree geodesi
srepresented by k = P−1∂r.Whether we start with a 3-dimensional CR stru
ture and then de�ne the spa
e-time with a null 
ongruen
e of shearfree geodesi
s, or immediately start with aspa
etime with su
h 
ongruen
e, we may try to impose some 
urvature 
onditionson g. The question arises if these 
onditions say something about the underlyingCR geometry.To study this question we 
onsider Cartan's stru
ture equations for the metri
(1.5), written in an adapted 
oframe (3.7). These are:

dθi + Γi
j ∧ θk = 0(3.8)

dΓi
j + Γi

k ∧ Γk
j = 1

2Ri
jklθ

k ∧ θl.(3.9)Here the 1-forms Γi
j are the Levi-Civita 
onne
tion 1-forms. They de�ne Γij =

gikΓk
j , whi
h satisfy Γij = −Γji. Modulo the symmetry the only nonzero 
ompo-nents of the metri
 are g12 = g34 = 1. Its inverse gij , again modulo symmetry, has

g12 = g34 = 1 as the only nonvanishing 
omponents. The 
oe�
ients Ri
jkl are theRiemann tensor 
oe�
ients. The Ri

i tensor is de�ned as Rij = Rk

ikj . Using themetri
 gij we also de�ne Rijkl = gimRm
jkl. This 
an be used to de�ne the 
ovariant
omponents of the Weyl tensor Ci

jkl via:(3.10) Cijkl = Rijkl + 1
6R(gikglj − gilgkj) + 1

2 (gilRkj − gikRlj + gjkRli − gjlRki).



12 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIHere R = Rijg
ij is the Ri

i s
alar. The Weyl tensor Ci

jkl = gimCmjkl 
arries the
onformal information about the spa
etime.Remark 3.2. Note that, due to the reality 
onditions: θ̄1 = θ2, θ̄3 = θ3, θ̄4 = θ4 wehave R̄13 = R23, R̄33 = R33, Γ̄14 = Γ24, et
. This means that 
omplex 
onjugationinter
hanges the indi
es 1 ↔ 2 and leaves the indi
es 3 and 4 un
hanged.Now, sin
e κ = σ = 0, the 
onne
tion 1-form Γ24 satisfying Cartan's �rst stru
-ture equation (3.8) and, being 
ompatible with our 
onventions (3.3) and (3.5),must be a linear 
ombination of θ1 and θ3 only:(3.11) Γ24 = −ρ̄θ1 − τ̄ θ3.This equation de�nes 
omplex fun
tions ρ and τ . Our 
onventions do not give anyrestri
tions on τ . On the other hand, to be 
ompatible with (1.7) and (3.6) thefun
tion ρ has to assume the form
ρ = 1

2 (−Θ + iΩ),with real Ω being the twist, and real Θ being the expansion of the 
ongruen
e.Now we pass to the 
urvature analysis. The �rst option is to impose the Einsteinequations(3.12) Rij = Λgij , i, j = 1, 2, 3, 4on g. These equations 
onveniently split into three types of equations [13℄:(a) R22 = R24 = R44 = 0,(b) R12 = R34(= Λ),(
) R33 = R23 = 0.A

ording to Remark 3.2 the set (a) 
onsists of �ve real equations (R44 is real!), theset (b) 
onsists of two real equations and the set (
) 
onsists of three real equations.To pro
eed with the proof of Theorem 2.1 we now fo
us our attention on equa-tions (a).First, using the de�nition of the Ri

i tensor, we write equations (a) in termsof the Riemann tensor 
oe�
ients. A short 
al
ulation shows that, modulo thesymmetries of the Riemann tensor, they are equivalent to:
R44 = 0 ⇔ R2414 = 0

R24 = 0 ⇔ R2412 − R2434 = 0

R22 = 0 ⇔ R2423 = 0.Se
ond, we invoke the 
elebrated theorem due to Goldberg and Sa
hs [7℄. We willneed this theorem in a very te
hni
al version. Before giving its formulation suitablefor our purposes it is worthwhile to present its original meaning.As noted by Cartan [3℄, every 4-dimensional spa
etime M distinguishes at ea
hpoint at most four null dire
tions - the prin
ipal null dire
tions, as they are nowa-days 
alled. If at a point p ∈ M the Weyl tensor of the metri
 is not zero, thenthe number s of distin
t dire
tions is 1 ≤ s ≤ 4. The number s at a point dependson the Weyl tensor in an algebrai
 fashion: it is the number of distin
t roots of a
ertain fourth order 
omplex polynomial asso
iated with the Weyl tensor. If s = 4at p ∈ M the spa
etime is 
alled algebrai
ally general at p. If 1 ≤ s ≤ 3, thespa
etime is 
alled algebrai
ally spe
ial at p. If 1 ≤ s ≤ 3, then at least two of
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ipal null dire
tions 
oin
ide. The 
oin
iding prin
ipal null dire
tionsare 
alled multiple prin
ipal null dire
tions.All the possible degenera
ies of the prin
ipal null dire
tions at a point 
an beenumerated by the possible partitions of the number four. Thus we have 
ases
[1111], [112], [22], [13], [4]. The algebrai
ally general 
ase 
orresponds to [1111]. The
ase where there is only one doubly degenerate prin
ipal null dire
tion 
orrespondsto [112]. The 
ase with two doubly degenerate prin
ipal null dire
tion 
orespondsto [22], and so on. This 
lassi�
ation of points in a spa
etime, is known as thePetrov types [34℄, although it was known to Elie Cartan [3℄, and was brought toits 
ontemporary form by Roger Penrose [31℄. In Penrose's formulation it reads asfollows:(i) Petrov type I (`non-degenerate') [[[1111]]],(ii) Petrov type II [[[112]]],(iii) Petrov type III [[[13]]],(iv) Petrov type D (`degenerate') [[[22]]],(v) Petrov type N (`null') [[[4]]]. I

?II
?

D
?III N 0- -

-

�
��+

�
��+

�
��+The 0 in the diagram above, the Penrose diagram as it is 
alled, represents avanishing Weyl tensor at a point. The arrows point towards more spe
ial 
ases.A 
onvenient way to determine the Petrov type is to 
al
ulate the Weyl s
alars

Ψ0, Ψ1, Ψ2, Ψ3, Ψ4 at a point. These quantities are 
omplex numbers at a point,whi
h fully determine the 10 independent 
omponents of the Weyl tensor at thispoint. In a frame (e1, e2, e3, e4) = (m, m̄, l, k), dual to the 
oframe adapted to anull ve
tor �eld k, they are de�ned by
Ψ0 = Cijklk

imjkkml = C4141 = R4141

Ψ1 = Cijklk
iljkkml = C4341 = 1

2 (R4341 + R1421)

Ψ2 = Cijklk
imj lkm̄l = C4132

Ψ3 = Cijkll
ikjlkm̄l = C3432 = 1

2 (R3432 + R2312)

Ψ4 = Cijkll
im̄jlkm̄l = C3232 = R3232.For the 
onvenien
e of the reader, we we have used here formula (3.10), to reexpress

Ψ0, Ψ1, Ψ3 and Ψ4 in terms of the Riemann tensor 
omponents.The importan
e of the Weyl s
alars for the Petrov 
lassi�
ation 
onsists in thefollowing observations:
• Ψ0 = 0 ⇐⇒ k is a principal null direction
• Ψ0 = Ψ1 = 0, Ψ2 6= 0 ⇐⇒ k has degeneracy [112] or [22]
• Ψ0 = Ψ1 = Ψ2 = 0, Ψ3 6= 0 ⇐⇒ k has degeneracy [13]
• Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0, Ψ4 6= 0 ⇐⇒ k has degeneracy [4]
• Ψ0 = Ψ1 = Ψ2 = Ψ3 = Ψ4 = 0 ⇐⇒ Weyl tensor is zero.We will use them in Se
tions 3.2 and 3.3.In turns out, and this has been known for years by physi
ists, that if the spa
e-time admits a 
ongruen
e of shearfree and null geodesi
s, then tangent ve
tors tothe 
ongruen
e at a point should be aligned with one of the prin
ipal null dire
tions.The Goldberg-Sa
hs theorem says more [7℄:Theorem 3.3. (Goldberg-Sa
hs): Suppose that a 4-dimensional spa
etime satis�esEinstein's equations Ric(g) = Λg. Then the following 
onditions are equivalent:



14 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIi) The spa
etime admits a null 
ongruen
e of shearfree geodesi
s tangent to ave
tor �eld k.ii) The spa
etime is algebrai
ally spe
ial with a multiple prin
ipal null dire
tiontangent to k.Algebrai
ally spe
ial �elds are important in physi
s be
ause they are 
onne
tedwith what gravitational radiation 
ould be. By this we mean the following.Roughly speaking, if one observes a general gravitational �eld far from thesour
es and measures the `distan
e' from the sour
es by means of r > 0, thenstudying the r-dependen
e of the Weyl tensor C of the metri
 (whi
h in the emptyspa
etime des
ribes the gravitational �eld strength), he will dis
over a
C =

N

r
+

III

r2
+

II + D

r3
+

I

r4
+ O(

1

r5
)behavior, as r → ∞.Here N , III, II, D and I are tensorial quantities with all the symmetries ofthe Weyl tensor. They have the respe
tive algebrai
 Petrov type denoted by the
orresponding symbols. Thus, a general gravitational �eld far from the sour
esis of Petrov type N , as �rst observed in [50℄. Approa
hing the sour
es, the �eldbe
omes less and less algebrai
ally spe
ial. This is the so 
alled peeling propertyof the gravitational �eld [43, 44℄. It gives an algebrai
 
riterion for a gravitational�eld to be `radiative'.Sin
e the original paper of Goldberg and Sa
hs [7℄ the theorem was strengthendin various ways. In parti
ular, it is known that to a
hieve the impli
ation i)=⇒ii)in Theorem 3.3 the full set of the Einstein equations is not needed. One 
an weaken

Ric(g) = Λg to our equations (a) and the impli
ation i)=⇒ii) in Theorem 3.3 is stilltrue. Also the geometri
 
ondition about algebrai
 spe
iality 
an be reformulateddire
tly in terms of the vanishing of 
ertain 
omponents of the Weyl tensor, and inturn, of the Riemann tensor. Su
h a form of the theorem is needed for proving ourTheorem 2.1. We quote it below [8℄ (see also Lemma 2.2 on p. 577 in [35℄):Theorem 3.4. Suppose that a 4-dimensional manifold M is equipped with a Lorentzianmetri
 whi
h in a null 
oframe (θ1, θ2, θ3, θ4) has the form
g = 2(θ1θ2 + θ3θ4),with θ̄1 = θ2, θ̄3 = θ3, θ̄4 = θ4. Let κ and σ be given by (3.3).Assume that the Ri

i tensor of g, in the 
oframe (θ1, θ2, θ3, θ4), satis�es

R22 = R24 = R44 = 0everywhere on M. Theni) κ = σ = 0 everywhere on Mimpliesii) Ψ0 = Ψ1 = 0 everywhere on M.Third, using this theorem, and the de�nitions of Ψ0 and Ψ1, we 
on
lude that ifour metri
 (3.1), (3.7) satis�es (a) then, in our adapted 
oframe it has:(3.13) R2412 = R2424 = R2414 = R2423 = R2434 = 0,everywhere on M.
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itly the se
ond Cartan's stru
ture equations forindi
es {24}:
dΓ24 + (−Γ12 + Γ34) ∧ Γ24 = 1

2R24klθ
k ∧ θl.Due to (3.13) the r.h.s. of the above equality has only one nonvanishing term:

1
2R24klθ

k ∧ θl = R2413θ
1 ∧ θ3.Thus, assuming equations (a) we have an identity:

dΓ24 + (−Γ12 + Γ34) ∧ Γ24 − R2413θ
1 ∧ θ3 = 0.Sin
e Γ24 as given by (3.11) is a linear 
ombination of θ1 and θ3, after wedging thisidentity with Γ24, we 
on
lude that:(3.14) dΓ24 ∧ Γ24 = 0everywhere on M. A short 
al
ulation shows that(3.15) Γ24 ∧ Γ̄24 = |ρ|2θ1 ∧ θ2 + ρ̄τθ1 ∧ θ3 − ρτ̄θ2 ∧ θ3.From now on we assume that

ρ 6= 0at every point on M. This is equivalent to saying that the 
ongruen
e of null andshearfree geodesi
s is diverging at points where the asso
iated CR stru
ture hasvanishing Levi form.Our assumption about nonvanishing ρ, when 
ompared with (3.15), implies that(3.16) Γ24 ∧ Γ̄24 6= 0at every point on M.Now we need the following lemma.Lemma 3.5. Let ϕ be a smooth 
omplex valued 1-form de�ned lo
ally in R
n, n ≥ 3,su
h that ϕ ∧ ϕ̄ 6= 0. Then

dϕ ∧ ϕ ≡ 0 if and only if ϕ = hdζwhere ζ is a smooth 
omplex fun
tion su
h that dζ ∧ dζ̄ 6= 0, and h is a smoothnonvanishing 
omplex fun
tion.Proof. Consider an open set U ∈ R
n in whi
h we have ϕ su
h that dϕ ∧ ϕ = 0and ϕ ∧ ϕ̄ 6= 0. We de�ne real 1-forms ϕ1 = Re(ϕ) and ϕ2 = Im(ϕ). They satisfy

ϕ1 ∧ ϕ2 6= 0 in U . Our assumption dϕ ∧ ϕ = 0, when written in terms of the real1-forms ϕ1, ϕ2 is:
dϕ1 ∧ ϕ1 − dϕ2 ∧ ϕ2 + i(dϕ2 ∧ ϕ1 + dϕ1 ∧ ϕ2) = 0.Taking the real and imaginary parts we have

dϕ1 ∧ ϕ1 − dϕ2 ∧ ϕ2 = 0

dϕ2 ∧ ϕ1 + dϕ1 ∧ ϕ2 = 0.Now the argument splits into two 
ases. For dimension n ≥ 4 we wedge the �rstequality, and then the se
ond equality with ϕ2, and get(3.17) dϕ1 ∧ ϕ1 ∧ ϕ2 = 0, dϕ2 ∧ ϕ1 ∧ ϕ2 = 0.If n = 3 these equations are trivially satis�ed. In whatever dimension n ≥ 3 weare in, on
e we have noti
ed that (3.17) is true, we see that the real forms ϕ1, ϕ2form a 
losed di�erential ideal. Thus we 
an use the real Fröbenius theorem, whi
h
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oordinate 
hart (x, y, uν), ν = 3, 4, ....n, in U su
h that
ϕ1 = t11dx + t12dy and ϕ2 = t21dx + t22dy, with some real fun
tions tij in U su
hthat t11t22 − t12t21 6= 0. Thus in the 
oordinates (x, y, uν) the form ϕ = ϕ1 + iϕ2
an be written as ϕ = c1dx+c2dy, where now c1, c2 are 
omplex fun
tions su
h that
c1c̄2 − c̄1c2 6= 0 on U , so neither c1 nor c2 
an be zero. The dϕ ∧ ϕ ≡ 0 
onditionfor ϕ written in this representation is simply c2

2d( c1

c2
) ∧ dx ∧ dy ≡ 0. Thus all thepartial derivatives

∂( c1

c2
)

∂uν
≡ 0, ∀ν = 3, 4, ..., n.This means that the ratio c1

c2
does not depend on uν . This ratio de�nes a nonvan-ishing 
omplex fun
tion F (x, y) = c1

c2
of only two real variables x and y. Returningto ϕ we see that it is of the form ϕ = c2

(

dy+F (x, y)dx
). Consider the real bilinearsymmetri
 form G = 2ϕϕ̄ = |c2|

2
(

dy2 +2
(

F (x, y)+ F̄ (x, y)
)

dxdy + |F (x, y)|2dx2
).Invoking the 
lassi
al theorem on the existen
e of isothermal 
oordinates we areable to �nd an open set U ′ ⊂ U with new 
oordinates (ξ, η, uν) in whi
h G =

h2(dξ2 + dη2), where h = h(ξ, η, uν) is a real fun
tion in U ′. This means thatin these 
oordinates ϕ = hd(ξ + iη) = hdζ, and be
ause of ϕ ∧ ϕ̄ 6= 0 we have
dζ ∧ dζ̄ 6= 0. The proof in the other dire
tion is obvious. �Sin
e the 
onne
tion 1-form Γ24 satis�es (3.14) and (3.16), we 
an apply theabove Lemma for ϕ = Γ24. Now, n = 4 and we have

Γ24 = hdζ with dζ ∧ dζ̄ 6= 0 on U ′ ⊂ M.Using (3.11), whi
h relates Γ24 to the 
oframe 1-forms θ1 and θ3, and expressingthese two in terms of the 1-forms (λ, µ, µ̄) by (3.7), we get:
hdζ = Γ24 = −P (ρ̄µ + τ̄λ).Sin
e the fun
tion P is nowhere vanishing we 
an write this last equation as

−P−1hdζ = ρ̄µ + τ̄λ. Wedging this with dζ ∧ λ we get ρ̄dζ ∧ λ ∧ µ = 0 on
U ′. Be
ause of our assumption that ρ is nowhere vanishing we �nally obtain(3.18) dζ ∧ λ ∧ µ = 0 with dζ ∧ dζ̄ 6= 0 on U ′ ⊂ M.The last equation pullsba
k to the CR manifold M providing a CR fun
tion there.Our 
onstru
tion of ζ obviously works if the CR stru
ture is of 
lass C3. A
tuallywe think that 
lass C2,1 su�
es, see [11℄.The last part of the proof 
onsists in giving a geometri
 interpretation to theEinstein 
onditions (a).To dis
uss this we go ba
k to a general spa
etime M equipped with a null
ongruen
e asso
iated with a ve
tor �eld k. We do not require that this 
ongruen
eis geodesi
 and shearfree here. Su
h a 
ongruen
e de�nes a 
lass of adapted 
oframes(3.1), (3.2). It follows from equations (3.2) that although k does not spe
ify the
oframe 1-forms θ1, θ3 uniquely, we have

θ1′ ∧ θ3′ = Aeiφθ1 ∧ θ3.This may be used to de�ne 
omplex valued ve
tor �elds Y on M su
h that
Y −| (θ1 ∧ θ3) = 0.
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omplex valued distribution N 
onsisting of all su
h ve
tor �elds is uniquelyde�ned by the null 
ongruen
e on M. It follows that
N = {ae2 + be4}where a, b are arbitrary 
omplex valued fun
tions on M and e2, e4 is a part of thenull frame (e1, e2, e3, e4) dual to (θ1, θ2, θ3, θ4), i.e. ei−| θj = δj

i and, in parti
ular,
e4 ∧ k = 0.Thus a null 
ongruen
e de�nes at ea
h point x ∈ M a 2-
omplex-dimensionalplane Nx. These planes are 
alled α planes. They have the property of being totallynull :

g(Y1, Y2) = 0, ∀Y1, Y2 ∈ N.Thus all ve
tors in Nx are null and orthogonal to ea
h other.The Ri

i tensor of a spa
etime may be 
onsidered as a symmetri
 bilinear form.We extend it to the 
omplexi�
ation by linearity.Now 
ombining these two fa
ts we may require that we have a spa
etime inwhi
h the Ri

i tensor, extended to the 
omplexi�
ation, has a similar propertywith respe
t to N as the metri
. We say that the 
omplexi�ed Ri

i tensor Ric(g)vanishes on the distribution N i�
Ric(g)(Y1, Y2) = 0, ∀Y1, Y2 ∈ N.We will denote this 
ondition by Ric(g)|N = 0. Obviously it is weaker than theRi

i �atness 
ondition. A
tually if N is the distribution of α planes asso
iatedwith the 
ongruen
e, then in an adapted 
oframe (θ1, θ2, θ3, θ4)

Ric(g)|N = 0 ⇔ R22 = R24 = R44 = 0.Hen
e the vanishing of Ri

i on N is pre
isely equivalent to our 
onditions (a).This 
ompletes the proof of Theorem 2.1.3.2. Redu
tion of the Einstein equations to the CR manifold. In this se
-tion we derive a maximally redu
ed system 
orresponding to the Einstein equationsfor a spa
etime admitting a 
ongruen
e of null and shearfree geodesi
s. We willassume that the 
ongruen
e has nonvanishing twist at every point of the spa
e-time. This is the same as to assume that the underlying CR stru
ture is stri
tlypseudo
onvex.As we know, the Einstein equations for su
h spa
etimes split 
onveniently intothree types of equations, whi
h in Se
tion 3.1 were denoted by (a), (b) and (
).Our redu
tion pro
edure will follow this split: we �rst impose equations (a), then(b) and �nally (
).We start with equations (a). They will be redu
ed a

ording to the followings
heme. As we have proven in Se
tion 3.1 equations (a) imply that the 
orrespond-ing CR stru
ture admits at least one CR-fun
tion. This result enables us to startour redu
tion pro
edure with a 4-manifold M = R×M by taking the metri
 in theform(3.19) g = 2(θ1θ2 + θ3θ4),where
θ1 = Pµ, θ2 = Pµ̄, θ3 = Pλ, θ4 = P [dr + Wµ + W̄ µ̄ + Hλ],



18 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIwith the 1-forms (λ, µ, µ̄) satisfying
dµ = 0, dµ̄ = 0,(3.20)

dλ = iµ ∧ µ̄ + (cµ + c̄µ̄) ∧ λ.(3.21)The forms (λ, µ, µ̄) de�ne the CR stru
ture on M . Note that formula (3.20) followsfrom our result on the existen
e of one CR fun
tion. This result enables us to put
µ = dζ,where ζ is the �rst CR fun
tion obtained in (3.18). We remain with this 
hoi
e for

µ in the rest of this se
tion. Formula (3.21), whi
h says that there is a 
hoi
e of
λ su
h that the 
oe�
ient of the iµ ∧ µ̄ term is equal to one, is equivalent to ourassumption about stri
t pseudo
onvexity.At this stage we introdu
e a basis

(∂0, ∂, ∂̄)of ve
tor �elds on M , whi
h is dual to the 
oframe (λ, µ, µ̄) on M . The 
omplexve
tor �eld ∂̄ is the tangential CR operator on M .We also note that the 
losure of the system (3.20)-(3.21) implies that:(3.22) ∂c̄ = ∂̄c,so that ∂c̄ is real.Thus from now on we assume that we have a CR manifold M with the de�ningforms (λ, µ, µ̄) satisfying (3.20)-(3.21). Our goal is to lift this CR stru
ture to anEinstein spa
etime.Remark 3.6. We stress that although we did not impose the full equations (a) on ourspa
etime, we already used in (3.20)-(3.21) a 
onsequen
e of these equations, whi
henabled us to assume that (λ, µ, µ̄) are in the form (3.21). It is a justi�ed pro
edure:sin
e ultimately we are interested in the maximal redu
tion of the full system (a),we may freely use its 
onsequen
e at any stage of the redu
tion pro
edure.The redu
tion of equations (a) goes as follows:
• We �rst use the Goldberg-Sa
hs theorem, whi
h says that if equations (a)are satis�ed then R2412 + R2434 = 0. Modulo 
omplex 
onjugation this isequivalent to the requirement that the fun
tion W satis�es:

Wr − iWrr = 0.This equation may be easily integrated, proving that the most general formof a W satisfying (a) is given by(3.23) W = ie−irx + y,where the 
omplex fun
tions x and y are r-independent, xr = yr = 0. Thusthe requirement that our spa
etime is algebrai
ally spe
ial (the requirementthat is implied by (a)) is equivalent to the form (3.23) of the fun
tion W .
• The �rst of equations (a), namely R44 = 0, is equivalent to the di�erentialequation on P :

−4PPrr + P 2
r + P 2 = 0.This again 
an be easily solved to get:(3.24) P =
p

cos( r+s
2 )

,



EINSTEIN'S EQUATIONS AND THE EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS19with real fun
tions p 6= 0 and s satisfying pr = sr = 0.
• Equation R24 = 0 is equivalent to

y = −ic− 2i∂ log p + ∂s + 2ieisx,i.e. to an equation whi
h expresses the fun
tion y in terms of the unknowns
p, s, x and the CR quantities c and ∂.

• Now it is 
onvenient to introdu
e a new unknown t, a 
omplex valuedfun
tion on M , whi
h repla
es the unknown x. The quantity x is relatedto t via:(3.25) eisx = c + 2∂ log p − t.This enables us to write y as(3.26) y = ic + 2i∂ log p + ∂s − 2it.

• In terms of t the Einstein equation R22 = 0 is equivalent to(3.27) ∂t + (c − t)t = 0.We sumarize this in the following proposition.Proposition 3.7. The metri
 (3.19)-(3.21) satis�es the Einstein equations R44 =
R24 = R22 = 0 if and only if the fun
tion W is given by (3.23), the fun
tion P isgiven by (3.24) with p, s (real), x, y, t (
omplex) satisfying pr = sr = xr = yr =
tr = 0, de�nitions (3.25), (3.26) and the di�erential equation (3.27).Observe that equation (3.27) always has the solution t ≡ 0. Using this observa-tion we prove the 
onverse of Theorem 2.1 in the stri
tly pseudo
onvex 
ase. Indeedif we have a stri
tly pseudo
onvex 3-dimensional CR manifold with one CR fun
-tion ζ su
h that dζ ∧ dζ̄ 6= 0, we de�ne µ = dζ. We next 
hoose λ so that (3.21) issatis�ed. Then we take t ≡ 0 and 
hoose su�
iently smooth arbitrary real fun
tions
p and s. Using them we de�ne a lift to a spa
etime having the metri
 g as in (3.19),with P given by (3.24), and W given by (3.23), (3.25), (3.26). Then it followsthat su
h a metri
 satis�es Einstein's equations (a), independently of the 
hoi
e ofa real fun
tion H onM. Combining this with Theorem 2.1 we proved Theorem 2.2.We now pass to the redu
tion of equations (b). The steps here are:

• Assuming equations (a) to be satis�ed, so that the metri
 is given by Propo-sition 3.7, we �rst impose a 
onsequen
e of (b), namely R12 + R34 = 2Λ =
const, whi
h is just the 
ondition that the Ri

i s
alar is 
onstant and equalto 4Λ. This equation determines the r dependen
e of the fun
tion H . Itreads:(3.28) H =

m

p4
e2i(r+s) +

m̄

p4
e−2i(r+s) + Qei(r+s) + Q̄e−i(r+s) + h,
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Q =

3m + m̄

p4
+

2

3
Λp2 +

2∂p∂̄p − p(∂∂̄p + ∂̄∂p)

2p2
−

i

2
∂0 log p − 2t∂̄p − t̄∂ log p +

3

2
∂̄t − c̄t −

1

2
ct̄ +

5

2
tt̄ + ∂t̄ − ∂̄c

h = 3
m + m̄

p4
+ 2Λp2 +

2∂p∂̄p − p(∂∂̄p + ∂̄∂p)

p2
−

3(t∂̄ log p + t̄∂ log p) +
5

2
(∂t̄ + ∂̄t) + 6tt̄ −

3

2
(ct̄ + c̄t) − 2∂̄c + ∂0s.Note that h is real due to (3.22). The unknown m is 
omplex and satis�es

mr = 0.
• At this stage we have found the expli
it r dependen
e of the entire metri
(3.19)-(3.21). For the full determination of this dependen
e we only neededequations (a) and the subset of equations (b) given by R12 + R34 = 2Λ =

const.
• We now impose another 
onsequen
e of (b), namely R12 − R34 = 0. This,together with R12 + R34 = 2Λ = const, is equivalent to (b). The redu
tionof this equation gives the following di�erential equation 
onne
ting p, t and

m:
[ ∂∂̄ + ∂̄∂ + c̄∂ + c∂̄ + 1

2cc̄ + 3
4 (∂c̄ + ∂̄c) − 3

2 (∂t̄ + ∂̄t + tt̄) ]p =(3.29)
m + m̄

p3
+ 2

3Λp3.This 
ompletes the redu
tion of equations (b).We summarize in the following theorem.Theorem 3.8. A stri
tly pseudo
onvex CR stru
ture (M, (λ, µ)) lifts to a spa
etimesatisfying Einstein equations (a) and (b) if and only if it admits at least one CRfun
tion ζ with dζ ∧dζ̄ 6= 0 and, in addition, it admits a solution to equation (3.29)for a real fun
tion p on M , with c, t obeying respe
tively (3.21) and (3.27).If we do not insist on the full system (a) and (b) we 
on
lude the followingremarkable theorem.Theorem 3.9. A stri
tly pseudo
onvex CR stru
ture (M, (λ, µ)) lifts to a spa
etimehaving 
onstant Ri

i s
alar and satisfying equations (a) if and only if it admits atleast one CR fun
tion ζ with dζ ∧ dζ̄ 6= 0. In su
h 
ase the spa
etime metri
satisfying (a) and having 
onstant Ri

i s
alar equal to 4Λ is (3.19)-(3.21) with Wgiven by (3.23), P given by (3.24), x, y given by (3.25), (3.26), and H, Q, h given by(3.28). The fun
tions m (
omplex), p (real) are arbitrary, and the 
omplex fun
tion
t satis�es the partial di�erential equation (3.27).This theorem is remarkable for the reasons highlighted in the following remarks.Remark 3.10. Given a CR stru
ture with one CR fun
tion, to determine the mostgeneral lift to a spa
etime with a metri
 satisfying the Ri

i 
onditions of Theorem(3.9), we need to have a general solution for only one 
omplex equation (3.27) forthe 
omplex fun
tion t on the CR manifold. This equation has always one solution,namely t = 0. Surprisingly the question if this equation has other solutions isequivalent to the question if the CR stru
ture admits more CR fun
tions, and
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e is lo
ally embeddable. To see this take the CR manifold (M, (λ, µ)) satisfying(3.20)-(3.21) and 
onsider the 
omplex 1-form ϕ de�ned by:(3.30) ϕ = µ + it̄λ.Then due to (3.20)-(3.21) we have
dϕ ∧ ϕ = i [ ∂̄t̄ + (c̄ − t̄)t̄ ] µ ∧ µ̄ ∧ λ.Thus dϕ ∧ ϕ = 0 is equivalent to the Einstein equation (3.27). Sin
e obviously

ϕ ∧ ϕ̄ 6= 0, then a

ording to Lemma 3.5, φ de�nes a CR fun
tion η su
h that
hdη = ϕ. Thus the equation(3.31) hdη = µ + it̄λrelates the CR fun
tions η and solutions t of the Einstein equation (3.27). Asan example take the trivial solution t = 0 of (3.27). Sin
e µ = dζ and sin
e for
t = 0 equation (3.31) gives hdη = µ, the CR fun
tion η is dependent on the CRfun
tion ζ of (3.18). To get a ζ-independent CR fun
tion η we need a nonzerosolution of (3.27). That this requirement is also su�
ient follows from the relation
hdη ∧ dζ = it̄λ ∧ µ implied by (3.31). This proves the following 
orollary.Corollary 3.11. Every nonzero solution t of the Einstein equation (3.27) providesa se
ond CR fun
tion η su
h that dη ∧ dζ 6= 0. Also the 
onverse is true: everyCR fun
tion η de�nes a 
omplex fun
tion t satisfying the Einstein equation (3.27).The transformation between η and t is given by hdη = dζ + it̄λ.Thus, in parti
ular, if the starting CR stru
ture is lo
ally embedded, whi
hmeans that the general solution to the tangential CR equation is expli
itly known,we may write the general solution for t satisfying (3.27) and obtain the most generalsolution for the metri
 satisfying the highly nonlinear system of equations (a) and
R12 + R34 = 2Λ = const.Remark 3.12. Another remarkable feature of Theorem 3.9 is that the metri
s (3.19)-(3.21) satisfying (a) and R12 + R34 = 2Λ = const have an expli
it r dependen
ewhi
h is very parti
ular. Note that the fun
tions W of (3.23) and H of (3.28) areperiodi
 in r with period 2π. If we forget about the 
onformal fa
tor we may writethe metri
s in the form [27℄

ĝ = 2p
[

µµ̄ + λ [ dr +
(

ie−irx + y
)

µ +
(

− ieirx̄ + ȳ
)

µ̄ +

( m

p4
e2i(r+s) +

m̄

p4
e−2i(r+s) + Qei(r+s) + Q̄e−i(r+s) + h

)

λ]
]

,(3.32)whi
h is periodi
 and regular in r. Thus, what the Einstein equations (a) and
R12 + R34 = 2Λ = const impose on the spa
etime M = R × M is a 
ir
le bundlestru
ture S1 → M̂ → M on the Lorentzian manifold (M̂, ĝ) whi
h has M as itsuniversal 
over. The Lorentzian manifold (M̂, ĝ) is 
alled by physi
ists a 
onformal(�berwise) 
ompa
ti�
ation of (M, g). It is used by them to study the asymptoti
behavior of a gravitational �eld. We summarize in the following 
orollary.Corollary 3.13. The Einstein equations (a) and the 
onstan
y of the Ri

i s
alarimposed on the metri
s (3.19)-(3.21) imply that all the metri
 fun
tions are periodi
in the r 
oordinate, so that there is a natural 
ir
le bundle over the stri
tly pseudo-
onvex CR manifold onto whi
h all the Einstein metri
s (3.19)-(3.21) des
end.



22 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIRemark 3.14. In 1976 Fe�erman [6℄ introdu
ed a natural 
onformal Lorentzianmetri
 ĝF on a 
ir
le bundle S1 → M̂F → M over any stri
tly pseudo
onvex 3-dimensional CR manifold (M, (λ, µ)) embedded in C2. A natural question is howhis 
ir
le bundle and his Lorentzian metri
s are related to our (M̂, ĝ) above. Theanswer is the following:
• Fe�erman metri
s 
onstitute a simple sub
lass of our metri
s (3.32).
• They happen to be 
onformally Einstein only in the 
ase when the 
orre-sponding CR manifold is lo
ally CR equivalent to the Heisenberg group CRstru
ture [15℄; in su
h 
ase ĝF is 
onformally �at.
• Given a CR stru
ture as in (3.20)-(3.21) the Fe�erman metri
 ĝF is obtainedfrom our ĝ by putting x = m = Q = 0, y = − i

3c, h = − 1
12 (∂c̄ + ∂̄c).

• Thus, in our setting, the Fe�erman metri
s (or, stri
tly speaking, theirgeneralizations to stri
tly pseudo
onvex CR manifolds whi
h admit oneCR fun
tion) are represented by(3.33) ĝF = 2
[

µµ̄ + λ [ dr − i
3cµ + i

3 c̄µ̄ − 1
12 (∂c̄ + ∂̄c)

)

λ]
]

.Note that the Fe�erman metri
s are r-independent. This re�e
ts the well knownfa
t [15, 27, 28, 47℄ that the null 
ongruen
e of shearfree geodesi
s asso
iated withthe k = ∂r dire
tion is a 
onformal Killing ve
tor for ea
h Fe�erman metri
. A
tu-ally, the above formula for the Fe�erman metri
 for CR manifolds having one CRfun
tion is obtained by (i) imposing the requirement that the metri
 (3.32) has a
onformal Killing ve
tor alligned with k = ∂r (this for
es x, m and Q to vanish),and (ii) imposing another requirement that the metri
s (3.32) are of Petrov type
N (this spe
i�es that y and h must be expressed in terms of c as above). That therequirements (i) and (ii) are ne

essary and su�
ient to distinguish the Fe�ermanmetri
s among metri
s (3.32) is a well known fa
t [15, 27, 28, 47℄.Looking at the Fe�erman metri
s (3.33) one may say that the 
ir
le bundlestru
ture of the spa
etime is not visible, sin
e the metri
s are 
onstant along the r-dire
tion. Only if a more general 
lass of metri
s (3.19)-(3.21) is taken into a

ountdoes the 
ir
le bundle stru
ture emerge. And it emerges in a natural way, as a
onsequen
e of the Einstein equations (a) and R12 + R34 = 2Λ = const.The fa
t that the Fe�erman metri
s are of Petrov type N everywhere essentiallymeans that the Weyl tensor has only one nonvanishing 
omplex 
omponent. Thisis proportional to

Ψ4 = ∂∂̄∂c + 3c∂̄∂c − 7ic∂0c − 3i∂∂0c + (∂c + 2c2)∂̄c.The vanishing or not of Ψ4 is a CR invariant property. It is also a 
onformalinvariant property. In the CR 
ontext, vanishing of Ψ4 is an if and only if 
onditionfor the CR stru
ture (3.20)-(3.21) to be CR equivalent to the Heisenberg group CRstru
ture [2, 15℄. In the 
onformal 
ontext, the vanishing of Ψ4 means that ĝ is
onformally �at. Thus the Ψ4 
omponent of the Weyl tensor for ĝF is proportionalto Cartan's lowest order invariant [4℄ of a stri
tly pseudo
onvex CR stru
ture.We thus have the following 
orollary.Corollary 3.15. The CR stru
ture (3.20)-(3.21) is lo
ally CR equivalent to theHeisenberg group CR stru
ture if and only if the fun
tion c in (3.21) satis�es
∂∂̄∂c + 3c∂̄∂c − 7ic∂0c − 3i∂∂0c + (∂c + 2c2)∂̄c = 0.



EINSTEIN'S EQUATIONS AND THE EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS23Remark 3.16. We are now prepared to give the geometri
 interpretation of theleading terms in the partial di�erential equation (3.29). Having 
hosen a stri
tlypseudo
onvex CR stru
ture (M, (λ, µ)) and fun
tions t and m on M this is a partialdi�erential equation for a real fun
tion p on M . Below we give the interpretationof the linear operator on its left hand side.Sin
e the Fe�erman metri
s ĝF are de�ned up to a 
onformal s
ale it is reasonableto 
onsider the 
onformally invariant wave operator (−∗d ∗d− 1
6R), with −∗d ∗dbeing the D'Alembert operator and R being the Ri

i s
alar; both being 
al
ulatedin the Fe�erman metri
 ĝF . Let us apply this operator to a real fun
tion f on theFe�erman bundle M̂F , whi
h is 
onstant along the �bres. Remarkably we get [27℄:(3.34) (− ∗ d ∗ d − 1

6R)f = [ ∂∂̄ + ∂̄∂ + c∂̄ + c̄∂ + 1
2cc̄ + 3

8 (∂c̄ + ∂̄c) ]f.It is worthwhile to add that R = −3cc̄ − 9
4 (∂c̄ + ∂̄c) and that ∗d ∗ df = −(∂∂̄ +

∂̄∂ + c∂̄ + c̄∂)f , but neither R nor the 3-dimensional operator ∂∂̄ + ∂̄∂ + c∂̄ + c̄∂has a CR geometri
al meaning. Only their sum
△CR = ∂∂̄ + ∂̄∂ + c∂̄ + c̄∂ + 1

2cc̄ + 3
8 (∂c̄ + ∂̄c)is CR meaningful.Using (3.34) we rewrite the Einstein equation (3.29) in the following equivalentform:

[

△CR + 3
8 (∂c̄ + ∂̄c) − 3

2 (∂t̄ + ∂̄t + tt̄)
]

p =
m + m̄

p3
+ 2

3Λp3.The appearen
e of the 3
8 (∂c̄ + ∂̄c) term here in the potential is unpleasent, but we
an not avoid it.Finally we pass to equations (
):

• Assuming (a) and (b) are satis�ed, we �rst redu
e the 
omplex equation
R13 = 0. This is equivalent to one 
omplex equation(3.35) ∂m + 3(c − t)m = 0,for the 
omplex fun
tion m of (3.28).

• Now assuming that the metri
 (3.19)-(3.21) satis�es the Einstein equations(3.23), (3.24), (3.25), (3.26), (3.27), (3.28), (3.29) and (3.35) we 
al
ulatethe Weyl tensor. Sin
e, via Goldberg-Sa
hs, the metri
 is algebrai
allyspe
ial, only three of the �ve Weyl s
alars Ψ0, Ψ1, Ψ2, Ψ3, Ψ4 are inprin
iple nonvanishing. These are: Ψ2, Ψ3, Ψ4. The Weyl spinor Ψ2,whose vanishing means that the metri
 is of Petrov type III, N or 0, hasa parti
ularly neat form:(3.36) Ψ2 =
(1 + ei(r+s))3

2p6
m.

• Although we su

eded in redu
ing the last equation R33 = 0, the expli
itredu
ed form of it is too 
ompli
ated to be presented here.The following remark is in order.Remark 3.17. If a lift to the spa
etime (M, g) of any CR stru
ture (M, (λ, µ)) is
onsidered, one 
an try to write down 
urvature 
onditions that are 
ompatiblewith the underlying CR geometry of the asso
iated 
ongruen
e of shearfree andnull geodesi
s. We already met the 
urvature 
onditions that respe
t the under-lying CR geometry. These are the Einstein equations (a), or in more geometri
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onditions for
ing the 
omplexi�ed Ri

i tensor to be identi
ally zero on theasso
iated distribution of α planes. It turns out that the Einstein 
onditions (a),(b) and R13 = 0 also have geometri
 meaning. They are equivalent to(3.37) Ric(g) = Λg + Φλ ⊗ λ,where Φ is an arbitrary real fun
tion on M. Physi
ists 
all these equations the
osmologi
al 
onstant Einstein's equations with a pure radiation �eld, sin
e theydes
ribe gravitational �elds with the energy momentum tensor in whi
h all theenergy is propagated with the speed of light along the dire
tion determined by the
ongruen
e of shearfree geodesi
s de�ned by M .3.3. The se
ond CR fun
tion. We start this se
tion by 
onsidering a 3-dimensio-nal CR manifold whi
h lifts to a spa
etime with a twisting 
ongruen
e of null andshearfree geodesi
s and whi
h satis�es Einstein equations (a). Theorem 2.1 assuresthat su
h a CR manifold has at least one CR fun
tion, say ζ, with dζ ∧ dζ̄ 6= 0.Our approa
h to the problem of obtaining an independent CR fun
tion, say η, isby �nding a 
omplex equation, let us 
all it (2ndCR), whi
h when assumed to besatis�ed, guarantees that η exists. The main idea here is to �nd (2ndCR) amongthe full system of Einstein equations (a), (b) and (
), espe
ially among the redu
edEinstein's equations of Se
tion 3.2.It turns out that, depending on some additional assumptions about the liftedspa
etime, various 
hoi
es of (2ndCR) are possible. Among all of these 
hoi
es thesimplest is to 
onsider equation (3.27) as the (2ndCR). Indeed, if our CR manifoldlifts to a spa
etime whose metri
 (3.19)-(3.21) has nonvanishing t in (3.27) then, aswe already noti
ed in Corollary (3.11), it is lo
ally embeddable, with an embeddinggiven by means of the CR fun
tions ζ of (3.18) and η of (3.31). The trouble withequation (3.27) is that the Einstein equations (a) do not guarantee that (3.27) hasany other solution than t ≡ 0. Nevertheless equation (3.27) may be used as a
riterion for embeddability. Suppose one knows thati) a 3-dimensional stri
tly pseudo
onvex CR manifold admits a CR fun
tion
ζ su
h that dζ ∧ dζ̄ 6= 0 and, in addition, one knows thatii) this manifold lifts to a spa
etime with a metri
 g whi
h satis�es Einstein'sequations (a).Then he 
an write the metri
 g in the form (3.19)-(3.21) with µ = dζ and sim-ply 
al
ulate the fun
tion t. If he �nds that t 6= 0, then he 
on
ludes that theCR stru
ture is lo
ally embeddable. This is due to the fa
t that the 
al
ulated tautomati
ally satis�es (3.27) sin
e g satis�es (a).Remark 3.18. At this stage we remark that equation (3.27) is interesting on itsown, without any referen
e to the fa
t that it originates from the Einstein equationfor the lifted spa
etime. Indeed, it follows from our dis
usion above, that one
an use this equation to get a sharp 
riterion for the embeddability of a stri
tlypseudo
onvex CR stru
ture that admits one CR fun
tion. Here the pro
edure is asfollows:

• Suppose we are given a stri
tly pseudo
onvex 3-dimensional CR manifold
M whi
h has one CR fun
tion ζ su
h that dζ ∧ dζ̄ 6= 0.

• Given ζ, we write µ = dζ, and 
hoose λ so that equation (3.21) is satis�ed.This, in parti
ular, de�nes the fun
tion c on M .
• De�ne (∂, ∂̄, ∂0) as dual to (µ, µ̄, λ).
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• Consider the equation ∂t + (c − t)t = 0 for a 
omplex fun
tion t on M .
• Then we have the following theorem.Theorem 3.19. The CR stru
ture (M, (λ, µ = dζ)) is lo
ally embeddable if andonly if the equation ∂t + (c − t)t = 0 has a solution t su
h that t 6= 0.We may 
ombine this result with a result of Hanges [9℄, who found another 
riterionfor the existen
e of the se
ond CR fun
tion for a 3-dimensional stri
tly pseudo
on-vex CR manifold. It is well known, that if a 3-dimensional stri
tly pseudo
onvexCR manifold M admits one CR fun
tion ζ as above, then one 
an supplement ζ and

ζ̄ by a real fun
tion u on M so that (Reζ, Imζ, u) 
onstitute a 
oordinate systemon M , in whi
h
µ = dζ, and λ =

du + Ldζ + L̄dζ̄

i(∂̄L − ∂L̄)
,and in whi
h the 
omplex valued fun
tion L = L(ζ, ζ̄, u) vanishes at the origin,

L(0, 0, 0) = 0. Hanges' result is that the CR stru
ture (M, (λ, µ)) is lo
ally em-beddable near the origin if and only if the fun
tion L = L(ζ, ζ̄, u) is the boundaryvalue of a fun
tion L̃ = L̃(ζ, ζ̄, w) whi
h is holomorphi
 in the 
omplex variable
w = u + iv. Using this result and writing the di�erential equation ∂t + (c− t)t = 0in the lo
al 
oordinates (ζ, ζ̄ , u) we get the following remarkable 
orollary.Corollary 3.20. The nonlinear partial di�erential equation

(∂L̄ − ∂̄L)∂t − [∂(∂L̄ − ∂̄L) + (∂L̄ − ∂̄L)(Lu + t)]t = 0,with ∂ = ∂ζ − L∂u, and with the 
omplex valued fun
tion L = L(ζ, ζ̄, u) vanishingat the origin, is lo
ally solvable near the origin for a 
omplex fun
tion t 6= 0 if andonly if L is the boundary value of a fun
tion L̃ = L̃(ζ, ζ̄, w) whi
h is holomorphi
 inthe variable w. If this is the 
ase the CR stru
ture (M, (λ, µ)) is lo
ally embeddable.Returning to our dis
ussion of the relations between the se
ond CR fun
tion andthe Einstein equations of the lifted spa
etime, we are now in a position to say that,if we have a solution t 6= 0 of equation (3.27), the problem of the lo
al embeddabilityof a 3-dimensional manifold M is solved. If we are in an unlu
ky situation whi
hnegates the existen
e of a solution t 6= 0, two things may happen:
• either the only solution to (3.27) is t vanishing everywhere,
• or t = 0 at a point around whi
h we want to embedd M into C2.In the �rst 
ase, we 
an put t ≡ 0 in all the equations we have derived in Se
tion3.2. In the se
ond 
ase, some 
are is needed, and we need some preparations. Inwhat follows, our 
onsiderations will be of a bit more general nature than is requiredto treat this 
ase, but at a 
ertain moment, they will lead us to the 
on
lusion thatthe 
ase t = 0 at a point is, a
tually, the same as the 
ase t ≡ 0.To get to this 
on
lusion, 
onsider a situation in whi
h we have a 3-dimensionalCR stru
ture (M, (λ, µ)) with µ and λ satisfying (3.20)-(3.21). Assume, in addition,that the CR stru
ture admits 
omplex fun
tions h 6= 0 and t0 su
h that the 
omplexvalued 1-form(3.38) µ′ = h−1(µ + it̄0λ) is closed, dµ′ = 0.We assume it is the 
ase. If we have su
h h and t0, we de�ne(3.39) λ′ = |h|−2λ.
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ture on M as the forms (λ, µ, µ̄).Moreover, be
ause of our 
hoi
e of λ′, we have dλ′ = iµ′ ∧ µ̄′ + (c′µ′ + c̄′µ̄′) ∧ λ′,with c′ = h
(

c − t0 − ∂ log(hh̄)
). Thus, if our CR stru
ture admits µ′ of (3.38)then (λ′, µ′, µ̄′) satisfy, qualitatively, the same stru
tural equations (3.20)-(3.21)as (λ, µ, µ̄). Therefore, in su
h a situation, when lifting the CR manifold M to aspa
etime satisfying Einstein equations (a), we 
an use (λ, µ, µ̄) and (λ′, µ′, µ̄′) onthe same footing. We know that if we start with (λ, µ, µ̄), we get our 
on
lusions(3.23)-(3.27). Similarly, using (λ′, µ′, µ̄′) we get the same 
on
lusions, with themere 
hange that all the variables in (3.23)-(3.27) have now primes. It is easy toget the relations between the `primed' and the `nonprimed' variables. For us themost important is the relation between t 
al
ulated for (λ, µ, µ̄) and t′ 
al
ulatedfor (λ′, µ′, µ̄′). This, when 
al
ulated, is(3.40) t′ = h(t − t0).The hypotheti
 situation, in whi
h we have µ′ as in (3.38), is realized in pra
ti
eif we have a CR stru
ture as in Se
tion 3.2 whi
h satis�es equations (a). For su
h astru
ture, 
hosing µ = dζ, we get t satisfying (3.27). Then, given su
h a t, we de�ne

ϕ = µ+it̄λ as in (3.30). Sin
e, as we know, this ϕ satis�es dϕ∧ϕ = 0, ϕ∧ϕ̄ 6= 0, thenby Lemma 3.5, we are guaranteed an existen
e of h 6= 0 su
h that µ′ = h−1(µ+ it̄λ)is 
losed, dµ′ = 0. Thus, passing from (λ, µ, µ̄) to (λ′ = |h|−2λ, µ′, µ̄′), as in (3.39),we must use t0 = t (
ompare the present µ′ with this of (3.38)). This meansthat, after transforming all the variables appearing in (3.23)-(3.27) to their primed
ounterparts, we get, in parti
ular,
t′ = h(t − t0) = h(t − t) = 0, everywhere.This shows that even if t is not identi
ally zero, in
luding the 
ase when it is zeroat a point and nonzero o� this point, we 
an transform t to zero everywhere by anappropriate 
hoi
e of the adapted 
oframe.Remark 3.21. That t may be gauged to zero everywhere was sub
on
iously knownto physi
ists, and used by them [13, 39℄, in their derivations of the maximally re-du
ed system of equations for the algebrai
ally spe
ial Einstein metri
s. A
tuallythey have never en
ountered our variable t, sin
e at the very beginning of their 
on-siderations, they used a very spe
i�
 
hoi
e of the adapted 
oframe, that forbidded

t to ever appear. Being aware of this `physi
ists tri
k' [39℄, we were not gauging tto zero here up to now, sin
e nonzero t, if it exists, provides us with a se
ond CRfun
tion. However, if t does not give us a se
ond CR fun
tion at the point aroundwhi
h we want to embedd our CR manifold (be
ause, for example, it is vanishingat this point), we use the argument above to gauge t to zero everywhere. In thisway we proved that the two 
ases: t ≡ 0, and t = 0 at a point, di�er by the 
hoi
eof an adapted 
oframe.We summarize in the following 
orollary.Corollary 3.22. If a stri
tly pseudo
onvex CR stru
ture 
an be lifted to a spa
etimewhi
h satis�es Einstein's equations (a) then, without loss of generality, we mayassume that the variable t is identi
ally equal to zero in all of the redu
ed Einsteinequations (3.23), (3.24), (3.25), (3.26), (3.27), (3.28), (3.29), (3.35) and in theequation R33 = 0.
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ordan
e with this 
orollary, we now put t = 0 everywhere and look for these
ond CR fun
tion in terms of other quantities than t. In the rest of the paper wewill frequently use the following 
ru
ial lemma.Lemma 3.23. Suppose that a stri
tly pseudo
onvex CR manifold M is representedby forms λ and µ = dζ, with µ ∧ µ̄ 6= 0, as in (3.20)-(3.21). Then, if in addition,
M admits a solution to the equation(3.41) ∂0∂η̄′ = 0,for a 
omplex valued fun
tion η′ on M su
h that(3.42) ∂0η̄

′ 6= 0,then (M, (λ, µ)) is lo
ally embeddable. Here, as always, the operators (∂, ∂̄, ∂0) aredual to (µ, µ̄, λ).Proof Sin
e ∂0 is a real operator, we 
an always �nd a real fun
tion s on Msu
h that lo
ally (ζ, ζ̄, s) are 
oordinates on M and ∂0 = ∂
∂s
. Given a solution η′to (3.41) we 
al
ulate z̄ = −∂η̄′ obtaining z = z(ζ, ζ̄, s). We restri
t this fun
tionto the hypersurfa
e s = 0 in M getting z0 = z(ζ, ζ̄, 0). We sear
h for a fun
tion

ω0 = ω0(ζ, ζ̄) on s = 0 in M , su
h that
∂ω̄0 − z̄0 = 0.This equation, as the 
onjugate of the inhomogeneous CR equation in the 
omplexplane, 
an always be lo
ally solved for ω0. Given su
h an ω0 on s = 0 we extend itto a 
omplex valued fun
tion ω in M by the requirement that it is 
onstant along

s,
∂

∂s
ω ≡ 0, ω|s=0 ≡ ω0.Now we de�ne

η = η′ + ω.We have ∂0∂η̄ = ∂0∂η̄′ + ∂0∂ω̄, and sin
e ∂0∂η̄′ ≡ 0 and the 
ommutator(3.43) ∂0∂ − ∂∂0 = c∂0,we get ∂0∂η̄ = ∂∂0ω̄ + c∂0ω̄ ≡ 0. Thus our 
omplex fun
tion η satis�es(3.44) ∂

∂s
(∂η̄) = 0everywhere. Sin
e we have 
hosen ω so that

(∂η̄)|s=0 = (∂η̄′ + ∂ω̄)|s=0 = −z̄0 + ∂ω̄0 = 0,then equation (3.44), 
onsidered as a di�erential equation for the unknown ∂η̄,satis�es the initial 
ondition (∂η̄)|s=0 = 0. Thus, ∂η̄ must vanish everywhere,
∂η̄ ≡ 0. This proves that if η′ satis�es (3.41) we have a CR fun
tion η asso
iatedwith it. Moreover, be
ause of our assumption (3.42) we have

dη ∧ dζ ∧ µ̄ = dη ∧ µ ∧ µ̄ = (dη′ + dω) ∧ µ ∧ µ̄ = (∂0η
′)λ ∧ µ ∧ µ̄ 6= 0.This in parti
ular means that dζ ∧ dη 6= 0. Thus the CR fun
tions ζ and η areindependent and as su
h they provide a lo
al embedding of the CR manifold M in

C2. This �nishes the proof of the Lemma.The rest of the paper uses this Lemma, under various further assumptions aboutthe lifted spa
etime, to produ
e a new CR fun
tion whi
h, together with the ζ of(3.18), provides the embedding of the CR manifold.
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e of a null Maxwell �eld aligned with the 
ongruen
e. As a warmup we start with a CR manifold M and assume it lifts to a spa
etime that merelysatis�es Einstein equations (a). As we know, in su
h a 
ase, we automati
ally havethe CR fun
tion ζ of (3.18) whi
h 
an be used to 
hoose the forms λ and µ as in(3.20)-(3.21). Next we add the assumption about the 
orresponding spa
etime met-ri
 (3.19). We will assume for a while that the lifted spa
etime (M, g) admits a nullMaxwell �eld whi
h is aligned with the 
ongruen
e of null geodesi
s 
orrespondingto (M, (λ, µ)). The terms in italli
s mean the following:
• In any oriented spa
etime (M, g) a Maxwell �eld is a real 2-form F su
hthat dF = d ∗ F = 0, where ∗ is the Hodge star operator asso
iated withthe metri
 g.
• Every real 2-form F in spa
etime de�nes a 
omplex 2-form F = F + i ∗ F .This is antiselfdual, i.e. by de�nition, it satis�es ∗F = −iF . Also the
onverse is true. Every 
omplex antiselfdual 2-form F de�nes a real 2-form

F , via F = ReF . The so de�ned F has the property that ImF = ∗F .
• Thus Maxwell �elds are in one to one 
orresponden
e with 
losed antiselfd-ual 
omplex 2-forms F in M. From now on we will identify Maxwell �eldswith su
h Fs.
• A nonzero Maxwell �eld F is 
alled null i� F∧F ≡ 0. Thus a null Maxwellis algebrai
ally spe
ial.
• An example of a null Maxwell �eld is given by a plane ele
tromagneti
wave, in whi
h the ele
tri
 �eld E and the magneti
 �eld B are orthogonalto ea
h other EB = 0 and have equal length E

2 − B
2 = 0. In this 
ase

F = dt ∧ (Edr) + 1
2dr ∧ (B × dr) and ∗F is obtained from F by therepla
ement E → B and B → −E.

• A nontrivial example is due to Ivor Robinson [54℄. We present it here, dueto its in�uen
e on the entire subje
t:In Minkowski spa
etime M = R4, with the metri
 g = 2(du′dr + dζdζ̄),
onsider the following (
omplex) 
hange of variables:
u′ = u − rzz̄, ζ = (r + i)z, ζ̄ = (r − i)z̄.After this transformation the metri
 is g = 2

(

λdr + 2(r2 + 1)µµ̄
), with

λ = du + i(z̄dz − zdz̄) and µ = dz. Now 
onsider an antiselfdual 2-form F = fλ∧µ with a nonvanishing (su�
iently smooth) 
omplex valuedfun
tion f in M. It is obviously null, and it de�nes a Maxwell �eld, i.e. itsatis�es dF = 0, if and only if� f = f(u, r, z, z̄) is independent of the real 
oordinate r, fr = 0, and� f satis�es the linear PDE: ∂f
∂z̄

+ iz ∂f
∂u

= 0.The beauty of this example is that
∂

∂z̄
+ iz

∂

∂uis the Hans Lewy operator [22, 54℄.
• Null Maxwell �elds are radiative in a similar sense as the algebrai
allyspe
ial gravitational �elds. Far from the sour
es the leading term of the�eld strength F behaves as F = Null

r
+ O( 1

r2 ), as r → ∞.
• A null Maxwell �eld is always of the form F = f̃ λ̃ ∧ µ̃, with some real1-form λ̃, some 
omplex 1-form µ̃ and a 
omplex fun
tion f̃ on M.
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• One of the impli
ations of the Robinson theorem [37℄ is that if the spa
etime
M admits a null Maxwell �eld F = f̃ λ̃ ∧ µ̃, then it is lo
ally a produ
t
M = R × M , with M being a CR manifold. The CR stru
ture on M isindu
ed by the forms λ, µ on M su
h that λ̃ = π∗(λ) and µ̃ = π∗(µ), with
π : M → M being the proje
tion whi
h forgets about the R fa
tor in M.

• Sin
e a null Maxwell �eld in the spa
etime indu
es the CR stru
ture asabove, then the 
ongruen
e in M, being tangent to the R fa
tor, is nullgeodesi
 and shearfree.
• Now the 
onstru
tion in the other dire
tion 
an be attempted. Given a 3-dimensional CR stru
ture (M, (λ, µ)) one 
onsiders its lift to the spa
etime
M = R × M , whi
h is then naturally equipped with a null 
ongruen
e ofshearfree geodesi
s tangent to the R fa
tor. Then the null Maxwell �eld
F = fλ ∧ µ is 
alled aligned with this 
ongruen
e.Thus let us assume that in addition to the stri
t pseudo
onvexity, and to the as-sumption that the lifted spa
etime satis�es equations (a), we also have a nonvan-ishing null Maxwell �eld aligned with the 
ongruen
e asso
iated to CR stru
ture

(M, (λ, µ)). This additional assumption will play the role of our equation (2ndCR).Assuming this, we are guaranteed the existen
e of a 
omplex fun
tion f on M su
hthat
d(fλ ∧ µ) = 0.For (M, (λ, µ)) as in (3.20)-(3.21) we easily 
he
k that this equation is equivalentto

(∂̄f + c̄f)λ ∧ µ ∧ µ̄ = 0.This in turn is equivalent to a single 
omplex equation [48℄(3.45) ∂f̄ + cf̄ = 0on M , whi
h is our new (2ndCR). If we now introdu
e a fun
tion η̄′ related to fby(3.46) ∂0η
′ = f,we have ∂0η̄

′ 6= 0, sin
e otherwise the Maxwell �eld would vanish. Moreover,inserting the de�nition (3.46) in the Maxwell equation (3.45), we see that if anonvanishing f satis�es (3.45), then the 
orresponding η′ satis�es(3.47) ∂∂0η̄
′ + c∂0η̄

′ = 0.Using the 
ommutator (3.43) we 
on
lude that this equation is �nally equivalentto ∂0∂η̄′ = 0. Sin
e, as we have already noti
ed ∂0η̄
′ 6= 0, our present η′ satis�esall the assumptions of Lemma 3.23. Using it we de�ne a CR fun
tion η whi
h isindependent of ζ. Thus we have proven Theorem 2.3 in the dire
tion (i)&(ii) ⇒

embeddability.To get the 
onverse we do as follows. Assuming embeddability, we have twoindependent CR fun
tions. Let us 
hoose one, say ζ, su
h that dζ ∧ dζ̄ 6= 0.Then, using ζ, we 
onstru
t a spa
etime whose Ri

i tensor satis�es equations(a), as in the proof of Theorem 2.2. After a
hieving this we, in parti
ular, have
embeddability ⇒ (i). In addition we have µ = dζ and λ of (3.21). Now we take anindependent CR fun
tion, say η. Be
ause of the independen
e 
ondition dζ∧dη 6= 0,we have that ∂0η 6= 0. Then we de�ne f = ∂0η 6= 0 and observe that F = fλ ∧ µsatsi�es dF = 0. This provides us with a nontrivial null aligned Maxwell �eld,proving that embeddability ⇒ (ii). Thus Theorem 2.3 is proven.
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ompletes our dis
ussion of the existen
e of a null Maxwell �eld in thespa
etime. We mention however that Trautman [53℄ has 
onje
tured that Theorem2.3 remains valid without 
ondition (i).3.3.2. Petrov type II or D. We now return to the pure Einstein situation, in whi
hwe have a stri
tly pseudo
onvex CR manifold M whose lifted spa
etime (M, g)satis�es Einstein equations (a). We work in the gauge t ≡ 0 and we impose furtherEinstein equations on the lifted spa
etime. From now on we will always assume thatthe lifted spa
etime satsi�es Einstein's equation (a), (b) and one of the equations(
), namely R13 = 0. These, a

ording to Remark 3.17 are equivalent to Ric(g) =
Λg + Φλ ⊗ λ. As a 
onsequen
e we are guaranteed the existen
e of a 
omplexfun
tion m on the CR manifold M su
h that(3.48) ∂m + 3cm = 0(
ompare with (3.35) assuming t ≡ 0).Einstein's equations (a), (b) and R13 = 0 do not guarantee that m is nonvan-ishing. This shall be assumed, and the equation (3.48) with m 6= 0 will be our new(2ndCR).The assumption about the existen
e of a nonvanishing m has a 
lear spa
etimemeaning. This is due to equation (3.36). It says that m 6= 0 at a point if and only ifthe spa
etime metri
 at this point is of no more spe
ial Petrov type than II or D.So let us assume that a stri
tly pseudo
onvex 3-dimensional CR manifold M liftsto a spa
etime of Petrov type II or D, but no more algebrai
ally spe
ial, whi
h inaddition satis�es Einstein's equations (a), (b) and R13 = 0. Having assumed thiswe repla
e equation (3.48) with an equation for the 
omplex fun
tion η′ su
h that[19℄(3.49) m = (∂0η̄

′)3.By our assumption about the Petrov type we have
∂0η̄

′ 6= 0.Moreover, inserting (3.49) into (3.48), after the trivial simpli�
ation whi
h uses theassumed ∂0η̄
′ 6= 0, we get ∂∂0η̄

′ + c∂0η̄
′ = 0. This is again equation (3.47) for η′satisfying ∂0η̄

′ 6= 0. This means that the argument from the previous subse
tionapplies, and using Lemma 3.23, we 
an modify η′ to η being the se
ond CR fun
tionon M . This proves the following theorem.Theorem 3.24. Assume that a stri
tly pseudo
onvex CR manifold M (i) admitsa lift to a spa
etime satisfying Einstein's equations Ric(g) = Λg + Φλ⊗ λ, and (ii)has Petrov type II or D, but no more spe
ial. Then su
h a CR stru
ture is lo
allyCR embeddable.At this stage it is worthwhile to note that if we have m satisfying (3.35) we 
anuse its asso
iated η′ to de�ne f by formula (3.46). Then we 
an use this f to de�nea Maxwell 2-form F by F = fλ ∧ µ. Due to (3.47) this F satis�es the Maxwellequations dF = 0. Thus the lifted spa
etime of Theorem 3.24 admits an alignednull Maxwell �eld.Also the 
onverse to Theorem 3.24, namely Theorem 2.5, 
an now be proven,using a similar argument. Indeed, given an embeddable stri
tly pseudo
onvex CRmanifold M , we 
hoose one of its CR fun
tions ζ su
h that dζ ∧ dζ̄ 6= 0 to de�ne
µ = dζ and λ satisfying (3.21). Then we take t ≡ 0 and s ≡ 0. To 
onstru
t an
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etime satisfying Ric(g) = Λg + Φλ⊗λ we need �rst to �nd a 
omplexfun
tion m su
h that equation (3.35) with t ≡ 0 is satis�ed. We 
an do it in twoways. Either we 
hoose m ≡ 0, or we 
an prove that we 
an �nd m 6= 0 satisfying(3.35).Let us �rst 
onsider the se
ond possibility. Sin
e our real analyti
 CR manifold islo
ally embeddable [1℄ we are guaranteed that a se
ond CR fun
tion η, independentof ζ exists on M . Thus we have ∂0η 6= 0. Then we de�ne m = (∂0η)3, whi
hobviously does not vanish. Be
ause η satis�es the tangential CR equation, we easilyget that our m satsi�es ∂m + 3cm = 0. After determining η we must solve the lastof the redu
ed Einstein equations Ric(g) = Λg + Φλ ⊗ λ, namely equation (3.29)for p. This is a real equation for a real fun
tion on the CR manifold M . Looking at(3.29) we see that if we spe
ify a real 
onstant Λ, the only unknown in this equationis p, sin
e now c, t ≡ 0 and m, as well as ∂ and ∂̄ are just spe
i�ed. For every�xed 
onstant Λ, this equation is a se
ond order real PDE in 3-dimensions, with aquite well behaved nonlinear part. We do not know for sure about its solvabilityunless we assume real analyti
ity in the variables appearing in it. To have this itis enough to assume that the CR manifold M is real analyti
. Then we 
an always�nd a lo
al solution for p. Inserting this p, and m, t ≡ 0, s ≡ 0, c into (3.19), withfun
tions P , W and H as in (3.23), (3.24), (3.25), (3.26), (3.28) we de�ne a metri

g. This satis�es Ric(g) = Λg + Φλ ⊗ λ, with our �xed Λ and some real fun
tion
Φ, whi
h is determined by all our 
hoi
es. Due to the 
omitted 
hoi
e of η, wehave m 6= 0, therefore the lifted spa
etime is of Petrov type II or D. This provesTheorem 2.5.Remark 3.25. We strongly believe that equation (3.29) with arbitrary su�
ientlysmooth fun
tions t, c, m and arbitrary real 
onstant Λ, has a lo
al nonvanishingsolution for p on any su�
iently smooth CR manifold M , and that it 
ould beproved by standard methods. If this is true then we 
ould repla
e Theorem 2.5 witha stronger one, in whi
h the term `real analyti
' would be repla
ed by `su�
ientlysmooth embeddable'.The authors are unaware of a pre
ise referen
e to the literature in whi
h theexisten
e of nonzero solutions to (3.29), without the real analyti
ity assumption, isproved. In the rest of this se
tion we will assume that it is true.Let us now dis
uss the �rst possibility mentioned above. A
tually, instead ofusing the se
ond CR fun
tion, we 
ould have 
hosen m ≡ 0 in addition to t ≡ 0and s ≡ 0. Then inserting these fun
tions into the equation (3.29) for p and �xinga 
onstant Λ, we 
on
lude that it admits a lo
al solution. Thus de�ning the metri
as before we again get a spa
etime with Ric(g) = Λg + Φλ ⊗ λ. There is howeveran important di�eren
e between this situation and the one 
onsidered before. Thespa
etime now has m ≡ 0, so that it is of Petrov III or its spe
ialization. Evenmore important is the fa
t that in 
onstru
ting the metri
 now we did not use these
ond CR fun
tion. Thus, modulo our 
urrent assumption, we have the following
orollary.Corollary 3.26. Every su�
iently smooth stri
tly pseudo
onvex 3-dimensional CRstru
ture whi
h admits one CR fun
tion ζ su
h that dζ ∧ dζ̄ 6= 0 has a lift to aspa
etime whi
h satis�es Einstein equations Ric(g) = Λg + Φλ ⊗ λ and whi
h is ofPetrov type III, or its spe
ializations N or 0.



32 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKIThis means that for the pri
e of generality in the Petrov type, we may repla
ethe embeddability assumption in Theorem 2.5, by a weaker assumption about themere existen
e of one CR fun
tion, and still get the Einstein 
ondition Ric(g) =
Λg + Φλ ⊗ λ for the lift.3.3.3. Ric(g) = 0 and Petrov type III. If we assume that our stri
tly pseudo
on-vex CR stru
ture (M, (λ, µ)) has a lift to a spa
etime (M, g) satisfying Einstein'sequations Ric(g) = Λg + Φλ ⊗ λ, whi
h in addition, is of Petrov type III or itsspe
ializations, then without further assumptions about (M, g) we are unable toprodu
e the se
ond CR fun
tion for M . Of 
ourse, to get the embeddability of M ,we may assume that our spa
etime admits an aligned null Maxwell �eld and thenuse Theorem 2.3. But, if we la
k a Maxwell �eld dete
tor, we need to invent a new(2ndCR) equation that guarantees the existen
e of a se
ond CR fun
tion η. This
an be done by imposing more spe
ial restri
tions on Ric(g), as we will do in thisse
tion.So now we assume that the lifted spa
etime of our CR manifold (M, (λ, µ)) is ofPetrov type III or more spe
ial, and that it satsi�es Einstein's equations (a), (b)and the �rst of equations (
), namely R13 = 0. We work in the gauge

t ≡ 0and, due to our assumption about the Petrov type, we have
m ≡ 0.Then, guided by the theory of exa
t solutions of Einstein equations we introdu
e afun
tion(3.50) I = ∂(∂ log p + c) + (∂ log p + c)2.This enable us to signi�
antly simplify the formulae for the last 
omponenent ofthe Ri

i tensor and the Weyl s
alar 
oe�
ient Ψ3. These are given in the followingproposition.Proposition 3.27. If the lifted spa
etime satsi�es the Einstein equations (3.23),(3.24), (3.25), (3.26), (3.27), (3.28), (3.29), (3.35) then the Ri

i tensor 
ompo-nent R33 is given by(3.51) R33 = 8

cos4( r+s
2 )

p4

(

∂ + 2c
)

(p2∂Ī) + O(Λ)and the Weyl s
alar Ψ3 is given by(3.52) Ψ3 = 2i ∂Ī
e

i(r+s)
2

p2
cos3(

r + s

2
) + O(Λ),as Λ → 0.Remark 3.28. The omitted O(Λ) term in R33 reads

O(Λ) = −8Λ cos4(
r + s

2
) ×

(4

3
Λp2 + 6(c̄∂ + c∂̄) log p + 12∂ log p∂̄ log p + 3cc̄ − 1

2 (∂c̄ + ∂̄c) − 2i∂0 log p
)

,and the omitted Λ term in Ψ3 is
O(Λ) = −4i Λ (2∂̄ log p + c̄) e

i(r+s)
2 cos3(

r + s

2
).



EINSTEIN'S EQUATIONS AND THE EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS33We note that the O(Λ) term in R33 is 
omplex. It in
ludes the purely imaginary
−2i∂0 log p. Thus the �rst term in R33 is also 
omplex, sin
e R33 is real. Thismeans that the �rst term in R33 in
ludes a purely imaginary Λ term whi
h 
an
els
−2i∂0 log p. If Λ = 0 the �rst term in R33 be
omes real, and R33 be
omes real asit should be.The appearan
e of the unwanted O(Λ) terms in (3.51) and (3.52) for
es us toassume that Λ = 0. So in our sear
h for the se
ond CR fun
tion we will assumefrom now on that the lifted spa
etime has vanishing 
osmologi
al 
onstant

Λ = 0.Then, if we in addidtion assume that the lifted spa
etime is Ri

i �at, we mayeasily use the fun
tion ∂Ī to 
onstru
t the se
ond CR fun
tion.Let us thus assume that the lifted spa
etime has Λ = 0 and R33 = 0 everywhere,and that in addition it is of stri
tly Petrov type III. This last assumption meansthat ∂Ī 6= 0. Moreover, sin
e R33 = 0 and Λ = 0 guarantees that(3.53) (∂ + 2c)(p2∂Ī) = 0,we may use our standard tri
k of 
onsidering η′ related to I via:
p2∂Ī = (∂0η̄

′)2.Inserting this into (3.53) and utilising the assumption ∂0η̄
′ 6= 0 about the Petrovtype, we again obtain ∂0∂η̄′ = 0, whi
h is enough to 
on
lude that the followingtheorem is true:Theorem 3.29. Assume that a stri
tly pseudo
onvex CR manifold M admits a liftto the spa
etime satisfying (i) Einstein's equations Ric(g) = 0, and (ii) having Pet-rov type III, but no more spe
ial. Then su
h a CR stru
ture is lo
ally embeddable.Of 
ourse, as in the end of the last subse
tion we 
an now use our se
ond CRfun
tion, to 
onstru
t an aligned null Maxwell �eld in our Ri

i �at spa
etime oftype III.3.3.4. Petrov type N. Staying in the gauge t ≡ 0, with the 
osmologi
al 
onstantset to Λ = 0, an assumption that our spa
etime is of type N means that m = 0and ∂Ī = 0 everywhere (see (3.36) and (3.52)). In the 
ontext of our sear
h for these
ond CR fun
tion this is a very fortunate Petrov type. Indeed, assuming type Nwe have

∂Ī ≡ 0,whi
h not only implies that R33 = 0, but also implies that I is a CR fun
tion! Theonly question is if this CR fun
tion is independent of ζ. For this we need(3.54) ∂0Ī 6= 0.To 
on
lude the independen
e we 
al
ulate the last Weyl s
alar Ψ4. Assuming that
t ≡ 0, Λ = 0, m ≡ 0 and ∂Ī ≡ 0 we get:

Ψ4 = 2i ∂0Ī
e−

i(r+s)
2

p2
cos3(

r + s

2
).Thus the 
ondition (3.54) for I to be an independent CR fun
tion is equivalent tothe 
ondition on Petrov type not to be degenerate to the 
onformally �at type 0.Thus we have the following theorem.



34 C. DENSON HILL, JERZY LEWANDOWSKI, AND PAWE� NUROWSKITheorem 3.30. Assume that a stri
tly pseudo
onvex CR manifold M admits a liftto a spa
etime satisfying (i) Einstein equations (a), (b) with Λ = 0 and R13 = 0and, whi
h in addition, (ii) has Petrov type N and is nowhere degenerate to Petrovtype 0. Then su
h a CR stru
ture is lo
ally embeddable. Moreover, in su
h 
ase thespa
etime is Ri

i �at.The remark about the existen
e of the aligned Maxwell �eld, as at the end ofthe previous subse
tions, applies here also.3.3.5. Conformally �at 
ase. If we only know that among the lifted spa
etimes ofa stri
tly pseudo
onvex CR stru
ture there is a Minkowski metri
, we may pro
eedwith our sear
h for the se
ond fun
tion in the same spirit as we were doing inthe previous subse
tions. However, in su
h a 
ase there is a simpler more elegantgeometri
 way of a
hieving our goal. This 
omes from Penrose's twistor theory.Let us now forget about all the results from the entire Se
tion 3 and assume thatwe are given a 3-dimensional CR stru
ture (M, (λ, µ)), not ne

essarily stri
tlypseudo
onvex (!), whi
h has a lift to a 
onformally �at spa
etime M. We do notneed the Einstein equations for the rest of the argument. It is known (see e.g. [33℄)that the spa
e of all null geodesi
s in a neighbourhood in M is a 5-dimensional CRmanifold N , whi
h is naturally lo
ally CR embedded in C
3. A
tually N may beidenti�ed with an open set in the following real proje
tive quadri


PN = {CP
3 ∋ (W1 : W2 : W3 : W4) | |W1|

2 + |W2|
2 − |W3|

3 − |W4|
2 = 0}CR embedded in CP3. The manifold PN is 
alled the spa
e of proje
tive twistors.Sin
e points of N are null geodesi
s in M then a 
ongruen
e of null geodesi
sin M is just a 3-dimensional manifold MN in N . Cru
ial to our argument is thefa
t that if a 
ongruen
e of null geodesi
s in M is shearfree then MN is a CRsubmanifold [30℄ of the 5-dimensional embedded CR manifold N . Thus having a
ongruen
e of null and shearfree geodesi
s in M we �rst are guaranteed that M islo
ally CR embedded as a submanifold MN in C3. But this implies that M alsohas a lo
al CR embedding in a C2, see [1, 10℄. The argument is very simple:Take a point p ∈ MN , and de�ne C2 to be the smallest 
omplex ve
tor spa
ewhi
h 
ontains TpMN . The lo
al proje
tion π : C3 → C2 is holomorphi
, hen
e itsrestri
tion φ = π|MN

is a CR map, whose image in C
2 is the desired CR embedding.This proves the following theorem.Theorem 3.31. Every 3-dimensional CR manifold whi
h has a lift to a 
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etime is lo
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