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Abstract We find all pairs of real analytic functions f and g in R
n such that |∇ f | = |∇g|

and (∇ f )(∇g) = 0.
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1 Introduction

We consider the following problem: Let n ≥ 3. Find all pairs of functions ( f, g),

f : R
n → R, g : R

n → R such that

|∇ f | = |∇g|, (∇ f )(∇g) = 0.

Functions f and g constituting such a pair are called conjugate [1].
The notion of conjugate functions can be traced back to Jacobi’s paper [4]. It appears

naturally in the context of harmonic morphisms [2], i.e. the maps F between two Riemann-
ian manifolds (M, g) and (N , h), F : M → N , which pullback harmonic functions locally
defined on N to harmonic functions locally defined on M . Taking as M = R

n and N = R
2,

and as F = ( f, g), it follows [2] that such F is a harmonic morphism, if and only if both f
and g are harmonic and conjugate to each other.

Finding a pair of conjugate functions ( f, g) is equivalent to finding a complex-valued
function h : R

n → C such that

P. Nurowski (B)
Instytut Fizyki Teoretycznej, Uniwersytet Warszawski, ul. Hoza 69, Warszawa, Poland
e-mail: nurowski@fuw.edu.pl

P. Nurowski
Instytut Matematyczny PAN, u. Åšniadeckich 8, skr. poczt. 21, Warszawa, Poland

123

 Author's personal copy 



322 Ann Glob Anal Geom (2010) 37:321–326

(∇h)(∇h) = 0.

Having h, one gets f and g as its real and imaginary parts, respectively.
While solving the above-stated problem at the algebraic level, one needs to find a nice

representation for null vectors in C
n . In dimension n = 3 this may be done by means of

spinors.

2 General analytic solution in dimension three

The solution of the problem in dimension n = 3 is as follows.
We consider R

3 with coordinates (x, y, z). The most general form of ∇h is given in terms
of two complex-valued functions (a spinor) (φ1, φ2)

hx = φ2
1 − φ2

2 , hy = i(φ2
1 + φ2

2), hz = 2φ1φ2.

Now, the integrability condition for existence of h is

d [(φ2
1 − φ2

2)dx + i(φ2
1 + φ2

2)dy + 2φ1φ2dz] = 0, (2.1)

which is equivalent to

[φ1(dx + idy) + φ2dz] ∧ dφ1 + [−φ2(dx − idy) + φ1dz] ∧ dφ2 = 0.

This motivates introduction of two functions

X1 = φ1(x + iy) + φ2z, X2 = −φ2(x − iy) + φ1z.

Having them the integrability condition is

d(X1dφ1 + X2dφ2) = 0.

Its general solution analytic in (x, y, z) is

X1 = F1(φ1, φ2) X2 = F2(φ1, φ2),

where F = F(φ1, φ2) is a complex-valued function analytic in both variables, and
F1 = ∂ F

∂φ1
, F2 = ∂ F

∂φ2
.

Explicitly, one finds φ1 and φ2 specifying F arbitrarily and solving the algebraic equations

φ1(x + iy) + φ2z = F1(φ1, φ2)

−φ2(x − iy) + φ1z = F2(φ1, φ2)
for (φ1, φ2). (2.2)

Once (φ1, φ2) is found then h is given by a simple integration of, e.g. equation
hx = φ2

1 − φ2
2 . We then have

h =
∫

(φ2
1 − φ2

2)dx .

This determines h modulo an addition of an arbitrary smooth function s = s(y, z). Finally,
to fix this function, we use hy = i(φ2

1 + φ2
2) and hz = 2φ1φ2. These equations have a solu-

tion for s because Eq. 2.2, which we used to define (φ1, φ2), are equivalent, in an analytic
category, to the integrability conditions (2.1). This solves the problem.

So, in dimension n = 3 the conclusion is that the general analytic solution is generated
by one complex analytic function F of two variables.
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Example As a simple example, we take a quadratic function F :

F = αφ2
1 + 2βφ1φ2 + γφ2

2 + µφ1 + νφ2,

where α, β, γ, µ, ν are complex constants. Then, Eq. 2.2 are

φ1(x + iy) + φ2z = 2αφ1 + 2βφ2 + 2µ

−φ2(x − iy) + φ1z = 2βφ1 + 2γφ2 + 2ν.

.
Their solutions are given by

1
2φ1 = µ(2γ + x − iy) + ν(z − 2β)

(z − 2β)2 − (2α − x − iy)(2γ + x − iy)

1
2φ2 = ν(2α − x − iy) + µ(z − 2β)

(z − 2β)2 − (2α − x − iy)(2γ + x − iy)
.

Now, according to the above procedure, the function h is given by

1
4 h = 1

4

∫
(φ2

1 − φ2
2)dx = µ2(2γ + x − iy) + ν2(2α − x − iy) + 2µν(z − 2β)

(2α − x − iy)(2γ + x − iy) − (z − 2b)2

+ s(y, z), (2.3)

where s = s(y, z) is an arbitrary (sufficiently smooth) complex-valued function of variables
y and z. Imposing conditions hy = i(φ2

1 + φ2
2) and hz = 2φ1φ2 we find that s = s0 =

const ∈ C. Taking f = Re(h) and g = Im(h) with h as in (2.3) and s = s0, one can easily
check1 that |∇ f | = |∇g| and (∇ f )(∇g) = 0.

3 General analytic solution in arbitrary dimension

Although, for arbitrary n, we cannot use spinors anymore, a similar procedure can be used
to get a general analytic solution for any n ≥ 3. This uses a bilinear parametrization of null
vectors in C

n , known in the theory od minimal surfaces [3].
In R

n we introduce coordinates (x1, x2, . . . , xn) and parametrize a general null vector
(hx1 , hx2 , . . . , hxn ) by means of n − 1 complex functions (φ1, φ2, . . . , φn−1) via

hx1 = φ2
1 + φ2

2 + · · · + φ2
n−2 − φ2

n−1

hx2 = i(φ2
1 + φ2

2 + · · · + φ2
n−2 + φ2

n−1)

hx3 = 2φ1φn−1

. . . (3.1)

hxk = 2φk−2φn−1

. . .

hxn = 2φn−2φn−1.

One easily checks2 that (∇h)(∇h) = 0.

1 It is a straightforward but lengthy algebra. Using version 7.0 of the Mathematica symbolic calculation
program, and Dell XPS computer with Intel Core Duo processor, this check lasted 333 s of the CPU time!
2 I thank J.C. Wood (private communication) for pointing out this.

123

 Author's personal copy 



324 Ann Glob Anal Geom (2010) 37:321–326

Now the integrability condition

d [hx1 dx1 + hx2 dx + · · · + hxn dxn] = 0

for existence of h : R
n → C satisfying (3.1) is

d[X1dφ1 + X2dφ2 + · · · + Xn−1dφn−1] = 0

with n − 1 functions (X1, X2, . . . , Xn−1) given by

X1 = φ1(x1 + i x2) + φn−1x3

X2 = φ2(x1 + i x2) + φn−1x4

. . .

Xn−2 = φn−2(x1 + i x2) + φn−1xn

Xn−1 = −φn−1(x1 − i x2) + φ1x3 + φ2x4 + · · · + φn−2xn .

Thus, similarly to the n = 3 case, we first choose an arbitrary holomorphic function F =
F(φ1, φ2, . . . , φn−1)of n−1 complex variables and, denoting its derivatives by Fi = ∂ F

∂φi
, i =

1, 2, . . . , n − 1, solve algebraic equations

F1 = φ1(x1 + i x2) + φn−1x3

F2 = φ2(x1 + i x2) + φn−1x4

. . . (3.2)

Fn−2 = φn−2(x1 + i x2) + φn−1xn

Fn−1 = −φn−1(x1 − i x2) + φ1x3 + φ2x4 + · · · + φn−2xn,

for (φ1, φ2, . . . , φn−1) as functions of (x1, x2, . . . , xn). Then, h is found by simple integration
to be, e.g. h = ∫

2φn−2φn−1dxn . This defines h modulo an addition of an arbitrary function
s = s(x1, x2, . . . , xn−1) of the remaining variables (x1, x2, . . . , xn−1), which is fixed by
imposing the first (n − 1) conditions (3.1) on such an h. This solves the problem for any
n ≥ 3.

Remark 3.1 We note that, under some regularity assumptions on the function F , Eq. 3.2
associate with any solution h an n-dimensional real submanifold Mn embedded in C

n−1.
One gets the equations for this submanifold in coordinates (φ1, φ2, . . . , φn−1) ∈ C

n−1 by
eliminating the real parameters (x1, x2, . . . , xn) from Eq. 3.2. For example if n = 3, given
F = F(φ1, φ2), we have a 3-dimensional real hypersurface M3 in C

2 defined by

M3 = {(φ1, φ2) ∈ C
2 : Im(F1φ̄2 − F2φ̄1) = 0}.

In the case of n = 4, given F = F(φ1, φ2, φ3) we have

M4 = {(φ1, φ2, φ3) ∈ C
3 :

0 = Im
(
φ̄3 [F1(φ

2
2 φ̄2

1 + |φ2|4 − |φ1φ3|2 − |φ3|4)
−F2(|φ2|2φ1φ̄2 + (|φ1|2 + |φ3|2)φ2φ̄1) + F3φ3(φ1φ̄

2
2 + (|φ1|2 + |φ3|2)φ̄1)]

)
0 = Im

(
φ̄3 [F1(|φ1|2φ2φ̄1 + (|φ2|2 + |φ3|2)φ1φ̄2)

−F2(φ
2
1 φ̄2

2 + |φ1|4 − |φ2φ3|2 − |φ3|4) − F3φ3(φ2φ̄
2
1 + (|φ2|2 + |φ3|2)φ̄2)]

)}.
We also note that submanifolds Mn are foliated by (n − 2)-dimensional leaves which are
the images under the map (x1, x2, . . . , xn) �→ (φ1, φ2, . . . , φn−1) of the intersections in R

n

of the level surfaces f = c1 and g = c2 corresponding to the conjugate functions ( f, g)
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associated with h. Thus, in particular, M3 has a distinguished foliation by real curves and
M4 has a distinguished foliation by real surfaces.

4 Solution in terms of trilinear parametrization of null vectors in dimension five

It is interesting to note that in dimension n = 5, a slightly different procedure, based on a
trilinear parametrization of complex null vectors, can be used to find solutions to the problem.

In R
5 we use coordinates (x, y, z, t, u). Now we write a null vector (hx , hy, hz, ht , hu)

in terms of six functions (φ1, φ2, φ3, φ4, φ5, φ6) as follows:

hx = i(φ1φ2 + φ3φ4)φ5 − 1
2 (φ2

1 + φ2
2 − φ2

3 − φ2
4)φ6,

hy = i(−φ1φ3 + φ2φ4)φ5 + (φ2φ3 − φ1φ4)φ6

hz = (−φ1φ2 + φ3φ4)φ5 − i
2 (φ2

1 + φ2
2 + φ2

3 + φ2
4)φ6 (4.1)

ht = (φ1φ3 + φ2φ4)φ5

hu = (φ1φ3 + φ2φ4)φ6.

Check that h2
x + h2

y + h2
z + h2

t + h2
u = 0. Remarkably again, the integrability conditions

d [hx dx + hydy + hzdz + ht dt + hudu] = 0

for the existence of h : R
5 → C satisfying (4.2), are equivalent to

d(Xdφ1 + Y dφ2 + Zdφ3 + T dφ4 + Udφ5 + W dφ6) = 0,

where

X = φ3φ5(t − iy) − (φ1φ6 − iφ2φ5)(x + i z) − φ4φ6 y + φ3φ6u

Y = φ4φ5(t + iy) − (φ2φ6 − iφ1φ5)(x + i z) + φ3φ6 y + φ4φ6u

Z = φ1φ5(t − iy) + (φ3φ6 + iφ4φ5)(x − i z) + φ2φ6 y + φ1φ6u

T = φ2φ5(t + iy) + (φ4φ6 + iφ3φ5)(x − i z) − φ1φ6 y + φ2φ6u

U = φ1φ3(t − iy) + φ2φ4(t + iy) + iφ1φ2(x + i z) + iφ3φ4(x − i z)

W = − 1
2 (φ2

1 + φ2
2)(x + i z) + 1

2 (φ2
3 + φ2

4)(x − i z) + (φ2φ3 − φ1φ4)y + (φ1φ3 + φ2φ4)u.

Thus, taking an analytic function F = F(φ1, φ2, φ3, φ4, φ5, φ6) of six variables, and solving
algebraic equations

F1 = φ3φ5(t − iy) − (φ1φ6 − iφ2φ5)(x + i z) − φ4φ6 y + φ3φ6u

F2 = φ4φ5(t + iy) − (φ2φ6 − iφ1φ5)(x + i z) + φ3φ6 y + φ4φ6u)

F3 = φ1φ5(t − iy) + (φ3φ6 + iφ4φ5)(x − i z) + φ2φ6 y + φ1φ6u

F4 = φ2φ5(t + iy) + (φ4φ6 + iφ3φ5)(x − i z) − φ1φ6 y + φ2φ6u

F5 = φ1φ3(t − iy) + φ2φ4(t + iy) + iφ1φ2(x + i z) + iφ3φ4(x − i z)

F6 = − 1
2 (φ2

1 + φ2
2)(x + i z) + 1

2 (φ2
3 + φ2

4)(x − i z) + (φ2φ3 − φ1φ4)y + (φ1φ3 + φ2φ4)u

for (φ1, φ2, φ3, φ4, φ5, φ6) as functions of (x, y, z, t, u), we generate a solution to
(∇h)(∇h) = 0 via, for example, an integral h = ∫ [(φ1φ3 + φ2φ4)φ6]du.

Acknowledgements This note is motivated by a paper [1]. I thank Michael Eastwood and James C. Wood
for clarifying discussions. The presented solution of the problem reminds very much the way in which the
Kerr theorem is proved (see, e.g. [5,6]).

123

 Author's personal copy 



326 Ann Glob Anal Geom (2010) 37:321–326

References

1. Baird, P., Eastwood, M.: Conjugate functions and semiconformal mappings. Proc. Conf. Prague, August
30–September 3, 2004, Charles University, Prague, pp. 479–486 (2005)

2. Baird, P., Wood, J.C.: Harmonic Morphisms between Riemannian Manifolds. Oxford University Press,
Oxford (2003)

3. Hoffman, D.A., Osserman, R.: The geometry of the generalized Gauss map. Mem. Am. Math. Soc. 28(236),
1–105 (1980)

4. Jacobi, C.G.J.: Über eine Lösung der partiellen Differentialgleichung ∂2V
∂x2 + ∂2V

∂y2 + ∂2V
∂z2 = 0. J. Reine

Angew. Math. 36, 113–134 (1848)
5. Nurowski, P.: Einstein equations and Cauchy-Riemann geometry. PhD Thesis, International School for

Advanced Studies, Trieste, also available at www.fuw.edu.pl/~nurowski/publikacje.html (1993)
6. Nurowski, P., Trautman, A.: Robinson manifolds as the Lorentzian analog of Hermite manifolds. Diff.

Geom. Appl. 17, 175–195 (2002)

123

 Author's personal copy 

www.fuw.edu.pl/~nurowski/publikacje.html

	Construction of conjugate functions
	Abstract
	1 Introduction
	2 General analytic solution in dimension three
	3 General analytic solution in arbitrary dimension
	4 Solution in terms of trilinear parametrization of null vectors in dimension five
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


