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Abstract We introduce a class of overdetermined systems of partial differential equa-
tions of finite type on (pseudo-) Riemannian manifolds that we call the generalized
Ricci soliton equations. These equations depend on three real parameters. For special
values of the parameters they specialize to various important classes of equations in
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near-horizon geometry equations in general relativity, special cases of Einstein—Weyl
equations and their projective counterparts, equations for homotheties and Killing’s
equation. We also prolong the generalized Ricci soliton equations and, by comput-
ing differential constraints, we find a number of necessary conditions for a (pseudo-)
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1 Introduction

Let (M", g) be an oriented smooth manifold of dimension n with (pseudo-) Rie-
mannian metric g. Let us consider the system of equations

Lxg=—-2c1X" 0 X" +2c2Ric +2Ag (1)

on a vector field X. Here Ly g is the Lie derivative of the metric g with respect to X, X”
is a 1-form such that (X, Xb) = g(X, X), Ric is the Ricci tensor of g and ¢, ¢ and A
are arbitrary real constants. In abstract index notation equation (1) can be rewritten as

VaXp)y +c1XaXp — c2Rap = Agap (2)

where the 1-form X,, which is not necessarily closed, is given by X, = g.p X b Here
V is the Levi-Civita connection for the metric g. Let us call (2) the generalized Ricci
soliton equations. We note that there is not a unique way of assigning a name to this
class of equations, and our choice is a matter of convenience (some other names were
proposed such as GRicci solitons and grolitons). A more general form for (1) has been
introduced in [3], where the authors considered the gradient case. A pair (g, X) is
called a generalized Ricci soliton if (2) is satisfied for some non-zero X, and metric
8ab- .
If c1 # 0, we can redefine X, = c1 X, so that (2) is satisfied iff

VaXp) + XaXp — E2Rap = Agab )

holds, where ¢, = cjc¢p and = c1A. Hence we can redefine constants and study the
equations

V(aXb) + XuXp — c2Rap = Agab “4)
if ¢; # 0, and
ViaXp) — 2Rap = Agab ©)
if Ccl = 0. B
In the case where ¢; = 0, if ¢ # 0 we can further rescale X, by X, = —%Xa, to
set c; = —1. In this case (5) is satisfied iff
ViaXp) + Rap = Agab (6)
holds, where x = —CL. This is the classical Ricci soliton equation. If ¢; = 0 and

c2 = 0, Eq. (5) reduces to the equation for homotheties.
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Table 1 Examples of

. L Equation - > A
generalized Ricci solitons d ‘1 2

Killing’s equation 0 0 0
Equation for homotheties 0 0 *
Ricci solitons 0 -1 *
A . 1
Cases of Einstein—Weyl 1 —7=3 *
Metric projective structures 1 — ﬁ 0
with skew-symmetric Ricci
tensor in projective class
. ar-hori ati 1
Vacuum near-horizon geometry equation 1 o *

1.1 Motivation

The generalized Ricci soliton equations (2) contain in many cases equations of impor-
tance and interest in differential geometry.

The ¢; = 0, ¢y = —1 case is the Ricci solitons with constant A, which is called
steady if A = 0, expanding if A < 0, and shrinking if A > 0; see [2,4] for a survey.
We note that some definitions of Ricci solitons, such as in [2], assume completeness
of the metric.

The ¢; = 0, ¢y = 0 case is the equation for homotheties of the metric, i.e., the
solutions give rise to homothetic vector fields X (conformal Killing with constant
divergence A).

The situation with ¢; = ¢; = A = 01is Killing’s equation, the equation determining
infinitesimal isometries of the metric.

Theci =1,¢ = —ﬁ cases are special cases of the Einstein—Weyl equation in
conformal geometry for n > 2; see [1] for definitions.
The c; = 1,0 = —n%, A = 0 cases are the equations determining whether a

metric projective structure admits a skew-symmetric Ricci tensor representative in its
projective class. See [20,21] for further details. We remark that coefficient ﬁ appears
in the equation because the projective Schouten tensor P is related to the Ricci tensor
of a metric connection by P, = n]TlRﬂb'

The ¢; = 1,0 = % case is the vacuum near-horizon geometry equation. This
equation is recently studied in general relativity in the context of existence of extremal
black holes. In this equation A is the cosmological constant of the spacetime. See
[5,10,17] for further discussions and refer to Table 1.

The generalized Ricci soliton equations constitute an overdetermined system of
PDE:s of finite type. They are linear in X, in the case where c; = ¢ = 0 (homotheties),
non-homogeneous linear in X, when ¢; = 0 (Ricci solitons), and quadratic in X, in
the case ¢; = 1. The leading term in all these equations have the same symbol as the
differential operator X, — V(; Xp).

The first part of the paper (Sects.2-5) is devoted to prolongation of (2) to derive
algebraic constraints and obstructions in dimensions 2 and 3 (in some cases), while
the second part (Sects. 6-8) is devoted to constructing explicit examples mainly in
dimension 2. In particular, in the second part of the paper we put in a broader context
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such important examples as the celebrated Hamilton’s cigar Ricci soliton (see Propo-
sition 7.5), extremal Kerr black hole horizon (see Corollary 7.20), and reduction of
dKP equation to 2 dimensions in Lorentzian signature (see Proposition 8.5). We also
give some 3 dimensional examples in Example 4.5 and in Remark 7.16.

We raise and lower indices of tensor fields with respect to the metric g, and we will
not distinguish between 1-forms and vector fields when convenient.

2 Generalized Ricci Solitons: Prolongation and Closed System

We now prolong Eq. (2) to get a closed system.
If we denote Fy, = V|4 X}, then we get

VaXp +c1XoXp — c2Rap = Fap + Agap- @)

We shall prolong (7) and get differential constraints for g to admit a solution X to (7).
We will concentrate on dimensions 2 and 3 (with ¢; = 0 in the 3 dimensional case),
although some parts of the prolongation will be valid in any higher dimensions.

In any dimension, the prolongation gives

VaXp = —c1XaXp + 2Rap + Fap + Agab
VaFpe =c2(VpRea — VeRpa) + RbcdaXd +2c1FepXa + 1 XpFea — 1 X Fpa
+rc1Xpgea — A1 Xc8ba + c1¢2XpRea — 162X Rpa-

®
Note that X, appears quadratically in the closed system. Note also, that both equations
of the closed system have inhomogeneous terms; these, such as for example ¢, V, Rp,
depend on the parameters c1, ¢2, A and geometric quantities associated with the metric,
but do not depend on the unknowns X, and F.
With redefined constants, for c; = 1, we get

VaXp = — XaXp + G2 Rap + Fap + 28ab
VaFpe =C~12(VbRca - VcRba) + RbcdaXd + ZFcth + XpFea — XcFpa
+ Xthca - XXcgba + 2 XpRea — €2 X Rpa,

while for ¢; = 0, we obtain

VaXp =c2Rap + Fap + Agab
VaFpe =c2(VpReq — VeRpy) + RbcdaXd~

@ Springer
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3 2D Generalized Ricci Solitons: Theory
3.1 Prolongation and Constraints of 2D Generalized Ricci Soliton Equations

In 2 dimensions, we have Rupecd = K(guc8bd — Lad&bc), Rab = %gab = Kgab,
where R is the scalar curvature and K = g is the Gauss curvature. We can also use

the volume form €., to dualize all 2-forms. In the Riemannian signature case we have

€e,. = 8., €e,, = 2 while in the Lorentzian signature case we have e, =

—8%, and €%,y = —2, so we take €%Pe . = e8Y,, €*Pe,, = 2¢ where ¢ = {£1}
depending on the signature of the metric. We therefore can write F,;, = %eabF where
F = €% F,;,. Also note that we have € p€.q = e(8ac8bd — 8ad&bc)-

The second equation of (8) in 2 dimensions reduces to:

e 3e
EGhCVaF =¢2(8caVoK — gupVeK) + KXpgea — KXc8gba — ?CléchXa
+Ac1Xpgea — 21X cgba + 102K Xpgea — c1C2K X 8bas
so that contracting throughout with €”¢ gives
Vo F =2¢26? VoK +20ct + K(1 + c1¢2) XpePs — 3c1 FX,.

The prolonged system of the generalized soliton equation (2) therefore reduces to

e
VaXb=—61XaXb+Cngab+§F6ab+?»gab ©
VoF = —3¢1XaF 4 2€°0(c2Vp K + (1 + c1c2) Xp K + Ac1 Xp)

in 2 dimensions.
Let us call

Ly =c3VpK + (1 4+ c1c)XpK + 21 Xp = a2V K 4+ (1 4+ c1c2) K + Acp) Xp.
Then from differentiating
V.F = —3¢; X, F +2¢b,L,
we obtain
Vi Vo F = =3¢c1(VpX)F —3c1 Xa(Vp F) 4+ 2€4(VpLe),

and upon skewing with the volume form €”* (recall that €?V, X, = €"*F,, = F)
we get

0= -3¢ F? + 6ec; Xp L +2eV, LY. (10)
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Now a further computation yields that
VeLg =c2VeVaK + (1 +c12)(VeXa) K + 2c1(VeXa) + (1 + c1c2) Xa Ve K,
from which we obtain by tracing indices
VoL® = coAK + (1 +c102) (Vo XK + re1 (Vo XY + (1 +c1c0) XV, K.
Since
VoX* = —1X4 X% 4 2¢2K + 22,
this gives

VoL® =2 AK + (1 + c1e2)(—c1 X X + 202K +20)K
+hci(—c1 Xg X + 200K +20) + (1 + 1) XV, K,

and so (10) is given by
0 =—3cF? + 6eci (c2X"VpK + (1 + c1¢2) X" XK + A1 XPXp)
+ Ze(czAK + (1 +cre2)(—c1 Xa X + 202K +20)K

+rci(—c1 Xo X+ 20K +20) + (1 + C]Cz)XaVaK).

Collecting like terms together we obtain the first differential constraint as

—3c1 F% +dect (14 c1e)K + re1) X2 Xp + 2e(1 + 4c1c2) XV, K

11
+2e(02AK+ (A +cre)K + rer)2e2K +2x)) =0. (b

We can differentiate (11) further and use the closed system to obtain a second
constraint, from which we try to solve for X,. It turns out that to derive this second
constraint is tough and technically demanding, and so it might be more worthwhile to
look at certain special cases instead.

Remark 3.1 From the first constraint we see that in order for the quadratic term X“ X,
to vanish, we need either c; = 0 or K is of constant curvature with K = —5 i;l'cz

the second situation, this implies V, K = 0 (and hence AK = 0), and the differential
constraint reduces to

0= —3c, F?,

so that F = 0 if ¢; # 0. We also see that the linear term involving X, V%K vanishes
at the critical value of 1 + 4cjcp = 0.
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Remark 3.2 When 1 + 4cjcy = 0, the term involving X“V,K in (11) vanishes and
the equation reduces to

2€(C2AK + (1 +cie)K + Ac1) 22 K + 2)»))

— 3¢ F? +4eci (14 cie)K + re)) X0 Xy, = 0.
Settingc; = 1 and ¢ = —4—1‘, we obtain

—%AK + 2(31{ +4)0) (4L — K) —3F% + e(3K +41)X"X, = 0.

Further setting A = 0, and taking e = 1 in the Riemannian setting gives the differential
constraint

3
AK+§K2+6F2—6KX”X,,=O. (12)
For an explicit example in Lorentzian signature see the end of Sect. 8.2.

3.2 2D Gradient Generalized Ricci Soliton

We call a solution (g, X) to (2) a gradient generalized soliton if F,, = V[, Xp) = 0.
In such case X, = V, f for some function f locally.

In 2 dimensions, in the case when F' = 0, the second equation in the prolonged
system (9) forces L, to vanish, i.e.,

]czv,,K +((1+c1c2)K + re)Xp = 0. \

In this case X, is necessarily given by

oV, K

X, =— .
(1 +c1c2)K + Acy

13)

We therefore have

Proposition 3.3 Let (M, g) be a (pseudo-) Riemannian 2-manifold, with the Gauss
curvature K of g not equal to — 5 i‘flln Then in order for M to admit a solution to the
gradient generalized Ricci soliton equations, we must necessarily have (2) satisfied
for X, given by (13). Conversely, suppose that Eq.(2) is satisfied for some X, given

by (13), then M admits a solution to the gradient generalized Ricci soliton equations.

As a Corollary to Proposition 3.3, we have:

Corollary 3.4 The local obstruction for a 2-dimensional (pseudo-) Riemannian met-

ric g with K # — licc“llcz to admit a gradient generalized Ricci soliton (g, X) is the

obstruction tensor @y, given by
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oV, VK (1 +2c1¢2) Vo KV K

®ab = - 2
(14 c1c2)K + Acy (1 +cic)K + Acy)

— (2K 4+ 1) gab-

This vanishes if and only if the pair

VK
(g,X)Z (g,— )

1+ c1c2)K + Acy
is a gradient generalized Ricci soliton.

Example 3.5 The metric on R? given by

4

Y 46, 6 2

= d d
6 + yr+6 Y
cannot lead to a gradient generalized Ricci soliton (g, X) for generic chosen values
of c; = 1,cy =1, A = 1. For this example, K = —y2, and our formula for X yields
2
X =- 2y dy,
2y —1

so that dX = 0 and plugging this formula for X back into the generalized Ricci soliton
equation gives

4y8—9y6+27y4—54y2+18d 5 6(4yo— Tyt +13y2 + 1),

Oupdx®dx? = X
“® 18(2y? — 1) Ot +6)(2y? —1)?
which is non-zero.
3.3 2D Ricci Solitons
The case where c; = 0,cy = —1. Note that if g is a metric of constant curvature,
the generalized Ricci soliton equation with ¢; = 0, ¢c; = —1 is just an equation for

homotheties. We therefore exclude the pairs (g, X) such that g is a metric of constant
curvature from the analysis in this section. Since these solutions belong to the category
of homotheties, we will discuss them in Sect. 3.4.

For the convenience of the reader we present the closed system (9) for the general-
ized Ricci solitons and its integrability conditions (11) specialized to the case ¢y = 0

and cp = —1. This gives the equations describing the proper Ricci solitons:
VaXp = — Kgab + = Feap + 1
=— —Fe
adb 8ab ) ab 8ab (14)
V. F =2eb,(=V,K + XpK)
X*V,K — AK +2Kx —2K* =0. (15)
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Excluding the constant curvature case, the proper Ricci solitons can be characterized
by the following theorem.

Theorem 3.6 A [-form X defining a 2-dimensional Ricci soliton (g, X) is of the form

Xy = — (—2(V°K)V.AK +203% — 5K)M) €y V'K

D |-

1
- (AK 12K - 2Kk) eaVPM,
o

where K is the Gauss curvature of g,
M = gV, KV,K and p = e’V,KV,M,

provided that p #~ O.
If p = 0, then X is of the form

1 ab 1 d 1 2 d
Xe=——|¢€ VaAKVbK—EMF €dV'K + —(AK +2K* — 2K 1)eq N,
v v

N, = (V,V:K)e’ VK and v = €’V,K N,

provided that v # 0.
If v = 0, in the Riemannian case, e = 1, the vector X is locally a gradient and this
situation is a specialization of the results of Proposition 3.3 withcy = 0 and ¢, = —1.

Proof For the ¢; = 0 equations, we have
0=c2(AK +2K?) 4+ 2K + XV,K,
and we can set ¢c; = —1 to get
XV,K = (AK +2K?) — 2K (16)
Differentiating this gives

0=—V,AK —4KV,K +2(V,K)) + (V. X"V, K + X°V,V, K
= — V,AK — 4KV, K + 2(V Kk + (geabF + éab(A—K)) VK + XV, VK,
(17)

upon which contracting by VYK gives
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0=— (V'K)V,AK — 4KV KV, K +2V*K (V,K)A
+ (L — K)VPK VK + XPVKV,V, K
=— (V'K)V,AK + 3% — 5K)VP KV, K + XPVOKV,V,K.

Let us call (V,K)(V*K) = M, sothat V,M = 2(VbK)(VaVbK). Then we have the
second constraint given by

X, VM = 2(V'K)V,AK —2(3% — SK)M. (18)

Now assuming p := €V, KV, M # 0, the vectors €4, VP K and €, VP M form a
basis and the Eqgs. (16) and (18) give the components of X, in this basis. We get:

1 .
X, = — (_2(VCK)VCAK +203x — SK)M) €V K
)

1
- (AK +2K2 - ZKA) e VPM,
o

so that X, is completely determined by invariants of the metric. Then, plugging X,
from this formula back into Eq. (2) with ¢; = 0, c; = —1 gives us local if-and-only-if
obstructions for the metric to admit any Ricci soliton (g, X).

There is an alternative formula for X, again determined by invariants of the metric,
which is convenient for us to use when p = 0. To get it we first need a formula

1 :
0=—eV,AKV,K + SMF + X (V,V.K)V,K, 19)

which is obtained by contracting the differential constraint (17) with €*?V, K. Then
we define

Ny = (V,V.K)e*’V, K,
and obtain its projection
XN, =e*V,AKV,K — %MF (20)
onto X, by (19). We also have
X°V.K =AK +2K* —2Kx

by (16).
Using these projections and assuming

v :i=eV,KN, # 0,
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we express X, in the basis given by €.4 N 4 and €,4VIK obtaining:

1 ab 1 d 1 2 d
X, =—(€"V,AKV},K — EMF €dV'K + —(AK +2K* — 2K X)ecaN®.
V v

In the situation where p = 0, we can use the above formula to compute X provided

v #0.

In the case where p = 0 and v = 0 we can write
VoM =€V, K

for some function £. Also note that in such case v can be expressed in terms of £, AK
and M as follows:

v =€V, K (VV,K)(€“V,K)
=e(g"g"" — g"1g")Vy K V4K (VV.K)
=e(V'K)(VPK)V, VK — MAK)

1
=e (EV“KV[,M - MAK)

—eft AK M
—62 .

To complete the proof we have to prove that in the Riemannian e = 1 case, with
p =0and v =0, we have F = 0.
For this we will use formula (20), and first show that

PV, KV,AK =0, (1)

and then show that XN, = 0.

Indeed, since p = 0 we have V,M = ¢V, K, so by differentiating and anti-
symmetrizing, we get that

PV, KVt = 0. (22)
On the other hand, the assumption about the Riemannian signature (¢ = 1), implies
M =V,KVK > 0,

because we excluded the constant curvature case. Hence the condition v = 0 gives
¢ = 2AK. This, when compared with (22), gives (21), as claimed.

Moreover v = 0 gives:

Ne = jV.K

for some function j, which implies
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1 ab c ab . c .
0= S€"VaMVyK = VK (VaVeK)e VK = jVKVK = jM.

Therefore, the fact that M > 0 is non-zero, implies j = 0, so N, = 0. Now, (20)
gives F = 0, again by the Riemannian condition M > 0. Hence X, is a gradient. O

Corollary 3.7 The local obstruction for a 2-dimensional (pseudo-) Riemannian met-

ric g with p # 0 to admit a Ricci soliton (g, X) is the obstruction tensor @fllb) given
by

1 1
®54b) = V(uX[g)) + Kgab — A8ab
where
1
XM = p (—2(V'K)V.AK + 234 — SK)M) € VP K

1
+- (AK 12K - 21()\) ey VM.
0

The obstruction tensor @gg vanishes if and only if

(g.%) = (g. X)
is a Ricci soliton.

Remark 3.8 When p = 0 and v # 0, the formula for X, obtained in the proof of
Theorem 3.6 given by

1 ab 1 d 1 2 d
Xe === |\“"VaAKV,K = SMF ) €ca VK + —(AK +2K* —2KM\)ecaN
v v
(23)

still involves the unknown quantity F. To solve for F, we can substitute X, given
by (23) back into the first three Ricci soliton equations (14) and use the last two
equations (14) to eliminate derivatives of F' that appear. The first three equations will
then only involve differential invariants of the metric and . The function F can thus
be algebraically determined in terms of the metric invariants, by solving one of these
equations. Now the substitution of this F back into (23) determines X, completely.
To obtain obstructions in this case one inserts X. back into the two Ricci soliton
equations (out of the first three equations (14)) which were not used in determining F'.
We therefore will have at most 2 scalar local obstructions for g with p = 0, v # 0 to
admit a Ricci soliton. We also remark that another procedure for finding obstructions
may be more convenient to use. This consists in inserting X, as in (23), into the last two
equations (14), and then in using the integrability conditions (V,V, — V, V) F =0
by applying the covariant derivatives on V, F. Since the derivatives V, F, after an
insertion of X in them, are only expressible in terms of the metric invariants and F,
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this leads either to a formula for F, or to an obstruction independent of F, expressed
in terms of the metric invariants only.
Explicitly, if we write X, = A, + B.F, where

1 1
Ao =—— (e”bVaAKVbK) €caV'K + —(AK +2K* — 2K A)ecaNY,
Vv Vv

1 d
B, = —Me(yVEK,
2v
then the last 2 equations of (14) give
VoF =C,+ FE,,
where

Ca =2eV K — 2¢,,APK,
E, = — 2e.BPK.

The integrability condition (V,Vj; — V,V,)F = 0 then implies that
0=¢e"v,Cp+ €°C E, + (€*°V,Ep)F. (24)

If€?*V,E}, = 0, then €**V,Cj, + € C, E}, is an obstruction. Otherwise, we can solve
for F in (24) and plug this formula back into (23) to determine X completely in terms
of metric invariants. We explicitly show this alternative procedure in the following
example, where we have €V, E, = 0. The obstruction €4°V,C), + €**C, E}, is then
a 5" order ODE on a single function f (x).

Example 3.9 Consider the metric
g = e (dx? +dy?),
with a real function f of variable x only, f = f(x). Our aim in this example is to find

obstructions for g to admit a Ricci soliton.
We easily calculate that:

p=0, v=—efQf "= fO)>
Thus, assuming that f/2f' f” — f3) # 0, because p = 0, we have to calculate X,

using formula (23). This, according to Theorem 3.6, is the necessary form of X, for
it to be a Ricci soliton (g, X). Explicitly, (23) gives:

X - f(4) _ 4f/f(3) _ 4f//2 +4f/2f// _ Zezf)»f” 72f a + F a 25)
- 1 £ ! P
O 25 f ) T
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Here F is the unknown function F = F(x, y) responsible for the skew symmetric
part of V, X;,. We now insert this X to the last two of the closed system equations (14)
and solve for the derivatives F, and Fy. We get:

o f”F o 2672f(262f)tf//2+4f//3 _|_f(3)2 U ON
x — 4 y = f(3) — 2f/f// .

We now have to assure that Fy, = F),, which requires that f = f(x) satisfies a
certain 5™ order ODE. This is precisely the obstruction obtained in (24). From this
we have the 5 derivative . Now, we insert (25) in the first four closed system
equations (14). By using the computed F), Fy, and their integrability condition, which
gives us the 5™ derivative of f, we see that these four equations reduce to a single
one, which is

72 n2

f(4) (f// _ f/z) _ 4f/4f// _ 2e2f)nf + 2f/2f 4f//3
2
@ +4f + 1O - O =0 (26)
This gives a lower order obstruction for g to admit any Ricci soliton.

We now solve for f ® from this equation, and recalculate our X, F and Fy, obtain-
ing:

_ f(3) _ 3f/f// _ er)\’f/ F

—2f L
X T o+ 50
and
P W A Cor VA Y it e Kt AV M)
x_f/ ’ y = f//_f/z ’

Having this we observe, that now Fy, = Fy, is equivalent to the Eq.(26). Hence
we can forget about the 5™ order ODE for f, we have used previously. We have just
proved that this is implied by (26).

So the conclusion, up to now, is that (26) is the only condition needed for g to admit
any Ricci soliton.

With this equation satisfied, we can solve for F. Integration of F gives:

F=hf,

with the function # depending on variable y only, & = h(y). Now, insertion of this
into the formula for F gives the following equation:

_ 2672]" (er)\’f// + 2f/2f// + f//2 _ f/f(3))

/
h f// _ f/2

@ Springer



Generalized Ricci Solitons

Since the left-hand side of this equation depends only on y, and the right-hand side
only on x, then both sides must be equal to a real constant, say 2a. Then we have
h = 2ay + 2b, with a real constant b; the function f must satisfy the third order ODE:

FOF 7 4 @e — 2 — 2 —ae? 7 = 0. 27)

It follows that, if f satisfies this equation, then it automatically satisfies Eq. (26). In
other words, this equation is the first integral for (26).

In such a way, we solved for X, F', and the only equation to be satisfied for g to
have a Ricci soliton, is just the third order ODE (27). We summarize the consideration
in this example in the following proposition.

Proposition 3.10 The metric

g = e (dx? +dy?),

admits a Ricci soliton if and only if the function f = f (x) satisfies a third order ODE:

72 2

e2f)\)f// _ ae2ff/2 —0.

FOL ="+ @e? —2f

If this equation is satisfied the soliton is given by a vector field

_fo//+k_
€ a
X = fax+(ay+b)ay.

Here a and b are real constants. The soliton is a gradient Ricci soliton if and only if
a=b=0.

3.4 2D Homotheties

The case where c; =0, ¢ = 0.
Again for the convenience of the reader we present the closed system (9) for the
homothety equations and its integrability conditions (11) by setting c; = ¢p = 0:

e
V,Xp ==-F A

arb ) €ab + 8ab (28)
V.F =22, X, K

XV, K +21K =0. 29)

Our characterization of homotheties in 2 dimensions is given by the following
theorem:
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Theorem 3.11 A [-form X defining a 2-dimensional homothety pair (g, X) is of the
form

X, = (6MkeabeK - ZKAeabeM) ,

|~

provided that p # 0.
If p = 0, then X is of the form

MF d 2K\ d
Xe=—¢€.,4V'K — €.4N®,

2v

(where again N. = (V4 V.K)e®®V,K and v = €**V,K Ny), provided that v 0.
Ifv = 0, in the Riemannian case, e = 1, the vector X is locally a gradient and we
return to the situation of Proposition 3.3 as before.

Proof In the case where ¢; = ¢, = 0 we obtain from (11) that
XV,K =—2K\. (30)
Differentiating this equation gives
0 =2(VaK)t + (VaX") VK + X"V, VyK
=2(VaK)h+ (FeaF +8,"2) VoK + X'V, VK. (31)
and contracting by V¢ K results in

0=3\M + X"V*KV,V, K

XM
=3M + ———.
2
Thus, the second constraint is given by
X, VM = — 6MA. (32)

Now assuming p = €V, KV, M # 0, the vectors €4, VPK and €, VP M form a

basis. The Eqgs. (30) and (32) give the components of X, in this basis. Therefore we

get

1
o

X, (6MkeabeK - 2K,\eabvbM) .

Thus X, is again completely determined by invariants of the metric. And now, again
as in the Ricci soliton case, plugging this formula for X, back into the equations for
homotheties ((2) with ¢c; = 0, co = 0), gives us local obstructions for the metric to
admit a solution to the homothety equation.
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Alternatively, we can contract (31) by €%V, K like before and get
b 1
X°Np = —=MF.
2
Hence if p = 0 and v is non-zero we can still solve for

1 1 d 2K A d
Xe=—\—"=MF ) €qV'K — —€.4N“.
% 2 v

In the Riemannian setting, if v = 0, then N, = 0 as before in the proof of Theorem
3.6, so that F = 0 and X is again a gradient. O

Corollary 3.12 The local obstruction for a 2-dimensional (pseudo-) Riemannian met-
ric g with p # 0 to admit a homothety (g, X) is the obstruction tensor @fb) given

by
2 2
9( ) V(axl(,)) — Agab,

ab —

where

X = = (6Mrewy V'K — 2Khea V" M) .

|-

The obstruction tensor @ﬁ} vanishes if and only if

(8 X) = (g, X?)
with p # 0 is a homothety.

Remark 3.13 Again we observe that in the case p = 0 and v # 0, the formula for X,
obtained in the proof of Theorem 3.11 given by

MF d 2K A d
Xe=——€4V'K — €aN®, (33)

2v

still involves the unknown quantity F'. To solve for F', we can proceed as in the Remark
3.8, and in the end obtain local if-and-only-if obstructions for g with p = 0, v # 0 to
admit a homothety. Let us show this with an example.

Example 3.14 We again consider the metric
g = (@ + dyD), (34)

with f = f(x), as in Example 3.9.
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We now find f's for which g has homotheties. As before we have: p = 0 and
v=—e 100 f/Qf "= O3 soif f/2f f"— fP) # 0the homothety necessarily
has the form (33). Explicitly, (33) gives:

B 211" F 3 35
T T e o

Here F is the unknown function F = F(x, y) responsible for the skew symmetric
part of V, X. We now insert this X to the last two of the closed system equations (28)
and solve for the derivatives Fy and Fy. We get:

" 40 72
Fo=Lrp p=_
T YT

Requiring that Fy, = F, we get:

72

4)‘-f// (f/f//f(4) _ zf/f(3)2 + (2f/2f// +f )f(3) _ 4f/f//3) —0.
Now there are three cases.

The first one, f” = 0, corresponds to flat metrics, K = 0, and we will not comment
on it anymore.

The second case is when

A =0.

As such, this case corresponds to X, which is a Killing vector. In this case we have
F\, = 0, and by integration we get that F = 2af’, where a is a constant. This, when
inserted in (35) gives X = ady, which is obviously a Killing vector for metric (34),
regardless of what the function f = f(x) is.

We are left with the analysis of the third case, which requires that

72

2
SO =2f FOT R Q2+ O —4f =00 (36)
In this case we insert (35) in the first four closed system equations (28). By using
the computed Fy, F), and their integrability condition (36), which gives us the 4t
derivative of f, we see that these four equations reduce to a single one, which when

A # 0, is equivalent to
f// /
(?) =0. 37)

This equation can be explicitly solved. It follows that its solutions automatically solve
the 4th order ODE (36) and as such lead to the metrics (34) admitting homotheties.
Solving for F' we get the most general solution. Modulo a redefinition of coordinates
this most general solution is given by the following proposition.
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Proposition 3.15 Modulo a change of coordinates (x,y) +— (ax + B, y), a nonflat
metric

g = e (dx? +dy?),

with f = f(x), admits a proper homothetic vector X, if and only if

g — xZS(dxz +dy2),

with constant s such that s(s + 1) # 0. In such case homothetic vector fields are given
by a 2-parameter family:

X = b(xdy +y0y) +ady,

parameterized by constants a and b. The parameter b is related to the expansion of
X, via

V(aXb) =(s+ l)bgub-

3.5 2D Killing Equations

The case where c; = 0,co = 0,2 = 0. The Killing equation has been stud-
ied extensively and much is known in the classical literature. The vanishing of
p = €’V,KV,M is necessary for the metric to admit an isometry and is known
by geometers such as Liouville and Darboux as I;. The quantity p coincides with
the projective invariant p in [21] up to some non-zero multiple. It is also known as
vs by Liouville. There is another invariant known as />, which is given by non-zero
multiple of €’V, KV, AK, whose vanishing together with I characterize metrics
that are locally surfaces of revolution. See [6,7,12,19] for details.

3.6 2D Metric Projective Structures with Skew-Symmetric Ricci Tensor

The case wherec1 = 1, ¢ = —1, A = 0. For this section we give just the closed system
and integrability conditions for metric projective Einstein—Weyl (pEW) equations. The
PEW equation is introduced in [20,21]. Local obstructions (at least in the Riemannian
setting) have already been found in [21]. The 2 dimensional projective Einstein—Weyl
equations obtained from setting ¢; = 1,¢» = —1, 1 = 0 in the generalized Ricci
soliton equations are

VaXp + XaXp + Kgap = Fap, (33)

with F,;, = %eabF = V4 X where Fe¢,, = F. (Note that €q0€ = e(Sbc).
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We prolong to get the closed system

e
VaXp = —XaXp — Kgap + EFEabv

(39)
V.F = =3X,F —2¢",V,K.
The constraint equation is given by
AK
X"VaKz—%FZ—T. (40)

3.7 2D Near-Horizon Geometry Equations
The case where ¢ci = 1,¢) = %, A = 0. For this section we just show the computa-

tions that lead to algebraic constraints for the near-horizon geometry equations in 2
dimensions. The near-horizon geometry equations in 2 dimensions are given by

K
VaXp + XoXp — ?gab = Fyp, 41)

where again F,, = %eabF = Vg Xp) with F abe = F.We prolong to get the closed
system

K e
VoXp = —Xo X — —Feyp,
aXb aXp+ ) &ab + 3 €ab 42)

Vo F = =3X,F + ",V K + 3¢, XK.

The integrability condition is given by

XV, K = SF? — X, XK — £+K—2
at T 4 6 2 )

We call X, X% =0 and u = % + KTZ so that the constraint equation is now
e
X“VaKzze—aK—,u,. (43)

Observe that as a consequence of the first equation in (42), we have

V,0 = ey XP'F + KX, — 2X 0.
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Differentiating (43) one more time, and using (42), we obtain

2
= —3eX,F* + e’ ,(VyK)F + 3ee’  Xp K F
— eeap XPKF — K*>X, +2X40K — 06 (VaK) — Vap.

eF K
(—ea” + 3&/’ — XaX”) VoK 4+ X°(V,VpK)

Now contract the above equation with V¢ K, and define M := V,KV*K. We get

5~ XK XV K) + 5 XPV M

= —3e(X*V,K)F* — 4¢€“’V,K X, KF — K*(X“V,K)
+2(XV,K)oK —oM — V'K V4. (44)

Let us define
€2
A==-F"—0K — u,
2
so that (43) is now
XV, K = A.

Note that A depends on unknowns o, F and metric invariants K, x. Equation (44)
becomes

XP(VpM + 8e€,(V,K)KF) = 2A* — KM — 6eAF* —2AK*
+4AKo —20M —2V'KV, .

Now define
B :=2A> — KM — 6eAF> —2AK?> + 4AKo — 20 M — 2V*K V.
Again B depends on unknowns o, F' and metric invariants K, u, M, V*K'V, 1, so that
XPVyM + 8¢V, K X, K F = B.
We can now express X, in the basis € VP K and €,, VP M, assuming
0 =€V, KVyM # 0.
We obtain

1 cd b A b
X, = —— (B — Bee (VCK)XdKF) e VK + Ze VP M. (45)
P p
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Observe that the term X still appears on the right-hand side of the above expression,
which we now eliminate. Contracting with €“* V. K, we get

ca _ eM ab eA b
€“V.KX, = —(B—8e€“"V,KX,KF) — —V,KV°M.
o o

Define N := V,KV*M. We therefore have
(o + SI(FM):s”‘bVaKX;J =e(MB — AN),

from which we get

e(MB — AN)

. 46
p+8KFM (“46)

eV, K X) =

Now assuming p + 8K FM # 0, we can substitute (46) back into the expression for
X, given by (45), but also observe that V,K and €. VP K constitute a new basis.
Assuming that M # 0, we therefore obtain

AN — MB b A
=— " VK + =V,K. 47
M(p+8KFM) M

a

We therefore obtained an expression for X, provided that the near-horizon geome-
try equation is satisfied, involving unknowns F, o and metric invariants K, u, M,
V4KV, i, N.Next, we try to eliminate o. We find that

y yo _ AN — MB)?> A’
o = e S— —
“ M(p+8KFM)? M

Let us call J = p + 8K F M. Rearranging the terms, we find that
MJ?0 = e(AN — MB)? + A%J?, (48)

and since A is linear in o, B is quadratic in o, this means that Eq. (48) gives us a quartic
polynomial equation that o has to satisfy, with coefficients of the polynomial given
by expressions involving differential invariants of the metric and also the unknown
F. Since quartic polynomials are solvable, we can solve for o (in terms of metric
invariants and F') and plug this expression for o back into (47) to get X determined
now only in terms of F' and its metric invariants. We can then substitute X back into
original equation and derive further algebraic constraints. To summarize, we have:

Proposition 3.16 A /-form X defining a generalized Ricci soliton (g, X) with
(c1,c2,2) = (1, %, 0) is of the form

_ AN-MB
~ M(p+8KFM)

a

Vb V
€ K+ — K,
ab M a
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provided J = p+8KFM # 0, M # 0. Here A, B are quantities as defined above
involving the unknowns o = X, X, F and metric invariants. Moreover, o must satisfy
a quartic polynomial equation

MJ?c = e(AN — MB)? + A%J?

still involving the unknown F and the metric invariants that appearin M, J, A, B, N.

Because of the tedious and difficult nature of the computations we shall not proceed
further. Finally, note that in the case where J = p+8K FM = 0,wehave F = — ﬁ
and also M B = AN. Equation (48) becomes an identity.

Let us now turn to gradient generalized Ricci solitons in higher dimensions.

4 Gradient Generalized Ricci Solitons

The case where F,;, = 0 in n dimensions. In this section we generalize the results of
Sect. 3.2 on 2-dimensional gradient generalized Ricci soliton to arbitrary dimensions.
Such a soliton has the vector field X, that is locally a gradient. Therefore in this section
all our considerations are about the case when

Faop =0

in the closed system (8).

Proposition 4.1 Let (M, g) be a (pseudo-) Riemannian n-manifold. Let Ry be the
Ricci tensor and R be the Ricci scalar curvature for g. Assume that

P = (1 =c1c2)R, 4 ((n — DAcy + c1c2R) 8%

has non-zero determinant. Then a necessary condition for X to be a gradient gener-
alized Ricci soliton (g, X) is that

c .
X, = —;pa”vhR, (49)

where the symbol p%, denotes the matrix inverse of p®p. The vector field X, is a
gradient generalized Ricci soliton if and only if it further satisfies

VaXp =—c1XaXp + 2Rap + Agab- (50)

As a corollary to Proposition 4.1, we have:

Corollary 4.2 The local obstructions for a n-dimensional (pseudo-) Riemannian met-
ric g with p%p, invertible to admit a gradient generalized Ricci soliton (g, X) is the
obstruction tensor @S) given by

3 3 3
0% =V, X\ + 1 XX — caRup — Agab
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where

).
x® = —EpabeR.

The obstruction tensor @S} vanishes if and only if (g, X) = (g, X®) is a gradient
generalized Ricci soliton.

Proof of Proposition 4.1 If we look at the equations in the closed system (8) and
consider the case F,;, = 0, we get from the second that

0 =c2(VpRea — VeRpa) + Roc’a X4
+Ac1Xp8ea — A1 Xc8ba + 102 XpRea — 102X Ry,

from which, tracing ¢ and a indices, gives
0 =c2(VpR — VERey) + Roa X+ (n — Dac1 Xp + c1c2XpR — c1eaRpa X7,

Rearranging, and using the contracted Bianchi identity that V, R = 2V?R,;,, we obtain

0=ZVoR + (1 = 1) Ra X! + (1 = Dier +1c2R) X
or that

—%V"R = [(1 — ¢162)R%y + ((n — Daer + c1e2R) 5bd] x4,
Hence, supposing that the tensor given by

P = (1 = c1c2)R, 4 ((n — DAcy + c1c2R) 8%
has non-zero determinant, we have its inverse p%, such that
0% =87
In this case, we solve for X¢, obtaining
X4 = —%25“,,va.

This proves that X, is of the form (49). To make this necessary condition for X,
sufficient, vector field X¢ must satisfy the Eq. (50). This ends the proof. O

Remark 4.3 Although it is not evident at the first glance, it follows from the proof, as
a consequence of F,, = 0, that the vector field X¢ given by formula (49) is locally a
gradient.
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Example 4.4 (Gradient Ricci solitons: ¢; = 0,¢c; = —1) We see that in this case,
Pab = Ryp. For example, can the metric in R3 given by

g = etzdx2 + etdy2 + dr?

admit a steady (A = 0) gradient Ricci soliton? We find for this metric that the Ricci
tensor is given by

1292 f
2t t+2 142t 5
Rabdxadxb . ( ;_ + )dx2 ¢ ( : )dy2 - (t2 + Z) dr?

and therefore is invertible on the open set where (21> + t 4 2)(1 + 2t) is non-zero.
We compute, and find that X, = %ﬁabeR gives

204t + 1
X = —gdt.
412 +5

Plugging this back into the steady gradient Ricci soliton equation gives

e (81 143 22 41+ 10), >
X

3) b _
0, ,dxdx” = Y@ 1s)
e’ (83 + 4t2—6t+1)d 2, 641° 4 240¢* + 42812 + 64t —35 a0
4417 +5) Y 4417 +5)2 ’

which is non-zero. We conclude that this metric does not admit a solution to the steady
gradient Ricci soliton equations even locally.

Example 4.5 (Gradient Ricci solitons: ¢; = 0,c¢p = —1) For a positive example,
consider the metric on R? given by

21V2-2
g =tdx? +rdy? + ————dr
(atV2 — p)2

We find for this metric that the Ricci tensor is given by

22+ V22 Zdabr® — P2(V2 — 2)12 V2 "
X
8t
Q@+ VP —dab® — P2 -9V
— y
8t
a(W2 + DtV2 + b(V2 — D2
2(atV2 — p)12

Rpdxdxt = —
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and therefore is invertible on the open set where
@22+ V)iV — dabt® — PP (V2 — 212V (a(«/i + DY+ b(V2 - 1))
is non-zero. We compute, and find that X, = %ﬁabeR gives

V2@ @2V2 + 32 4 p2 22 — ) o,
T 2@~ bya(W2 + iV 1 b(y2 —1>>r3

Plugging this back into the steady gradient Ricci soliton equation gives
0P dx?dx" = 0.

We therefore conclude that

Ztﬁ_z
(atV2? — b)2dt

V2(a2 (V2 + 322V L 222 — D) 4,
T 2@Vi— b)(a(f+1)tf+b(ﬁ—1))t3

g= rdx? + tdy2 +

is a 2-parameter family of steady gradient Ricci solitons.

Remark 4.6 In the case where 1 = cc;, we see that p,j, is a multiple of the metric
and so X, will be some multiple of the gradient of R.

5 3D Ricci Solitons and Homotheties

Again because of the difficulty in considering the c; # 0 case, let us now consider
the case for the generalized Ricci solitons with ¢; = 0 (proper Ricci solitons and
homotheties) in 3 dimensions.

The prolongation gives

VaXp =c2Rap + Fap + Agab

) (51)
VaFpe =c2(VpReqa — VeRpa) + Rpe“aXa

Tracing over a and b indices in the second equation and using the contracted Bianchi
identity gives

VOF,. = — %VCR — Rogx“.
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Differentiating this equation once more and using (51) yields
C
VbV Fae = = 2 VVeR = (VoRea) X = Rea(ea Ry + ! +38,).

Contracting upon b and ¢ and using the identity V¢V? F,;, = 0, which is true for any
2-form by the Ricci identity, we obtain

X?V4R = —c AR — 2c2Rpg R — 2R (52)

as an integrability condition to (51). To get further algebraic constraints, we can dif-
ferentiate (52).

Differentiating the last equation in (51) gives
ViVaFpe = c2(VaVoRea—VaVeRpa) +(VaRpe’ o) X e+ R’ a(c2Rae + Fae + Agde),

so that skewing gives

RadebFec + Radeche =c2(VaVpRea — VaVeRpa) — c2(VaVpReq — Vo VeRpa)
+ (Vdecea - Vg Rbced)Xe + 2Ry’ aRae + Ryc®aFae
+ ARpeda — CZRbcedRae - RbcedFae — ARpcad-

Using the Bianchi identities,
Vdecea - Va Rbced = vdReabc - VaRedbc = VeRdabCa
and tracing d and b indices, we obtain

XeVeRac + Rbceane + RceFae + Rbaeche + Rache
= C2(_RceRae - RhceaRbe) —2ARcq
+2(VaVPRep = VaVeR) = c2(ARea — VPV, Rpg).

Let us denote the right-hand side by S,.:

Sac = C2(_RceRae - RbceaRhe) - 2)¥Rca
+¢2(VaVPRep — VaVeR) — c2(ARca — VPV Rpy).

Let us write
Rap = Pup +Pgap.
Here P, is the Schouten tensor and P = g"bPa;J is its metric trace. Decomposing

Rapea = gachd - gbcPad + gdeac - gbcPada
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we then get

X°VeRac + (87Pea — 8:Pa” + P gea — 84"Pe8) Fpe + R Fue
+ (8"Pac — 8P + PP geq — 8:7Py*) Fye + R Foe
= X°VeRae — Ps" Fype — PP Fiq
= Sac.

Let €, denote the volume form in 3 dimensions. Again setting e = 1 when g is
Riemannian (4 + +) and e = —1 when g is Lorentzian (4 + —), we have

€abc€def =€ (gadghegcf + 8af8bd8ce + 8ae8bf 8cd — 8ad 8bf 8ce
—8ae8bd8cf — gafgbegcd) s

from which we get

€abc€de’ = e(8ad8be — 8ae8bd)-

We can use the volume form to dualize the 2-form F,;, so that

Fap = < eape F©
ab—zabc

where F¢ = ¢9¢ F;,.. We can therefore write

XeVeRac = Sac + Pchba + Pabec
e e
=S4 + EebadPCde + EebchbaFd

= Suc — PP ceqypa FO. (53)
Tracing the a and ¢ indices gives the integrability condition (52). Now let us call
E(ca)d = Pb(cea)bdo

A computation shows that

1 1 1 1
E(Ca)bE(ca)d =\ P + P € _Pfaécfd + _Pfcéafd
2 2 2 2
1 1
= EPeanaGCebscfd + EPeancecebéafa'
e e .
= zPe"Pfa (8ef8ba — 8eagbr) + zPe"Pfc (8ager 8ba + 8 a8ealbs
+8° £ 8ed8ba — 8 a8bf8ed — 8<a8bagef — 8 F8bd8ea)
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3 1
=e(PycP“ gpa + PPpg — EPbePde - EPngd)
=eQbpd-

Contracting (53) throughout with E“%);,, we obtain

(XeVeRac)E(ac)b = SacE(ah)b - thFd~

Hence provided that Q”; is invertible, (so that there exists ¢, such that 0%, Q¢), =
8%p), we can solve for F; in terms of X, and invariants of the (pseudo-) Riemannian
structure, to obtain

Fu = Qup(Sac E9Y — (XV,Ryc) E1). (54)

In other words there is an algebraic relation between X, and F, in 3 dimensions.
Plugging the expression for F, given by (54) back into the differential constraint

XVoRye = Suc — eEcaya F?
gives
XV Rae = Suc — ¢E(cara Q%p(Spr EVP — X¢(V R ;) EVOP),

so that

XVeRac — X*(VeR )€ E(cayg Qb EVY? = Spe — eE(cara Q%S EVY?,
which implies

X®(VeRac — (Ve R 1) Ecaya QU EVOP) = Sue — €Eeaya 0% Sk VPP
This is not identically zero, and we have eliminated F¢ without differentiating (54)

further. Also, by taking the metric trace, we obtain the constraint (52). To summarize,
we have:

Proposition 5.1 Let (M, g) be a (pseudo-) Riemannian 3-manifold. Let Py be the
Schouten tensor and P = g“b P.p be its trace. Assume that

, 3 1
04 = P, .P*s?; + PP, — szePde — EI>25”d

has non-zero determinant. Then every c; = 0 generalized Ricci soliton (g, X) has

X¢(VeRae — e(VeR i) E(caya 0L EVRPY = S0 — ¢E(cara dekaE(fk)b- (55)
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In formula (55) the symbol 0%, denotes the matrix inverse of Q%. We also have

Sac = CZ(_RceRae - RbceaRbe) —2ARcq + CZ(VaVbRCb
~VaVeR) = e2(ARea — VPV Rpa)

and

Ecayp = P (c€ayab-

For certain examples constraint (55) is already sufficient to conclude that locally
some metrics cannot admit any solution to the generalized Ricci soliton equations with
c1 = 0. Instead of a tensorial obstruction, we obtain algebraic relations that force a
linear system of equations to be inconsistent. To illustrate this, let us take the metric
given by

g = e%dx? + e ¥dy? + zdZ>.

We ask: can this metric admit a homothetic vector field that is not Killing (c¢; =
0, cp =0, 2 # 0)? For generic ¢ and A, we compute and find that

472 — 4z +1 42+ 4z +1 1
e(z Z + )dx2+€ (Z+Z+ )dy2+—d22,

dx®dx” =
Qapdx“dx 3274 324 873

and this is invertible on an open set away from (2z — 1)?(2z + 1)> = 0. We obtain

~ 32z7%e% 32e 74
dx%dx? = dx? dy? + 8z7dz%.
Qadx = ™ Tz g Y T

We find that S, E@?)¢ = 0, so the right-hand side expression of (55) reduces to

Y2220 4+ 20222 — 7 ~2(L0023 4 2erg? — 7
S,odxdx =e( 72+ 2¢2z cz)dxz_e (—2Xz° 4+ 2c2z cz)dy2
4z3 475
_ 7° + 2z Czdzz.
273
Let

X =X1(x,y,2)0 + X2(x,y,2)3y + X3(x, y,2)0;
denote the vector field X in (55). The left-hand side of (55) gives

e X3 dy? X3

X
e 3dx2+ >

2
- 273 273 dz”.

+
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Equating both sides, we obtain the constraint that:

(=203 4 2X3224 20227 =Ted) . 5 e H(=2A23 +2X327 +2022%—Tea) |
— dx” + dy
475 473
223 + X3z2 + czz2 — 2
+
273

dz2 =0. (56)

The metric trace of this equation gives

—202% 4+ X322 + 2% — 262

= O’
274

which is the scalar constraint (52) obtained previously. This gives

2273 — 2zt 4+ 2¢2
5 .

3=
<

Substituting this expression for X3 back into the constraint (56) gives

_ez (2173 = 3¢) e + e 22123 — 3¢2) dy2.

0=
475 473

For ¢y = 0, this is non-zero unless A = 0 also. Hence we conclude that locally this
metric cannot admit any homothetic vector field unless A = 0. It can be verified that
this metric admits Killing symmetries, but solving the equations for homotheties with
A # 0 gives rise to an inconsistent system.

6 Rewriting Generalized 2D Ricci Soliton Equations in Terms of a Potential

We now restrict ourselves to the 2-dimensional setting to get explicit examples of
generalized Ricci solitons. In this section we focus on the situation where X, is non-
null, i.e.,

XX #0.

We recall that with our notation as in Sect. 3, the generalized Ricci soliton equations
in two dimensions are given by

c1 =1:VuXp)+XoXp — (2K +21)gap =0, 67
c1=0:VuXp) — (2K +21)gapr = 0. (58)
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6.1 Generalization of Jezierski’s Formulation of 2D Near-Horizon Equations

It was recently noted [11] in the context of General Relativity that the special case
cir =1, = % A = 0 of generalized Ricci soliton equations admits a convenient
description as follows.

The generalized Ricci soliton equation in this case,

K
V(qu) + XoXp — Egab =0, (59)

called by the General Relativity community the basic equation of vacuum near-horizon
geometry, is equivalent to the system of 3 equations:

vV, 0% =1,
Via®p) =0, (60)
VX 4+ X, X% — K =0,

where

Xa

b, = —= .
'Y G

The second of equations (60) is considered as a condition for a local existence of a
potential V such that ®, = V, V. The first equation is then the Poisson equation

AV =1

for the potential V. A solution to the Poisson equation is then a solution to the basic
equation of near horizon geometry if and only if the vector field X, satisfies the last
Eq. (60).

The Poisson system,

Via®p =0, V, 0% =1

corresponds to the trace-free part of the basic equation of near horizon geometry. The
last equation in the system (60) is its trace.

In [10,11] an axially symmetric ansatz for g was made, with a particular class of
solutions to the Poisson’s equations chosen, such that the last Eq.(60) reduced to a
second order linear ODE on a single function of one variable. See Sect. 7 of the present
paper to get our version of this result.

In the rest of this section we give two propositions which extend this “near-horizon
geometry” approach to the case of the generalized Ricci soliton equations with general
¢, general X, and with ¢y = 1 or 0.

Proposition 6.1 (Poisson) The 2-dimensional generalized Ricci soliton equation with
c1 =1

VaXp)y + XoXp — (2K +2)gap =0,
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is equivalent to solving the equations

vV, 04 = 1,
Via®p) =0,
VaX+ X X% —2cK — 21 =0,

X,

where &, = TS‘@

Proposition 6.2 (Laplace) The 2-dimensional generalized Ricci soliton equation with

c1=0
VaXp) — (2K +2)gap =0
is equivalent to the equations

V,®% =0,
Via®p =0,
V, X% —2c,K — 21 =0,

where the relation between X and ® is given by &, = Xa

X, Xb"

(61)

The proofs of the propositions are straightforward. They parallel the proof of Theorem

4 in [11], and are therefore omitted.

7 2D Examples of Generalized Ricci Solitons

We now produce explicit examples of 2-dimensional generalized Ricci solitons (g, X)
of both signatures: Riemannian (4++) and Lorentzian (+—). In the Lorentzian situation
we only consider the case when X, X¢ # 0, i.e., when the soliton (g, X) vector X is

non-null. The case where X is null will be treated in Sect. 8.

In the Riemannian setting, we use the following metric ansatz:

1
g =Adx* + ——dy?,
A(y)

The Gaussian curvature of this metric is:

K = —lA”(y)
5 .

(62)

A similar metric ansatz will be used in the Lorentzian setting. In this situation we

will use the metric

1
g = A(y)dx? — ——dy?,
A(y)

where again A(y) is a function of a single variable y. For this metric,

(63)
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K = lA”(y)
5 .

In the rest of this section we will impose the generalized Ricci soliton equations (2)
on the pairs (g, X), with g being one of (62) or (63). We will first give the solutions
with ¢; = 0, and then with ¢; # 0. Some important classical examples, such as the
Hamilton cigar soliton and its Lorentzian counterpart, as well as the generalized Ricci
soliton describing the extremal Kerr black hole horizon, will be obtained as special
cases.

7.1 2D Ricci Solitons and Homotheties

To get explicit examples of Riemannian c¢; = 0 generalized Ricci solitons (g, X), we
take the metric g as in (62), and the 1-form X given by

X = A(y)vdx + udy, (64)
with u, v real constants, such that ,u2 +1? # 0. We then have:
F =dX = —vA'(y)dx A dy,
so the gradient case, F = 0, is obtained when either v = 0 or g is flat.

It turns out that for such X the generalized Ricci soliton equations with ¢; = 0
reduce to a single second order ODE

A"+ uA’ =21 =0. (65)

This is the only equation to be solved for the ansatz (62) and (64) to obtain ¢y = 0
Ricci solitons.

Remark 7.1 If we refer back to Sect.6, then the 1-form @, related to our X, via
P, = %, identically satisfies the Laplace condition given by the first two equations

of Proposition 6.2. The remaining part of the system (61), namely the scalar equation
for the trace VX, becomes our ODE (65).

The most general solution to (65) when ¢; # 0 and u # 0 is
A Ly
AQy) = 2;)} +oae 27 + B,

where «, B are constants.
If © = 0, the general solution is:

A
AQy) = gyz +ay + B, (66)
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but the solution has constant Gaussian curvature K = —%. Likewise, if ¢c; = 0 and
n # 0 we obtain the flat metric with the general solution to (65) given by:

2
A =2;y+ﬁ~ (67)

Eventually, the most degenerate case: ¢c; = 0 and u = 0, gives A = 0, with any
arbitrary A(y) being a solution to (65). This last fact says that the vector field X = a,,
corresponding to the I-form X = A(y)vdx is always a Killing symmetry for the
metric (62), whatever A = A(y) is.

Now restricting to the general non-constant-curvature and non-Killing case we have
the following proposition:

Proposition 7.2 For every A and cy # O there is a 4-parameter family of Riemannian
Ricci solitons, parameterized by (a, B, i # 0, v) explicitly given by:

1
dyz,

A —Ey 2
g=(2—y+ae °2 +ﬂ)dx + I,
H Z%y—i-ae 2 + B

A .y
X:v(2—y—|—o¢e fzy—i—,B)dx—i—,udy.
n

The Gauss curvature of the metric is:

and the 2-form Fy, is given by

auze_%y —2cA
F=v dx Ady.
per

For the Lorentzian metric (63), we take the same X given by (64) but now with real
constants s, v such that v> — 2 # 0. The generalized Ricci soliton equations with
c1 = 0 in the Lorentzian case reduce to a single second order ODE

A"+ uA +21=0. (68)

The most general solution to (68) when ¢z # 0 and u # 0 is
A Ly
AG) =2 yFae 2" 4,

where o, B are constants; the other cases besides the most degenerate one give metrics
of constant curvature.
Specializing to the case c; = —1, we have
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Proposition 7.3 There is a 4-parameter family of Lorentzian Ricci solitons explicitly
given by:

1
Py dy’
—25y foaety 48

’

A
g= (—2—y + aet’ 4+ ,3) dx? —
m

A :
X =v(—2—y+oteM +ﬂ)dx + pdy.
“w

Example 7.4 (Generalized Hamilton’s cigar) Let us now specialize to the steady case,
A=0.

In such case the formulae from Proposition 7.2 simplify significantly if we introduce
a variable r related to y via:

2 1og o
y=— :
mo B (temh2 ("2‘6/23;’) — 1)

With such r, and with A = 0, the metric becomes:
g = dr? + B tanh? (%Er) dx?, (69)

and the soliton X becomes:

X = Bvtanh® (“‘/Er) dx + p+/B tanh (“‘/Er) dr. (70)

2¢) 2¢)

3

3

F = _P HP sech? (—“zfr) tanh (—“2‘0/23;") dx Adr,
(&)

and since we have assumed that u # 0, the soliton is a gradient if and only if Sv = 0.
We also note that the Gauss curvature is now:

K = 'B—'uzsech2 (“‘/Er) ,

2 2c)
2¢5

so B # 0 is needed for the metric not to be flat.

Now it is worthwhile to note that the metric (69) and the vector field (70) become
the Hamilton cigar soliton if v = 0 and 8 > 0. The solution (69), (70) for v # 0 and
B > 0 gives a 1-parameter of nongradient Ricci solitons, on the background of the
Hamilton cigar metric (69). They degenerate to the classical Hamilton gradient Ricci
soliton when v — 0.

Note also that the solution (69), (70) for the steady Ricci soliton equations makes
sense for B < 0. Despite of the appearance of /B in formulas for g and X, these
formulas are real and give rise to a Riemannian metric g even for 8 < 0. Rewriting
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B < 0as —|B| we get the following another real form of the generalized Hamilton’s
cigar:

¢ = dr? + || tan® (2 ) ,
X=|,8|vtan2( ) 18] tan( 'ﬁ'r)dr.

The 1-form X has

3
2
Fe— 1Bl KV o2 (u%/clflr) tan (@r) dx Adr,
2 2

2

and the metric g has the Gauss curvature:

’

2
K = __|/3|éi sec? (—“g/cwr)
2

)
so again it represents a non-trivial gradient soliton if v = 0. In [4], it is called the
exploding soliton and the metric is incomplete.
Summarizing we have the following

Proposition 7.5 For steady case (A = 0), the 4-parameter family of Riemannian
Ricci solitons (c; = 0, c; = —1) obtained in Proposition 7.2, specialize to either the
complete Hamilton cigar given by

¢ =dr? + B tanh? (#r) dx2,
X = /31)tanh2 (#r) dx — wu+/p tanh (“zﬁr) dr,

for B > 0, or the incomplete “exploding” soliton given by

g= dr? +|ﬂ|tan (“‘/W )dx
X =|B|vtan® (’“/W )dx—i—u Iﬂltan( /181 )dr.

for B <O.

7.2 Examples with Nonvanishing Quadratic Term
7.2.1 An Ansatz for the Riemannian Case
If the quadratic in X term in (2) does not vanish we may always put ¢c; = 1. For the

generalized Ricci soliton equations, we take the Riemannian metric ansatz
(62) and the 1-form
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X = A(y)p(y)dx + q(x, y)dy, (71)

with ¢ = g(x, y) being a function of both variables x and y, and p = p(y) being a
function of variable y, only.

With this ansatz we solve the generalized Ricci soliton equation (2) with ¢y = 1 in
three steps. In step one we solve for ¢ = g (x, y) from the dxdx component of this
equation. This gives:

20 —2A(0)p(y)? — c2A”(y)
A(y) '

qx,y) =

In particular, this means that the function g(x, y) cannot depend on x, and hence
we have g(x, y) = gq(y). Now, in step two, inserting this function back in (71), and
looking at the component dxdy of (2) for X with such g (x, y), enables us to solve for
A”(y). This can be only done when

cap(y) #0.

In such case A”(y) is given by:

4p(y) —4AM PP+ A ()P (y)

A= 2¢2p(y)

In step three we use the information about A”(y) and look at the last of equations (2),
the one for the component dydy. This reduces to an ODE

2p(P" () =3P’ +4p(* =0
for p(y) that can be solved easily. The general solution is:

14

RS e

where y # 0 and B are real constants. We now insert this p(y) in the equation for
A”(y) obtaining an ODE for A = A(y). This, when solved, gives us the general
solution to the generalized Ricci soliton equation with ¢c; = 1 and ¢ # 0.

To make this general solution more transparent, it is convenient to pass to new
variables (x, y, y) — (x, z, ), where

=y +hB), y=al.

This brings the equation for A = A(y), which now is considered as a function A =
A(z), into:

(1472247 (2) + z(1 + A (2) + 2A(2) = 20a®(1 + 22)%. (72)
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Our aim now is to show that this, is closely related to the (associated) Legendre
equation.

Indeed, changing the independent variable A = A(z) into anew variable B = B(z),
which relates to A = A(z) via:

201 221+ 22)

A(z) = (1+2%) %2 B(z) + : (73)
14+ co

we change (72) into the (associated) Legendre equation for B = B(z) (see Remark

7.7). Of course, this is only possible when . In such case we arrive at the

following proposition.

Proposition 7.6 Ifcy; # 0, —1 and X A dz # O, the most general generalized ¢c1 = 1
Ricci soliton corresponding to the ansatz (62), (71) is given by:

2c0—1 6(2 1+Z2 O52dz2

g = ((1 +2%) 4 B(z) + k¥)dx2 + — ,
1 + (&) 2 —222 1 0{2(1+22)
(I14+2z°) 42 B(z) +A 7o,
) _1+2Cz
14z 4e2 ra z

X = (—( ) B(z) + )dx +——dz.

o 14+c 14z

Here a # 0 is a constant, and the function B = B(z) satisfies an ODE:

(55 +1?

(1+2%)B"(2) +22B'(2) — ((% -k - 2

)B(z) —0. (74

The Gauss curvature of the metric K is:

) 1420 |4 1

(I42z%) A4 1 2¢c; ’ A
K=—""—"—7>"— 1— 5= B B — ,
2620(2 2¢o + 1+ Z2 (2) +2B(2) l4+c¢

and the Maxwell form F of the soliton is

1+6¢;
1+ 2\T Tdes
F=dX = %((1 +55)2B() — (1 + ZZ)B’(z))dx Adz.

Remark 7.7 As we already mentioned, the Eq. (74), under the substitution
z=if, L=5-—1 m=5-+1,

2¢) 2¢;

becomes:
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m2

(1= §)B"(€) = 26B'®) + (e +1) - T

)B&) =0,

i.e., the (associated) Legendre equation in its standard form. The solutions to this
equation are given as linear combinations of the associated Legendre functions P;" (§)

and Q7 (§).
We have the following corollary.

Corollary 7.8 Every generalized Ricci soliton with c; = 1 and ¢ # 0, —1 corre-
sponding to the ansatz (62), (71), and satisfying X A dz # 0, is obtained by using
Proposition 7.6, with the function B = B(z) given by:

B(z) = BP[(—iz) + y 052 (—i), (75)

where Plf” and Qz”, with £ = i — 1, are the associated Legendre functions, and the
complex constants B and y are chosen in such a way that the expression (75) is real.

The associated Legendre functions arise in the study of spherical harmonics. As
we see below, for some specific values of the parameter ¢, including the important
case of ¢p = %, the function B = B(z) can be expressed in terms of the elementary
functions. For the case of the generalized Ricci soliton equations with ¢; = —%
where N is some integer (related to the dimension n), such as the EW equation,
or the equation determining metric projective structures with skew-symmetric Ricci
tensor representative in its projective class, we have £ and m taking integer and half-
integer values. Again in these cases the associated Legendre functions in (75) reduce
to elementary functions (and in some cases polynomials).

In the singular case , not much is changing when passing from (72) to
the (almost) Legendre equation (74). Simply, instead of replacing A(z) with B(z) via
(73), we make the change:

2cp—1
A(z) = (14 2%) 42 B(z) — ra’zv/1 + 22 arcsinhz,

or, which is the same,

3
A@) = (1+2z)% B(z) — ro2z+/1 + 22 arcsinhz. (76)

This brings the Eq. (72) for A(z) with ¢ = —1 into the equation for B(z), which is the
(almost) Legendre equation (74). This for c; = —1 becomes the (almost) associated
Legendre equation

(1+2)B"(2) +22B'(2) — | 3 x § — =2 | B) =0,
I+z
or the exact associated Legendre equation
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2\ p/ / (£+2)2 _
(1 =87)B"(§) —26B () + | £+ 1) — 2 B(§) =0, (77)

with £ = —% (and m = —%) for the variable z = i&.
This time, the coincidences in particular values of £ =

—%andm=6+2= 1
make the general solution to the associated Legendre equation (77), to be expressible

2 b
in terms of elementary functions. Actually we have that

PR SN ST
BE)=BpE"—Di+y——T,
(E2-14

with complex constants 8 and 7, is the general solution to

1
(1 —EHB"(E) —26B'(£) + (% - L) B(£) = 0.

1 —&2
Returning to the real variable z, using (76), we conclude that this implies that the most
general real solution for A(z) of (72) with ¢ = —1 is:

AQ) =BA+) +yzvl+22 - ra2zv/1 + 22 arcsinhz,

with real constants 8 and y, from which we get

Proposition 7.9 If ¢

—1, the most general generalized c|
corresponding to the ansatz (62), (71) is given by:

1 Ricci soliton

g = (,3(1 + Zz) + J/Zm —ra?zV/ 1+ 22 arcsinhz)d)c2

2

o
+ dz2,
Bl 422 + yz/1 + 22 — Aa?z+/1 + 72 arcsinhz
A
X = (ﬁ + e — xe arcsinhz)dx + < 2dz,
o al+z2 V14722 1+z

where o # 0 is a constant. In this case, the 2-form F is

F=dX =

ra?zy/1 4 22 + Aa? arcsinhz — y)dx Adz.
a(l+22)2

are:

For the ODE (72) reduces to a first order ODE, whose general solutions

1422
A@ =B + 221+ 23

@ Springer



P. Nurowski, M. Randall

with an arbitrary constant §. In this case we have

o?dz?

B 2 2
g = (e + 5)(1 +2h)dx? + :
& o2+ 5y +22)

zdz
1+2%

1
X =—0a?+ £ydx +
o é

The transformation to B(z) is not possible. Note that this solution is not well-defined
on the set {z = 0}.

For| p(y) = 0|, the solutions obtained are gradient-like.
In this case we find that the dxdx component of the ¢c; = 1 generalized Ricci soliton

equations with metric given by (62) and 1-form given by
X =q(y)dy,
gives

20 —g(MA'(y)
c) '

A'(y) =
From this, substituting this expression into the dydy component we get

g +4' () =0,

whose general solutions are g(y) = ﬁ
Redefining coordinates by introducing z = y 4 8, we conclude that in this case the
metric can be written as: g = A(z)dx? + ﬁdzz, and the 1-form X as X = df. The
only equation to be satisfied for this pair to be the ¢; = 1 generalized Ricci soliton is
an ODE
022A"(@) +A'(2) =222 =0 (78)

for the function A = A(z).

General solution to (78) depends on whether or not ¢; (c% — 1) is zero. In any case
the solution is always expressible in terms of elementary functions. The corresponding
solitons have

and
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cp—1
acrz 2 Az> dz? .
= ( 2 + + ,B)dx2 + — if c(c3—1) #0,
c—1 c+1 werz %
c—1 cz+1 + '3
2 2 z?
g= (4 p)ar’+ it @ =0
d 2
= (ozlnz—i—,B—i— -z )dxz—i—;k if co=1,
alnz+ B+ 522
( Y8+ 52 P ng)d? + de’ i 1
8§ = —z* Z—znz)x if ¢ =-—1,
2 222+ B+ 522 —21z2Inz
with o and g being arbitrary constants.
7.2.2 An Ansatz for the Lorentzian Non-null Case
For the Lorentzian ansatz
A(y)dx? !
§ = Ay)dx” — ———— y )
A(y)
X = A(y)p(y)dx +q(y)dy, (79

we proceed in the same way as we did in the Riemannian case. In particular we obtain
an ODE for p(y) as before. In the case c2 p(y) # 0, the ODE is

4pM* —2p(Mp" () +3p(»)? =0,

and has

14

PO = A=

as a general solution.

Making the change of variables (x, y, y) — (x,z, @) viaz=y(y+ B),a =y~
as before, we reduce all the generalized Ricci soliton equations for our ansatz to a
single ODE for A(z) given by

1

(1= 29247 (2) — z2(1 — 2H)A(2) — 2A(z) = —20a>(1 — 22)%. (80)

Restricting now to the case when ¢y # 0, —1, we again change the independent
variable A = A(z) into a new variable B = B(z), which relates to A = A(z) via:

2¢0—1 201 _ 2
A(R)=(—-z5) % B( )+%. 81)
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This changes (80) into the (associated) Legendre equation for B = B(z). In such case
we arrive at the following proposition.

Proposition 7.10 Ifcy # 0, —1 and X Adz # 0, the most general generalized ¢y = 1
Ricci soliton corresponding to the ansatz (63), (79) is given by:

2c5—1 21_ 2 2d2
(-2 B 220" ) g2 - =
I+e 2 2t 20—
(I'=z%) %2 B(2) + A=~
2_1+2€2
(1—-z%) 4 rx z
X =- B dx — ——dz.
o (z)+1_i_c2 X — Z

Here o # 0 is a constant, and the function B = B(z) satisfies the associated Legendre
equation:

2
(1 -2z)B"(z) —2zB'(z) + (6(6 +1) - (E + Z) ) B(z) =0, (82)

with £ = %2 — 1. The Gauss curvature of the metric K is:

142¢o

_ 1
(1—z%) 4o o1t 202 A
K=-—>"_ ({1-5- B B’ ,
e 35 T — () +zB'(2) iy .

and the Maxwell form F of the soliton is

) ~ 146c2
1—1z 4cy
F=dX = %((1 + ﬁ)zB(z) + (1 - ZZ)B/(Z))dx Adz.

Remark 7.11 Again if we refer back to Sect. 6, the 1-form @, related to the X, from
Proposition 7.10 via &, = %, satisfies the Poisson condition given by first two
equations of Proposition 6.1. The ODE (80) is the remaining trace equation in Propo-
sition 6.1.

We have the following:

Corollary 7.12 Every Lorentzian generalized Ricci soliton with c; = 1 and ¢y #
0, —1 corresponding to the ansatz (63), (79) is obtained by using Proposition 7.10,
with the function B = B(z) given by:

B(z) = BP{ () + 70, () (83)
where { = 5 ~—1andthe functions P;" and Q7' are the associated Legendre functions.

Note that com‘rary to the Rtemanman case, now the constants  and y parameterizing
the solutions are real.
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In the singular case ¢ = —1, we change from A(z) to B(z) via:

2¢p—1
A(z) = (1 — z%) %2 B(z) + ra’zv/1 — 22 arcsing,
or, which is the same,
3
Az)=(1-2% Bz) + Aazzm arcsingz.

This brings the Eq. (80) for A(z) with c; = —1 into the equation for B(z), which is

the associate Legendre equation (82) with £ = —%. Using its general solution
s 1 Z
B@) = -7 +y -
(1—2zH)%

with real constants § and y, we get the most general solution for A(z) of (80) with
c=—1:

A@) = B —22) + yzv/1 — 22 + ra?zy/1 — 22 arcsinz,

from which we get

Proposition 7.13 If c; = —1, the most general generalized ¢y = 1 Ricci soliton
corresponding to the ansatz (63), (79) is given by:

8= (,3(1 - ZZ) +yzv/1—z2+ Aazzm arc:sinz)d)c2

052

N Bl —22) + yz/1 — 22 4+ ra2z4/1 — 22 arcsing

dz2,

A
X = —(é + vz + arcsinz)dx — ;zdz,
o aVl-z2 J1-72 11—z
where a # 0 is a constant. In this case, the 2-form F is
1
F=dX=—"—> (Aazz\/ 1 — 22 + ra® arcsing + y)dx Adz.

a(l —z2)2
For the ODE (80) reduces to a first order ODE, with general solution:

1_Z2 2 2
AlR)=p ) +ra”(l —2%)
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with an arbitrary constant §. In this case we have

o?dz?

(a? + 51 =22’

g =0 + L)1 = 2ydx? —

zdz
11—z

1
X=——0a?+ £ydx —
o Z

The transformation to B(z) is not possible. Note that this solution is not well-defined
on the set {z = 0}.

For , the solutions obtained are gradient-like.

Repeating what we have done in the p(y) = 0 Riemannian case, we find that the
Lorentzian ¢; = 1 generalized Ricci soliton equations are solved by the metric given

by

dz?
= A(z)dx? — _—
8 (2) A0

and 1-form X given by X = dz—z, provided that the function A(z) satisfies an ODE
c2zA"(2) + A'(z) + 20z = 0. (84)
General solution to (84) depends on whether or not (c% — 1)cy is zero. Like the Rie-

mannian situation the solution is always expressible in terms of elementary functions.
The corresponding solitons have

dz
X =—
Z
and
cp—1 ) )
acyz 2 AZ dz .
_ .2 - - +8 di? — i if cz(c% -1 #0,
c2—1 c2+1 acyz 2 rz?
T "o tA
dz?
2 2 .
=(—-Az"+ )dx ———— if ¢ =0,
8 ( B Sy 2
A 2 2 de .
g:(alnz—kﬁ—fz )dx - if =1,
2 alnz+p - 522
g (azz—i—ﬂ Azz—i—/\zzlnz)dxz dz? f c 1
==z — =2 4 4 — 2= —1,
2 2 22245224+ 22Inz

with o and $ being arbitrary constants.

@ Springer



Generalized Ricci Solitons

7.3 Examples of 2D Metric Projective Structures with Skew-Symmetric Ricci
Tensor Representative

The generalized Ricci soliton equations with parameters ¢c; = 1, ¢y = —1, 1 =0, is
the equation determining whether the projective class of the Levi-Civita connection of
a given 2D metric admits skew-symmetric Ricci tensor representative (see [21]). In [20,
21]itis known as the projective Einstein—Weyl (pEW) equations. Projective structures
with skew-symmetric Ricci tensor are of geometric interest for their relationship with
3-webs and Veronese webs (see [13]).

In the Riemannian setting, solutions to the pEW equations are obtained by setting
the parameters ¢y = 1,co = —1, A = 0 in Proposition 7.9, while in the Lorentzian
setting, solutions to the pEW equations are obtained by setting the parameters ¢; =
1,cp = —1, A = 0 in Proposition 7.13. The skew-symmetric part of the Ricci tensor
is some constant multiple of F (see [21]) for details. We obtain

Proposition 7.14 There is a 3-parameter family of Riemannian generalized Ricci
soliton pairs satisfying the projective Einstein—Weyl (pEW) equation. They are given
by:

2

o
g= (B + 1) +yzv/z2+1)dx? + dz?,
( ) B2+ 1D +yzvz? +1

B Yz z
X = (— n —)dx + ——dz,
N 1+22

where a # 0 is a constant. In this case, the 2-form F is

14

F=dX =- dx Adz.

3
a(z2+1)2

A similar example is obtained in the Lorentzian setting. There is a 3-parameter family
of Lorentzian generalized Ricci soliton pairs satisfying the pEW equations explicitly
given by:

2
= (B =2 + 21— 22)dx? — : dz?,
g (ﬂ( ) +yz z)x ﬁ(l—z2)+yzmz

B vz z
x=—(% dx — dz,
(a+a4/]—zz) * 1—Z2 ‘

where a # 0 is a constant. In this case, the skew-symmetric Ricci tensor is given by
some constant multiple of the 2-form

v

a(l —z2)

F=dX = dx Adz.

3
2
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Observe that in order for F to be non-vanishing we require y to be non-zero. If y = 0,
we obtain a metric of constant curvature. This agrees with the fact that projectively
Einstein or Ricci-flat surfaces in 2 dimensions are projectively flat.

For example, in the Riemannian case takingo = 1, 8 = 1, ¥y = 1 we have

1

_ 2 2 2 2

g—(z +1+zvz +1)dx + dz
Z2+1+zv72+1

and A(z) = z2 + 1 + z+/z2 + 1 > 0 on R?. The Gauss curvature for this example is
given by

272 +3
K=—1— M
2(z2+ 12
The Liouville or Cotton tensor for metric projective structures is given by
Yo = €"Ypoy = €" (Vo Rea — VeRpa) =2¢"ViK .

For this example,

322+ 1422V22+ 1) .
@ +1+ 22T D2+ 1)

The local obstructions obtained in [21] vanish for this example. For the general solution
with « = 1, we have the second order ODE associated with the projective structure
given by

dx?

3 (Zﬁzm+y(2z2+l)) dz\2
T2 )( )

VZF1 (yz«/zz 142+ 1) \dx
(yz¢z2 F14BE2+ 1)) (2/32«/22 F14+y02+ 1))
W21 ’

Remark 7.15 If we take « = 1,8 = 0,y = 1, so that A(z) = z+/z2+ 1 on R?
we observe there is an apparent singularity at the line {z = 0}, but since the Gauss
curvature given by

+

_2022° +3)

K = -
2(z2 +1)2

is defined everywhere, this singularity at z = 0 arises from the coordinates we have
chosen.
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Remark 7.16 Let (g%, Xx) denote a soliton pair from Proposition 7.14 satisfying the
pEW equations on a 2D Riemannian or Lorentzian manifold (X, gx). Taking the
conformal class of the product metric gz + dt> on ¥ x R gives us a Riemannian
or Lorentzian Einstein—Weyl structure with the Weyl connection given by pulling
back Xy to ¥ x R. Higher dimensional solutions to pEW (resp., Einstein—Weyl)
equations on the product manifold & x R”~2 can be obtained by solving the relevant
generalized Ricci soliton on ¥ with parameters (c1, ¢, A) = (I, —ﬁ, 0) (resp.,

(c1,c00) = (1, —ﬁ, 0) ) and taking the product metric with the flat one on R"2,

7.4 Vacuum Near-Horizon Geometries Examples

To get vacuum near-horizon geometries examples we specialize to the case ¢; =
1, = %, A = 0 in Proposition 7.6. We obtain

2z (1-2%)

AO=BO= gt

(85)

Remark 7.17 The solution (85) is the general solution to the (almost) Legendre dif-
ferential equation (74) with the parameter ¢, = % Writing this equation explicitly we
have

4
(142)B"(z) +22B'(2) + ——B(z) = 0. (86)
I+z
The familiar form B;(z) = %, By(z) = {;ii of the fundamental solutions con-

stituting (85), and the fact that Blz(z) + Bzz(z) = 1, suggests the introduction of a
variable 6 such that
1—22 27

cosd = —— and sinf =

—_— . 87
1+ 22 1+ z2 87)

The variable change z — 6, given by (87), is the inverse stereographic projection
from the unit circle parameterized by 8 € [0, 2] to the real line parameterized by
z €] — 00, oo[. The fact that the solution for B(z) can be rewritten in the new variable
0 as

B(0) = Bcosf + y sinf

means, that under the variable change 7 — 6, the (almost) Legendre equation (86)
magically becomes the harmonic oscillator equation

B"(6) = —B(0).

Actually making a more general variable change

— 72 2z

1
cos(wf) = m and sin(wf) = T2
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we bring the (almost) Legendre equation with £ = 0,m = 2 to the most general
harmonic oscillator equation B”(0) = —w?B(0).

Using the solution (85) we get the following specialization of the Proposition 7.6.

Proposition 7.18 There is a 3-parameter family of generalized Ricci soliton pairs
satisfying the near-horizon geometry equation. They are given by:

_ (M=) o (M) 2
g_( 1422 )dx T\rya-a)*

2Bz +y(1 —2%) z
X = d
al+222 St iiz

dz.

The Gauss curvature for these solitons is:

C2y(1-32%) | 22327
21423 @21+

and the Maxwell 2-form

2yz3—2%)  2B(3z* -1
=(VZ( z7) | 2BQz ))dx/\dz.
a(l4+22)3  a(l+22)°
It is well known that in this class of solitons the extremal Kerr horizon geometry is
included (see, e.g., [10,11,14]). In the next section we will pick up this soliton using
simple geometric analysis arguments.

7.4.1 How Singular Can an Extremal Horizon with Killing Symmetry Be?

Since the metric g of the soliton given in Proposition 7.18 has a Killing symmetry 9,
we interpret g as a metric of a surface of revolution, with the azimuthal coordinate x.

Looking at the formula for g in Proposition 7.18 we see that the metric is regular
for all values of the coordinates (x, y) except the points (x, z) for which A(z) = 0, or
explicitly, at the points (x, z) satisfying

yzz—Zﬁz—y =0.
Thus there are at most two values of z, for which g is singular.

We have two cases: either and we have two singular z’s, namely

F. 14+

3

X[
ﬁlm
o

ix =

or and we have only one z, namely zp = 0.
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Although the Gauss curvature K (z) of the metric is regular at points where A(z) =
0:

K:=K(z5) = -5+ \/ﬁ), K(0) = Ko = 0,

a further analysis is needed to determine if the singularity of the metric at z, zo comes
from a bad choice of coordinates or if it is essential.

We first analyze the case when .

Our interpretation of g as a metric of a surface of revolution, and the fact that the
dx? term in the metric vanishes at z., enables us to think about the singular points
(x, z+) as two antipodal points on the symmetry axis of the metric. Whether these two
points are in finite metric distances from the regular points of the surface, and if so,
whether they are regular or singular points of the surface, is to be determined.

One way of detecting an essential singularity at a suspected point consists in passing
to “polar” coordinates (x, y) centered at this point. For our suspected point z_, such
“polar” coordinates are given by the relation: (x, z) = (x, y> + z_), with the “pole”
at the singular point (x, y = 0). To see if the “pole” is smooth, or if it has an essential
singularity we check for the “conic angle” at the “pole”. This is the number 27 — &,
where

® = lim @,
e—0 s(€)

with s (€) being the radius of a small metric circle centered at the “pole”, and with c(¢)
being the circumference of this circle.

Only if @ equals to 27, the “pole” is a smooth point.

If ® does not equal to 27, but if it is still a well defined real number, we have a
relatively simple “conic” singularity, with the conic angle 2w — .

If @ is not a real number—more complicated singularity occurs at the “pole”.

In our case of the pole at z_ we first transform the soliton metric to the new
coordinates (x, y) obtaining g = gy (y)dx? + gyy(y)dyz, and set the range of the
coordinate x on circles tangent to d, to be x € [0, x]. Then, for small €, we find that
we have:

€ 2 /
s7(6)=/0 V&) dy = 7a€ VBEH Y2 =B+ 0

and

X
c—(€) =/ Vere(€) dx = x €,/ \/ B2+ y2+ B+ O().
0
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Both numbers s_(¢) and c_(¢) are finite for small €. Because lim¢_.o s_(€) # 0,
also the angle @ is a well defined real number:

o = % (,/ﬁ2+y2+ﬂ).

Since @ is well defined for all @ # 0, we have at most “conic” singularity at z_.
We can remove this kind of singularity, very easily, by an appropriate choice of the
upper limit x of the interval [0, x]. For this we only need that

Solving this for x gives

and the choice of the range for x to be x € [0, x_] makes z_ a smooth point of the
considered surface.

If we started with z4 instead of z_, we could change coordinates via (x,z) =
(x, —y* + z4), and perform a similar analysis as above, to show that z,. is a “conic”
singular point with

b= = %( ﬂ2+7/2—/3).

The conical singularity at this point could be smoothed out by choosing x such that
@ = 27, which would give the following upper limit for the azimuthal coordinate

X:
X+ T ( ]/2 y)'

Thus we can always interpret the metric of the soliton as a metric of a closed surface
of revolution, smooth everywhere except one of the points z4. If the non-smooth point
is, say, at z4, then its antipodal point at z5 is smooth, provided that the azimuthal
coordinate x ranges from 0 to x=.

To make this surface smooth also at the antipode of z+-, we have to identify originally
unrelated “azimuthal angles” x of the respective polar coordinate systems around z_
and z4. This in particular means that to have both points z_ and z4 smooth, we need
to impose

This is possible if and only if
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B =0.

Thus only solitons with 8 = 0 may be interpreted as living on a smooth surface.

In the cases when B # 0 we still have solitons living on surfaces with topol-
ogy of a 2-sphere, but in these cases the solitons surfaces always have one point
with “conical singularity”. Smoothing out the point z+, produces a conical singular-
ity at the antipodal point z4. A singularity with a definite “conical angle” equal to

(1 (e 5 t)

Concluding this part of our analysis we note that although the horizon surfaces
with 8 # 0 have a singularity at one point, the singularity there is very mild. It is only
“conical”, as opposed to any kind of a sharper one. We have the following

Proposition 7.19 If« # 0,y # 0 and we have two types of surfaces on
which the 3-parameter family of near horizon geometries described by Proposition
7.18 live. The surfaces in both types have topology of a 2-sphere, and they are smooth
everywhere except one point, in which the surface has conical singularity. The conic
angle at the singular point is

_ BB
)

where the F sign distinguishes the two types.

Ifa #0,y #0and , the surface of the near-horizon geometry from Propo-
sition 7.18 is a surface with topology of a 2-sphere, which is smooth everywhere. Since
the surface is a smooth 2-sphere and its metric has Killing vector dy, the correspond-
ing near horizon geometry must coincide with Kerr’s extremal horizon geometry by
theorems of Héjicek [9], Lewandowski, Pawlowski [18] and Jezierski [10].

To see this explicitly we use formulas in Proposition 7.18 with 8 = 0, and redefine
the coordinate x by ,/yx — x, and the constant « via Ly — «. This removes the

redundant constant y from the considered family of solutions. We have the following

Corollary 7.20 There is a 1-parameter family (, B =0,y = 1) of general-

ized Ricci solitons from Proposition 7.18 defining a 1-parameter family of near-horizon
geometries given by:

1-22 5, 21+,
= dx? 4 =2 2422,
LA el N e R
1-22 z
X = d d
a(l 4 z2)2 x+1+z2 ¢

The extremal horizon lives on a smooth surface of revolution with topology of a 2-
sphere. The surface is parameterized by (x, z), with the following ranges: 0 < x <
dam,—1 <z <1
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This near horizon geometry coincides with the Kerr extremal horizon with mass
M = «. The passage to the standard Kerr coordinates is given by: 7 = cos(0), x = 2¢.

In the case of the metric g appearing in Proposition 7.18 has only one
singular point at z = 0. Using the arguments presented for the y 7# 0 case, we show
that this point can be interpreted as a smooth point on a surface ¥ parameterized by
(x, z), with the variable x ranging from 0 to

Xo = 27

This regularizes the only singular point on ¥ and defines a smooth surface, with a
near-horizon geometry structure on it. However, contrary to the case y # 0, the surface
Y is open, as the variable z can now run from z = 0 to z = 400, and because the

length integral
+00 o 1+ ZZ +00 o
= / —,——dz > / —/zdz
o BV z o B

of any path from the “pole” z = 0 to z = oo, along constant x, diverges. We again
redefine the coordinate x via /Bx — x, and the constant « via -% — «, to obtain

. VB
the following

Proposition 7.21 There is a 1-parameter family (, B =1,y = 0) of gener-
alized Ricci solitons from Proposition 7.18, defining a 1-parameter family of near-
horizon geometries given by:

27 2 oa?(1 +2%) 2
=—d —7d
T+ + 27 ¢
2z Z

X = d dz.
ad+ 22 Ty a®

8

’

The extremal horizon lives on a smooth open surface of revolution parameterized by
(x, z) with ranges: 0 < x <2na,0 <z < 4o00.

For completeness we also present an example in the Lorentzian case. From Propo-
sition 7.10 we obtain

Proposition 7.22 There is a 3-parameter family of Lorentzian generalized Ricci soli-
ton pairs satisfying the near-horizon geometry equation. They are given by:

_(rr £ z_(M) 2
g_( - 22 )dx Wetyird)

dz

X:—;(2ﬂz+y(l+z2))dx—

Z
a(l —z2)2 1-22
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8 2D Examples with Null 1-Form
We now pass to the 2-dimensional Lorentzian generalized Ricci soliton (g, X), with

X, being null. This case is not covered by our generalization of Jezierski’s approach
in Sect. 6, since we cannot rescale X, to get ®,. We first need the following:

Lemma 8.1 Any 2-dimensional Lorentzian metric can be put into the form
g =2dxdy + H(x, y)dx>. (88)

Any 1-form that is null with respect to this metric is of the form
1
X=Lx,y)dx or X= EE(x, Y H(x, y)dx + E(x, y)dy

for some functions L(x, y) and E(x, y).
Proof Any 2-dimensional Lorentzian metric can be put into the form
g =22/ *Vdxdy

for some function f. By introducing new coordinate Y = y+h(x, y) for some function
h to be determined, we find that

dY =dy + hydx + hydy = hydx + (1 + hy)dy,

upon which a substitution yields

2 dx(dY — hdx).

1+ hy
Solving for A in
I+hy = e
allows us to put the metric into the form
g = 2dxdY + H(x, ¥)dx?

for some function H (x, Y) and we can redefine coordinates. For any vector field X in
these coordinates, we have

X = L(x,y)dx + E(x, y)dy
for some functions L(x, y) and E(x, y). The condition for X to be null then implies

E(x,y)(2L(x,y) = H(x, y)E(x,y)) =0,
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so that either E(x, y) =0or L(x,y) = %H(x, VE(x,y). O

For the metric ansatz given by (88)
g = H(x, y)dx? + 2dxdy,
we plug in the null 1-form given by
X = L(x, y)dx

into the ¢; = 0 and ¢; = 1 generalized Ricci soliton equations. We find that dxdy
component of the equations in both cases determines the same L(x, y):

0 2 e+t Ly
= AT T 5 X, A A X, B
2 9y? Y 2 dy Y

which implies
9
L(x,y)=c2 EH (x,y) + 24y + f(x).

A further computation shows that

32
F=dX =—-co=—=H(x,y) —2x)dx Ady.
9y?
8.1 2D Ricci Solitons and Homotheties

For the metric ansatz (88) and the null 1-form X given by

X = (c2 %H (x,y)+2ry + f(x)) dx, (89)

the c; = 0 generalized Ricci soliton equations (Ricci solitons and homotheties), reduce
to a single non-linear second order PDE given by the dxdx component:

92 9
0=—AH(x,y) — %H(x, gy + 100+ %5%, »)

2

1 (9 2 9 9
+s\HG ) o+ | -HO ) )iyt H(x,y).  (90)
2 \dy ay ayox
We want to solve this PDE. There are two cases: co = 0 and ¢ # 0.
If c; = 0 and A # 0, the generalized Ricci soliton equations are the equations for

homotheties and (90) can be totally solved to obtain

')

X =@2ry+ f)dx, H(x,y) =Qry+ f(x)h(x) + —
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Here h(x) is an arbitrary function. The Ricci scalar for this metric is 0, so the metric
is flat. We also obtain the flat metric in the case when ¢y = 0 and A = 0. In this case
X = f(x)dx and H(x, y) = h(x) — 2y(log f(x))'.

If co # 0, the Eq. (90) is nonlinear in H (x, y), and we can solve it only in special
cases. For example, setting both A and f(x) to be zero gives

32

92 3 2
0=—H(x,y)WH(x,y)+(EH(x,y)) +2ﬁH(x,y)- 1)

This equation admits a solution in the form

H(x,y) = Ax)B(y).

This is given by
A(x) = ,
x) b —ax
ecO+d 4 2g
B(y) = —

where a, b, c, d are constants. The Lorentzian metric given by this solution H (x, y) =
€0t 124

cB—an) admits a non-null Killing symmetry given by 9, + ——%—=d,. We have

c(ax—Db)

Proposition 8.2 There is a 4-parameter family of Lorentzian generalized Ricci soliton
pairs satisfying the steady (A = 0) Ricci soliton equations given by:

ecOtd) 4 2q
=2dxdy + ————dx?,
g 4 c(b — ax)
ecO+d)
X =- dx.
b —ax

In the other case that X is null for the metric (88), the 1-form X is given by
1
X =SE@, y)Hx, y)dx + E(x, y)dy.

Plugging this ansatz for X into the c; = 0 generalized Ricci soliton equations, we find
that the dydy component gives

from which we obtain
E(x,y) = f(x).
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The remaining equations to solve is the following PDE:
2c0Hyy(x, y) +41 + Hy(x, y) f(x) — 2f'(x) =0.

Outside the singular locus defined by f(x) = 0, its general solution for ¢; # 0 is
given by

fxy
2 / _
Hix, y) = — 222 f(xz) LS2PLCs (x;(x)zx)y +j (),

where h(x) and j(x) are arbitrary functions. For ¢, = 0, we have

@ =2y

H(x,y) I + j(x),

and the metric with this H(x, y) is flat. We obtain solutions to the ¢; = 0,¢; # 0
generalized Ricci soliton equations given by

L)y
2c0e 22 h(x) (f'(x) =20y . 2
=2dxd - 2 dx?,
g xdy + IR0 + o) +j(x) | dx

X = % (—ZCQefé‘x'z)yh(x) +2(f (x) =20y + j(x)f(x)) dx + f(x)dy.

For this class of examples, we find that

_fwy
fxe 2 h(x)
R

F=dX = —2A | dx Ady

and generically /1 and I> do not vanish, so that in general g has no local Killing
symmetry.

8.2 2D Examples with Nonvanishing Quadratic Term

For the same metric ansatz (88) and null 1-form (89), the ¢c; = 1 generalized Ricci
soliton equations again reduce to a single non-linear second order PDE on the functions
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H(x, y) and f(x), given by the dxdx component. The PDE is

92 3 2 3
— AH(x, y)——H(x y) 5 H(x, y)+(5H(x,y)) c3+4 (5H(x,y)) oy

4422 9 2 i&j__ /
y +2f(X)CzayH(X,y)+4f(x)ly+f(x) + H( »+fx)

2

P (b)) ot (Laen)iy e
- —H(x, c —H (x, c
2 \dy Y 2 ay Y Y 2ayax

H(x,y)=0. (92)

We aim to solve this PDE, and again we have to consider cases.
The first case is when ¢; = 0 and A # 0. In this situation the PDE (92) reduces to

—AH(x,y) + 422y 44 (0)ry + f(0)? + (%H(x, y)) Ay

fx) a
+Ta—H( )+ f(x)=0.

This can be solved to obtain

f')
A

H(x,y) = (2Ay + f(0))(h(x) —2y) +

’

with & = h(x) being arbitrary function of x. The Lorentzian metric with this H (x, y)
has constant scalar curvature equal to —8A. If c; = 0 and A = 0, the general solution to
(92)is H(x, y) = h(x) —2y(h(x) + (log h(x))"), but for such H (x, y) the Lorentzian
metric is flat.

In general case, when ¢; = 1 and ¢ # 0, we simplify the Eq. (92) by restricting to
situations when the integration factor f(x) = 0. In such cases (92) reduces to a PDE
on H (x, y), which looks like that:

92 9 2 9
—AH(x,y)— —H(x y) 5 H(x, y)+(5H(x,y)) s +4 (5H(x,y)) coly
2

ayox

H(x,y)=0.
93)

s, 1[0 2 d
+4A1%y +§ 5H(x,y) o+ @H(x,y) Ay + 2

Further setting A = 0, and using the fact that now ¢, # 0, we get

2

9 9 2 9 2
—H (x, y) H(x y)+2<a—H(x,y)) )+ (—H(x,y))
y dy

82
+2——H(x,y) =0. (94)
ayox
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While we do not know what is the general solution to the PDE (94), we can find its
particular solutions by separation of variables with H(x, y) = A(x)B(y). For such
an ansatz the equation (94) reduces to two ODEs:

A'(x) =aA(x)?,

B'(y) B'(y)?
_ 2 1 ,
50) 4+ 2cy+ 1) B(y)

B"(y) =

for some constant a.
The first ODE has general solution given by

A =
x) b—ax’

while the second ODE has either a first integral:

_ B(y)!T2¢2 — 245

B0 == 052 )
when ¢; # —%, or a first integral:

B'(y) =2alog(B(y)) — s,
when ¢, = —%. Thus, in the case of the separation H = A B, the solutions for B are

given in terms of quadratures. In these solutions b, ¢ and s are constants.
Taking the appropriate values for c;, this gives new solutions to the pEW and
near-horizon geometry equations.

Example 8.3 (2D metric projective structures with skew-symmetric Ricci tensor and
the reduced dKP equation) We now look closer at the pEW case, in which the value
of the parameters are c; = 1,¢c; = —1, A = 0.

One class of solutions can be obtained by specializing to the case ¢c; = —1 in
Eq. (95). If ¢c; = —1 the general solution to (95) is given implicitly by:

2asB(y) + log (1 — 2asB(y)) — 4a’sy +c¢ =0,

with ¢ = const. We note that such B(y) is related to the Lambert function W = W(z),
which is defined implicitly as z = W(z)e" @, Since the function W — We" is not
injective, one has more than one solutions to the equation z = W(z)eW(Z). If z is real,
there are two branches of the Lambert function: Wy defined on [—1/e, +o0o[, with
Wo > —1, and W_; defined on [—1/e, O[, with W_; < —1. In terms of the branches
of the Lambert function W, u = 0, —1, the solution for B reads:

1+ WM(_ec—leélazsy)

2as

B(y) =

We have:
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Proposition 8.4 There are two branches, u = 0 or u = —1, of 4-parameter (a #*
0, b, ¢, s # 0) Lorentzian generalized Ricci soliton pairs satisfying the pEW equations
(i.e., generalized Ricci soliton equations with c; = 1, c; = —1, L = 0) given by:

1+ W, (—eletsy)
2as(b — ax)
—2a WM(—607] e4—a2sy)

X = 5 dx.
(b —ax)(1 4+ W, (—ec~leta%sy))

g =2dxdy + dx?,

These generalized Ricci solitons have F # 0.

The Lorentzian generalized Ricci solitons described by Proposition 8.4 are partic-
ular examples of solutions to (94) with ¢c; = —1. It turns out however, that for this
particular value of ¢, the general solution of (94) can be found. This is because if
¢y = —1 Eq.(94) becomes:

0=—HHyy — H; +2Hyy, = 2H, — HH,),, (96)

and as such has an integral
2Hy — HHy = h(x). o7

Surprisingly, Eq. (96) is the reduced dispersionless KP (dKP) equation, and its inte-
gral (97) with h(x) = 0 is the dispersionless KdV, also called as the Riemann-Hopf
equation. Equation (96) arises in the study of 3-dimensional Lorentzian Einstein—Weyl
equation with S| symmetry (see Sect.3.1 of [8]). General solution to (96) depends
implicitly on one arbitrary function of one variable, say G(y). Using it, after mak-
ing a hodographic transformation, we can write the corresponding Lorentzian pEW
generalized Ricci soliton in the form:

g =4(xG(y) — Ddxdy,
where G (y) is one function of one variable, with
26y
xG(y) —1

2G’
=————=dx
(xG(y) = 1)?

dx,

Ady.

We find that the Gauss curvature is

G/
K=—-—"——.
2xG(y) = 1)?
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In general, this metric does not admit a local isometry unless the invariants /1 and I
vanish, which is a differential constraint on G:

G'G*(3G"G' —5(G")*) = 0.
In this case solutions are given by

—6¢
y+d

3
Gy)=ay+b or G(y) = 502 + e.

Both solutions have F non-zero. To summarize, we have

Proposition 8.5 In addition to the two 4 parameter families of examples given in
Proposition 8.4, there is also a family of Lorentzian generalized pEW Ricci solitons
depending on one function of one variable given by:

g =4(xG(y) — Ddxdy,
2G(y)

= ———dx.
xG(y)—1

Furthermore, there is a 3-parameter family of examples which admit a Killing sym-

—6
v+
which admit a Killing symmetry, given by G(y) = ay + b.

metry, given by G(y) = %cz

+ e, and another 2-parameter family of examples

The local obstructions to pEW generalized Ricci solitons derived in [21] all vanish
for these examples.

Example 8.6 (2D near-horizon geometry equation) When ¢, = %, we obtain a 2D
non-static Lorentzian solution of the vacuum near-horizon geometry equation with
no Killing symmetry. They again come from the separation H (x, y) = A(x)B(y). If
c) = % the general solution to (95) is given by:

B(y) = —+/2as tanh (%) ,

with ¢ = const. This leads to the following

Proposition 8.7 There is a 4-parameter (a, b, c, s) family of Lorentzian generalized
Ricci soliton pairs satisfying the vacuum near-horizon geometry equations given by:

+/2as tanh (%)
g =2dxdy + * 7 dx2,
ax —b
a sech? (20t
(89
2(ax — b)
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For this solutions F # 0. A computation shows that the Lorentzian metric g admits
no local Killing symmetry since the invariants I and I do not vanish.

Finally, let us consider the case ¢; = 1 and the null vector X given by
1
X = EE(X’ Y)H (x, y)dx + E(x, y)dy.

Plugging this ansatz for X into the c; = 1 generalized Ricci soliton equations, we find
that the dydy component gives

Ey+E*=0,
from which we obtain
E(x,y) !
X, y) = ——"—.
Y y+ fx)

This gives the 1-form

Y dy + $H (x, y)dx
y+fx)

The remaining equations to solve are equivalent to the following PDE:

2(caHyy(x, y) +22) (v + f(x))° + Hy(x, y) f(x) + Hy(x, y)y
+2f(x) — H(x,y) =0.

A solution for ¢ # 0, —%, _th is given by

B 4h(y 4+ f0))((142c2)y — 2¢2 f(x))
(1 +2c2)(1 4+ 4cp)

1
+ (y+ fE))h(x) + (v + f(x) 22 j(x) +2f (x),

H(x,y) =

where h(x) and j (x) are arbitrary functions. For this H (x, y), the Gauss curvature of
the Lorentzian metric is

B 14+4co
1 82 (1+2c)(y+ f(x)) 22 j(x)
K = i - + 2 )
1+4c dc;
and the 2-form F is:
B 1+4c;
8 142 22
" N (1 +2e)(y + f(x)) J(x) dx A dy.

P\ 144 c
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When ¢, = 0, we obtain the solution

Hxy) = (v 4+ £@) (h0 = 42(y + £(@)) +27/(0),

where /1(x) is an arbitrary function. This gives a Lorentzian metric with constant Gauss
curvature K = —4A. Even here, if A # 0, the corresponding generalized Ricci soliton
is non-gradient as:

F =2)dx Andy.

When ¢; = —%, we obtain the solution

H(x,y) = (v + () (42y = 41f () (log(y + £ () — 1)

+ (0 + () 1og(y + () + 20,

where /(x) and j (x) are arbitrary functions. Here we obtain a Lorentzian metric with
Gauss curvature

4ry + j(x)

K =2\ s
M)

and the 2-form F is:

41y + j(x)
= ———"dx

Ady.
2(y+ f(x))

When ¢; = —J—P we obtain the solution

H(x,y) = (y+ f(x)
x (00 + v (8h(log(y + £() = 1)+ j ()

1) (8rlog(y + () + ()
+2/'(0),

where /(x) and j (x) are arbitrary functions. Now the Gauss curvature of the Lorentzian
metric is

K =4)+8Ailog(y + f(x)) + j(x),

and the 2-form F is:
F = —4(8hlog(y + f(x)) + j(x)dx A dy.
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To summarize, the corresponding c¢; = 1 generalized Ricci solitons with the other
null X are given by

g =2dxdy + H(x, y)dxz,
_dy+ 3H(x, y)dx
y+ fx)

where

4r(y + f))((1+2c2)y — 2¢2 f (%))
(I +2c)(1 4+ 4cr)

1
+ (+ fO)RE) + (v + F0) 22 j(x) +2f(x),
1 1
if c) ;é —Z, —E,O,

H(x,y) = -

Hx,y) = (v + £00) (k) = 40(y + F(0) ) + 270, if 2 =0,

Hix,y) = (y + f ()
x (o) + (83 (log(y + £() = 1) + j(0))y

+ (83 log(y + () +/ ())

1
+2f/(x), if ¢ = —Z,

Hx,y) = (v + f(0) (425 = 42£ () (log(y + () — 1) +h(x)

+ @) log(y + £ (x)))

1
+2f/(x), if = -5

9 Summary and Outlook

Motivated by the method outlined in Sect. 6, we obtain explicit examples of general-
ized Ricci solitons in 2 dimensions. We also obtain explicit examples in Lorentzian
signature with X null. The next step is to obtain higher dimensional generalized Ricci
solitons. Following the work of [14—17] in constructing explicit examples of higher
dimensional cohomogeneity-1 metrics satisfying the near-horizon geometry equa-
tions, we are able to get explicit generalized Ricci solitons in higher dimensions.
However the presentation of this work will be left elsewhere.
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