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Some new null solutions of the Yang-Mills equations with congruences of twisting shear-free
and null geodesics are obtained. These are test fields. Each of them is defined on a
Lorentzian manifold with a metric tensor adapted to the Cauchy-Riemann geometry associated
with the congruence. Some examples of solutions on Minkowski space-time are also

given. Among them is a solution with a congruence of twisting shear-free and null geodesics

different from the Robinson congruence.

I. INTRODUCTION. CAUCHY-RIEMANN
STRUCTURES AND THE LORENTZ GEOMETRY

Cauchy-Riemann (CR) structures are related to null
(algebraically special) solutions of the Einstein equa-
tions, Maxwell equations, and Yang—Mills equations.!~>!0
The aim of this paper is to find some new null solutions of
the Yang—Mills equations using the mathematical frame-
work of the theory of CR structures. The work presented
here is inspired by the paper by Tafel.> We develop some
of the ideas mentioned there. Our considerations are
purely local. It follows from the context which neighbor-
hoods are taken into account.

A three-dimensional CR structure is defined on a real
manifold N by a class of one-forms [(A,u)] (A is real, u is
complex), given by the equivalence relation R, such that
(AR W) iff

A'=fA, (1.1a)

p'=hu + el, (1.1b)
where f540 is any real function, and A540,e are arbitrary
complex functions on N. Additionally, it is always as-
sumed that

ANpAps£0. (1.2)

We will consider Yang~Mills fields in space-time, which
is (locally) the product

M=RXN, (1.3)
equipped with the metric tensor
g=2p*(upt — A7), (1.4)

where p is any real function on M and 7 is any real
one-form on M, such that

AApAEATHO. (1.5)
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It is known that any space-time admitting null Maxwell,
Yang—Mills, and gravitational fields is of the form (1.3)
and (1.4).2* Hence, taking into consideration all CR
structures (N,[(A,1)]) and constructing Lorentzian
space-times of the form (1.3) and (1.4) we can find all
such fields. _

This work is devoted to null Yang-Mills fields admit-
ting some additional symmetries. (The analogous prob-
lem for null gravitational fields was investigated in Ref.
6).

. NULL YANG-MILLS FIELDS AND SHEAR-FREE
CONGRUENCES

From now on we consider (M,g) of the form (1.3)
and (1.4). Let G be a gauge group, g its Lie algebra, and
gC its complexification. The gauge potential 4 is a gC
valued one-form on M. The most general form of 4 is

A=bp + by + cA + er, (2.1)
where b, ¢, and e are gg-valued functions on M and c=c,

e=e.

The Yang—Mills field is said to be null iff

F=dA +ANA=AA (ou + pp), (2.2)

where @ is a gg-valued function on M. Since all null
Yang-Mills fields satisfying

ANdA=0 (2.3)
are known,’ we will consider only those for which
AAdAs£0. (2.4)

This means that CR structures associated with these
fields are nondegenerate. A physical meaning of (2.3)
and (2.4) is as follows. Let k40 be a real vector field on
M, such that

Alk) =p (k) =0. (2.5)
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This vector field is transversal to N appearing in (1.3).
Moreover, k is null in the metric (1.4) and it can be
proved that it is geodesic and shear free.>*’ It defines a
congruence of shear-free and null geodesics in M. The
condition (2.4) means that this congruence is fwisting.

We say that this congruence is symmetric,>™ if there
exists a real vector field X on M, called a symmetry of a
congruence, such that

LA=1A, (2.6a)
X
Lu=wu +I4, (2.6b)
X

where ¢ is a real function and w, / are complex functions
on M. Taking the Lie derivative with respect to X of
(2.5) we see that

Lk~k. 2.7)
x

Since, in addition,

FLA=Lu=0, (2.8)
k k

then the Lie derivative with respect to &k of (2.6) leads to
k(t)=k(w)=k(l)=0. (2.9)

This means that the functions ¢, w, and / in (2.6) are, in
fact, defined on N.
It is worth noting that any vector field

k'=fk, (2.10)

where f is a real nonvanishing function on M is a (triv-
ial) symmetry of the congruence k.

ilIl. SYMMETRIC CAUCHY-RIEMANN STRUCTURES

Let (¥,[(A,u)]) be a nondegenerate CR structure. We
say that this structure is symmetric if there exists a real
vector field on N such that

LA=1A, (3.1a)
X
Lu=wp +IA, (3.1b)
X

where ¢ is a real function and w, / are complex functions
on N.

Let us return to the manifold (M,g) and the congru-
ence k considered in the previous section. Because of
(2.7) any symmetry X of the congruence & is uniquely
projected onto the CR manifold N included in M. This
projection X is a symmetry of N in the sense of (3.1)

because of (2.9) [of course we exclude symmetries of the
form (2.10), which reduce to points when projected onto
N].

From now on we assume that the congruence k ad-
mits at least three (say n>3) linearly independent sym-
metries (X;);_,3,.» such that

Vij=12,..n, [X,X;]= 2 c*Xi cFy=const.
“ (3.2)

In addition, we assume that none of these is a trivial
symmetry in the sense of (2.10). Projections on N of
these symmetries constitute » symmetries of the CR
structure (N,[(A,u)]). It is known® that we can always
choose three of these symmetries, say, X, X,, X3, which
form a three-dimensional Lie algebra. It is also known®
that a local three-dimensional Lie group so generated acts
on N in a simply transitive fashion. This means that a
three-dimensional group generated by the three symme-
tries X, X,, X3 on M (which are projected onto X, X,,
X ;) has three-dimensional orbits in the space-time M.
Choosing the r coordinate such that r is constant on these
orbits, and forms ({2,0Q;) belonging to the class [(A,u)],
and defining a CR structure on N, such that

LA=20,=0, Vi=1723, (3.3)
X; X;
dQ=iQ, A Q,, (3.4)

we can write the metric tensor (1.4) in the form

g=2P[Q,Q, — Q(dr + WQ, + WQ, + HQ)],
(3.5)

where W is a complex function and P+0,H are real func-
tions on M. Let us recall the following.%®

Given a group Gj associated with three symmetries
(X;);=1.,3 of the CR structure (¥,[(4,u)]) there always
exist forms €} and , belonging to the class [(4,u)] and
satisfying (3.3) and (3.4). The explicit expressions for {)
and ), for any Bianchi type of G; are given in Ref. 6.

IV. GENERAL FORM OF THE GAUGE POTENTIAL
AND THE METRIC

In this section G; denotes the local nontrivial [in the
sense of (2.10)] symmetry group of congruence k in-
cluded in the space-time M given by (1.3). In addition,
we assume that Gj is a local symmetry group of the null
Yang—Mills field defined by (2.1) and (2.2). This means
that transformations ¢ generated by the action of Gy in M
induce transformations ¢* of the gauge potential 4, such
that

p*A=0do "'+ o0~ do. (4.1)
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It follows from the preceding section that G; has three-
dimensional orbits in M. This, together with the results of
the paper by Harnad et al,’ means that there exists a
gauge in which the gauge potential 4 is strictly invariant
under G;. Hence

ZLA4=0 (4.2)
X,

i

for any (X;) i=1,2,3 satisfying (2.6) and generating G;.

From the previous section we know that the Lorent-
zian structure on M can be given by (3.3)-(3.5). Hence
the null Yang—Mills field (2.1) and (2.2) satisfying (4.2)
can be written as

A=BQ, + BQ, + CQ + E(dr + WQ, + WQ,
+ HQ), (4.3)

F=dd + ANA=Q, A ($Q, + ®Q,), (4.4)

where B, C, E, and ® are gg-valued functions on M, such
that

C=C, E=E.

The condition (4.2) is equivalent to

X,(E) =0, (4.5a)
Vi=1,2,3{X{(B)= — EX(W), (4.5b)
X{(C)= — EX(H). (4.5¢)

Since (X;) i=1,2,3 generates N then (4.5a) means that
E=E(r), (4.6)

where r is given by (3.5). Hence we can always find a
gauge transformation o=o(r) such that the transformed
gauge potential A’ has the form

A'=B'Q, +B'Q, + CQ, (4.7)

where B’, C’ are gc-valued functions on M and Cc'=C.
After this transformation 4’ still satisfies the conditions

Vi=1,2,3, £A4'=0, (4.8)
X,

i

and (4.7) describes the null field (4.4).

Thus if G; (included in G, n>3) is a local symmetry
group of a null gauge field 4 (with G, being a local sym-
metry group of null congruence k associated with 4),
then the most general form of 4 may be given as

A=BQ, + BQ, + CQ, (4.9)

where B, C are gg-valued functions on M, such that

B=B(r), C=C(r), C=C, (4.10)
and r is given by (3.5).

Taking into account the vector field £ on M defined
by (2.5) that is connected with the r coordinate by

k=13, (4.11)
where f5£0 is an arbitrary real function on M, we see that

k14=0. (4.12)

If we want A4 to generate the Yang-Mills field F given by
(4.4) we see that

L A=k 1 F=0,
k

(4.13)

which means that the functions B, C appearing in (4.3)-
(4.10) are constants.

V. EQUATIONS AND SOLUTIONS

Let the space-time M be given by (1.3) with the
metric tensor (3.3)—(3.5). Such a metric tensor is con-
nected with the particular choice of G;CG,. G, is a local
symmetry group of congruence & included in M and G; is
its subgroup, which simultaneously is a symmetry group
of a null Yang-Mills field, which can be represented by
(4.9) with B and C constants. It is known®® that for any
G, the forms Q and 2, satisfying (3.3) and (3.4) satisfy
an equation

dQ,=aQ,AQ, +iBANQ, —3QAQ, (5.1)

with constant quantities «, 4 (complex), and B (real).
Choosing the volume form on M as

7=iP*QAQ,AQ,; Adr, (5.2)

where r is the same as in (3.5) we can see that the vac-
uum Yang—Mills equations for the gauge field (4.3) and
(4.4) reduce to

[B,®] — ad =0, (5.3a)
&=iBB — 3B + [C,B], (5.3b)
C=i(&B — aB) + i[B,B], (5.3¢c)
F=Q, A (9Q, + Q,), (5.3d)

where [ , ] denotes the commutator in gg.

We will solve these equations in the case of the gauge
group G = SU(2). In this case the B appearing in (5.3)
can be represented as the scalar product

B=12e, (5.4)

J. Math. Phys., Vol. 33, No. 2, February 1992
Downloaded 14 Jan 2001 to 193.0.83.118. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/impcpyrts.html.



Pawel Nurowski: Some null solutions of the Yang-Mills equations 805

where BeC? and e=(e;,eye3) constitute a basis in the
algebra g = su(2) with the following Lie brackets:

[ene;] =€kijek~

The commutator [K,L] of elements K, L of the form
(54)is

[K,.L]=(8X)e, (5.5)

where 82 is a standard vector product in C>.
In this formalism Eqgs. (5.3) read as

i[@(B — BB) — aB]B + i[a(B* + i¥) + aBB]B
+i[ — BB + B+ aa]BXB=0, (5.6a)

where for any ® and Q in C3, 82 denotes the standard
scalar product of these vectors, and & = &8

O=[i(f—BB)B + (iB2— )T + iaBxB]e
(5.6b)

and

F=QA (®Q, + Q). (5.6¢)

We solve Egs. (5.6) by considering two different cases
characterized by

BXB=0 (5.72)
or
B X B£0. (5.7b)

First, we give solutions to (5.6) for which (5.7a) is
satisfied. These solutions correspond to Abelian gauge
fields. The condition (5.7a) shows that

B=pe'n, (5.8)
where p, ¢ are constants such that peR, ¢€[0,27] and n is
a constant unit vector in R®. Using such a 8 we show that
Egs. (5.6) are equivalent to

a=0 (5.9)

and that the gauge fields have the form

A=pne(e*Q, + e~ #Q,). (5.10)
These gauge fields live in the space-time
M=RXN, (5.11a)

with the metric tensor

g=2P [0, — Q(dr + WQ, + WQ, + HQ)].

(5.11b)

Looking at the list of all CR structures admitting the
three-dimensional symmetry group given in Ref. 6 we see
that the solutions (5.9)-(5.11) exist only for the CR
structures listed below. They are ordered according to the
Bianchi type of symmetry group G;. Here, (uz=x

4 iy,z) is a chart on N. Any Abelian solution of (5.6) is
given by (5.10) and (5.11) with Q and Q, given below.

Bianchi type VI

O =y Vdx+iydu+iy='dy,
(5.12)
Q=y~ldx —ydu.
Bianchi type VIl
Q=i(e*dz— e ™ dz — du),
(5.13)

=3(du + e* dz + e~ ™ dz).

Bianchi type VIII (lower sign) and IX (upper sign):

iu

Q e d k d kei"—iz_d
=221 z~k2i1( “tTExr ¥
ke ® 4z
+.—dz),
zz+1 (5.14)

2 ke — iz ke~ ™ 4 iz _
Q:Pi—l(du+ ZZ_Z’ZI d2+ ZZ_:’Zl dZ),

K2+15£0, k>O0.

Solutions of (5.6) satisfying (5.7b) generate non-
Abelian gauge fields. It is easy to see that they are not
gauge equivalent to any Abelian gauge field.

Since (5.7b) is equivalent to

B=an + ibm, abnXm+-0, (5.15)

where a, b are real constants and n, m are constant unit
vectors in R3, we give solutions of (5.6) and (5.7b) in
terms of a, b, n, and m.

Using a, b, n, and m we see that (5.6) and (5.7b) are
equivalent to

a(a® — b? + 2iabmn + a?) =0, (5.16a)

a* + b*=P + aa. (5.16b)

We find all the solutions of these equations using the
list of all CR structures with three-dimensional symmetry
group given in Ref. 6. They are ordered according to the
Bianchi type of the three-dimensional symmetry group G,
of the CR structure (it is also a symmetry group of the
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gauge field). We use (#,z=x + iy,z) as a chart on N. Any
solution lives in the space-time
M=RXN, (5.17a)

with the metric

g=2P[0,Q, — Q(dr+ WQ, + WQ, + HQ],

(5.17b)
where Q; and Q are given below.
Bianchi type IV:
A=ane(Q, + Q; — 2Q) + ibme(Q; — Q;)
+ 2ab(nXm)eld,
where
mn=0, a’=3 b=} (5.18)

Qi =y~ Ndu+ (1 —Iny)dx + i dy),
Q=2y" Ydu —Inydx).

Bianchi types VI,
Solutions exist only for A< — 1.

A=ane(Q; + Q, + (d — 1)Q) + ibme(Q; — Q)

-+ 2ab(n X m)eQ),
where
d 1—J—h ) 11 22 d
—1+ —h’ 0—4( - )—8’

d (5.19)
b= —-, nm=0,
8

Q=y~Ydz+ [d/(d+ 1)] (P du—y~'dx),
Q= —[2/(d+ 1)1 du —y~'dx).
Bianchi type VIIy
A=cos ¢pne(Q, + Q) + i sin pme(Q; — Q)

+ sin 2¢(n X m)eld,

where ¢ is a constant such that ¢€[0,2#{]], sin 2¢540, n
and m are not parallel,

Q=" dz — e~ " dz — du),

' . (5.20)
Q=3(du + e* dz + e~ " dz).

Bianchi type VII,:
A=ane(Q, + Q) + ibme(Q, — Q, + 4fQ)
+ 2ab(nXm)e(l,
f=+h, =(1+h)/2,
B*=(1+9h)/2, nm=0, (5.21)
Q=eV+D% gz 4 [(f—10)/2i1(du + '+ D* gz
+ eV —Du gzy
Q=3(du + e/ + M dz 1 /= D¥ gz),
Bianchi type VIII (lower sign) and IX (upper sign):
A=(JIF£2/2)cos ¢ne(Q, + Q)
+ i( JE*=2/2)sin pme(Q; — Q)
+ [(K2£2)/4]sin 2¢(n X m)efd,
where ¢ is a constant, such that
¢€[0,27], sin 2¢5£0, nXm=£0,

2e k ke — iz
Q‘=zz"i1dz_k211(du+ Zx1

(5.22)

ke ™ 4 iz
)

Z=1
Q 2 J kei"—iz_d ke""‘+izd_
_k2i1(”+ Zx1 YT T z)’

and k > \/5 for Bianchi type VIII, k>0 for Bianchi type
IX.

Vi. CONCLUSIONS AND OUTLOOK

We have considered twisting null solutions to the
Yang-Mills equations with gauge group G = SU(2). We
assumed that congruences of shear-free and null geode-
sics associated with these solutions admitted n symme-
tries (n>3). We applied the fact that among those n
symmetries there always exist three symmetries that form
three-dimensional Lie algebra. Assuming that none of
those three symmetries is trivial [in the sense of (2.10)]
we have shown that there were always symmetries of the
CR structure N defined on M by the shear-free geodetic
and null congruence. Finally, we found all twisting null
Yang-Mills fields with gauge group SU(2) for which G;
generated by above-mentioned three symmetries was a
symmetry group. We obtained Abelian solutions with G,

J. Math. Phys., Vol. 33, No. 2, February 1992
Downloaded 14 Jan 2001 to 193.0.83.118. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/impcpyrts.html.



Pawel Nurowski: Some nuli solutions of the Yang-Mills equations 807

of Bianchi types VI, VII,; VIII, and IX. More interest-
ing, non-Abelian solutions were obtained for G; of Bian-
chi types IV, VI, (A< — 1), VII,, VIII, and IX. All
these solutions can exist in any Lorentzian manifold of
the form

M=RXN, (6.1)
equipped with the metric tensor

g=2P[0,Q, — Qdr + WQ, + WQ, + HQ)],
(6.2)

with Q and 2, related to a particular Bianchi type of G;
and 055P, W, H being absolutely arbitrary.

The question arises as to which of the obtained solu-
tions can live in physically interesting space-times. Even
if we restrict this question to the Minkowski space-time
very little is known about the answer. (This particular
case of the question is closely related to the problem of
the formulation of the Kerr theorem”!? in terms of forms
 and Q,. It seems to be unsolved so far). However, it is
known that, for example, if 2 and Q; correspond to the
Robinson congruence'! then there exist functions P, W,
and H in (6.2) such that (6.2) is the Minkowski metric.
In our list of solutions ) and (2; related to the Robinson
congruence are given by (i) (5.14) for k=0 and k
= 2 (Bianchi type VIII) and k=0 (Bianchi type IX),
(ii) (5.19) for A= — 9, and (iii) (5.22) for k=0 (Bian-
chi type IX). This means that all these solutions can live
in Minkowski space-time.

Another nontrivial example of a null solution of the
Yang-Mills equations with twisting rays that lives in
Minkowski space-time can be obtained by using the re-
sults of Ref. 6. It follows from that paper that solutions
(5.12) as well as (5.19) for h= —4 can live in
Minkowski space-time. For the non-Abelian solution
(5.19) expressions for functions P, W, H appearing in

(6.2) that correspond to the Minkowski metric are®
wy?? 1,1
P=cos(r/2) » W= ~6° +§’

1 . (6.3)
[N N 14 ~ir __
H= 12(3 +e 1).
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Here, w0 is an arbitrary constant and (), {2, are given
by (5.19) for h= — 4.

Expressions (5.19) for A== — 4 and (6.2) and (6.3)
give an explicit example of a null Yang-Mills field with
twisting rays living in Minkowski space-time. The con-
gruence of shear-free and null geodesics appearing in this
solution is twisting and not equivalent to the Robinson
congruence.® According to the results of Tafel’s paper, it
seems to be the only known solution of this type.

Besides the solutions discussed in this section we do
not know whether other solutions from our list (5.18)-
(5.22) can also be imbedded in Minkowski space-time. It
is also interesting to ask whether our solutions (5.18)—
(5.22) generate any solution to the coupled Einstein—
Yang~Mills equations with twisting rays.
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