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Time Scale Calculus

A time scale T is an arbitrary nonempty closed subset of
real numbers. (Aulbach, Hilger,1990 )

∗ R, }Z,
∗ q-numbers, Kq = qZ ∪ {0}, q 6= 1,

∗ The Cantor set
are time scales.

∗ Q, R − Q,
∗ The open intervals

are not time scales.
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Jump Operators

Let T be a time scale. ∀x ∈ T, the forward and the
backward jump operators are defined respectively

σ(x) := inf{y ∈ T : y > x}

ρ(x) := sup{y ∈ T : y < x}

x is called
∗ right dense if σ(x) = x, right scattered if σ(x) > x,

∗ left dense if ρ(x) = x, left scattered, if ρ(x) < x

The graininess functions

µ(x) := σ(x) − x, ν(x) := x− ρ(x), for all x ∈ T.
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∆-Derivative

Let f : T → R.

Let Tκ be the set of points of T except for a possible
left-scattered maximal point.

For x ∈ Tκ,

∆f(x) := lim
s→x

f(σ(x)) − f(s)

σ(x) − s
, s ∈ T, (1)

provided that the limit exists.

A function f : T → R is ∆-smooth if it is infinitely ∆-

differentiable at all points of Tκ.
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Example

If T = R, then σ(x) = ρ(x) = x

∆f(x) =
df(x)

dx

If T = }Z, then σ(x) = x+ }, ρ(x) = x− }

∆f(x) =
f(x+ }) − f(x)

}

If T = Kq for x 6= 0 then σ(x) = qx, ρ(x) = q−1x

∆f(x) =
f(qx) − f(x)

(q − 1)x
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∆-Integral

A function F : T → R is called ∆-antiderivative of
f : T → R if ∆F (x) = f(x), ∀ x ∈ Tκ. Thus ∆-integral of f
from a to b is

∫ b

a

f(x)∆x := F (b) − F (a) a, b ∈ T.

Set x∗ = minT, x∗ = maxT if there exist finite minT,maxT.
Otherwise set x∗ = −∞, x∗ = ∞.

∆-integral over an whole time scale is given as
∫

T

f(x)∆x :=

∫ x∗

x∗

f(x)∆x = lim
x→x∗

F (x) − lim
x→x∗

F (x)
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Regular time scales

T is regular if for all x ∈ T

(i) σ(ρ(x)) = x, (ii) ρ(σ(x)) = x .

R, Kq,Z are regular time scales.

The shift operator E is defined by the formula

(Ef)(x) = f(σ(x)), x ∈ T.

Thus the inverse E−1 is deduced

(E−1 f)(x) = f(σ−1(x)) = f(ρ(x)).
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Algebra of δ-differential operators

Let G be an algebra of δ-differential operators equipped
with the commutator,

G = G>k ⊕ G<k = {
∑

i>k

ui(x)δ
i} ⊕ {

∑

i<k

ui(x)δ
i}.

where delta differentiation operator δf is

δf := ∆f + E(f)δ, ∀f.

G>k, G<k are closed Lie subalgebras of G only if k = 0, 1.
The classical R-matrix

R :=
1

2
(P>k − P<k) k = 0, 1.
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The Lax Hierarchy

The Lax hierarchy of commuting evolution equations is

dL

dtn
=
[

(

L
n
N

)

>k
, L
]

k = 0, 1.

The admissible finite-field Lax operators are

L = uNδ
N + uN−1δ

N−1 + . . .+ u1δ + u0 + δ−1u−1+
∑

s

ψsδ
−1ϕs,

where for k = 0, uN is time-independent and u−1 = 0.
The natural constraints between dynamical fields

N+k−1
∑

i=−k

(−µ)iui − µ
∑

s

ψsϕs = a,
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The Continuous Limit of a Time Scale

T = }Z
}→0

−−−→ T = R;

while
T = Kq

q→1
−−−→ T = R+ ∪ {0}.

In the continuous time scale, the algebra of δ-differential
operators turns out to be the algebra of pseudo-differential
operators

G = G>k ⊕ G<k = {
∑

i>k

ui(x)∂
i} ⊕ {

∑

i<k

ui(x)∂
i},

which is valid for k = 0, 1, 2 and ∂u = ux + u∂.
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The Trace Functional

The trace form is introduced by

TrA := −

∫

T

1

µ
(A<0)|δ=− 1

µ
∆x ≡

∫

T

∑

i<0

ai(−µ)−i−1∆x,

where A =
∑

i aiδ
i.

Note: When µ = 0, TrA =
∫

R
a−1dx for A =

∑

i ai∂
i.

Theorem: The inner product on G defined by bilinear map

(·, ·)G : G × G → K (A,B)G := Tr(AB),

is nondegenerate, symmetric and ad-invariant.
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The Poisson Tensors

Theorem: The Linear Poisson tensor has the form

π0dH = [RdH,L] +R† [dH,L]

= [L, dH<k] +
(

[dH,L] (1 + µδ)−1
)

<−k
(1 + µδ).

Since the recursion operators Φ s.t

ΦLtn = Ltn+N
.

are hereditary, the quadratic Poisson tensor π1 can be
reconstructed from Φ:

π1 = Φπ0.
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Bi-Hamiltonian Structure

Hence, the Lax hierarchies have bi-Hamiltonian structure

Ltn = π0dHn = π1dHn−N ,

where the related Hamiltonians are given by

Hn(L) =
N

n+N
Tr
(

L
n
N

+1
)

.

such that
dHn = L

n
N
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Example: ∆-differential AKNS

Let the Lax operator be of the form

L = δ + u+ ψδ−1ϕ.

Here with a = 0, the constraint is of the form

u = µψϕ.

The first flow is

ψt1 = µψ2ϕ+ ∆ψ,

ϕt1 = −µϕ2ψ + ∆E−1ϕ.
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The second flow is

ψt2 = ψ(∆µψϕ+ (µψϕ)2 + ϕE(ψ) + ψE−1(ϕ))

+(E + 1)(µψϕ∆ψ) + ∆2ψ,

ϕt2 = −ϕ(∆µψϕ+ (µψϕ)2 + ϕE(ψ) + ψE−1(ϕ))

+∆E−1(ϕ(E + 1)µψϕ) − (∆E−1)2ϕ.

which is ∆-differential counterpart of soliton AKNS.
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Continuous AKNS
In T = R case, or in the continuous limit of some
special time scales, with the choice u = 0,

L = ∂ + ψ∂−1ϕ.

The first flow becomes the translational symmetry

dψ

dt1
= ψx,

dϕ

dt1
= ϕx.

The second flow implies the AKNS equation

dψ

dt2
= ψxx + 2ψ2ϕ,

dϕ

dt2
= −ϕxx − 2ϕ2ψ
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Continuous AKNS
In T = R case, or in the continuous limit of some
special time scales, with the choice u = 0,

L = ∂ + ψ∂−1ϕ.

The first flow becomes the translational symmetry

dψ

dt1
= ψx,

dϕ

dt1
= ϕx.

The second flow implies the AKNS equation

dψ

dt2
= ψxx + 2ψ2ϕ,

dϕ

dt2
= −ϕxx − 2ϕ2ψ
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Differentials

The implicit form of the differentials

dH =
n
∑

i=1

δi−N−kγi,

where n is the number of independent dynamical fields,

such that the following holds

(dH,Lt)g
=

∫

T

(

N+k−2
∑

i−k

δF

δui

(ui)t +
∑

s

(

δF

δψs

(ψs)t +
δF

δφs

(ψs)t

)

)

∆x.
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Differential of AKNS

For AKNS: N = 1, n = 2, k = 0

The differential is of the form

dH = γ1 + δγ2

where

γ1 =
1

ϕ

δH

δψ
−

∆E−1(ϕ)

ψϕE−1(ϕ)
∆−1(A)

γ2 = −
1

ψE−1(ϕ)
∆−1(A)

A =
1

ψ

δH

δψ
− ϕ

δH

δϕ
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Bi-Hamiltonian structure for AKNS
The Linear Poisson Tensor

π0 =

(

0 1

−1 0

)

The Quadratic Poisson Tensor

π1 = Φπ0 =

(

−µψ2 − 2ψ∆−1ψ ∆ + 2µψϕ+ 2ψ∆−1ϕ

−∆† + 2ϕ∆−1ψ −µϕ2 − 2ϕ∆−1ϕ

)

where ∆† = −∆E−1 and Recursion Operator is

Φ =

(

∆ + 2µψϕ+ 2ψ∆−1ϕ µψ2 + 2ψ∆−1ψ

−µϕ2 − 2ϕ∆−1ϕ ∆† − 2ϕ∆−1ψ

)
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Bi-Hamiltonian structure for AKNS

The related first three Hamiltonians are

H0 = Tr(L) =

∫

T

ψϕ∆x

H1 =
1

2
Tr(L2) =

∫

T

(

ϕ∆ψ +
1

2
µψ2ϕ2

)

∆x

H2 =
1

3
Tr(L3) =

∫

T

(

ϕ∆2ψ − ψ2ϕ2 + ψϕ2Eψ +
1

3
ψϕE−1(ψϕ)

+
2

3
ψ2ϕE−1ϕ+ µψ3ϕ3 −

2

3
µ2ψ3ϕ3

)

∆x
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Remark:
Note that when T = R, or in the continuous limit of
some special time scales: the Linear Poisson Tensor

π0 =

(

0 1

−1 0

)

The Quadratic Poisson Tensor

π1 =

(

−2ψD−1ψ D + 2ψD−1ϕ

D + 2ϕ∆−1ψ −2ϕD−1ϕ

)

and Hamiltonians

H0 =

∫

R

ψϕdx, H1 =

∫

R

ϕψxdx
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∆-differential Kaup-Broer, k = 1

Let
L = (1 + µv − µ2w)δ + v + δ−1w.

The first flow

dv

dt1
= (µv − µ2w)∆v + µ∆E−1(w(µv − µ2w)),

dw

dt1
= ∆E−1

(

µvw − µ2w2
)

The linear Poisson tensor is given by

π0 =

(

ũ∆µ− µ∆†ũ ũ∆

−∆†ũ 0

)
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∆-differential Kaup-Broer

The Quadratic Poisson Tensor

π1 =

(

π11 π12

π21 π22

)

where

π11 = ũ∆µv − µv∆†u+ ũ∆ũ

− ũ∆†ũ+ ũ∆ũ∆µ− µ∆†ũ∆†ũ+ µũw∆µ− µ∆†µũw

π12 = ũ∆v + ũ∆ũ∆ + µũw∆ − µ∆†ũw

π21 = −v∆†ũ− ∆†ũ∆†ũ+ ũw∆µ− ∆†µũw

π22 = ũw∆ − ∆†ũw
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∆-differential Kaup-Broer

The Hamiltonians are

H0 =

∫

T

w ∆x

H1 =

∫

T

(

vw −
1

2
µw2

)

∆x

H2 =

∫

T

(

w2 + v2w +
2

3
w∆v +

2

3
µvw∆v −

2

3
µ2w2∆v −

2

3
µ2w3

)

∆x

... .
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Recursion Operators

The recursion operators of the finite field N th order Lax
hierarchies can be constructed solving

Ltn+N
= LtnL+ [R,L] (4)

For k = 0, with the remainder in the form

R = aN−1δ
N−1 + · · · + a0 +

∑

s

a−1,sδ
−1ϕs, (5)

For k = 1,

R = aNδ
N + · · · + a0 +

∑

s

a−1,sδ
−1ϕs. (6)
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The appropriate reminder is found for AKNS

R = ∆−1
(

µ−1utn

)

− ψtnδ
−1ϕ. (13)

Thus the recursion formula






u− µ−1 φE ψE−1

ψ + ψ∆−1µ−1 ∆ + u+ ψ∆−1ϕ ψ∆−1ψ

−ϕ∆−1µ−1 −ϕE∆−1ϕ u− ∆E−1 − ϕE∆−1ψ







(14)

when µ 6= 0.
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The appropriate reminder is found for AKNS

R = ∆−1
(

µ−1utn

)

− ψtnδ
−1ϕ. (15)

Thus the recursion formula






u− µ−1 φE ψE−1

ψ + ψ∆−1µ−1 ∆ + u+ ψ∆−1ϕ ψ∆−1ψ

−ϕ∆−1µ−1 −ϕE∆−1ϕ u− ∆E−1 − ϕE∆−1ψ







(16)

when µ 6= 0.
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Otherwise, with the constraint
(

∆ + u+ µψϕ+ 2ψ∆−1ϕ µψ2 + 2ψ∆−1ψ

−µϕ2 − 2ϕ∆−1ϕ ∆† − 2ϕ∆−1ψ.

)

(17)

When T = R, the recursion formula reduces to
(

D + 2ψD−1ϕ 2ψD−1ψ

−2ϕD−1ϕ −Dx − 2ϕD−1
x ψ

)

. (18)
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Otherwise, with the constraint
(

∆ + u+ µψϕ+ 2ψ∆−1ϕ µψ2 + 2ψ∆−1ψ

−µϕ2 − 2ϕ∆−1ϕ ∆† − 2ϕ∆−1ψ.

)

(19)

When T = R, the recursion formula reduces to
(

D + 2ψD−1ϕ 2ψD−1ψ

−2ϕD−1ϕ −Dx − 2ϕD−1
x ψ

)

. (20)
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