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Introduction

Two LQC methods:
@ standard LQC: ffirst quantize, then impose constraints’
@ non-standard LQC: first solve constraints, then quantize’
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Introduction

Two LQC methods:

@ standard LQC: ‘first quantize, then impose constraints’

@ non-standard LQC: ffirst solve constraints, then quantize’
Bianchi | with massless scalar field:

@ standard LQC: classical Big Bang is replaced by quantum Big
Bounce due to strong quantum effects at the Planck scales
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Introduction

Two LQC methods:

@ standard LQC: ‘first quantize, then impose constraints’

@ non-standard LQC: ffirst solve constraints, then quantize’
Bianchi | with massless scalar field:

@ standard LQC: classical Big Bang is replaced by quantum Big
Bounce due to strong quantum effects at the Planck scales

@ non-standard LQC: modification of GR by loop geometry is
responsible for the resolution of the singularity

Piotr Dzierzak (INS) Bianchi | model in terms of loop geometry: CI¢ Krakéw, 24 April 2010 4/18



Bianchi | model

Bianchi | model describes homogeneous and anisotropic universe.
The metric reads:

3
ds? = —NZdff+)  a(t)axf,
i=1

3
k=1, Y KK =1 (1)
i=1

where a;(t) = a;(0) (l> , dr = Ndt, kg4 describes matter density.

70

For ks = 0 (vacuum) we have Kasner model.
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Modified Hamiltonian

We consider Bianchi | cosmology with massless scalar field in space
with R3-topology.
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Modified Hamiltonian

We consider Bianchi | cosmology with massless scalar field in space
with R3-topology.

@ Hamiltonian reads:
Hy = / d*x(N'C; + N3C, + NC), 2)
>
where: ¥ is the space-like part of spacetime R x ¥; (N, N2, N)
Lagrange multipliers; (C;j, C,, C) are Gauss, diffeomorphism and scalar

constraints; (a, b = 1,2, 3), spatial indices; (i,j,k = 1,2, 3) internal
SU(2) indices. The constrains must satisfy specific algebra.

Piotr Dzierzak (INS) Bianchi | model in terms of loop geometry: CI¢ Krakow, 24 April 2010 6/18



Modified Hamiltonian

Having fixed local gauge and diffeomorphism freedom we can rewrite
the gravitational part of the classical Hamiltonian in the form:

Hy=—772 / o®x Ne™ ey EYEPKF},, (3)
%
where: ~ is the Barbero-Immirzi parameter; V C ¥ elementary cell; N
lapse function; ¢ alternating tensor; E? density weighted triad;

FE = 9,A — 9pAL + KALAL curvature of SU(2) connection Al;

f
e:=./|detE]|;
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Modified Hamiltonian

Rewriting the curvature in terms of holonomies:

) —
k : ij ko jio J
_ i 4
Fap=—2 ArIDIE-,TLoTr( Ar0j >T wa " “@
where:

hD,-,- _ hl(ui)hj(l‘j)(hl(ui))A(hj(m‘))—1 (5)

is the holonomy of the gravitational connection around the square loop
Oj;, considered over a face of the elementary cell, each of whose sides
has length y;L; (and V, := LyL5L3) with respect to the flat fiducial
metric °Qap := Jjj “w} Owh.
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Modified Hamiltonian

Rewriting the curvature in terms of holonomies:

) —
k : ij ko jio J
_ i 4
Fap=—2 ArIDIE,TLoTr( Ar0j >T wa " “@
where:

hD,-,- _ hl(ui)hl(l‘j)(hl(#i))A(hl(llj))—1 (5)

is the holonomy of the gravitational connection around the square loop
Oj;, considered over a face of the elementary cell, each of whose sides
has length y;L; (and V, := LyL5L3) with respect to the flat fiducial
metric °Qap := Jjj “w} Owh.

In the fundamental, j = 1/2, representation of SU(2), reads

h) = cos(uici/2) T+ 2 sin(uici/2) 7 (6)

where 7, = —ioj/2 (o; are the Pauli spin matrices)
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Modified Hamiltonian

Making use of (3), (4) and the so-called Thiemann identity leads to Hy
in the form:

Hy = lim Hg(ym 12 Ms)’ (7)
H1,p2,43— 0
where:
HB 2 ps) _ Sgn(p1p2ps) N ik T (e pl) o
7 21 Gy3p popia //Zk ( b
x (hl(ﬂi))—1 (h;#j))—1 hl((uk){(hl((ﬂk))—1’ V}) (8)

and is the V = a; a» a3V volume of the elementary cell.
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Modified Hamiltonian

In considered model the hamiltonian reads:
H=Hy+ H, =0, (9)

where Hy is defined by (7) and Hy = Np§|p\‘g/2. The relation H ~ 0

defines the physical phase space of considered gravitational system
with constraints.

Making use of (6) we calculate (8) and get the modified total
Hamiltonian. The Hamiltonian modified by loop geometry (in the gauge

N = \/|p1 p2 ps) reads:

2
VN — |P1P2| sin(cy ) sin(cap2) + cyclic| + i (10)
8 G2 1 iz 2
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Modified Hamiltonian

We use so called @ scheme:
Wi = ﬁ A and )\ is a free parameter.
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Modified Hamiltonian

We use so called iz scheme:
Wi = ﬁ A and )\ is a free parameter.
Now we introduce following canonical variables:
Bi = \/T;)—i‘,. vi .= |pil*2 sgn(p),
and the Poisson bracket:

._ 3 o 0- 8- -
{-, } = 127TG’YZk:1 [ma—vk - 3_W<f9_51(:| +

8- 8-
Py Iy

S
e

Piotr Dzierzak (INS) Bianchi | model in terms of loop geometry: CI¢ Krakéw, 24 April 2010

11/18



Modified Hamiltonian

We use so called 7z scheme:
Wi = |p| A and X is a free parameter.
Now we introduce following canonical variables:
=9 v = |pi|¥%sgn(p),
bi= v |pil>'= sgn(pi)
and the Poisson bracket:
— 3 90 9 d- b 9 -
{-t=127Gy Xkt | a5. v — ove aﬁk} + 96 0p; — 9p; 06
The Hamiltonian in new variables reads:

2
o _Ps 1 sin(A\34) sin(A\32)
HY =5 8WG,YQ< v Vi Vot (11)
+sm()\ﬁ1g\:|n()\ﬁg) Vivs + sm()\ﬁgg\im()\ﬁ@,) 2V3>
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Modified Hamiltonian

We use so called 7z scheme:

Wi = |p| A and X is a free parameter.

Now we introduce following canonical variables:
B = 7\/%\’. vi == |pi[*/ sgn(p;),

and the Poisson bracket:

The Hamiltonian in new variables reads:

)\2

HO) — ,Dj 1 <3|n(>\ﬂ1)sm()\ﬂ2) 1

2 871Gy
n sin()\ﬁ1 ) Sin()\ﬂg) v,

V3 +

sin(\32) sin(A\G3) Ve

A2 A2

It is classical modified Hamiltonian.
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._ 3 0. o o o 8- 9 o
{}=127Gy Xkt | a5, 0v — avkaﬁk} + 96 p; ~ 9p; 96

Vo—+

y
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Equations of motion

Equations of motion plus the constraint reads:

B = —187rGSin(;\Bi) (0] + O%) (12)
vi = 18mGv;cos(A\G;) (O; + O) (13)
py, = 0 (14)
¢ = Py (15)
HY ~ o, (16)
where O; := Vg;ﬁ&@) O, are constants of motion.
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Equations of motion

Equations of motion plus the constraint reads:

G = —187rGSin(;\Bi) (O + Ok) (12)
Vi = 187G v;cos(\3) (O; + Ox) (13)
b~ 0 (14)
b = p (15)
WY = o (16)

where O; := Vg;’;‘(w’), O, are constants of motion.

Worth of noting: gb plays the role of time.

Piotr Dzierzak (INS) Bianchi | model in terms of loop geometry: Clz Krakéw, 24 April 2010 12/18



Equations of motion
Solution of equation, for example (13):

20(6) = oxp (220,40 (039 +
187G

+ (127GyX 0))? - exp ( — (O +Ox) (¢ — ¢?)) (17)
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Equations of motion

Solution of equation, for example (13):

2v(0) = exp (%(owok)w—qb?)%

187G

L (120G o,->2-exp(— (0)+04) (¢—¢?))(17>

We can write this in a different form:

v; = 12rGy\O; cosh <1€;—7TG (0j+0k) (9—¢?) —1In |127TG“V)\0/'\> (18)
®
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Equations of motion

Solution of equation, for example (13):

2v(0) = exp (”ff(owokw—qs?)%

187G

L (120G o,-)z-exp(— (0)+04) (¢—¢?))(17>

We can write this in a different form:

187G

Vi = 127Gy\O; cosh < (0j+0k) (6—¢) —In |127TG7A0/'\> (18)

Because V = (v4vav3)'/3 it is clear that for nonzero A there is no
singularity for any value of ¢.
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Equations of motion

Solution of equation, for example (13):

2v(0) = exp (%(owok)w—qb?)%

187G

L (120G o,->2-exp(— (0)+04) (¢—¢?))(17>

We can write this in a different form:
Vi = 127TG’)’/\OI cosh p— (Oj+0k) (Qﬁ—qbl )—In |127TG"}/)\O,‘ (18)
(o]

Because V = (v4vav3)'/3 it is clear that for nonzero A there is no
singularity for any value of ¢.
Big Bounce already at classical level!
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Algebra of observables

Our aim : Singularity aspects of the model in terms of observables.
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Algebra of observables

Our aim : Singularity aspects of the model in terms of observables.

A function F defined on phase space is a Dirac observable if it is the
solution to the equation

{F, HW} —0 (19)
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Algebra of observables

Our aim : Singularity aspects of the model in terms of observables.

A function F defined on phase space is a Dirac observable if it is the
solution to the equation

{F.HV} =0 (19)
We found that:
i VG O;+0

A;iyn = In|tan (Aﬂl> ‘ + m Sgn(p¢)( /+ k) ¢ (20)

2 /0105 + 0103 + 05,03

v sin(A5;)
: =0 21

Oi 127Gy (21)
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Algebra of observables

Our aim : Singularity aspects of the model in terms of observables.

A function F defined on phase space is a Dirac observable if it is the
solution to the equation

{F.HV} =0 (19)
We found that:
i VG O;+0

A;iyn = In|tan <>\61> ‘ + m Sgn(p¢)( /+ k) ¢ (20)

2 /0105 + 0103 + 05,03

v sin(A5;)
: =0 21

Oi 127Gy (21)

These are dynamical (satisfy the constraint) observables.
We can express by them any interesting physical function.
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Algebra of observables

These observables satisfy the Lie algebra:

{Oia Oj}dyn = 07 {A?yna Oi}dyn = 17

[AY™ Ojbayn =0, {AY", A"}y, =0, (22)

where:
3

F; - 0- 0
- n = — 0. A0, 4 .dyn 2
{ > }dy ; <8A?yn 00; 00; 8A(ijyn) &)
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Functions on the physical space

@ Directional energy density:

L3

2v2

]

pi(A, @) = (24)

The bounce in i-th direction occurs when p; approaches its maximum
value'.

"D.W. Chiou PRD (75), 24029 (2007)
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Functions on the physical space

@ Directional energy density:

P

]

pi(A, @) ==

The bounce in i-th direction occurs when p; approaches its maximum
value'.

We would like to express above function in terms of observables and
an evolution parameter ¢:

"D.W. Chiou PRD (75), 24029 (2007)
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Functions on the physical space

@ Directional energy density:

Py

2v2

]

pi(A, @) = (24)

The bounce in i-th direction occurs when p; approaches its maximum
value'.

We would like to express above function in terms of observables and
an evolution parameter ¢:

0105 + 0103 + 0503

9 A2 o (3VG sen(py) (0;+0x)  dyn
8mGvy2 OfF cosh ( /0:0,70,0570;05 ? — A

pi(X, &) = (25)

'D.W. Chiou PRD (75), 24029 (2007)
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Functions on the physical space

@ Directional energy density:

Py

2v2

]

pi(A, @) = (24)

The bounce in i-th direction occurs when p; approaches its maximum

value'.

We would like to express above function in terms of observables and
an evolution parameter ¢:

0105 + 0103 + 0503

9 A2 o (3VG sen(py) (0;+0x)  dyn
87w G~2 OF cosh ( 0,0,70,0,70,0; ? — Ai

pi(X, &) = (25)

It will be an observable for each fixed value of ¢, since in such case it
will be function of observables only.

'D.W. Chiou PRD (75), 24029 (2007)
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Functions on the physical space

Big bounce happens when v; takes its minimal value:
vmin = 127 GyAO;. Thus the maximum value of this density:

max __ 1 ﬁ 2
Pi T 16mGHy2A2 \ k;

where kg and k; taken from the metric.
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Functions on the physical space

Big bounce happens when v; takes its minimal value:
vt = 127 GyAO;. Thus the maximum value of this density:

max _ 1 ks ? (26)
P = 16mGy2\2 \ K;
where kg and k; taken from the metric.

A is a free parameter of this formalism.
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Functions on the physical space

Big bounce happens when v; takes its minimal value:
vt = 127 GyAO;. Thus the maximum value of this density:

max _ 1 ks ? (26)
P = 16mGy2\2 \ K;
where kg and k; taken from the metric.

A is a free parameter of this formalism.
Let assume that A = 5. We get:

k 2
=035 () om (27)
1
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Functions on the physical space

Big bounce happens when v; takes its minimal value:
vt = 127 GyAO;. Thus the maximum value of this density:

max __ 1 & 2 (26)
P = J6rG2ae \ k;
where kg and k; taken from the metric.

A is a free parameter of this formalism.
Let assume that A = 5. We get:

k 2
=035 () om (27)
1

So we fit the Planck scale.
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Conclusions
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Conclusions

@ Modification of gravitational part of classical Hamiltonian, realized
by using the loop geometry turns big-bang into big-bounce.
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Conclusions

@ Modification of gravitational part of classical Hamiltonian, realized
by using the loop geometry turns big-bang into big-bounce.

@ ) is a free parameter of the theory as in the case of FRW model.
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Conclusions

@ Modification of gravitational part of classical Hamiltonian, realized
by using the loop geometry turns big-bang into big-bounce.

@ ) is a free parameter of the theory as in the case of FRW model.

@ Next step: quantization of classical dynamics, examine spectra of
physical observables.
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