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ABSTRACT Two main problems that arise in the context of hydrodynamic bead modeling are an inaccurate treatment of
bead overlaps and the necessity of using volume corrections when calculating intrinsic viscosity. We present a formalism
based on the generalized Rotne-Prager-Yamakawa approximation that successfully addresses both of these issues. The
generalized Rotne-Prager-Yamakawa method is shown to be highly effective for the calculation of transport properties of rigid
biomolecules represented as assemblies of spherical beads of different sizes, both overlapping and nonoverlapping. We test
the method on simple molecular shapes as well as real protein structures and compare its performance with other computa-

tional approaches.

INTRODUCTION

Precise calculation of hydrodynamic properties of macro-
molecules is crucial for the correct interpretation of the re-
sults of experimental studies of solution structure and
dynamics of biopolymers, such as fluorescence correlation
spectroscopy, ultracentrifugation, or dynamic light scat-
tering. There is extensive literature discussing various tech-
niques used in hydrodynamic modeling (1-8). Early
approaches to this problem were based on the approxima-
tion of the macromolecule by a simple shape such as a
sphere or ellipsoid (9—12), the hydrodynamic properties of
which can be calculated analytically. However, many bio-
molecules have irregular shapes that cannot be represented
by simple geometric forms, which necessitates the use of
more sophisticated numerical methods.

Several approaches to this problem have emerged over
the years. The most popular of these are bead modeling
(13-15), direct calculation using boundary element method
(16,17), and path integral techniques (18-20). For the
recent detailed reviews and discussions of hydrodynamic
modeling, the reader is referred to the work of Rocco and
Byron (21) as well as the book (8), with separate chapters
on HYDRO (22), BEST (23), and UltraScan Solution
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Modeler (US-SOMO) (24) program suites as well as an
introductory chapter by Byron (25).

Briefly, in boundary element methods, one represents the
flow field in terms of boundary distributions of fundamental
solutions of a given differential equation. The densities of
the distributions are then computed to satisfy the respective
boundary conditions on the surface of the macromolecule.
In the context of Stokes equations, the boundary element
method has been utilized since 1978, when Youngren and
Acrivos used it to study the problem of a Stokes flow in
the presence of a solid particle (26). In recent years, it has
become increasingly popular (27) because the vast increase
of computing power has allowed for the calculation of hy-
drodynamic properties of even relatively large macromole-
cules. In this respect, the BEST method by Aragon (7,17)
has emerged as a dominant performer.

On the other hand, the ZENO algorithm uses path integral
techniques to calculate some of the scalar hydrodynamic
properties of complex particles (18-20), by exploiting
analogies between hydrodynamics and electrostatics. The
macromolecule is enclosed within a sphere, from the surface
of which a large number of random walks are launched to-
ward the surface of the molecule. Based on the fraction of
the walks that reaches the surface, the values of friction
coefficient and intrinsic viscosity can be estimated to within
2-5% accuracy. The main advantage of this method is its
large speed and relatively low computational complexity.
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Finally, in bead modeling (13—15), which is the focus of
our study, the shape of a macromolecule is approximated
by a number of small spheres either filling the volume of
a molecule or covering its surface. The hydrodynamic prop-
erties of such a conglomerate are then calculated by a
method originating from Kirkewood and Riseman: by
applying forces to individual beads and then calculating
the flow field around them based on the known solutions
for the flow around the sphere. This approach has been suc-
cessfully used over the years to calculate the hydrodynamic
characteristics of macromolecules, particularly thanks to the
effort of de la Torre and colleagues, who have created the
HYDRO suite of programs (28,29). Bead modeling,
although elegant and successful in a broad range of applica-
tions, is not without its problems. The most significant of
these is that the Kirkwood-Riseman formalism fails when-
ever some of the beads are significantly larger than the
others (30) and in particular gives a vanishing viscosity
for a single sphere. This necessitated the introduction of a
number of semiempirical, shape-dependent correction fac-
tors (29). Another deficiency of the existing bead models
is that they run into problems whenever the beads overlap,
particularly if they are different in size (31,32). In such
cases, a phenomenological Zipper-Durchschlag formula
for the translational diffusivity is usually used (33), which,
however, lacks continuity and does not have the proper
limiting behavior, as one bead becomes fully immersed in-
side the other (34). Alternatively, the overlaps are removed,
e.g., by resizing the spheres (32), which, however, affects
the accuracy of bead covering.

Recently, we have devised a self-consistent scheme of
deriving hydrodynamic matrices that addresses all of the
above issues (34-36). The scheme generalizes the well-es-
tablished Rotne-Prager-Yamakawa approximation, which
incorporates all the long-ranged, nonintegrable terms in
the expansion in the inverse distance between the beads, cor-
responding to (a/r)*, a < 3, where a is the bead radius. In
contrast to previous approaches, our method relies on the
direct integration of force densities over the sphere surfaces.
This turns out to provide the correct limiting behavior of the
mobilities for the touching spheres and for a complete over-
lap with one sphere immersed in the other one. Additionally,
the inclusion of dipolar components of the hydrodynamic
interaction tensors allows for a direct calculation of the
intrinsic viscosity without the need of introducing correct-
ing factors. As a result, we obtain an effective and versatile
tool, capable of handling a large variety of different bead
models both for nonoverlapping and overlapping beads.
The latter are particularly attractive, as they allow for a
faithful representation of a macromolecular shape using a
significantly smaller number of beads than the nonoverlap-
ping models.

The work is organized as follows. First, we briefly review
the theoretical foundations of the generalized Rotne-Prager-
Yamakawa (GRPY) method. Next, we show how to calcu-
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late hydrodynamic properties within this formalism. Then,
the method is applied to simple geometric shapes as well
as a number of real protein structures. Finally, we give a
short description of the numerical implementation of the
method. An open-source FORTRAN code calculating hy-
drodynamic properties of biomolecules is distributed as
Supporting Material to the manuscript. The code can take
as an input a bead covering produced by other algorithms,
but it also provides its own covering of overlapping beads
based on the PDB file of the protein.

METHODS
Hydrodynamic interactions

We represent the macromolecule as a collection of N rigidly connected
beads of different radii a;, which can potentially overlap. Due to the small
size of the biomolecules, the fluid flow around them is in the low Reynolds
number regime and can be described by the stationary Stokes equations
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where 7 is the viscosity of the solvent. The linearity of the Stokes equations
implies a linear relation between the force and velocity moments
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Here, F = (F\,F,,...,Fy) is the 3N dimensional vectors of forces that
the beads exert on the fluid and analogously for the torques T. The transla-
tional and rotational velocities of the particles (U and &) are written in
the same manner. Next, Vo = (Vo (R}), ...,V (Ry)) are the values of
external flow velocity calculated at the centers of the particles, R;. Simi-
larly, . gives the vector of vorticities at the centers of the particles,
with we = (1/2)V X ve. Finally, E. = (Ew(R)),...,Ex(Ry)) is the
vector of strain rates, with E. = 1/2(Fv, + (Fv)T). The vector E.,
is SN-dimensional because of the symmetric character of strain tensors.
The last element, S = (S1,...,Sn) is the vector of particle stresses, again
SN-dimensional. The superscripts ¢, r, and d in Eq. 3 denote translational,
rotational, and dipolar components of the grand friction matrix £. A partial
inversion of Eq. 3 defines the grand mobility matrix u,
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again, with the translational, rotational, and dipolar components.

So far, we have not used the fact that the macromolecule—represented as
a conglomerate of beads—moves as a rigid body. The friction matrix of
such an object will be 11 x 11 tensor defined by a relation analogous to
Eq. 3. This time, however, it involves U,, £., and E—the translational
and rotational velocities of a conglomerate as well as the strain rate at its
center. The assumption of the rigid body motion allows us to link these pa-
rameters with the velocities of the individual beads, e.g.,

Ui = UL‘+QC X (Rl _R0)7 (5)
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where R, is the reference point with respect to which the translation and
rotation are defined. As discussed in detail in the Appendix, this allows
us to find the relation between . and the N-body grand friction matrix
{y of the form

L. = Tn(Ry)" -y » Tn(Ry), (©6)

where Ty is the operator linking bead velocities with those of the macro-
molecule. This operator is given by Eq. A3.

The construction of hydrodynamic matrices proceeds now as follows.
First, we find the N-body friction matrix {y. Subsequently, the friction ma-
trix of a macromolecule is obtained by projection given by Eq. 6. Finally,
. is partially inverted to yield the rigid-body grand mobility matrix u..
The translational and rotational components of the mobility matrix of
conglomerate are linked with the respective diffusion matrices via Ein-
stein-Smoluchowski relations. This defines the translational diffusion
matrix

D' = Ty’ ™

as well as its rotational counterpart

D = kTy. ®)

The projection operator Th(R,) in Eq. 6 involves an arbitrary refer-
ence point Rj. A natural question that can be raised in this context is
whether the choice of R, has an effect on the elements of the rigid
body matrices {. and u.. As it turns out, the answer is different for
different components of these matrices. Translational and rotational
components of the grand mobility matrix have been analyzed in Kim
and Karrila (37) and it has been shown that u, u, and u!’ depend
on the choice of the origin, whereas u;” does not. Generalizing this
reasoning to dipolar components leads to the conclusion that p®, ud",

and uf.d are not origin sensitive (36).

Generalized Rotne-Prager-Yamakawa
approximation

In this section, we summarize the GRPY approach for the calculation of hy-
drodynamic matrices. The key role in this approximation is played by
another hydrodynamic tensor—a full inverse of the grand friction matrix,

m = ¢!, introduced by (38). This tensor links force and velocity
multipoles:
;w _ f] mn mtr mrd I}-
Do —R | ==\ m" m" m|-|T )
E dr dr dd S

The next step is to analyze the relation between the velocities of particles
moving in a Stokes flow and induced force density localized on particle
surfaces:

[U,‘+Qi X pi_v°°<r)]res,- = Z/T0<r—r/) -fj(r/)d3r/.
(10)

Here, p; =r — R;, with R, denoting the position of particle i. Next, —f{r’)
is the density of the forces exerted by the particle j on the fluid. Finally, T is
the Oseen tensor

1
8w,

Ty(r) (1+77), an
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which is the Green function for the Stokes problem for unbounded space.
The key idea behind the GRPY approximation is to describe the force den-
sity in terms of its three multipoles only:

r d .
fj:W;'F/—‘er'Tj-i-Wj.S_/', (12)
where wf are operators associated with different multipoles (p = t,r.d)
[ 1 , 3
wilr) = i 16(p; — @), w(r) = Py p;0(p; — a),
J J
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In the above, [e+p],5 = €usy[p;], and T is the fourth-rank isotropic
tensor, traceless and symmetric in its first and last index pairs:

1 2
Iaﬁby = E (5015(3]37 + (3&755(5 — géaﬂééy) . (14)

Next, the velocity field in the left hand side of Eq. 10 is approximated by
a linear flow. The multipoles characterizing this flow (velocity, U; —
Ve (R;); vorticity, £; — @ ; and strain rate, —E (R;)) can be obtained
from [U; + 2; X p; — v« (r)],cs by integration of this expression multi-
plied by the transposed w' operators. This leads to the following relation
for the elements of the inverse friction matrix:

AR
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where we have used Eq. 9 together with Eq. 12. In the above, T stands for
the transpose. The explicit formulas for the elements of the inverse friction
matrix, calculated based on Eq. 15, can be found in (36). Importantly, the
integrals in Eq. 15 can be calculated both for overlapping and nonoverlap-
ping beads, which—as shown in (34-36)—leads to the self-consistent
description of hydrodynamic properties of the system over the entire range
of interparticle distances. In particular, this approximation exhibits a correct
limiting behavior at a complete overlap, with one sphere fully immersed in
the other—the mobility of such a system reduces to that of an external
sphere.

The GRPY approximation of the inverse friction matrix outlined above
can be seen as a generalization and extension of the Stokesian dynamics
method developed by Durlofsky, Brady, and Bossis (38,39). Their focus
was, however, on the suspension of freely moving, nonoverlapping parti-
cles, whereas this formalism is aimed at the calculation of hydrodynamic
matrices for rigidly connected beads, both overlapping and nonoverlapping.
On the other hand, a similar construction of the hydrodynamic matrices for
rigid macromolecules has been carried out by Goldstein (40), with two
important differences: 1) he considered rotational and translational degrees
of freedom only, and 2) in the case of overlapping spheres, he derived the
hydrodynamic matrices for the case of equal sphere radii only.

RESULTS AND DISCUSSION
Translational and rotational diffusion

Translational diffusion provides information on the relaxa-
tion of particle positions caused by the Brownian motion.
To assess it, we mark the point on the molecule, R, and



follow its mean-square displacement in the laboratory
frame, ((R(r) —R(0))?), where (...) denotes the equilib-
rium average and R(0) = R,. Importantly, due to the
coupling between the rotational and translational motion,
the mean-square displacement is in general not linear in
time except at very short and long times. This linearity al-
lows us to define the short-time and long-time translational
diffusion coefficient using the relations

((R(t) — R(0))?) ~ 6D.(Ry)t, =0 (16)

and
{(R(r) — R(0))*) ~ 6Dit, t— oo, 17)

respectively. For intermediate times, the mean-square
displacement is no longer linear in time, involving a combi-
nation of three exponential modes, e !/7 with

T = Do+ D, ' = Di+Dy, 1y = D+ DS,
(18)

where D7, D;, and D% are the eigenvalues of D', corre-
sponding to rotational diffusion coefficients around the
main axes of rotation (41). The explicit expression for
the mean-square displacement valid over the entire time
range is given in Appendix B. The presence of rotational
timescales in MSD confirms that the nonlinearities in this
dependence are indeed due to rotational-translational cou-
plings. Using Eq. 18, we can formalize the criterion
for the short- and long-time diffusion regimes as
t < mint; and ¢ >> max f;, respectively. For a typical
biomacromolecule, the rotational relaxation timescales, 7,
are on the order of a microsecond. Thus, most of the mea-
surements of the diffusion in biomolecules (e.g., through
dynamic light scattering or fluorescence correlation spec-
troscopy) captures the long-time diffusion coefficient Dj.

The short-time translational diffusion coefficient is
linked to the trace of the translational diffusion tensor
calculated at R,

1
Di(Ry) = 3TD'(Ry). (19)

which makes it dependent on the choice of the reference
point. In the above, D'(R,) stands for the translational diffu-
sion matrix of a conglomerate, Eq. 7, obtained from
the N-body mobility matrix by the projection operation
(Eq. A2) with R, as the reference point.

The long-time diffusion coefficient, on the other hand, is
independent of the choice of a reference point and is given by

1
D; = Dmc EgTrD[(Rmz')a (20)

where R,,. is the so-called mobility center—a point at which
the translational-rotational mobility matrix, p'", is symmet-
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ric. The unique property of the mobility center is that the
mean square displacement of this point is linear over the
entire time range:

{(Roe(t) = Rc(0))*) = 6Dt 21

Another way of assessing D/ is through centrifugation or
sedimentation of the macromolecules. The sedimentation
coefficient s = v,/g is a ratio of particle terminal sedimenta-
tion velocity to its acceleration due to centrifugation or
gravity:

(1 — pv), (22)

where M is the molecular mass, N, is Avogadro number, v is
the specific volume of the macromolecule, and p the density
of the solvent.

Intrinsic viscosity

Another important tool for probing macromolecular confor-
mations is the viscosity measurement. Suspended particles
increase the viscous dissipation in the bulk flow due to the
stresses acting on their surfaces. Intrinsic viscosity, [7], is
defined by means of the following relationship for the vis-
cosity of a dilute suspension:

n = n,(1+nlc+...). (23)

In the above, viscosity is decomposed into the contribu-
tion from the solvent alone, n,, and the contribution from
the particles proportional to their mass concentration, c. In
theoretical hydrodynamics, intrinsic viscosity is sometimes
defined by the expansion in the volume fraction (i.e., frac-
tion of volume occupied by the particles) instead of mass
concentration. This leads to dimensionless intrinsic viscos-
ity, which can be obtained by

(7] = [nl/v. 24

In the above, v is the specific volume of the macromole-
cule given by v = N,V/M, where V is the volume of the
molecule.

Viscosity is in general frequency-dependent, as epito-
mized by the experiments with a Couette viscometer under
oscillatory flow conditions in which one observes that 7 in-
creases as the frequency of the oscillations decrease. This
effect is a manifestation of a Brownian contribution to the
viscosity related to the relaxation of particle orientations
due to Brownian motion. Accordingly, viscosity can be
cast as a sum of the high frequency term [n], and the Brow-
nian [1]° contribution (42,43):

], = M. + .- (5)
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The Brownian contribution can be written as the sum of
five modes,

s NakgT <~ A
= : 26
k= Torm, ;iw +f 20

which are given explicitly in Appendix B. Note that this
contribution has a nonzero imaginary part, which reflects a
phase shift between the stress and strain rate. The frequencies
f; are again related to the relaxation times of the Brownian
rotational motion (see Eq. C1). The high-frequency regime
can then be associated with w >> max f;, whereas the low-
frequency regime corresponds to w < min f;.

At large frequencies, the Brownian contribution van-
ishes, and intrinsic viscosity approaches its high-frequency
asymptote

Na

1 = Tonty ) e

which is directly linked to the dipolar component of the
mobility matrix averaged over all orientations of the macro-
molecule. On the other hand, the zero-frequency limit can
be obtained by adding [7]”_, to the above term.

N, LA,
[y = 1011;17‘ (Z(ujd)anrkBTZ?{). (28)

of j=1Ji

It is the latter, zero-frequency viscosity that is relevant
experimentally, because the experimental time scales are
typically much longer than the relaxation times of the Brow-
nian rotational motion.

As already mentioned, the dipolar components of the
mobility matrix do not depend on the choice of the refer-
ence point. However, in some of the alternative approaches
to the calculation of intrinsic viscosity, one finds that
the result is origin sensitive (1,14), and it is proposed
that Ry needs to be chosen in such a way as to guarantee
the minimal energy dissipation (the so-called “viscosity
center,” R,). A possible reason for this discrepancy is
that the macromolecular viscosity in these studies is ex-
pressed not in terms of ué, as in Eq. 27, but rather through
the friction tensor %:

¢ N,
(0" (Ro) = o3 2 () g Ro): 29)
S af

the elements of which depend on the choice of origin. Strik-
ingly, if the friction tensor in Eq. 29 is calculated in the vis-
cosity center, one finds that [n]C(R,,) = [n]o. The two sides
become indistinguishable in case of the molecules of high
symmetry, for which the translational-dipolar coupling be-
comes negligible. A relevant example here is that of a dumb-
bell, which consists of two rigidly connected beads. If their
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sizes are equal, then both the mobility and viscosity center
coincide with the geometric center of the dumbbell. In this
case, ' = 0 and [n]°(R,) = [7]o.

However, if the beads are of different sizes, the viscosity
center is shifted with respect to the mobility center (£ +0),
and the values of [n]C(R,,) and [7n]o no longer coincide. In
Fig. 1, we show the relative difference between [n]o and
[n]c for a dumbbell comprised of two beads of different
radii, a; and a,. Two different cases are considered: a dumb-
bell with the beads touching (I = a; + a,), and the one in
which [ = 2a;. As observed, the difference between [7],
and [n]c remains relatively small, on the order of 0.1%.
The difference disappears either when the dumbbell be-
comes a single sphere (a, — 0) or when the two beads
are of an equal size.

Next, we analyze the dependence of intrinsic viscosity on
the distance between the beads. This time, we take a sym-
metric rigid dumbbell with two beads of radius a separated
by a distance /. The data presented in Fig. 2 shows both
high- and low-frequency viscosity calculated using the
GRPY approach together with the results of HYDRO++
calculations.

These results are compared with the results of the virtu-
ally exact multipole expansion method (44—47), which gen-
eralizes Eqs. 9 and 10 to include a larger number of force
and velocity multipoles, N,,,;. The multipole method em-
ploys the multiple scattering expansion, which involves
summing up the infinite number of reflections of the Stokes
flow between all of the particles. The flows calculated in this
way include the higher-order singular and regular solutions
of the Stokes equation that are generated during successive
reflections. In this framework, the RPY approximation cor-
responds to a single scattering only and thus involves pairs
of particles and never larger groups. In practice, the multi-
pole method converges quickly to the analytical solution
of Stokes equations. For example, for a rigid dumbbell

° —
015 ..00 0.... o =23,
[ °® ° l=a;+a,
[ ° °
= [ o e
SN . °
= 0.10 ° ° 1
= . ',
= ° )
o o °
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~ ity | az L
o ar ! ! *s
o . e
0.00-.0" \ \ \ ‘ ) TS
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62/61
FIGURE 1 Relative difference between the viscosity calculated using

Eqgs. 28 and 29 for an asymmetric dumbbell with beads of size a; and
a, < a; and the distance between their centers /. Orange points correspond
to the dumbbell with the touching beads, whereas blue points correspond to
the situation in which / = 2a;. To see this figure in color, go online.
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FIGURE 2 Dimensionless intrinsic viscosity, [7], of the rigid dumbbell as
a function of the bead separation normalized by the radius, //a. The vertical
lines denote points at which the beads touch (/ = 2a) and when the center of
one bead becomes immersed in the second one (I = a). The data points
show high- and low-frequency viscosity calculated using the GRPY
approach (orange and blue points, respectively) as well as the results of
the Kirkwood-Riseman-based approaches: original Kirkwood-Riseman
method (Eq. 31; (14.,49)), HYDRO package with volume correction to vis-
cosity (28), and HYDRO++ code (29). Additionally, we show the results
calculated using the multipole method. To see this figure in color, go online.

consisting of equal, touching spheres, intrinsic viscosity can
be calculated analytically (11,48) to yield [7],, = 3.4496,
whereas at | = 7.5244aq, the viscosity increases to [7],, =
14.756. The corresponding results calculated using multi-
pole expansion with 360 multipole components (which cor-
responds to L = 10 in the notation of Cichocki et al. (46))
per particle give 3.4494 at touching and 14.756 for [ =
7.5244a; hence, the relative accuracy is better than 1074,
However, because of its computational complexity, the
multipole method is not suitable for calculating the hydro-
dynamic properties of real biomolecules.

Referring to Fig. 2, we note the differences between
the traditional bead methods (represented by HYDRO)
and GRPY. The reason is that HYDRO uses a simplified
approach to calculate viscosity, which does not involve the
dipolar components of either a friction or mobility matrix.
Instead, an idea originating from Kirkwood and Riseman
is used, with viscosity calculated as (49):

~ SN (e (R - ey) (30)

Myn, <

[n] =

where the shear flow of the form v, = yye, is assumed, and
the angular brackets denote the average over all possible ori-
entations of the macromolecule with respect to the flow.
Next, F; are the forces exerted by the fluid on the beads
related to their velocities by the formula analogous to Eq. 4,
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U—v. =p'-F, 31)

but without taking into account either rotational or dipolar
terms. The velocities of the beads are then calculated based
on Eq. A2, and relation 31 is inverted to yield F; with the
reference point chosen at the viscosity center. Unfortunately,
the lack of dipolar terms in Eq. 31 results in somewhat
erratic behavior when the number of beads is small or if
some of the beads are significantly larger than the others
(30). In particular, it gives a vanishing intrinsic viscosity
for a single bead instead of [n] = 5/2¥, as derived by Ein-
stein. This deficiency can be partially fixed by the introduc-
tion of an ad hoc volume correction in which a term equal to

5V
2 MNA is added to the viscosity, with V standing for the total

volume of the beads. Later on, it was noticed that such an
approach significantly overestimates viscosity and an extra
multiplying factor needed to be introduced (29).

Earlier versions of HYDRO code run into similar
problems while calculating rotational diffusivity of the mac-
romolecules, because—as pointed put by Goldstein (40)—
they did not include rotational degrees of freedom in the
mobility matrix. However, this was later corrected in (29),
and the rotational degrees of freedom have been introduced
in the 3RD procedure of HYDRO+-+-, which eliminated the
need for volume correction for rotation.

Coming back to the results of Fig. 2, we observe that the
original Kirkwood-Riseman method (Eq. 30) underesti-
mates the intrinsic viscosity of the dumbbell; however, it
correctly captures the asymptotic slope of the [7](//a)
dependence.

The volume corrections introduced in the 1994 version
of the HYDRO package bring the values of the viscosity
closer to the correct asymptote, but as the separation be-
tween the beads decreases, the agreement gets progres-
sively worse. Further multiplicative factors introduced in
HYDRO++ improve the agreement at intermediate dis-
tances at the cost of somewhat worse performance at a
larger [. Strikingly, both HYDRO and HYDRO++ fail
to capture the 7n(l) dependence for overlapping beads.
The Kirkwood-Riseman approaches in this regime lead to
divergent results, whereas GRPY exhibits correct limiting
behaviors at a complete overlap of the spheres, as dis-
cussed in (36).

An additional advantage of the GRPY scheme is that it al-
lows for the separation of the Brownian and non-Brownian
contributions to low-frequency intrinsic viscosity as given
by Eq. 28, which is not possible in the Kirkwood-Riseman
approach. In general, the more the shape of the molecule
deviates from a spherical one, the more important the
Brownian contribution becomes. For example, for a rod
comprised of 10 touching beads, the Brownian contribution
is responsible for 50% of the total.

Kirkwood-Riseman approaches improve their perfor-
mance for systems comprising a larger number of beads,
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as then the number of force centers in Eq. 31 increases,
which better approximates the overall force distribution.
This is confirmed by the analysis of rod-like molecules built
from N touching spheres (Fig. 3). Similar to the previous
case, the original KR method produces a correct slope but
underpredicts the magnitude of [7)] by ~5/2. This correction,
although constant in magnitude, constitutes a decreasing
fraction of the total viscosity with increasing N. This
discrepancy is to a large extent fixed by the introduction
of additive volume correction in the HYDRO package and
an additional multiplicative factor in HYDRO++. How-
ever, for small numbers of beads, there are still marked dif-
ferences between the viscosities reported by these models
and the exact values.

Hydrodynamic properties of simple shaped
molecules

To demonstrate the effectiveness of the GRPY approach, we
have calculated the diffusion coefficients for a number of
basic shapes, comprising touching beads of equal radii a
(the notation follows (29)):

LN: N beads positioned along a straight line,

RN: N beads placed in the vertices of regular
N-polygons,

PN: N beads placed in the vertices of regular N-poly-
hedrons.

Table 1 presents the translational and rotational diffusion
coefficients as well as the dimensionless intrinsic viscosities
for shapes calculated using the GRPY method, the most recent
version (10) of the HYDRO-+ package by de la Torre et al.
(29), and the ZENO algorithm implemented within the US-
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FIGURE 3 Dimensionless intrinsic viscosity, [7], of the rigid rod of
touching spheres as a function of the sphere count N. To see this figure in color,
go online.
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SOMO package (24). Additionally, we compare these results
to the multipole expansion method, which we treat as a bench-
mark. The values of D, and D, are normalized by the transla-
tional and rotational diffusivities of a single bead, i.e.,
Dl = kpT/6mna and D}, = kgT/8mna’, respectively. Out
of a number of different methods of calculating diffusion co-
efficients offered by HYDRO+-+ package, we have chosen
the 3RD method, which uses the Rotne-Prager approximation
for translational and rotational degrees of freedom (the other
methods offered within HYDRO+-+ yielded significantly
less accurate results).

Let us first consider diffusion coefficients. As it is seen,
even though the general performance of all of the approaches
(ZENO, HYDRO++, and GRPY) is quite satisfactory, the
values calculated using ZENO and GRPY are the closest to
the benchmark results, followed by HYDRO++. An
improved performance of GRPY with respect to the standard
Rotne-Prager-Yamakawa approximation used in HY-
DRO++ is related to the fact that within GRPY,
the approximation is performed on the inverse friction
matrix m. In the standard Rotne-Prager-Yamakawa approxi-
mation, on the other hand, the formula analogous to Eq. 15 is
used to represent the mobility matrix, u. Importantly, if one
starts with the m matrix calculated using the GRPY approach
and uses it to compute the mobility matrix, one recovers all
of the terms in the expansion in the inverse distance between
the beads corresponding to the standard Rotne-Prager-Yama-
kawa approximation as well as a number of additional terms
related to higher multipoles. The presence of the latter is the
reason why, in general, GRPY performs better than the stan-
dard Rotne-Prager-Yamakawa approach.

Next, we turn to intrinsic viscosity. The data in Table 1
shows that in this case, the GRPY method performs better
than either ZENO or the HYDRO+-+ package. The results
of GRPY systematically underestimate the intrinsic viscos-
ity by no more than 3%, whereas those of HYDRO++ can
be both larger and smaller than the exact values, with the
scatter up to 8%. Errors of similar magnitude are observed
in the results of ZENO. In Table I, we also compare the
low-frequency viscosity calculated based on the mobility
and friction-based formulae, Eqs. 28 and 29, respectively.
As evidenced by the data in the table, for the molecules
that are symmetric about their centers (i.e., all the shapes
except for the triangle and tetrahedron), both ways of esti-
mating the viscosity give equivalent results. For the triangle
(R3) and tetrahedron (P4), the equivalence no longer holds,
but the differences remain small, on the order of 1%.

Complex biorelevant shapes

Because the focus of this contribution is on the hydrody-
namic properties of real biomolecules, we now turn to pro-
tein structures. An important issue that one encounters when
calculating the hydrodynamic properties of macromolecules
is the hydration effect (50-52). Namely, as pointed out by
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TABLE 1 Hydrodynamic Properties of Simple Geometric Shapes
ZENO HYDRO++ GRPY MLTP

Shape  D'/Dj [lo D'/py  D'/Dy [y D'/Dy  D'/Dy [l [#lo W DYpy DDy il il
L2 0.722 (7) 33(2) 0.735 0.367 3.35 0.723 0.367 3.0 3.42 3.42 0.718 0.363 3.05 3.45
L5 0.433 4) 7.6 (4) 0.441 0.103 7.38 0.437 0.103 4.56 7.54 7.54 0.430 0.102 4.62 7.60
L10 0.279 (2) 18.3 (9) 0.283 0.046 17.4 0.282 0.046 8.08 17.6 17.6 0.277 0.045 8.20 17.8
R3 0.622 (7) 34(2) 0.634 0.224 3.66 0.619 0.221 3.26 3.475 3.481 0.616 0.216 3.34 3.55
R4 0.547 (5) 3.7(Q) 0.560 0.152 3.90 0.546 0.149 3.49 3.823 3.823 0.542 0.146 3.59 391
R6 0.442 (5) 4.7 (2) 0.455 0.078 4.66 0.444 0.076 4.21 4.819 4.819 0.439 0.075 4.33 4.93
R8 0.375 (5) 59@2) 0.383 0.045 5.7 0.376 0.044 5.10 6.058 6.058 0.371 0.043 5.24 6.21
P4 0.565 (5) 33(2) 0.575 0.178 3.65 0.562 0.169 3.38 3.384 3.395 0.560 0.166 3.47 3.47
P6 0.496 (5) 3.3(2) 0.502 0.125 3.55 0.492 0.116 3.38 3.38 3.38 0.490 0.114 3.48 3.48
P8 0.433 (5) 3.7(2) 0.438 0.083 3.82 0.429 0.0769 3.83 3.816 3.816 0.427 0.0753 3.94 3.94
P12 0.389 (5) 33(Q) 0.396 0.063 3.48 0.387 0.058 3.49 3.495 3.495 0.385 0.056 3.60 3.60
P20 0.245 (2) 7.3 4) 0.254 0.016 7.51 0.250 0.015 7.80 7.798 7.798 0.250 0.015 7.89 7.89

Hydrodynamic properties of N-spheres in line (LN), regular N-polygons (RN) and N-polyhedrons (PN): normalized diffusion coefficients and dimensionless
intrinsic viscosity calculated using ZENO (19) (with 10° random walk trajectories) implemented within US-SOMO package (24), HYDRO++ package (29),
the GRPY method and the multipole (MLTP) method with 105N multipole components. For ZENO calculations, the last digit gives the uncertainty, e.g.

0.722(7) = 0.722 + 0.007.

various researchers, the nature of the layer of water at the
surface of a macromolecule is different from the bulk water,
with an increased viscous dissipation. Hydration effectively
increases the surface at which the no-slip boundary condi-
tion has to be satisfied, shifting it by ~1 A toward the bulk.

There are several implementations of a hydration layer in
the computational literature. Some approaches (such as
HydroPro (53) or BEST (17)) are using a hydration layer
of a uniform thickness. Another approach is to rescale the
radii of the beads by a constant scale factor (AtoB (31))
or use a nonuniform, amino-acid-dependent thickness of hy-
dration layer (e.g., SOMO (4,6)), calculated based on the
average number of water molecules hydrating an amino
acid (54) multiplied by the effective volume of water mole-
cule of 24 A® (55). A similar approach to the construction of
hydrated bead covering is taken in this study. Taking as an
input the PDB file with the protein structure, we use the
MSMS package (56) to identify the atoms on the surface
of the protein, discarding all the rest. This speeds up the cal-
culations while at the same time not decreasing the accuracy
because inner atoms are screened from the flow by the
external ones. Next, also using MSMS, we assign van der
Waals radii to all the atoms and group them according to
the residue to which they belong. Note that some of the res-
idues can have just a single surface atom, whereas others
might not be present at the surface at all. For each residue,
the additional volume resulting from hydration, V}, is then
calculated as the mean number of hydrating water mole-
cules (54) times the effective water molecule volume.
Next, we distribute this water volume in equal proportion
among atoms that are at the surface by increasing their radii.
Note that due to the fact that the beads corresponding to
different atoms in a given residue overlap, the total hydra-
tion volume of the residue obtained by this procedure is
smaller than V.. To correct for this, we rescale the hydration

shells of the atoms such that the overall hydration volume of
a residue approaches V.

Such a procedure (which we call hydrated-atom bead
covering, or “h-atom”) is partly inspired by an earlier model
by Venable and Pastor (57), who have represented a protein
as a collection of beads placed at the coordinates of heavy
atoms and screened the accessible surface area to identify
the exposed atoms contributing to friction. We also draw
inspiration from Rai et al. (4) in that we utilize the hydration
numbers by Kuntz Jr. and Kauzmann (54) in assigning the
water molecules to each accessible residue.

In general, h-atom produces bead covering with overlaps
between the beads. However, GRPY can handle overlaps
without problems, and thus there is no need for the overlap
reduction procedures sometimes used in other approaches.
In SOMO, for example, the overlapping beads are removed
by fusing them, moving them away from each other, or resiz-
ing (4,6) while care is taken to preserve the topography of the
outer surface. The resizing can either be performed hierar-
chically (two beads with the largest overlap are resized first
and then the others) or synchronously (all of the overlapping
beads are scaled by a certain factor, then the ensemble is re-
screened, and resizing is repeated) (6,24). The GRPY method
can also work with bead coverings produced by other algo-
rithms, both overlapping and nonoverlapping. In Tables 2
and 3, we provide a detailed comparison of diffusivities
and intrinsic viscosities calculated by different methods
and models based on the structures analyzed in previous
works. We also quote the results of experimental measure-
ments of these quantities as well as provide the mean-square
deviation of the theoretical predictions of different methods
with respect to the experimental values. Additionally, we
calculate the mean error of the theoretical prediction, which
allows us to assess whether a given method systematically
over- or underestimates the experimental value. If, for
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TABLE 2 Comparison of Translational Diffusion Coefficients of Different Proteins Calculated Using Various Bead Coverings and
Computational Methods with the Experimental Measurements

Relative Error 4D (%)

AtoB G2 AtoB G5

Protein PDB  Mass [kDa] D"**P[1077 cm?*/s]  References SMI ZENO GRPY SMI ZENO
Cytochrome C 1HRC 12.34 12 (5,68-72) —-0.17 —0.17 -2 —1 —1.8
Ribonuclease A 8RAT 13.68 12 (6) 0.86 0.86 -0.6 0 0
«a-Lactalbumin bovine 1HFX 14.26 11 (5,73,74) 7.7 7.7 5.8 6.8 6.8
Lysozyme 1E8L(n) 14.31 11 (4,6,75-78) 3.6 3.6 2.2 2.7 2.7

1AKI 14.31 11 (4,6,75-78) 6.4 6.4 4.9 5.5 4.5

2CDS 14.31 11 (4,6,75-78) 6.4 7.3 4.8 4.5 4.5
a-Lactalbumin human 1A4V 15.78 11 (6,77) —2.8 —1.8 —3.8 —2.8 —2.8
Myoglobin (CO) IDWR 16.95 11 (6,79) —0.93 —0.93 2.2 —0.93 —0.93
Soybean trypsin inhibitor 1AVU 19.96 9.7 (5,21,70,80) 3.6 4.6 2.5 34 3.6
B-Trypsin 1TPO 23.34 9.3 (5,21,81,82) 6.3 7 4.9 5.9 5.9
Trypsinogen 1TGN 23.98 9.7 (5,21,83) —0.93 —0.83 2.3 —-1.3 -1.9
a-Chymotrypsin (mon) 4CHA 25.05 10 (5,84) 7.2 —-6.9 —-8.2 —-7.4 —-6.9
Chymotrypsinogen A 2CGA 25.66 9.5 (5,6,85,86) 0.42 1.2 -0.74 —0.42 0.11
Carbonic anhydrase B 2CAB 28.82 8.9 (5,6,87) 2.6 3.1 1.3 1.8 2.1
Pepsin 4PEP 34.57 8.7 (21,88) —-2.6 2.2 -3.8 -3.3 -3.1
Ovalbumin 10VA 42.86 7.7 (6,89,90) 0 0.65 -1.1 —0.52 —0.13
Human serum albumin 1A06 66.43 6.1 (5,21,91-93) 1.5 2.8 0.54 1.3 2.3

RMSD 3.8 4 3.6 3.6 3.6
mean * SDjean 092 = 099 14 £ 1 —0.38 = 0.96 0.38 = 0.95 048 + 0.94
Superoxide dismutase 2SOD 3141 8.3 (5,21,94) 1.3 2.1 0.024 1.5 1.8
B-Lactoglobulin 1BEB 36.58 7.7 (5,6,95-99) 2.8 34 1.6 2.9 32
a-Chymotrypsin (dim) 4CHA 50.47 7.3 (5,86,100) 1.9 2.6 0.95 1.9 2.2
Triosephosphate isom. 1YPI 53.33 7.2 (21,101) -1.9 —-14 -3 24 -2.1
Ricin 2AAI 61 6 (5,102) 13 14 12 13 14
Hemoglobin CO 1HCO 64.56 6.9 (6,90) 0 0.72 —0.86 -0.29 0.14
Hemoglobin oxi (human) 1GZX 64.58 7.2 (6,103) —4.7 —4.2 —-5.6 —-53 -5.1
Citrate synthase 1CTS 97.84 5.8 (5,104) 0.34 1.4 —0.4 0 0.86
Inorganic 1FAJ 112.8 5.7 (5,105) —6.1 —5.1 —6.8 —6.1 -5.3
pyrophosphatase
G3PD apo 2GDl1 143.8 5 (6,106) 04 1.6 —0.18 0.2 1
Holoprotein 1GD1 146.4 53 (6,106) —4.5 -3.6 5.2 —4.7 —4
LDH pig H + NAD SLDH 148.9 5.1 (6,107) 0.59 1.6 0 0.4 0.99
Aldolase 1ADO 157.1 4.5 (5,21,108-111) 4 5.8 34 4 53
RMSD 4.7 5 4.6 4.7 5
mean * SDjcan 055 £ 14 1514 —031 =13 03914 1=x14

The successive columns give the protein name, its PDB code, mass, and translational diffusion coefficient measured experimentally (D
error of the theoretical prediction with respect to the experiment, 4D, = (D' — D', ) /D

exp

t

exp

) as well relative

(in percent). The reference experimental values are averages over

the values found in the literature. Bead coverings used in the theoretical predictions include AtoB G2 and G5—grid models with base grid sizes 2 A (G2) and
5A (G5) (31), SOMO and SOMO ov (overlap) model (4), HP (the atomic-shell model from HydroPro package; (53)) based on atomic resolution, and the
h-atom model proposed in this work. The computational techniques include super matrix inversion (SMI) (60) and ZENO (19) (ZENO 2.3 with 1 million
trajectories calculated), both implemented within the US-SOMO package (24) (US-SOMO 3087), boundary element method BEST (17) (BEST 3.9), and
HYDROPRO package (HYDROPRO 10) as well as the GRPY method. The upper part of the table gives the results for monomeric proteins, and the lower
part for multimeric proteins. For each part, the root mean standard deviation (RMSD) between experiment and theory is calculated averaged over different
protein structures. Additionally, we calculate the mean error as well as its standard deviation. For lysozyme, we first take an average over multiple PDB
structures and then use that average in the overall RMSD calculation. The symbol (n) means that structure was obtained with NMR spectroscopy.

some structures, more than one experimental measurement
was reported, we take the average of respective values. The
experimental results were normalized to standard conditions,
and in the case of NMR experiments, H;O-D,O proportions
were taken into account in correcting for solvent viscosity.
The numerical models were working with the protein
structures taken either directly from the Protein Data
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Bank (PDB) or from the US-SOMO website. The latter
were preferred because most of them have been already
checked for gaps and corrected. Nevertheless, we have
checked all of the structures for missing residues with
the GapRepairer server (58) and fixed their structures
with the MODELER package (59). Following Rai et al.
(4), we also scanned the structures for carbohydrates and
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SOMO SOMO ov HP h-atom
GRPY SMI ZENO GRPY ZENO GRPY atomic BEST H++ ZENO GRPY
—2.8 2.3 0.67 —0.17 -1 -2.1 —-12 -9 1 -1 -1.5
—-1.4 1.7 0.86 —0.43 —-1.7 2.4 -59 -5.6 -1.5 -34 —3.8
5.1 8.6 7.7 59 4.9 4.3 L5 0.29 6.7 49 4.1
1.3 2.7 1.8 0.64 0 —0.55 —35 -3 2.1 0.91 0.091
3.6 8.2 7.3 5.6 4.5 35 —0.55 -2.1 52 2.7 2.6
32 8.2 73 5.5 3.6 29 —0.091 -2 5 3.6 2.5
—4 0 —0.92 —2.2 -3.7 —4.4 -9.7 -12 -33 —4.6 —5.4
2.2 0.93 0 —0.93 —-1.9 —2.6 —55 —4.1 —-1.2 —2.8 —34
1.9 5.6 4.6 3 2.5 1.6 -1.6 —0.11 3.4 L5 1.2
43 9.1 8 6.2 4.8 4.4 0.6 0.72 5.5 3.7 33
-2.9 1.2 0.21 —0.86 -1.9 —2.6 =57 —-4.9 -13 -2.9 -33
—8.6 —5.8 -5.9 =11 -7.8 —8.7 —12 —11 —7.2 -7.8 —8.9
—1.8 1.6 12 —0.54 0.11 —-1.6 —6.4 —4.3 —0.24 —0.95 2.2
0.42 45 3.5 2.4 1.5 0.8 -1.6 —0.59 2 0.79 —0.045
—4.5 -1.5 -23 —-3.4 -3.8 —4.6 =175 -10 -3.8 =5.1 -5.6
—-1.7 0.39 0 —1.5 —1.6 -25 —4.4 —3.7 —1.4 —2.2 -3
0.28 1.3 1.3 -0.23 0.66 —0.89 -13 -1.1 0.54 0.66 -0.93
3.6 4.5 39 35 33 3.6 5.6 6.1 3.6 3.6 3.9
-1*+092 24*x1 1609 023 =093 —042 =088 —-13+09 —41=*x1 —45=11 022=*+09 —-11=*=09 —-19 =091
0.17 1.9 1.8 0.06 0.12 —-1.2 —1.1 -1.9 0.62 —0.48 —-1.2
1.6 3.4 2.8 1.5 1.5 0.4 -0.95 —0.026 2.3 1.5 0.44
0.86 32 2.6 1.4 1.4 0.5 -1.8 —1.4 1.9 1.2 0.41
-3.4 —-1.4 —-1.4 -3 —-3.2 —4.2 -5.6 —-5.4 -2.9 -39 —4.4
12 14 14 12 12 11 7.7 8 12 11 10
—-1.2 1.2 0.58 —0.55 —0.58 -13 -29 -2.1 —0.17 —1 -1.7
—6.3 3.2 —3.7 —4.7 —5.1 —5.8 —5.6 =717 —4.7 =55 —6.1
—0.86 1 0.86 —-0.4 —0.34 —-14 -34 -1.8 —0.19 —0.52 -1.5
—6.9 —5.6 —5.4 —6.7 —6.1 -74 —8.1 -8 —6.4 —6.7 —7.6
—0.5 1.4 1.8 0.28 0.4 —0.72 -2 —-1.2 0.22 —-0.2 -1
=55 -3.8 -3.6 =5 —4.7 -5.8 —6.5 -5.8 —4.9 =5.1 —6.1
—0.38 1.6 14 0.28 0.59 —0.36 -1.9 —1.2 0.36 0.2 -0.79
33 4.4 5.1 3.4 4 2.2 0.69 1.4 32 3.6 2.1
4.7 4.8 4.8 4.5 4.5 4.6 45 4.5 4.5 4.4 4.5
—055 13 14+14 13 +13 —0.11 +13 0+13 -11+13 -24+11 -21+12 01=*13 —-045x13 —-13+13

This is a continuation of Table 2.

other important ligands and added them to the bead model
whenever necessary.

We compare computations performed on several different
bead models: AtoB grid models with base grid sizes 2 A
(G2) and 5 A (G5), the SOMO model, the h-atom model,
and the shell model from HydroPro calculated based on atomic
resolution. In the case of the AtoB and SOMO models, we

perform super matrix inversion (SMI) (60) and ZENO (with
1 million trajectories) calculations in US-SOMO as well as
GRPY calculations. For the h-atom model, we perform HY-
DRO++ calculations using the Kirkwood-Riseman approach
with volume correction (case 12), ZENO (with 1 million tra-
jectories), and GRPY. We also include results from the bound-
ary element method implemented within the BEST program.
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TABLE 3 Comparison of Intrinsic Viscosities of Different Proteins Calculated Using Various Bead Coverings and Computational
Methods with the Experimental Measurements

Relative Error 4[n] (%)

AtoB G2 AtoB G5
Protein PDB Mass [kDa]  [n]®*P[g/cm?] References SMI ZENO GRPY SMI
Ribonuclease A 8RAT 13.68 3.3 4,112) —11 —18 —11 4.5
«-Lactalbumin (bovine) 1HFX 14.26 3.2 (5,113,114) —4.5 —13 —4.9 13
Lysozyme 1E8L(n) 14.31 2.8 (1,5,76,115-118) 9 0.36 7.3 24
1AKI 14.31 2.8 (1,5,76,115-118) 1.8 —6.8 0.22 19
2CDS 14.31 2.8 (1,5,76,115-118) 0.36 —6.8 0.22 19
B-Trypsin 1TPO 23.34 3.1 (5,119) -9 —-16 —-10 74
Trypsinogen ITGN 23.98 3 (5,120) 2.7 5.4 1.9 19
Chymotrypsinogen A 2CGA 25.66 3.2 (5,6,86) -9.5 -18 -10 6.9
Carbonic anhydrase B 2CAB 28.82 29 (5,87,121) 1.7 —6 0.73 21
Pepsin 4PEP 34.57 3 (5,88,122) —0.33 —8.2 —0.85 18
Ovalbumin 10VA 42.86 33 (123,124) 2.2 -10 -3 12
Human serum albumin 1A06 66.43 4 (5,92,125-127) —0.56 -8 —-1.3 9.6
Ovotransferrin (conalbumin) 10VT 75.41 4.2 (5,128) -8 —16 -84 0.96
RMSD 6.1 12 6.3 14
mean * SDpcan -34+16 —11=*1.6 —4 +1.6 12 = 2.1
Superoxide dismutase 2SOD 31.41 3.3 (5,94) 4.5 -3 4.7 17
B-Lactoglobulin 1BEB 36.58 35 (5,129-131) 2.3 —4.2 1.3 14
Hemoglobin oxi (human) 1GZX 64.58 3.2 (6,132) —-3.8 —11 —4.5 11
Inorganic pyrophosphatase 1FAJ 112.8 3.5 (5.105) —0.85 -9.9 22 11
Lactate dehydrogenase 4GPD 142.9 3.8 (6,133) —6.8 —-16 =71 1.8
(bovine H)
G3PD apo 2GD1 143.8 3.5 (6,134) —0.58 —-10 —14 11
Holoprotein 1GD1 146.4 3.5 (6,134) —4.3 —13 -5 7.2
Aldolase 1ADO 157.1 3.7 (5,6,133,135,136) 4.1 —5.1 3.5 15
RMSD 3.9 10 4.2 12
mean * SDycan —0.68 = 1.5 -9+16 —-13=*x15 1117
Cytochrome C 1HRC 12.34 24 (137) 28 15 24 49
Soybean trypsin inhibitor 1AVU 19.96 24 (5,138) 34 22 32 58
a-Chymotrypsin (mon) 4CHA 25.05 3.5 (5.84,119) —-16 -23 —16 34
a-Chymotrypsin (dim) 4CHA 50.47 4.6 (5,7.,84) -31 —37 -32 -23
Citrate synthase 1CTS 97.84 4 (5,104) —-17 —24 —18 —6.6
LDH pig H + NAD SLDH 148.9 3.8 (6,133) —-16 —24 —16 —4.7

The successive columns give the protein name, its PDB code, mass, and intrinsic viscosity measured experimentally ([71].,) as well as relative error of the
theoretical prediction with respect to the experiment, 4[n] = ([1] — [7]exy)/[1]exp (in percent). The upper part of the table gives the results for monomeric pro-
teins, and the central part for multimeric proteins. The lower part of the table shows the data for the proteins for which the median error over different algorithms
is larger than 15% (outliers). The reference experimental values are averaged over the values found in the literature. All the other details are identical to Table 2.

Let us first discuss the translational diffusion coefficients
of monomeric proteins. As seen in Table 2, the estimates of
these parameters vary only slightly between all the alterna-
tive methods and bead coverings—the root mean standard
deviation (RMSD) between experiments and theory aver-
aged over different protein structures is within the 3—6%
range. Nevertheless, GRPY and ZENO usually perform
slightly better than the rest, with an RMSD of around 3.3—
3.9% for all coverings. The SMI method gives very good re-
sults for AtoB coverings and slightly worse for the SOMO
model. HydroPro and BEST perform somewhat worse,
with RMSDs of 5.1 and 6.5%, respectively. For the h-
atom bead model, H++, ZENO, and GRPY yield RMSDs
within the 3.6-3.9% range. Still, a word of caution is in or-
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der here because experiments themselves are also subject to
error, as evidenced by the different values reported by
different groups. In the data in Table 2, for example, the
diffusivity of a-chymotrypsin is underestimated by all the
methods, whereas that of the trypsin inhibitor is overesti-
mated. This can be related to specific characteristics of these
proteins, but it can also be due to experimental inaccuracies.

For multimeric proteins, the accuracy of the predictions be-
comes slightly worse, with RMSDs in the 4-5% range. This
can be connected to the fact that the bonds between the mono-
mers in a multimeric protein are usually weaker than the
bonds within each monomer. They are thus more prone to
fluctuations, which—as noted by Aragon (23)—Ileads to extra
viscous dissipation. This would explain why the models that
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SOMO SOMO ov HP h-atom
ZENO GRPY SMI ZENO GRPY ZENO GRPY atomic BEST H++ ZENO GRPY
—15 -9.1 —-1.8 —18 —11 —12 -5.9 11 3.8 33 —6.1 —-1.6
-9.5 2.2 6.7 =95 —4.3 —6.4 0.41 16 13 38 -33 1.4
3.9 11 28 7.5 13 11 18 37 26 53 11 16
-3.2 4.2 9.3 —6.8 —-14 0.36 5.2 25 24 45 39 8
0.36 5.4 8.6 —6.8 —-0.97 3.9 7 23 23 45 3.9 8.8
—-16 —8.6 -5.2 —19 -13 —-13 —8.3 8.1 1.8 22 -9.7 -53
-2 44 7.1 —8.8 -2.1 -2 3.6 21 11 36 14 6
—15 =72 —-1.3 —18 —-10 —-12 -7.3 14 0.34 17 —-12 54
-2.5 3.6 8.3 -94 -2 -2.5 3.1 16 74 35 -2.5 6
—4.9 1.8 6.6 —8.2 —-1.7 —-1.6 2.5 18 22 43 1.6 59
-7 —1.3 6.5 -7 —1.8 —4 1.5 13 4.8 44 —0.98 33
-5.5 —0.34 11 -55 1.5 -3 3.7 11 4.1 31 -3 4
—13 -8.1 2.4 —13 —-8.7 —11 -5.5 6.7 -2.9 37 —11 —4.4
9.9 5.7 7.6 12 6.8 7.9 5.5 16 12 36 6.5 5.5
—-82+18 —-18+x17 46=*+19 —-11 17 -45+x17 -57*+17 —021 £1.7 15*+19 82 *+26 35+28 -36+17 19=*1.6
-3 4.7 14 -3 52 3 9.5 15 12 57 3 9.8
—4.2 1.5 11 —4.2 2 14 5.7 15 6.6 54 —-14 5.8
—8.2 -23 0.32 —15 -7.1 —-8.2 —-3.3 0.89 2.5 24 —8.2 -2.1
-9.9 —1.6 6.2 -9.9 2.1 -7 0.2 12 6.1 32 —1.4 52
—13 =72 -1.6 —13 -7.8 —11 —-4.9 33 -5.3 15 —11 —4.4
=72 —-0.23 3.8 —-10 24 —4.3 0.78 10 1.9 23 —4.3 1.9
-10 —4 0.29 —13 —54 —-10 —-2.8 4.4 -3.1 19 72 —1.7
24 4.1 10 —24 4 0.27 7.7 18 9.8 31 3 8.1
8.1 3.8 7.7 10 5 6.8 53 11 6.8 35 59 5.6
—-72+13 —063 £14 55+2 —-88=*17 —1.7+18 —45 * 1.6 + 19 98 +22 38 +21 32+55 —-34+18 28 £ 1.8
19 28 32 11 18 19 26 30 56 63 19 24
22 34 44 22 31 30 36 58 43 75 30 38
-20 —15 -94 -23 —17 -20 —14 2.4 -7.6 7.4 —18 —13
—37 -32 —28 —37 -33 -35 -31 —-22 -27 -9 -35 -31
=22 —16 —11 22 —17 —-19 —15 -5 —14 13 —-19 —14
-21 —15 —8.9 —24 —17 -21 —15 —6.7 —13 13 —18 —14

This is a continuation of Table 3.

work accurately for monomers tend to overpredict diffusiv-
ities in multimeric proteins. One possible way of accounting
for this is to increase the hydration layer for multimeric pro-
teins (because, as elucidated in (23,51,52) the hydration layer
is an effective way of taking into account extra viscous-energy
dissipation due to the dynamic fluctuations of the positions of
the surface atoms). However, we are not exploring these is-
sues here, leaving them for further study.

For intrinsic viscosity (Table 3), the differences between
the methods become more notable. Here, for all bead cover-
ings, the GRPY method performs the most consistently,
yielding an RMSD of 5.5-6.8% for monomeric proteins
and 3.8-5.6% for multimeric structures. The SMI method
for AtoB G2 covering also produces very good results,

with RMSDs of 6.1 and 3.9%, respectively. Interestingly,
for intrinsic viscosity, the agreement with the experiment
for multimeric proteins is not worse than that for monomeric
proteins, unlike the case of translational diffusion.
Importantly, there is a group of proteins (cf. the bottom
part of Table 4) for which all of the existing methods fail,
producing relative errors of 20-70%. Moreover, even if
one of the methods gives results reasonably close to the
experiment for some of these proteins, it fails for other pro-
teins from this group, which makes it hard to indicate a clear
leader. These discrepancies could be connected with the
experimental errors, or they may indicate that, for these pro-
teins, some of the important factors are missing in theoret-
ical models. We separate out these outliers, adopting the
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TABLE 4 Comparison of Rotational Correlation Times of Different Proteins Calculated Using Various Bead Coverings and Computational Methods with the Experimental

Measurements
Relative Error 4[7.] (%)
AtoB G2 AtoB G5 SOMO SOMO ov  HP h-atom
Name PDB  Mass [kDa] 75*?|ns] References SMI GRPY SMI GRPY SMI GRPY GRPY  atomic BEST H++ GRPY
Calbindin-D9k 2BCB (n) 8.445 4.9 (6,139-141) —5.3 -7.3 6.8 -29 2.6 —-10 —6.4 8.2 3.4 1.8e+02 -85
holoprotein
Apo 1CLB (n) 8.462 4.9 (6,139-141) 2.7 -5.3 6.4 2.7 44 -8.1 —4.3 7.6 —0.79 1.8e4-02 -55
Ubiquitin 1UBQ 8.566 4.6 (6,142-144) 11 8.2 28 12 17 2.6 9.2 24 13 2.1e4+02 9.8
Cytochrome b5 INX7 (n) 10.06 5.6 (6,145) -8 —-10 0.35 —-8.9 —4.1 —13 —-8.5 9.3 —53 1.7e+02 -9.3
Staphylococcal 2SOB (n) 11.61 10 (6,146,147) -17 —18 —11 —18 -9 —18 —15 -5.5 —6.2 1.1e4+02 —15
nuclease SN-OB
Ribonuclease A 8RAT 13.68 8 (4,148,149) —-8.5 -10 4.1 —8.7 -23 —11 —6.8 8.8 2.1 1.6e+02 -29
Lysozyme 1E8L (n) 14.31 7.6 (6,61,150,151) 2.7 0.9 14 4.1 17 49 7.6 23 15 1.7e+02 54
2CDS 14.31 7.6 (6,61,150,151) —6 -7.3 9.2 2.7 —0.65 -9.5 -3.5 9.8 11 1.6e+02 2.7
1AKI 14.31 7.6 (6,61,150,151) —5.5 -7.6 8.9 —4.1 —0.39 —-10 5.2 12 11 1.6e+02 —-34
Staphylococcal ISTN 16.81 13 (6,146,147) 9.7 8.6 20 9.2 16 74 13 25 20 1.6e+02 14
nuclease SN
Myoglobin (CO) IDWR 16.95 10 (6,152,153) -1.9 —3.8 8.8 —4.2 1.3 —8.6 —4.8 8.7 —0.99 1.8e+02 -2.5
Interleukin-13 611B (n) 17.38 12 (6,154) —-8.6 -10 2.3 -9.8 -3 —-12 -9.9 9.1 —5.8 1.3e4+02 —14
Leukemia inhibition ~1A7M (n) 19.8 13 (6,61,155,156) —8.6 -94 0.53 —-8.5 —-1.2 -10 -7.3 15 2.8 1.3e+02 —53
factor
1LKI 19.8 13 (6,61,155,156) —8.6 -10 34 —8.3 1.3 -8.1 —54 16 3.2 1.4e+02 —0.98
HIV-1 protease + IBVG (n) 21.49 13 (6,61,62,157) 5.4 —6.8 4.1 -5.7 2.9 —6.3 -3.5 12 1.8 1.5e+02 -59
DMP323
Trp repressor IWRT (n)  23.79 22 (6,61,158) —-34 —4.1 6 —-1.3 10 —-1.3 0.98 24 11 1.2e+02 2.5
Savinase ISVN 26.7 12 (6,61,159) —2.4 —3.8 13 —-2.3 —-1.6 -9 —5.6 11 3.8 1.7e+02 —-1.2
N-terminal domain 2EZA (n) 28.35 21 (62) 11 10 21 10 25 11 14 24 14 1.7e4+02 11
of enzyme I
Hemoglobin oxi 1GZX 64.58 35 (6,160) (DS) —-3.8 —53 8.5 -3.6 —1.4 —8.7 —5.8 -2.3 —-0.4 1.6e+02 —4.9
(human)
RMSD 8.5 9.3 12 8.5 9.7 11 8.8 15 8.6 1.6e4-02 8.9
mean * SDpean —35 2 51279 +23-33+233+24-69=*21-3=*2112x2234=*21.6e+02=*6-27 =22
Eglin ¢ 1EGL (n) 8.092 6.1 (6,161) —18 —19 —13 —21 —8.8 -20 —18 —1.4 -9.2 1.3e+02 —13
Barstar C40/82A 1BTA (n) 10.21 6.9 (6,162,163) —15 -17 —4.4 —15 -8 —19 —17 1.1 —18 1.3e4+02 -21
Cytochrome b5 1HKO (n) 12.39 5.6 (6,145) 76 74 88 72 97 79 83 1.2e+02 90 3.2e+4-02 76
a-Lactalbumin IHFX 14.26 10 (6,164) (FD) -23 —24 -12 -23 -17 =25 -23 —13 —14 1.1e4+02 -23
(bovine) (6,165) (FD, FC)
Hemoglobin horse oxi  1GOB 3241 40 (6,160) (DS) —55 -56 -50 —56 —54 —58 —56 —49 —55 12 -56
B-Lactoglobulin 1BEB 36.58 11 (6,166) (DD) 1.2e4+02 1.1e+02 1.4e+02 1.1e+02 1.3e+02 1.1e+02 1.2e4+02 1.4e4+02 1.2e+02 4.6e+02 1.2e402
(6,167) (FD)
Ovalbumin 10VA 42.86 21 (6,103) (EB) 18 16 33 18 27 17 20 33 23 2.1e4+02 22

The successive columns give the protein name, its PDB code, mass, and rotational relaxation measured experimentally (7¢7) as well as relative error of the theoretical prediction with respect to the exper-
iment, A7, = (1, — 7¢7)/7%? (in percent). The reference experimental values are averages over the values found in the literature. The lower part of the table shows the data for the proteins for which the
median error over different algorithms is larger than 15%. All the other details are identical to Table 2. The (n) symbol denotes structures determined using NMR spectroscopy. The experimental data on
rotational relaxation times was obtained with NMR techniques unless otherwise specified. Other experimental methods include electric birefringence (EB), fluorescence polarization (FP), dielectric disper-
sion (DS), and decay of dichroism (DD). For an extensive review of NMR relaxation methods and experiments, please refer to (168).
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criterion that the median error over different algorithms in
an outlier should be larger than 15%.

Next, in Table 4, we present the data on rotational relax-
ation times. Following (61), we define the rotational corre-
lation time 7. as the inverse of the average of the
frequencies f;, j = 1,...,5, defined in Eq. CI:

)" =525 62)

Again, we separate the outliers for which the median error
over different algorithms is larger than 15%. For the rest of
the structures, the best performing methods are GRPY (for
h-atom, AtoB G5, and SOMO with overlaps), SMI in
US-SOMO for G2 bead covering, and BEST.

A word of caution is in order here. Although most of the
data in Table 4 has been measured using NMR techniques,
which are capable of fully determining the rotational diffu-
sion tensor (62), other techniques, such as electric birefrin-
gence or fluorescent polarization, do not give direct access
to all eigenvalues of D". The estimation of 7. relies then
on various approximations or additional assumptions about
the shape of the molecule, which might introduce errors (see
the discussion of these issues in (63)).

Finally, in Table 5, we provide data on the computational ef-
ficiency of the GRPY method along with the information on
hardware used. We report CPU time and memory usage for
four different protein structures of increasing complexity
with the bead models produced by h-atom. The GRPY method
consumes a relatively large amount of memory because it per-
forms Cholesky decomposition of an 11N x 11N dense ma-
trix, with N standing for the number of beads in the model.

CONCLUSION

Reformulation of the Rotne-Prager-Yamakawa approxima-
tion using the integral formalism (Eq. 15) leads to a
robust numerical scheme capable of calculation of hydrody-
namic properties of macromolecules represented as a
collection of beads of different radii both overlapping and
nonoverlapping. In general, the method performs better
than the existing bead models because of the inclusion of
the larger number of force and velocity multipoles. In partic-
ular, because of the incorporation of the dipolar components

TABLE 5 Performance of the GRPY Program

Hydrodynamic Bead Method

of the hydrodynamic interaction tensors, the intrinsic vis-
cosity of macromolecules is calculated directly, without a
need for any correction factors.

Software availability

The source code and precompiled versions of the GRPY pro-
gram for Windows and Linux operating systems are available
for download from github repository https://github.com/pjzuk/
GRPY, with Zenodo-listed release DOI 10.5281/zenodo.
1325126, and from http://www.fuw.edu.pl/~piotrek/sofware.
They can be downloaded and used under GNU General Pub-
lic License version 3.

APPENDIX A: GRAND FRICTION MATRIX OF THE
MACROMOLECULE

In this Appendix, we present the derivation of Eq. 6 between the grand
friction matrix of the macromolecule &, and the N-body grand friction matrix
Cy. To this end, we envisage that the molecule is immersed in an external
linear flow,

ve(r) = E.* (r—Ry), (A1)

where E. is a symmetric velocity gradient matrix. When the macromolecule
moves as a rigid body, the translational and rotational velocities of individ-
ual constituents (U;, 2;) are linked with those of a body as a whole (U, £,)
in the following way:

(A2)

where R, is the reference point with respect to which the translation and
rotation are defined. Eq. A2 allow us to express the vector in the right
hand side of Eq. 3 as

E.-(R-Ry)-U ~U,
-Q = Tv(Ry) - | —2. |, (A3)
E(- E(?

where R = (R(,Ry,...,Ry) and Tyis an 11N x 11 matrix. In the above, we
made use of the fact that the external flow of the form given by Eq. A1 vanishes
at Ry. Similarly, @« also vanishes because the gradient of v, is symmetric.

The relation between &, and the N-body grand friction matrix {y can
then be cast in the form

. = Tn(Ro)" + Ly * Tw(Ry), (A4)

with Ty defined in Eq. A3.

Serial GRPY

Parallel GRPY 1 core Parallel GRPY 32 cores

Protein PDB  Mass (kDa) Bead number execution time memory execution time memory execution time memory
Cytochrome C IHRC 12.34 601 2m32s 0.6 GB 2m20s 1.3 GB 10s 1.3 GB
B-trypsin 1TPO 23.34 993 IIml12s 1.6 GB 10m19s 3.5GB 35s 3.5GB
Hemoglobin CO 1IHCO 64.56 3072 5h05m36s I5GB 4h35m59s 335GB 11m32s 33.5GB
Inorganic pyrophosphatase ~ 1FAJ 112.8 5058 24h39m03s 424GB 23h11m53s 90.7GB 50m44s 90.7 GB

Program execution time and Random Access Memory usage in gigabytes (GB) calculating the hydrodynamic properties of h-atom models of proteins. Pro-
gram was executed on the computer with four Intel Xeon Central Processing Units E5-4620 v2 at 2.60 GHz with the total number of 32 cores and 264 giga-

bytes Random Access Memory with Scientific Linux 7.4.
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APPENDIX B: TIME DEPENDENCE OF MEAN-
SQUARE DISPLACEMENT

Here, we briefly summarize the results of (41) concerning the time depen-
dence of the mean-square displacement of an arbitrary point of a macromol-
ecule. The latter can be shown to be

((R(1) = R(0))*) =6D} +2(ksT)’

t rt\ 2
y <M> (1_6—(D£+Ds)f>
D, + D}
it grt\ 2 -
N (u) (1)
D/, + D;

ot \ 2
n (,U~12‘ :“2‘1> (1 _ e—(D‘ﬁ—D;)t)
D1+ D}

B
In the above, the indices 1,2,3 denote base vectors in linear space in which
D' (Eq. 8) is diagonal. As observed, if Ry is chosen in such a way as to guar-
antee that the tensor u’* is symmetric, i.e., ,u;; = u}-’} , then the mean-square
displacement is linear in time. The point with above properties is the so-
called mobility center of a molecule. If the tracked point is not a mobility
center, then three decaying exponential modes appear with the respective
relaxation times given by Eq. 18.

APPENDIX C: BROWNIAN CONTRIBUTION TO THE
INTRINSIC VISCOSITY

In Eq. 26 for the Brownian contribution to the intrinsic viscosity, five char-
acteristic frequencies f; appear. The explicit formulas for these frequencies
read as follows (42,43):

fi = 6D +2A,
fr = 6D —2A,
f; = 3(D" +D)), (1

fa = 3(D"+D;),
fi = 3(0 + D),

where

D = %TrD" = %(D’,’ + D} + DY)
r 2 r 2 r 2 r A I r r r 1/2
A:((Dl) +(D2) +(D3) _DlDz_D2D3_D1D3)

On the other hand, the parameters A;, which give the weights of successive
modes to the Brownian viscosity (Eq. 26), read as follows:
2
A; = 2H%,

A, = 2H?

3, As = 2H:

12
Hyy = W5 — tals + 11, — i,

Hy = pfy — w9, + Wiy — ub%s,

Hi = iy, — ms + 15 — M1y, ()
A +4; = H121 +H§2 +H§3’

Lo,
A=A = ¢ [eiD] + &D, + DY),
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with

= _2H%1 "’H%z +H§3,

Cy = Hi' — 2i1§2 +H§3,

¢ = Hy, +H;, — 2H3;,

Hy = 2(“2%1 - ﬂ£§1)7 ©3)
Hy = 2(p5 — #i,),

Hs; = 2(:“"2?1 - :“133)'

SUPPORTING MATERIAL

One data file is available at http://www.biophysj.org/biophysj/supplemental/
S0006-3495(18)30824-5.
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