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We begin with a dimensionless form of Eqs. (1)-(3), using the downstream
scaling of length:

ξ =
x′

ld
, η =

y

ld
, τ =

γav0t

ld
, (1)

and dimensionless velocity, concentration, and porosity fields:

v̂ = v/v0, ĉ = c/cin, ϕ̂ = (ϕ− ϕ0)/(ϕmax − ϕ0). (2)

The pressure can be eliminated by replacing Darcy’s equation with the compat-
ibility equation (6):

v̂ξ∂ξ ĉ+ v̂η∂η ĉ−Pe−1(∂2
ξ ĉ+ ∂2

η ĉ) = −(1 + Pe−1)ĉ, (3)

∂τ ϕ̂− ∂ξϕ̂ = (1 + Pe−1)ĉ, (4)

∂ξ v̂ξ + ∂η v̂η = 0, (5)

∂η v̂ξ − αv̂ξ∂ηϕ̂ = ∂ξ v̂η − αv̂η∂ξϕ̂, (6)

where the (time-dependent) terms in γa have been dropped, corresponding to
the typical limiting case of small acid capacity.

Substituting perturbations of the form of Eq. (11) leads to coupled equations

for the one-dimensional fields δϕ̂(ξ), δĉ(ξ), and δv̂(ξ):

(∂ξ ĉb)δv̂ = (∂ξ − ω̂)δϕ̂+
[
Pe−1(∂2

ξ − û2)− ∂ξ
]
δĉ, (7)

(1 + Pe−1)δĉ = (−∂ξ + ω̂)δϕ̂, (8)

αû2δϕ̂ = (−∂2
ξ + α(∂ξϕ̂b)∂ξ + û2)δv̂. (9)

For the purposes of numerical solution it is convenient to combine these equa-
tions into a single fifth-order equation for δϕ̂,{[

∂2
ξ + αe−ξ∂ξ − û2

]
eξ

[
Pe−1(∂2

ξ − û2 − 1)− ∂ξ − 1
]
[∂ξ − ω̂] + αû2

}
δϕ̂ = 0.

(10)
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The equations for the upstream perturbations (without the reaction terms
and with constant porosity) are:

(∂ξ ĉb)δv̂ =
[
Pe−1(∂2

ξ − û2)− ∂ξ
]
δĉ, (11)

0 = (−∂2
ξ + û2)δv̂. (12)

The upstream and downstream perturbations are connected by continuity con-
ditions in ϕ̂, v̂ξ, v̂η, ĉ, and ∂ξ ĉ at the front ξ = ξf , where perturbation in the
front position also grows exponentially ξf = ξ0 cos(ûη)e

ω̂τ .
In the limit that the permeability contrast α is small, we can make a regular

perturbation expansion around α = 0. Expanding ω̂, δϕ̂, δĉ, and δv̂ in powers
of α,

ω̂ = ω̂0 + αω̂1 + . . . , (13)

the zeroth order solution for δϕ̂ is

(δϕ̂)0 = A0e
−(û+1)ξ +B0e

λξ, (14)

with

λ =
1

2

(
Pe−

√
(Pe+ 2)2 + 4û2

)
. (15)

Applying the continuity conditions at the front we find (δϕ̂)0 = ξ0e
λξ and

w0 = β =
1

2

(
Pe−

√
Pe2 + 4û2

)
. (16)

The first-order (in α) solution can be found in a similar fashion; after apply-
ing the continuity conditions at the front, we obtain an explicit expression for
the first-order growth rate, which is always positive:

ω̂1 =
c1 + c2β − c3λ− c4βλ

2(1 + Pe)[1 + Pe(1 + û)][(1 + 2û+ Pe(1 + û)]
, (17)

where the coefficients are polynomials in û and Pe:

c1 = û{1 + 2û+ Pe(1 + û)[3 + û+ Pe(3 + û+ Pe)]}, (18)

c2 = 1 + 2û+ Pe{3 + 4û+ û2 + Pe[2 + 3û+ Pe(1 + û)]}, (19)

c3 = Pe û2, (20)

c4 = Pe [û+ Pe(1 + û)]. (21)
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