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We begin with a dimensionless form of Eqgs. (1)-(3), using the downstream
scaling of length:
T Y YaVol
5 = 1 T = ali: (1)
d d d
and dimensionless velocity, concentration, and porosity fields:

D= ’U/U()7 ¢= C/Cm, ¢ = ((ZS - ¢0)/(¢maw - d)O) (2)

The pressure can be eliminated by replacing Darcy’s equation with the compat-
ibility equation (6):

De0cé + DyOpc—Pe” (O3 + 0p¢) = —(1+ Pe ')e, (3)
8rp — e = (14 Pe Ve, (4)
e + Dy = 0, (5)
Dyide — bedyd = Dy — adyed, (6)

where the (time-dependent) terms in «y, have been dropped, corresponding to
the typical limiting case of small acid capacity.

Substituting perturbations of the form of Eq. (11) leads to coupled equations
for the one-dimensional fields 66(€), 6¢(¢), and §(€):

(0eéy)00 = (0 — W)d¢ + [Pe™ ' (9 — 4%) — O] d¢, (7)
(1+ Pe™Y)o¢ = (8 + )0, (8)
05122(5& = (—62 + 04(85(2517)85 + ﬂ2)5@. (9)

For the purposes of numerical solution it is convenient to combine these equa-
tions into a single fifth-order equation for §¢,

{[02 + ae 0 — 0?] e [Pe " (07 — 4 — 1) — 9 — 1] [0 — @] + it} 5 = 0.
(10)



The equations for the upstream perturbations (without the reaction terms
and with constant porosity) are:

(0c6y)00 = [Pe™ (0 — 4°) — 0¢] 8¢, (11)
0= (-8 + 0*)b0. (12)

The upstream and downstream perturbations are connected by continuity con-
ditions in ¢3, U¢, Dp, ¢, and O¢¢ at the front & = £y, where perturbation in the
front position also grows exponentially &y = &y cos(in)e“”.

In the limit that the permeability contrast « is small, we can make a regular
perturbation expansion around a = 0. Expanding @, 5ng5, 0¢, and §v in powers
of a,

w=wy+aw +..., (13)

the zeroth order solution for 5(;3 is

(30)0 = Age™ DS 4 Byt (14)
with
1 _
A= (Pe —/(Pet 2?2+ 4u2) . (15)

Applying the continuity conditions at the front we find (6(/3)0 = &eM and

wy = = 1 (Pe —VPe? —|—4122> . (16)
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The first-order (in «) solution can be found in a similar fashion; after apply-
ing the continuity conditions at the front, we obtain an explicit expression for
the first-order growth rate, which is always positive:

c1 + caff — c3A — ¢y SN

W = , 17
T 2(1 4 Pe)[1 4 Pe(1 4 a)][(1 + 24+ Pe(1 + )] (17
where the coefficients are polynomials in 4 and Pe:
¢ = a{l + 24+ Pe(l1 4+ @)[3+ 4+ Pe(3+ 4 + Pe)]}, (18)
co = 1+ 20+ Pe{3 + 40 + 4° + Pe[2 + 3t + Pe(1 + 4]}, (19)
c3 = Ped?, (20)
c4 = Pelu + Pe(1+ a)). (21)



