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SL(2, C) �

SL(2, C) =

{(
α β
γ δ

)
: α, β, γ, δ ∈ C

��AC� �
αδ − βγ = 1

}
.
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Hf�
α, β, γ, δ

� A9� �>�QHf����6�kCv���oQ��SZI
Hf�]kjv�AC��P� �6��7�j6�kl8
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O(SL(2, C))
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S�D����������
�§�}�C¯�Sh�

s�6�S�6�AC�z89��AC� Hf��R Sh� kl89P�v�B��C¯ H&I�kCv���kC��p �
∆(α) = α ⊗ α + β ⊗ γ
∆(β) = α ⊗ β + β ⊗ δ
∆(γ) = γ ⊗ α + δ ⊗ γ
∆(δ) = γ ⊗ β + δ ⊗ δ

κ(α) = δ
κ(β) = −β
κ(γ) = −γ
κ(δ) = α

ε(α) = 1
ε(β) = 0
ε(γ) = 0
ε(δ) = 1.
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D � oQ6��jSE6�s���v�AC�&IOv�� ��D*B 89�&R>��w�R��zS*8C�(R�6¦�«tuACB�vZI my6��Qkj6�S*p�6�ACs�� r ����Aj6�SZ89���E�)(n��v������:��4/�Q6�� o:s�6 r
p�AC� �QH���SZI
4�®`�j6�kl8���S�����v��QkC� Sh� v�AC��6��¡AC�
�����QS�P
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Hf� AC��6�H��&I
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s ∈ R
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α̂, β̂, γ̂, δ̂
kCv�6���S����}�C¯zH�I
Hf�¥Aj6�o��zH��j6 �

α̂β̂ = β̂α̂
α̂γ̂ = γ̂α̂

β̂δ̂ = δ̂β̂

γ̂δ̂ = δ̂γ̂

β̂γ̂ = γ̂β̂

α̂δ̂ = δ̂α̂

α̂δ̂ = 1 + β̂γ̂
*
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α̂α̂∗ + sγ̂γ̂∗ = α̂∗α̂

α̂β̂∗ + sγ̂δ̂∗ = β̂∗α̂ β̂β̂∗ + sδ̂δ̂∗ = β̂∗β̂ + sα̂∗α̂

α̂γ̂∗ = γ̂∗α̂ β̂γ̂∗ = γ̂∗β̂ γ̂γ̂∗ = γ̂∗γ̂

α̂δ̂∗ = δ̂∗α̂ β̂δ̂∗ = δ̂∗β̂ + sγ̂∗α̂ γ̂δ̂∗ = δ̂∗γ̂ δ̂δ̂∗ = δ̂∗δ̂ + sγ̂γ̂∗
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�ER�Aj� 89S��#� �.��A9�z�0D ���j6��EI
S�D����������
�§�}�C¯�Sh�xs�6�SE6�A9��89��AC� Hf� R¼kCv���kj��p�kl8f� SE�h� AC� r
�(R�I �

∆(α̂) = α̂ ⊗ α̂ + β̂ ⊗ γ̂

∆(β̂) = α̂ ⊗ β̂ + β̂ ⊗ δ̂

∆(γ̂) = γ̂ ⊗ α̂ + δ̂ ⊗ γ̂

∆(δ̂) = γ̂ ⊗ β̂ + δ̂ ⊗ δ̂,

κ(α̂) = δ̂

κ(β̂) = −β̂
κ(γ̂) = −γ̂

κ(δ̂) = α̂

ε(α̂) = 1

ε(β̂) = 0
ε(γ̂) = 0

ε(δ̂) = 1.
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�qR�� Aj8¦I
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V ∈ B
(
L2(G) ⊗ L2(G)

) �
V f(g, g′) = f(gg′, g′)

��oQ��R�kC�&IOkl89D*�QHf�
f ∈ L2(G) ⊗ L2(G)

�5�±o:s�6�pEACP�£¤BES�D H¦�j�uH���¯*sO�QIOHf� � 89Aj��I
4[B��j6�4­I v�Aj��6�� �Co��(� r
kC�(R�� S��:6���v��:6�AlR�kC��6¦�yS���s �i��v�6�A9��89��AC�

V
8C�/��Sh� H���I �

C∞(G) = {(ω ⊗ id)V : ω ∈ B(L2(G))∗}
‖·‖

.
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wn� 47S��  �6�SE�Q6,�j6�kl8y�Q4/v�oQ6�476�S*8C�(R�� SE6uv�AC��6��
V �

∆(f) = V (f ⊗ 1)V ∗.
2�vq6�A9�z8C��A�w>� Hº� r �b� D 6�k9� D*�Q6�s��.kCv�6���S����0AC�(R�Sh�zS��Q6>v�6�SZ8f� s ��Sh� o:S�6 �

V12V13 = V23V12V
∗
23.(n�:6�Hf� 8C6�A9�z�

H
p�P������Q6g���(R,��oQS�¯�v�AC��6�kl89AC��6�S��Q¯ mn�Qo:pq6�Aj89�E� 2�v�6�AC�z89��A7B�S�� 8f� AjS*I

W
�����Q�
�¤�(�C¯ H�I

Sh�
H ⊗ H

Sh� ��I*R�� 4­I ��v�6�AC�z89��Aj6�4M4[BEo:8¦I
v�oQ�:D��z8¦R�SZIO4"B�S��:89� ACSZI
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FGAC�z£��>@q� �J� 
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p�6�ACs�� r ��� AC6�SZ8C�º�.vq�(R��QSESh�0p*I �>� 8CAC��I
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Γ ⊂ G
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Ψ
Sh�.s�ACB�vE�Q6>��Bh� o:S�6��

Γ̂
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�:6�s��
V ∈ B

(
L2(G)⊗L2(G)

) �q� 89Aj��I
4¥� �
S��(R�Ig� vq6�A9�z8C��An4­B�o:8¦I
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W ∈ B
(
L2(G) ⊗ L2(G)

) �>@Ov�AC�(R���R�I
�h�ºR��
�§��kC�:P
R��QP�H<vEAC��kl8f�E� 
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Γ ⊂ SL(2, C)
��A9� �=�
��vq�(R��:6���S���p��:Hf�h� AC� DZ896�A

Ψ
Sh� o:6� ��
�§�

kCDz��S�kl89ACBE�}R��#�{s�6�S�6�AC�z89��AlI
α̂, β̂, γ̂, δ̂ C∗ r � o:s�6�pEAjI v��}R�kl8f�}�C¯zH�6�����6]kCo��(�jkC�(R��zS�����vE�Q6�AlR�kC��6��¥S���s��

��v�6�AC�z89��AC�
W �

A = {(ω ⊗ id)W : ω ∈ B(L2(SL(2, C)))∗}
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pZI ��� 89Aj��I
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�ER�����AC�(R�� S��Q6>DZR�� SZ8¦IO��� H��j�²®hDZ89��Aj6>£¤BES�D H¦�j�

f = (ω ⊗ id)V ∈ C∞(SL(2, C))
v�Aj��I r

v���AC��¯ ��D �(R�B��j6{��v�6�AC�z89� A
f̂ = (ω ⊗ id)W ∈ A

� ������kj��I*£¤ACB}�j4­I 8C6�S v�AC��6�v��:k�� (n�:6�Hf�
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)
.

FN�}R�I
 �kC��6­�NR��:6�AC�E��6�SE�Q6,�j6�kl8yAC�(R�S��(R��z �S�6>896�4[Bi®h �6u6�oQ6�476�S*8
ΣW ∗Σ ∈ M(A ⊗ Â)
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: ��:;�

lim
x→x′

‖ht(· , x) − ht(· , x
′)‖1 = 0

1O�
limt→0 ht(z, x) = δ(z)

� D���% �
δ � �9I��2D���� � 	 � %?����7 ���
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�xVOY�#�WJ+�FGB�S�DZ8¦I���® ? � 1.kCv�Aj�(R�� �E�º�}�C¯¥kj�QP<���7R�I
D � Sh� S��Q�¥pq6���v����CAj6���SE�Q6�s �¥A9�zHf�
BES�D*Bi���i� r
�j4/� �j4­I.kj�QP�v�BES�DZ896�4

3
��oQ�

x ≥ 0
� v�AC�&IOv�� ��6�D

x < 0
���(R��
�����:4­I¥� Sh� o:��s��QH���S��:6 � �­wn� AC��I
kl8f�}�C¯ H

�>v�B�S�DZ8CB
2
��AC� �u�>�NR��:6�AC�E��6�SE���.��� s�A9�zS�s�6 
 �[R��Q�����Q4­I ®� �6

|ht(z, x) − ht′(z, x)| ≤ (t′ − t) sup
t′′∈[t,t′]

∣∣∣∣
(

|z|2x2

4 sinh2(t′′x)
+ x(1 − coth(t′′x))

)
ht′′(z, x)

∣∣∣∣ .
���z8¦R,�7����ph� H���I � ®� �6

sup
t′′∈[t,t′]

∣∣∣∣
(

|z|2x2

4 sinh2(t′′x)
+ x(1 − coth(t′′x))

)
ht′′(z, x)

∣∣∣∣

≤

(
|z|2x2

4 sinh2(tx)
+ x(coth(tx) − 1)

)
x exp(t′x)

4 sinh(tx)
exp

(
−
|z|2x coth t′x

4

)
.

@OH��
�§Dz�}R�� S��:6<v��(R�I
 �kC��6��ySE�Q6�Aj�(R�S����CH�����6uR���s�o:P���B«Sh�0��4/�Q6�S�Sh¯
z
�h�}�j6

‖ht(· , x) − ht′(· , x)‖1

≤

(
x exp(−tx)

sinh(tx)

exp(t′x)

sinh(tx) coth(t′x)
+

x

sinh(tx)

exp(t′x)

sinh2(tx) coth2(t′x)

)
(t′ − t)

≤ 4

(
t′

t2
+

t′2

t3

)
(t′ − t)

�j6��joQ��8¦IOo:D � t′

2
≤ t ≤ t′

� FGB�S�DZ8
4
R�I
S��QD��g����R��Q6�AC����6�S��Q�{��6�pq6�kCs�6�Bh�¡�g��pE�Q6� �S����jH�����47�}�j��AlI r

���(R�� S�6¦���
�


�Y[XE��X � + 
 ��kl8f�z8CS��Q43D*AC��D*B v��}R�I
 �kC��6�s��{��kC��� H��(R�� S��Q�¡R�I
Dz��AC�&IOkl8f� o:� �j4­I�Sh�zkj89P�v�B��C¯ H�6
S��:6�AC�(R�S��#�CH�� �

x

sinh tx
≤

1

t
,

sinh(t′x)

sinh(tx)
≤

t′

t
exp(t′ − t)x,

exp(t′x)

cosh(t′x)
≤ 2

�>DZ89��AlIOHf�«R�I
S��QD��}�C¯0v���S��Q �kC��6=� kC�º�zH��(R��zS���� �
x exp(−tx)

sinh(tx)

exp(t′x)

sinh(tx) coth(t′x)
≤ 2

t′

t2
exp((t′ − 2t)x))

x

sinh(tx)

exp(t′x)

sinh2(tx) coth2(t′x)
≤ 4

t′2

t3
exp((t′ − 2t)x).

wn� AC��I
kl8f�}�C¯ H=�u�º�*�§�� �6�S��Q�
t′ − 2t ≤ 0

��AC� �
x ≥ 0

����kl8f�}�j6�4­I�8C6���P>v�BES�DZ89B
3
S�� kC��6�s��7��6�47�z89Bi�

¢±oQ�
x ∈ R

� A9� �
t ∈ R+

vq�
�§�� �4­I

H̃t(x) =

∫

C

dzht

(
z,

1

2
x

)
U(z, 0) ∈ M(C∗(H)).

� �(½��

�¡��6�47�z89Bx�[R�I
S��:Dz�O®� �6uv��(R�IO �kC���/H��
�§D��[�Qkl89S��:6��j6yR�kj6�S�kj�Q6�89� vq��o:��s��:��kl89Aj�QH�8�Sh�
M(C∗(H))

��AC� �

H̃t

47�0Sh� kl89P�vEB��C¯ H�6uR��§� kCS��#�CH�� �
���

‖H̃t(x)‖ ≤ 2.



��*
? � ¢±oQ�¥B�kl8f� o:��S�6�s �

t ∈ R+

®q�O�ER�����AC�(R�� S��:6
R 3 x 7→ H̃t(x) ∈ M(C∗(H))

�j6�kl8uH��Q¯
sO��6<R
S�� AC4/�Q6 �

L � ¢±oQ�<D��  ���6�s��
x ∈ R

47� 4­I
limt→0 H̃t(x) = 1

R kj6�S�kj�Q6n8C��v���oQ��s �Q��kl89AC�:H�8�Sh�
M(C∗(H))

�
��� ¢±oQ�

t ∈
[

t′

2
, t′
]
∈ R+

4¥� 4<I

sup
x∈R

‖H̃t(x) − H̃t′(x)‖ ≤ 4
t′

t2

(
1 +

t′

t

)
(t′ − t).

��vEB�S�DZ89B
1
�
2
R�I
S��QD��E®
 �6n�O�ER�����AC�(R�� S��:6

H̃t : R 3 x 7→ H̃t(x) ∈ M(C∗(H))
�j6�kj8�H���¯*sO��6yR

S���Aj47�:6u����s�A9�zS��QH�����S�6z� 
 8f�zD
�:4¨A9�z���Q6��j6�kl8±� S��¥6�oQ6�4/6�SZ8C6�4
C∗ r �zoQs�6�p�AjI M(C∞(R) ⊗ C∗(H))

�
� v�B�S�DZ8CB

4
R��:�����:4­I�®G �6«�
�ER�����AC�(R�� S��Q6

R+ 3 t 7→ H̃t ∈ M(C∞(R) ⊗ C∗(H))
�j6�kl8.H���¯*sO��6

R©S���Aj47�:6 � (±��89��4/��� kl8/v�B�S�DZ8
3
vq� Dz�z��B��j6z®� �6

limt→0 H̃t = 1
R©kj6�S�kj�Q6]8C��v���oQ��s �Q��kl89AC�:H�87Sh�

M(C∞(R) ⊗ C∗(H))
�

FGAC��6��j� ��4­I��E�[D ��SEkj89AjB�D H¦�j��vq�
�§s�AjB�vZI
exp(−ta+a) ∈ M(C∗(H))

� 3h��AC47� oQSE�Q6�kCvEAC�(R��z���º�0kC�:P
��Sh���E�«��� kj89¯
vE�Q6�SE���¥��47�:6�S�S�6¦�±AC��6�H��&I
R��:kj8C6��

x
R�6[R�����AC��6 � �(½ �yv�AC��6��.6�o:6�4/6�SZ8uk9�z47��kjv�AC��P� ���SZI

λ η H
� � 6���Sh� D* �6�R���¯  �6�kC�:P±89�0��v�6�R�SZI
4/��896�Hf��S��QH���SZI
47��v�AC��pEoQ6�47� 4/����� 8¦I
H���¯ H�I
4/�i��p��:6� �S����CH��

Hº�*�§6�D���Fb� S��Q �6���� v��Qkj��6�4<Ix6�o:6�sZ� SEHfD
��kjvq� kC��p«�QHf��v���D ��S�� S����O�
2�v�6�A9��89��A

λ η C∗(H)
�j6�kj8­6�o:6�4/6�SZ896�4�H�6�SZ89AC� oQSZI
4�®b89��S��

f(λ) ∈ M(C∗(H))
D ��4[BO89B��j67��6

R�kC�&I
kj89D*�:47�*6�o:6�4/6�SZ8f�z47�
M(C∗(H))

��o���R�kj��I
kj8CD
�:Hf�
f ∈ C∞(R)

� 
 89� D*�Q4�AC� ���:6G�O�OR�����Aj�}R�� S��:6

C∞(R) ⊗ C∗(H) 3 f ⊗ x 7→ f(λ)x ∈ C∗(H)

AC� ��kC��6�Aj�º�.kC�QP±���.47��Al¬h��4­B
πλ ∈ Mor(C∞(R)⊗ C∗(H); C∗(H))

�J¢±o��[o:�QH���pZI����
�h�z8CS��Q6¦�
t ∈ R+v��O�§�� �4­I

Ht = πλ(H̃t) ∈ M(C∗(H)).
� �(K��

(n�:6�Hf�
f ∈ C∞(R)

p�P��E���Q6g£¤BES�D H¦�C¯�H���¯*sO�§¯�����R�� Al8¦IO4 S����CSE�QD*B ��A9�z�
y′ ∈ C∗(H)

� 
 896��OI
��oQ�

y = f(λ)y′ ��A9�z� t ∈ R+

®��
�ER�����Aj�(R�� SE�Q6
C 3 z 7→ ht

(
z, 1

2
λ
)
U(z, 0)y ∈ C∗(H)

�j6�kj8
Hº�*�§D �(R�� oQSE6>R�kC6�S�kC�:6<S�� AC4/�}R�I
4«� 3�� DZ8¦I
H���SE�Q6
∥∥∥∥ht

(
z,

1

2
λ

)
U(z, 0)f(λ)y′

∥∥∥∥ ≤ sup
x∈R

∣∣∣∣f(2x)
x exp tx

4 sinh tx
exp

(
−
|z|2x coth tx

4

)∣∣∣∣ ‖y
′‖

≤ sup
x∈R

∣∣∣∣f(2x)
x exp tx

4 sinh tx

∣∣∣∣ exp

(
−
|z|2 infx∈R |x coth tx|

4

)
‖y′‖.

�i� BZR��  º�}�C¯zH ®� �6
infx∈R |x coth tx| > 0

��A9� �
supx∈R

∣∣f(2x) x exp tx

4 sinh tx

∣∣ < ∞
����kj89�}�j6�4<I�H��
�§Dz�(R�� o r

S������ � ���z8¦R,�7kjv�A9�ºR������ � ®� �6

Hty =

∫

C

dzht

(
z,

1

2
λ

)
U(z, 0)y.

� ? " �

·J\
��XE% �i+ 5 % �97��
H

��� D���% �F����) � 	 � ��% I*��0+�����B� � � Ht ∈ M(C∗(H))
��� D���% � �9��D���%?0 	 ��� � �

:A��0��1"!$ �*D�� � 0�% �!$/��0�� 7�� ���!$ � �!� � � ���1� D��
Ht � �9I�� 08�!��:A�!$2� 7�% 	*��� 	;��"�� ����)*� 	 � �!0��=����� 7 � % �!�����

limt→0 Ht = 1
$ I*��0GI�% � �1�9���!� � ��%?%�I��B��% 7�� 0+�

M(C∗(H))
�



� �

�xVOY�#�WJ+ (n�:6�Hf�
y = f(λ)y′ s������Q6

f ∈ C∞(R)
�j6�kj8x£¤B�SED H��C¯µ�µ�&R�� Al8¦I
4 S����jS��QD*B ��AC� �

y′ ∈ C∗(H)
�bFb� Dz�z �6�4<I�®� �6J�O�OR�����Aj�}R�� S��:6

R 3 t 7→ Ht ∈ M(C∗(H)
�j6�kl8�vq�
�§s�AjB�vh¯���v�6�AC�z89��Aj�(R>�

wn� AC��I
kl8f�}�C¯ H=��£¤��Aj4[Bq��I � ?#" ��o:�QH��&I
4­I

Ht1Ht2y =

∫

C2

dzdz′ht1

(
z,

1

2
λ

)
ht2

(
z′,

1

2
λ

)
U(z, 0)U(z′, 0)y

=

∫

C2

dzdz′ht1

(
z,

1

2
λ

)
ht2

(
z′,

1

2
λ

)
exp

(
−

λ

4

� �¦4
(zz̄′)

)
U(z + z′, 0)y

=

∫

C

dz

(∫

C

dz′ht1

(
z − z′,

1

2
λ

)
ht2

(
z′,

1

2
λ

)
exp

(
−

λ

4

� �¦4
(zz̄′)

))
U(z, 0)y.

�N�� �kC� 47�#�CH����Eo��[£¤B�S�DzH��j�����:vq6�ACp���oQ�:H���SZI
Hf�«��A9� ��R��§� kCSE���CH���£¤BES�D H¦�j�Nt=� BEkCk9�.�h�}�C¯ �
∫

C

dz′ht1

(
z − z′,

1

2
λ

)
ht2

(
z′,

1

2
λ

)
exp

(
−

λ

4

� �¦4
(zz̄′)

)
= ht1+t2

(
z,

1

2
λ

)
.


 89� D*�Q4 A9� ���Q6

Ht1Ht2y =

∫

C

dzht1+t2

(
z,

1

2
λ

)
U(z, 0)y = Ht1+t2y,

H��7vq� Dz�z��B��j6z®� �6
Ht1+t2 = Ht1Ht2

���y6�kC��89�/R��§� kCS��#�CH��Nv��O�§s�AjB�vZI���v�6�A9��89��Aj�}R
Ht

R�I
S��QD��x�¤�z8¦R,�
�uR��¤� kjS����jH�����v�6�A9��89��Aj�}R

H̃t ∈ M(C∞(R) ⊗ C∗(H))
B����(R��
��S��:��SZI
Hf��R»��6�4¥� H��Q6u���

�

FN��D��  �6�4­Ix896�A9� �z®h �6>s�6�SE6�A9��89��Aj6�4¨v��O�§s ACB�vZI
Ht

�j6�kj8
−a+a

�
·J\
��XE% �i+ 5 % �97��

U
��� D���% � ����08�!0�% 7���0 	 �#�1�+�#���!��0��<��7 � 	-����)*�+� � ��% I*��0+�����B� � $

C∗(H) � Ht ∈
M(C∗(H))

��� D���% �-��"��?����)*� 	 �9��������� �!�#"!$ $8�+�#�!$/� D��!�!0 	����!$ ���!� � � f ∈ C∞(R)
��� D���% � ��)�0 � 7 � 	7�% 	*��� 	C����$/�����B�!: 08�� �0�% �!)F�!�����

y′ ∈ D∞(U)
� � ��� "���:;�

y = f(λ)y′
� ��� � D��

��� � D�$ �!�!�#�!$/��0�% �
R+ 3 t 7→ Hty ∈ C∗(H) � �9I�� �#"���0�% 7���� �!$/��� 08���

? �
Hty ∈ D∞(U)

�
L � d

dt
Hty = −a+aHty = −Ht(a

+ay)
�xVOY�#�WJ+ �{��6�4¥��89B��0R�IOSE�QD��E®h �6

d

dt
Hty =

∫

C

dz

(
|z|2λ2

16 sinh2
(

tλ
2

) +
λ

2

(
1 − coth

(
tλ

2

)))
ht

(
z,

1

2
λ

)
U(z, 0)y,

� ? � �

H��/���(R,�O������v�B�S�DZ8
1
Sh� kj��6�s �7o:6�47�z89Bi� FJAj��6¦�j� ��4­I��E�/vEB�S�DZ89B

2
�J�y� ��R��  �4­I��O�ER�����AC�(R�� S��:6

C 3 z 7→ U(z, 0)Hty ∈ C∗(H).
�i� BZR��  �4­I ®h �6 �

U(z, 0)Hty =

∫

C

dz′ht

(
z′,

1

2
λ

)
U(z, 0)U(z′, 0)y.

wn� AC��I
kl8f�}�C¯ H=�uAC6�o�� H¦�j� � � L ������kl8f�}�j6�4­I

U(z, 0)Hty =

∫

C

dz′ht

(
z′,

1

2
λ

)
exp

(
−

λ

4
iIm(zz̄′)

)
U(z + z′, 0)y.



� �

�i� 4/��� S��­��4/�Q6�S�SZIOHf�
z′ 7→ z′ − z

v�Aj�}R�� ���������.£¤��AC4[B���I

U(z, 0)Hty =

∫

C

dz′ht

(
z′ − z,

1

2
λ

)
exp

(
−

λ

4
iIm(zz̄′)

)
U(z′, 0)y.

FGAC�&IOv���4/S�� �j4<I�®� �6=�Eo��
x ∈ D∞(U)

4¥�z4­I
ax = 2 ∂

∂z
U(z, 0)x|z=0

��@
8f¯z�

aHty =

∫

C

dz′2
∂

∂z

(
ht

(
z′ − z,

1

2
λ

)
exp

(
−

λ

4
iIm(zz̄′)

))∣∣∣∣
z=0

U(z′, 0)y.

wn� AC��I
kl8f�}�C¯ H=� � �(1�������kl8f�}�j6�4­I

2
∂

∂z

(
ht

(
z′ − z,

1

2
λ

)
exp

(
−

λ

4
iIm(zz̄′)

))∣∣∣∣
z=0

=
λ

4

(
coth

(
tλ

2

)
− 1

)
z̄′ht

(
z′,

1

2
λ

)
,

H��/v���D�� ��B��j6z®� �6 �

aHty =
λ

4

(
coth

(
tλ

2

)
− 1

)∫

C

dz′z̄′ht

(
z′,

1

2
λ

)
U(z′, 0)y.

���}R�SE��� �
a+x = −2 ∂

∂z̄
U(z, 0)x

��o��[R�kj��I
kj8CD
�:Hf�
x ∈ D∞(U)

�h�}�j6

a+aHty =
λ

4

(
coth

(
tλ

2

)
− 1

)

×

∫

C

dz′ 2
∂

∂z̄

(
(z̄′ − z̄)ht

(
z′,

1

2
λ

)
exp

(
−

λ

4
iIm(zz̄′)

))∣∣∣∣
z=0

U(z′, 0)y.

���� �S��:H���D
B}�C¯ H>vq�
z̄
����kl8f�}�j6�4­I

a+aHty =

∫

C

dz

(
−

|z|2λ2

16 sinh2
(

tλ
2

) − λ

2

(
1 − coth

(
tλ

2

)))
ht

(
z,

1

2
λ

)
U(z, 0)y.

Fb� AC�(R�S*B��C¯ H=vq�(R�I
 �kj��6<R�I
AC�  �6�S��Q6>�>AC�(R�Sh� SE�Q6�4 � ? � �,R��:�����:4­I�®O �6

d

dt
Hty = −a+aHty.

�

�µ��6�47�z89B¡1/R�I
S��QD��� �60�
�ER�����AC�(R�� S��Q6
R+ 3 t 7→ exp(−t)Ht ∈ M(C∗(H))

�j6�kl8uH��Q¯
sO��6<R
S���Aj47�:6���AC� �uHº�
��D �(R�� oQS�6z��FN�O�§�  �4­I

Ξ =

∫

R+

exp(−t)Ht ∈ M(C∗(H))
�

·J\
��XE% � + 5 % �97��
U

��� D���% � ����08�!0�% 7���0 	 �#�1�+�#���!��0��<��7 � 	 ����) �+� � ��% I*��0+�����B� � $ �����������
�!� ����) �
���!$2� � C∗(H)

�!� ���
Ξ ∈ M(C∗(H))

��� D���% � ��� ��:A��0��1��: �*D�� � 0�% �!$/��0�� : ���!$ � �!� � � ���1� D�� DG� �
$ I����*I�� �!% 7��

y ∈ D∞(U)
: ��:;�

Ξy ∈ D∞(U)
�!�����

(1 + a+a)Ξy = y.
� ?�? �

� I��!7��!� ��"!� 08�� *7�% �*��% "!�
(1 + a+a) D∞(U) � �9I������9I��=� $

C∗(H)
�!� ���

a η C∗(H)
�



� �

�xVOY�#�WJ+�wn� AC��I
kl8f�}�C¯ H=�>v�B�S�DZ8CB
3
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a+aΞy = −

∫

R+

exp(−t)
d

dt
Hty.
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a+aΞy = y − Ξy,
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a1 +a2
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λ1 +λ2
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(a1ua2, λ1uλ2) � �9I���7 ��� � �!$/��� 0 	 �#�1�+�9���!��0�� ��7 � 	 ����������������% � ���
h
� � �!0+� D�� � � �� �� % λ1 = −λ2�!�����

kerλ1 = {0}
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a1 u a2 � �9I�� �9���������1�!�#��: 08�!��: ��� 0�� : �!�����
ker(a1 u a2) = {0}
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Ua1
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(a1, λ1)
��A9�z�

(a2, λ2)
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(z, t) ∈ C×R
vq�
�§�� �4­I

Ua3(z, t) =
Ua1(z, t)Ua2(z, t) ∈ B(H)
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C × R 3 (z, t) 7→ Ua3(z, t) ∈ B(H)
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(a3, λ3)
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4¥� o:SZIO4/�
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Ua3
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λ1 u λ2 = λ3

��A9�z�
a1 u a2 ⊂ a3
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a3 ⊂ a1 u a2

�j6�kj8nv�AC�(R��E���:R��E� �i� BZR��  �4­I ®q �6­��p��Q��A
D(a1) ∩ D(a2) ∩ D(λ1) ∩ D(λ2)

�j6�kl8ys�P�kl8¦IxR
H

� 3�� DZ8¦I
H���S��Q6z®h��p��:��A

(1 + a∗
1a1)

−1(1 + a∗
2a2)

−1(1 + λ∗
1λ1)

−1(1 + λ∗
2λ2)

−1H
�j6�kl8/vq�
����pE�Q��Aj6�4

D(a1) ∩ D(a2) ∩ D(λ1) ∩ D(λ2)
s�P�kj8¦I
4 R

H
� �$
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(1 + a∗
3a3)

−1 (D(a1) ∩ D(a2) ∩ D(λ1) ∩ D(λ2))
�j6�kj8y�:kj89�z89Sh¯0�����Q6��E���QS�¯.�Eo��
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a3 ⊂ a1 u a2
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(1 + a∗
3a3)

−1 (D(a1) ∩ D(a2) ∩ D(λ1) ∩ D(λ2)) ⊂ D(a1) ∩ D(a2).
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(1 + a∗

3a3)
−1 =

∫

R+

dt exp(−t)Ha3

t

s������:6

Ha3

t x =

∫

C

dzht

(
z,

1

2
λ3

)
Ua3(z, 0)x.
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Ua1(z, 0)(1 + a∗
3a3)

−1x =

∫

R+

dt exp(−t)

×

∫

C

dz′ht

(
z′,

1

2
λ3

)
exp

(
λ1

2
iIm(zz̄′)

)
Ua3(z′, 0)Ua1(z, 0)x.
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a1y = 2 ∂

∂z
Ua1(z, 0)z

∣∣
z=0

R��Q�����Q4­I ®E �6
(1 + a∗

3a3)
−1x ∈ D(a1)

��A9�z�

a1(1 + a∗
3a3)

−1x = (1 + a∗
3a3)

−1a1x

+

∫

R+

dt exp(−t)

∫

C

dz′z̄′ht

(
z′,

1

2
λ3

)
exp

(
λ1

2
iIm(zz̄′)

)
Ua3(z′, 0)

λ1

2
x.
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(1 + a∗

3a3)
−1x ∈ D(a2)
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λ1 = −λ2

� 
 896��EI
λ3 = 0R��QP�H

a1 u a2
�j6�kj8y��v�6�AC�z89� AC6�4 S���AC47� o:S*I
4«� FN�O��� p�S��Q6z®h��v�6�A9��89��A

n ≡ λ−1
1 (a1 − a2)�j6�kl8`SE��AC47� oQSZI � s������Q6Jv�Aj��I��j6�s �n��6&¬hS��:H��j�*kCDz��AC�&IOkl8f� o:� �j4­Iu�J896�s ��®  �6

λ1

�j6�kj8N�
�ER�A9� H�� oQSZI%�&� ª��� �Sh�
kCvEA9�ºR������ � ®� �6JB�S�� 8f� AjS�6 ��v�6�AC�z89� AjI

exp(iIm(zn))
�Q4/v�o:6�4/6�SZ89B��C¯,v�AC��6�kCBES��QP�H�������v�6�AC�z89� A9�

a1ua2 �
exp(iIm(zn))(a1 u a2) exp(−iIm(zn)) = a1 u a2 − z̄.
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a1ua2
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ker(a1 u a2) = {0}
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Aj��I
 ��(R�I
Hf�¡�iv�����R�� oQ�­R�v�AC�(R�� ����� �>�O��v��(R��Q6���S��Q6
C∗ r �zoQs�6�p�AjInpq6��JB� �I
H��Q��89��R>�bHº�
��6�Dn��kCH&IOoQ� H�Iº�jSZI
Hf�i®�DZ89� AC6JpZI�����sO�§�(R�SZI
4 Sh� Aj��P��E���Q6�4 B� &I
R�� SZI
4
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H��&IOSE�}R¨D
Aj��I
 ��(R�I
Hf�

C∗ r
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 �²� �i� H���S�� �j4­I7�
��Sh�zkj89P�v�B��C¯ H�6�����6�¬hSE�QH��j�²�

�x\Z^ _Nadcfe�X � +�(y�Q6�Hf�
Γ

p�P������Q6 oQ��D�� o:S��Q6g�&R��zAj8f¯ s�ACBEvh¯ � p�6�o:�(R�¯E®
B

p�P������Q6
C∗ r � o:s�6�p�AC¯E�

FGAC�&IOvEB�� ��4­I�®  �6.4¥� 4<Ig�h� SZI{4/��Aj¬���4
λ

�.s�AjB�vZI
Γ

R s�AjB�v�P/BES��:89� ACSZI
Hf��4/S��� �S��QDz�}R
M(B)H��Q¯
s
��I=R 8C��vq� oQ��s��:�*kj89Aj�QH&8J��A9� ���E�����*�¤� S��:6

ρ̂
s�ACBEv*I­��Bh� o:S�6��

Γ̂
Sh�

C∗ r � oQs�6�p�AC��6 B
� � 6��Co:�hkCv�6���S��Q��SZI

�j6�kl8�R�� AjB�S�6�D �
ρ̂γ̂(λγ) = 〈γ̂, γ〉λγ89�08CAC���jDzP

(B, λ, ρ̂)
Sh�z��I*R��z4­I

Γ r v�Aj�O��BED*8C6�4«�
wy��AC�&IOkl8f�}�C¯zH�� �yR�� s��u�xR��Q�E���Q4<I�®� �6«B�S��:89� ACS��gAC6�vEAC6���6�SZ8f�zH��C�

λ : Γ → M(B)
�QSE��B�D*B��j6

4/��Aj¬h��4
λ ∈ Mor

(
C∗(Γ); B

) � FN��D��  �6�4­I�®� �6
λ
�j6�kl8��:S��j6�DZ8¦I*R�S�6 � �y �I*R��(�C¯ H]89AC� S�kl£¤��AC47�z8¦I

3h��B�Aj�Q6�AC�g47�  �6�4<IµBE89�  �k9�z47� ��� oQs�6�p�ACPxs ACB�v��(R�¯
C∗(Γ)

�«� oQs 6�p�AC¯¡£¤BES�D H¦�j�yS�� s�AjB�v��:6x��Bh� o:S�6��

C∞(Γ̂)
� FGAC�(R�� �����
89�n���±4/��Aj¬���4[B

λ ∈ Mor
(
C∞(Γ̂); B

) �`¢±o��
γ̂ ∈ Γ̂

��AC� �
f ∈ C∞(Γ̂)

v��O�§�  �4­I

τγ̂(f)(γ̂′) = f(γ̂′ + γ̂)
� 3h��AC4[B��¤��89� �E6�¬hS��:B��j6{s�ACBEvqP{� BO89��4/��Aj¬���4/�}R

τγ̂ ∈ Aut(C∞(Γ̂))
�

ª���Al¬h��4
λ
kCv�oQ�z8f�0� BO89��4/��Aj¬���4­I

ρ̂
�
τ �

λ(τγ̂(f)) = ρ̂γ̂(λ(f))
��o��[R�kj��I
kCDZ89�:Hf�

f ∈ C∞(Γ̂).
� ? � �

���}R�S�� S��Q6 � ? � ��R�I
kj8f�zACH��&I]kjv�A9�ºR������ �=Sh�7Hf��� A9� DZ8C6�A9�zHf�
uγ ∈ M

(
C∞(Γ̂)

) �º� �h�zS*I
Hf�gvEAC��6��­6�oQ6 r
4/6�SZ8¦I

γ ∈ Γ �
uγ(γ̂

′) = 〈γ, γ̂′〉
��o��[R�kj��I
kj8CD
�:Hf�

γ̂′ ∈ Γ̂.�i� BZR��  �4­I ®h �6

τγ̂(uγ)(γ̂
′) = uγ(γ̂ + γ̂′) = 〈γ, γ̂ + γ̂ ′〉 = 〈γ, γ̂〉uγ(γ̂

′).
 89� D*�Q4 A9� ���Q6

τγ̂(uγ) = 〈γ, γ̂〉uγ.
� ? 1��

¿ �
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�¡��ACB�s �Q6���kj8CAC��SZI

λ(uγ) = λγ ∈ M(B)
��A9�z�

ρ̂γ̂

(
λ(uγ)

)
= ρ̂γ̂(λγ) = 〈γ, γ̂〉λ(uγ).

� ? ¹ �
���}R�S�� S���� � ? 1��f® � ? ¹ ���h�}�C¯ � ? � � �

 �§� kCS��#� �ukCvEo��z89� S����<AC6�vEAC6���6�SZ8f�zH��j�

ρ̂
�
τ
v�AC��6��

λ
v���D�� ��B��j6 ®� �6

ker λ ⊂ C∞(Γ̂)
�j6�kl8�S��Q6���4/� r

6�SES��QH���6«Sh��v�Aj��6�kCB�S��:P�H����E� Fb��Sh�z�E89�
ker λ

�j6�kj87�Q��6��
�§6�4 R
C∞(Γ̂)

R��QP�H0�j6�kj87��S�� �º�ºR�� Aj8C6�R
v�6�R�SZI
4 S��Q6&89AjI*R��Q� oQSZI
4 �:��6º� o:6u4¥�zD
klI
4¥� o:SZIO4«� 
 8f� D*�Q4 A9� ���Q6��:kj8CS��Q6¦�j6u6�oQ6�476�SZ8

γ̂0 ∈ Γ̂
89� D*��®

 �6u�j6��joQ�
λ(f) = 0

89�
f(γ̂0) = 0

�x¢±���QP�D
��S��:6���4/�Q6�S�S��:H����#�CH��
ker λ

Sh�«v�AC��6�kjB�S��QP�H��Q������kl8f�}�j6�4­I

f(γ̂) = 0
�Eo��0D��  ���6�s��

γ̂ ∈ Γ̂
R��:P�H

f = 0
��@*8f¯ �

ker λ = {0}
H���I
o:��47��Al¬h��4

λ
�º� S*B�Aj�º�

C∞(Γ̂)R �zoQs�6�p�ACP�4/S��� �S��QDz�}R
M(B)

� 
 �h� o:kC��6¦�GH���P �CH���v�AC� H�I0p�P��E���Q6�4­I0��� ��R�I
H����}��89AC� DZ89�(R��#�
C∞(Γ̂)�C� D�v��
�h� oQs 6�p�AjP

M(B)
�

�x\Z^ _Nadcfe�X 
 + (n�Q6�Hf�
(B, λ, ρ̂)

pqP������:6
Γ r v�AC�
��B�DZ8C6�4 ��AC� �

x ∈ M(B)
p�P��E���Q6�6�oQ6�4/6�SZ8C6�4

� o:s�6�p�AlI�4/S��� �S��QDz�}R>�,ª��(R��:4­I�®� �6
x ∈ M(B)

kjvq6}�§S��Q�0R�� AjB�S�D*�N�N�zS���kj89� �h�±�j6��joQ�




(i) ρ̂γ̂(x) = x
��oQ�­R�kC�&IOkl89D*�QHf�

γ̂ ∈ Γ̂,
(ii)

2��ER�����Aj�(R�� SE�Q6
γ 7→ λγxλ∗

γ

�j6�kj8yS���Aj47�(R,�/H���¯*sO�§6z®

(iii) fxg ∈ B
�Eo��

f, g ∈ C∞(Γ̂).
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@
I
4[p���oQ6�4
A

p�P������Q6u����Sh� H����#�=��p��:��A�6�o:6�4/6�SZ89�(R�kCv�6��§SE���}�C¯ H&I
Hf�]v��}R�I
 �kC��6=R��zACB�S�D*�²�

 D � S�D*AC6�8CSZIOHf��A9� Hf�*B�SEDz�zHf� R�I
s��
��S��:6y�j6�kl8u �����kC47� AC�(R��#�� �6�v�Aj6���6�SZ8f� H¦�jP

λγ ∈ M(B)
v�AC�&I

v���47�
H�I0£¤BES�D H¦�j�
h ∈ L1(Γ) � λh =

∫
Γ
h(γ)λγdγ ∈ M(B)

�!�i� BZR��  �4­I ®E �6
λh ∈ M(B)

vq� D
AlI*R��
kC�:Pu�u89A9�zS�kj£¤��Aj4¥��8f¯;3h��B�Aj�Q6�AC�

F(h) ∈ C∞(Γ̂) ⊂ M(B)
�

FN��D��  �6�4­I�®0 �6 S�� kC��� ��6&¬hS��:H��C���j6�kl8�Aj�(R�S��(R��  �Sh� ��6�¬hSE�QH��j�.��� SE��kj89� �h�E®­R DZ89��Aj6��]89AC��6�H��
R�� ACB�SE6�Dx4/���
��S�� kj8CP�v�B��C¯zHº¯.vq��kl8f�#� �

λfx, xλf ∈ B
��o��­R�kj��I
kj8CD*�QHf�

f, g ∈ L1(Γ).
� ? ½��

Fb� S��Q �kC��I/�zACs�B�4/6�SZ8��j6�kj8JR�6�ACk§�C¯<AC� ��B�4/�(R�� SE���u��v�A9� H&I � 
 � �²� 
�� ACB�SE6�D
(iii)

� � ? |����j6�kj8,k&�¤�zp�kC�&I
S��: ���AjI
s��:Sh� o:S*I/R�� ACB�SE6�D���� S���kl8f� ���E� � 6���S�� D¥R�A9�z�u�uvq������kj89�
��I
4/�i�ER,��47�[�Q4/v�oQ�:D
B}�j6±��S � ? ½ � �
����6�H���I*R�� �jH��:6 ®�S��:6�Hf�

x ∈ M(B)
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ε ≥ 0
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(ii)
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e ∈ Γ
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‖λγx − xλγ‖ ≤ ε
��o��­R�kj��I
kj8CD
�:Hf�

γ ∈ O.(n�:6�Hf�
χO
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kj8¦I
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χO(γ) =

{
1

volO

�j6 �CoQ�
γ ∈ O

0
�j6 �Co:�

γ ∈ Γ \ O

 896��EI

‖λχO
x− xλχO

‖ ≤ ε
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 �6
‖λfλχO

− λf‖ ≤ ε
�JFb��S��: �kj��I�A9�zHf�
BES�6�D

λfx = λfx − λfλχO
x + λfλχO

x = (λfx − λfλχO
x) + (λfλχO

x − λfxλχO
) + λfxλχOv���D�� ��B��j6z®h �6

‖λfx − λfxλχO
‖ ≤ ε(‖x‖ + ‖λf‖)
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λfx
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λfxλχO
∈ B
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λfx ∈ B
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A ⊂ M(B)
8¦R,��AC��¯

C∗ r � o:s�6�pEACPu��AC� ��£¤��AC4­Bq�¤�

A 3 a 7→ ργ(a) = λγaλ∗
γ ∈ A

�º�z�h�}�j6­H���¯*sO�§6>�������
�§� S��:6=s ACB�vZI
Γ

Sh�
A
�

C∗ r � o:s�6�p�AC� A
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A

R
M(B)

�j6�kl8x47� Aj¬h��476�4
C∗ r �zoQs�6�p�A�� 
 89� D*�Q4 A9�z���Q6]� oQs 6�p�AC�
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M(A)

��� S*B�AC���]kC�:P.R
M(B)

� 
�� ACB�SED
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M(A)

4¥�}�C¯
v���kj89�#� �


 x ∈ M(A)


⇔




(i) ρ̂γ̂(x) = x
��o��[R�kC�&I
kj89D*�:Hf�

γ̂ ∈ Γ̂;
(ii)

¢±o��[R�kC�&I
kj89D*�:Hf�
a ∈ A,

�O�ER�����AC�(R�� S��:6
γ 7→ λγxλ∗

γa
�j6�kl8nH���¯*sO�§6nR S���Aj47�:6 �


 � ? K �
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FGAC�&I
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Γ r v�AC�
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H��&I
S
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C∗ r � oQs 6�p�AC¯=��AC� �
ρ : Γ 3 γ 7→ ργ ∈ Aut(A)

pqP������:6±H��Q¯
s
��I
4 �����Q�
�¤�zS��Q6�4$s�ACBEv*I
Γ
Sh�

A
�

�¦oQ�
H��&I
S�D*AC�&I
 ��(R�I
A oρ Γ

47�.S�� kj8CP�v�B��C¯zH�6>R��¤� kjS����CH�� �
•
�¦kl89S��:6��C¯.47� Aj¬h��4­I

ιA ∈ Mor(A, A oρ Γ)
��AC� �

λ ∈ Mor(C∞(Γ̂), A oρ Γ)
8f� D*�Q6z®� �6

ιA(A)λ(C∞(Γ̂))
‖·‖

= λ(C∞(Γ̂))ιA(A)
‖·‖

= A oρ Γ.

•
�¦kl89S��:6��j6>�������
�§� S��Q6±s�ACB�vZI���B�� oQS�6¦�

ρ̂
Sh�

A oρ Γ
8f� D*�:6 ®� �6

ρ̂γ̂(a) = a
�Eo��0D��  ���6�s��

a ∈ A,

ρ̂γ̂(λ(x)) = λ(τγ̂(x))
��o��[D��  ���6�s �

x ∈ C∞(Γ̂),
s��E���Q6

τγ̂ ∈ Aut(C∞(Γ̂))
�j6�kj8n� BO89��4/��Aj¬���4/6�4-v�AC��6�kCBES��QP�H����.�.6�o:6�4/6�SZ8

γ̂
�

��� D7��v��QkC� oQ� �C4­I0R ��R�� �E��6.�u47� Aj¬h��4
λ
vq�
Hf���
�����q�O�xAj6�v�Aj6���6�SZ8f� H¦�j��s�ACB�vZI

Γ
R

A oρ Γ
®EDZ89��AC¯

8f�zD
 �67p�P��E���Q6�4­I{����Sh� H���� oQ�GklI
4[pq� oQ6�4
λ
� ���z8¦R���kCv�AC�ºR������ � ®` �6/8CAC���jD��

(A oρ Γ, λ, ρ̂)
�j6�kj8

Γ rv�Aj�O��BED*8C6�4«�
(y�Q6�Hf�

(B, λ, ρ̂)
pqP������:6

Γ r v�AC�
��B�DZ8C6�4«®
(A, ρ)

p�P��E���Q6��zoQs�6�p�A9¯��N�zS���kj89� �h�¡���������
�§� S��:6�4
ρs�AjB�vZI

Γ
�:47vEoQ6�4/6�SZ8C�}R�� SZI
4 v�AC��6��

λ
�y2�D�� ��B��j6<kC�:P ®� �6

Γ r v�AC�
��B�DZ8 (B, λ, ρ̂)
�j6�kj8±�Q����47� Aj¬hH���SZI

��6,kj89� S��h� Aj���(R�I
4
Γ r vEAC�
��B�DZ896�4;S��n�Qo:�OH���I
S��:6�D*Aj��I
 ��(R�I
4

AoρΓ
�`ª��(R���¯zH�v�Aj6�H�I
�&I(�jSE�Q6�4/�� �S��

B����(R,�O�ES�� �>Sh� kl89P�v�B��C¯ H�6
� Y7a¤\*�zW�¸Z\
_ba¤\ � + � �#" � ��� (B, λ, ρ̂) � �9I�� Γ � �+�#��D�)��!� ��: $ � � D��;% �B�!� � � $ �1� D��-� D��;% I��=0�% � � � C∗ �

I��*I�� ��: D�� 0+��:;% 7���0��
(A, Γ, ρ)

�<���!% � �!� B = A oρ Γ
��� �*I��1��: �1��0 � �9I�� � � D�� 0���� D������<� D�08�� *7�% 	

D�� $ I1��"�� ��:;% ��0�0�% 7��!� ���6% �!�!:A�!� � ��:;) �(�
�����������
A � �9I��2�����������
	 � ��0+D!I��<� D �

Γ � �+�9��D�)��!�=)
(B, λ, ρ̂)�

ρ
D ��08� � �9I��/$ �!�!�#��:

ργ(a) = λγaλ∗
γ

�

�Y[XE��X ��+N¢±�(R��
�­v��(R�IO �kC��6�s��±8¦R��:6�Aj����6�S�����47�  �Sh����Sh�zoQ6�� ��R$� 
 
 ���`t­�§�(R�SZIO45v�Aj��p�o:6�4/6�4

�j6�kl80v���D�� �º� SE�Q6¥�:kj8CS��Q6�S���������kl8f�z8C6�H���S��Q67R��Q6�o:B�6�o:6�4/6�SZ89�(R kjvq6}�§S��Q�}�C¯ H�I
Hf�µR�� ACB�SED
���N�zS���kj89� �h�E�
������R��Q¯ �º� SE�Q6��h� S�6b�j6�kj8Gv�Aj��6���Hº�
��D �(R�� S��Q6��E�����*�¤� S��Q�

ρ̂
v���s�AjB�v��:6���Bh�zoQS�6¦���Gª��(R��Q4<I�®� �6�6�o:6�4/6�SZ8

x ∈ M(B)+
�j6�kj8

ρ̂ r H��
�§Dz�(R�� o:SZI<�j6��joQ�i�:kj89SE�Q6��j6u6�oQ6�476�S*8
y ∈ M(B)+

89� D*��®� �6

ω(y) =

∫
ω(ρ̂γ̂(x))dγ̂
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ω ∈ M(B)∗
� �GoQ6�476�S*8

y
����S�� H���� SZI¡pqP������:6.v�AC��6��

E(x)
�[Fb�
����pES��Q6z®����(R���o:SZI

6�o:6�4/6�SZ8
x ∈ M(B)

Sh� ��I*R�� 4­I
ρ̂ r H��
�§Dz�(R�� o:SZIO4«®*�j6 �Co:�h�j6�kj8u��S]D ��4[pE�QSh� H¦�C¯7o:�QS��:�}R�¯.���O���z89S��:Hf�i®

ρ̂ r Hº�
��D �(R��zoQSZI
Hf�76�oQ6�4/6�SZ8C�}R>� ��p��Q� A`6�o:6�4/6�SZ89�(R
ρ̂ r Hº�
��D �(R��zoQSZI
Hf�/p�P��E���Q6�4­I<����Sh�zH��º� ��kjI
4[p���oQ6�4

D(E)
��2��ER���� AC�(R��zS��Q6>B��jAC6��ES���� SE���0AC����kC��6�AC��� 4­I�v�Aj��6��=o:�QS��:�(R������u���

D(E) �
E : D(E) → M(B).

¢±oQ�{�EB� �6¦�.D*o�� klI�6�oQ6�4/6�SZ8C�}R
x ∈ D(E)

®
E(x)

�j6�kl876�oQ6�476�S*8C6�4 �zoQs�6�p�AjI��N�zS���kj89� �h�
A
� � 6�kj8

8f�zD ��oQ��6�o:6�4/6�SZ89�(R vq��kl8f� H��
f1bf2

s������:6
b ∈ B

��A9�z�
f1, f2 ∈ C∞(Γ̂) ∩ L2(Γ̂)

�¼Fb��Sh�z�E89��®
�
�ER�����Aj�(R�� SE�Q6

B 3 b 7→ E(f1bf2) ∈ M(B)
� L#" �

�j6�kl8yH���¯*sO��6���4¥�z4­I�Sh�zkj89P�v�B��C¯ H�6>��kC��� H��(R�� S��Q6=S���Aj4 �
‖E(f1bf2)‖ ≤ ‖f1‖2‖b‖‖f2‖2

� L � �
s������Q6

‖ · ‖2

�j6�kj8yS���Aj4¥¯
L2 � �y���(R��
��S��:4­I�896�A9� �>Sh�zkj89P�v�B��C¯ H�¯/Aj�(R�S���� �

{
E(f1bf2) : b ∈ B, f1, f2 ∈ C∞(Γ̂) ∩ L2(Γ̂)

}cls

= A.
� LZ? �

(n�:6�Hf�
a ∈ A

��AC� �
f1, f2, f3, f4

p�P��h¯�H���¯*sO��I
4/�N£¤BES�D H¦�C� 47�b����R�� Aj8¦I
Hf� S����CSE�QD�� Hf�{Sh�
Γ
�[����� r

R��  �4­I�6�oQ6�476�SZ8
x = λf1

λf2
aλf3

λf4

�!�i� BZR��  �4<I�®h �6

x = F(f1)F(f2)aF(f3)F(f4)
��A9�z�

F(f1), . . . , F(f4) ∈ L2(Γ̂).
wn� AC��I
kl8f�}�C¯ H=� � L#" �,R��Q�����Q4­I ®� �6

x ∈ D(E)
�J���QH��&I
4­I �

E(x) =

∫
ρ̂γ̂(λf1

λf2
aλf3

λf4
)dγ̂

=

∫
dγ̂ρ̂γ̂(

∫
dγ1dγ2dγ3dγ4f1(γ1)f2(γ2)λγ1+γ2

aλγ3+γ4
f3(γ3)f4(γ4))

=

∫
dγ̂

∫
dγ1dγ2dγ3dγ4〈γ̂, γ1 + γ2 + γ3 + γ4〉f1(γ1)f2(γ2)λγ1+γ2

aλγ3+γ4
f3(γ3)f4(γ4).

�gR��¤� kjS����CH���89A9�zS�kj£¤��Aj4¥��8¦I�3h��B�Aj�Q6�AC�[����kl8f�}�j6�4­I �
E(x) =

∫
dγ1dγ2dγ3ργ1+γ2

(a)f1(γ1)f2(γ2)f3(γ3)f4(−γ1 − γ2 − γ3).

� 6��joQ��896�A9� �
f1, f2, f3

�h¯  º¯7������6�o:8¦I�¢±�QAC� Hº�/��A9�z�
f4(0) = 1

8C�
E(λf1

λf2
aλf3

λf4
)
��¯  �I����

a
R

S���Aj47�:6 �G¢n�}R,�
������89� � LZ? �&�
FN��S��Q �kC�&I�oQ6�47�z8�p�P��E���Q6>B� &I*896�H���SZI�R �h�zoQkC��6���H���P �CH��NvEA9� H&I �
·J\
��XE% 
 + 5 % �97��

(B, λ, ρ̂)
��� D���% �

Γ � �+�#��D�)��!� ��: �!�����
V ⊂ A

��� D���% �
ρ � 0�% ����:;% ��0�0�% 7���� :

����D��*��% �!�#��: ������������� � ��0+D!I�� � D � � ���!%?: � �!� (C∞(Γ̂)V C∞(Γ̂))cls = B
� �C�1� D��

Vcls = A
�

�xVOY�#�WJ+�¢±�(R,�O� vq�(R�I
 �kj��6�s�� oQ6�4¥��89B �j6�kj8«vq�
����pES*I ��� ���(R��
��B�£¤� AC4[Bq�QI � LZ? � � (n�Q6�Hf�
f1, f2, f3, f4

p�P��h¯0H���¯*sO��I
4/�q£¤B�S�DzH��C� 4/��Sh�
Γ

�.��R�� Al8¦IOHf�]S����CSE�QD�� Hf�i� � � LZ? �,R�I
S��:D��E®� �6

{E(λf1
(λf2

vλf3
)λf4

) : v ∈ V}cls = A.
� L�L �
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E(λf1
(λf2

vλf3
)λf4

) =

∫
dγ1dγ2dγ3ργ1+γ2

(v)f1(γ1)f2(γ2)f3(γ3)f4(−γ1 − γ2 − γ3).

3hB�S�DzH��C�.vq�
��Hº�*�§D �(R��

Γ3 3 (γ1, γ2, γ3) 7→ ργ1+γ2
(v)f1(γ1)f2(γ2)f3(γ3)f4(−γ1 − γ2 − γ3) ∈ V

�j6�kl8yS���AC4/�(R��.H���¯*sO�¤�[��47�[��R�� Aj8¦I�SE���CS��:D�®�R��QP�H

E(λf1
(λf2

vλf3
)λf4

) ∈ Vcls.

 89� D*�Q4 A9� ���Q6 ®E�=Aj�(R�Sh� S��Q� � L�L �,�E��kj89�}�j6�4­I

Vcls = A
�

�
FN��D��  �6�4­I�8C6�AC� � ®q �6[4/��Aj¬���4­I

Γ r vEAC�
��B�DZ89�(R5�º�zHf���(R�B��C¯ H�6[R�kj��I
kj8CD*�Q60kj8CACB�DZ8CB�AjI��QS��EB�D*B��C¯
4/��Aj¬h��4­Ix�zoQs�6�p�A���� S���kl8f� �h�O�

�q% Y¥a¤\*��WN¸Z\
_Nad\ � + 5 % �97��
(B, λ, ρ̂)

�!� ���
(B′, λ′, ρ̂′)

��� D�	
Γ � �+�#��D�)��!�<��:;% �;��������������:;% � ��0+D �

I�� � D �
A � A′

� � ��� "���:;� � �!� π ∈ Mor(B, B′) � �9I�� :A�!� � ��:A��: � 0+�!I�� �1�+) � 	�7�� 7��C$��<�!I�08�� *7�%=��7��
• π(λγ) = λ′

γ

• π
(
ρ̂γ̂(b)

)
= ρ̂′

γ̂

(
π(b)

) �
��� � D��

π(A) ⊂ M(A′)
� � �!0+� D��1�

π|A ∈ Mor(A, A′)
� !��� �� %

π(B) ⊂ B′
� �

π(A) ⊂ A′
� !��� �� %

π(B) = B
� �

π(A) = A′
�

�xVOY�#�WJ+�Fb� Dz�z �6�4<I�Sh�}�jv��:6�AjR>®E �6
π(A) ⊂ M(A′)

�
(n�:6�Hf�

a ∈ A
� 
 896��EI

ρ̂′
γ̂(π(a)) = π(ρ̂γ̂(a)) = π(a).
 89� D*�Q4 A9� ���Q6

π(a)
�j6�kj8

ρ̂′ r S��Q6���4/�Q6�SES��QH���6 �G2u�OR�����Aj�}R�� S��:6

Γ 3 γ 7→ λ′
γπ(a)λ′∗

γ = π(λγaλ∗
γ) ∈ M(A′)

�j6�kl8 H���¯*sO��6�R SE��AC4/�Q6�R��:P�H
π(a)

kCv�6���S���� v��:6�AjR�kj��I»�­��ACB�s �­R��zACB�S�6�D5��� S���kl8f� �h� � ? |��&®­H��
v���D�� ��B��j6z®h �6

π(a) ∈ M(A′)
�


 I
Dz�z �6�4<I»896�AC� � ®­ �6µ��pE�Q��A
π(A)A′ �j6�kl8 s�P�kl8¦I R

A′ � 
 �:6�4­I ®­ �6 ��p��Q��A
π(B)B′ �j6�kl8

s�P�kj8¦I]R
B′ ��
 8f�zD
�:4©A9� ���Q6

π(C∗(Γ)A)A′ C∗(Γ) = C∗(Γ)π(A)A′ C∗(Γ)
�j6�kl8uoQ�:S��Q�(R,�¥s�P�kj8¦I
4

v��O����p��Q� AC6�4
B′ ��FN��Sh� �E8C�

λ′
γπ(a)a′λ

′∗
γ = π(λγaλ∗

γ)λ
′
γa

′λ
′∗
γ ,

R��QP�H]��p��Q��A
π(A)A′ �j6�kj8���� 4/D
SE�QP�8¦I Sh� �����Q�
�¤�zS��Q6

ρ
� 
 8f� D*�:4 A9� ���Q6]��p��Q� A

π(A)A′ kjvq6}�§S��Q�
�º�*�§�� �6�S��Q�/��6�4¥�z8CB«½0R��:P�H��j6�kl8y��S�s�P�kl8¦IxR

A′ �
��� D �E� 8C6��«v���AjI B����(R��
��S��:oQ� �C4­I ®± �6

π|A ∈ Mor(A, A′)
� �i�
�§�� �4­I 8C6�AC� � ®u �6

π(B) ⊂
B′ � (y�Q6�Hf� a ∈ A

kCv�6��§SE����R��zACB�S�D*����� S���kl8f� ��� � ? |��&�	
 8C6��EI ®��C� Dgv���D�� ��� oQ� �C4­I�Sh��vq�
H���¯z89D*B
���(R,�O��B�®

π(a)
kCv�6���S����0v��:6�AlR�kC��I�����ACB�s �iR�� AjB�S�6�D��N�zS���kj89� �h� � ? |#�&�JFb� Sh� �E8C�

fπ(a)g = π(fag) ∈ B ′ �Eo��[R�kC�&IOkl89D*�QHf�
f, g ∈ C∞(Γ̂).


 89� D*�Q4¨AC� ���:6
π(A)

kCv�6��§SE���.AC�(R�S��Q6� u89AC��6�H���R�� AjB�S�6�D«��� S��Ekj8f�z�h�7H��7v���D�� ��B}�j6 ®h �6
π(a) ∈ A′ �

� 6��joQ�
π(B) = B′ 8C�/Aj�(R�S���� �

E(f1π(b)f2) = π(E(f1bf2))
� L � �



¿ �
��AC� ��R��¤� kjS������ � LZ? ��v���D�� ��B��C¯0 �6

π(A) = A′ �
�np*I�BE���(R��
��S�� � � L � �,R,6���4­I

ω ∈ M(B′)∗
� 
 8C6��EI

ω(π(E(f1bf2))) = ω ◦ π(E(f1bf2)))

=

∫
dγ̂ω(ρ̂γ̂(f1π(b)f2))

= ω(

∫
dγ̂ρ̂γ̂(f1π(b)f2)) = ω(E(f1π(b)f2)).


 �QP�H
π(E(f1bf2)) = E(f1π(b)f2)

�
�

(y�Q6�Hf�
(B, λ, ρ̂)

®
(B′, λ′, ρ̂′)

pqP��h¯
Γ r v�AC�
��B�DZ8f�z47����AC� �

π ∈ Mor(B; B′)
p�P������Q6«kCB�A§�j6�DZ8¦I r

R�SZI
4 47��Al¬h��4/6�4 kCvh� o 8f�}�C¯zH�I
4
ρ̂
�

ρ̂′ 8f� D*�:4�®O �6
π(λγ) = λ′

γ

��ª«��Aj¬h��4
π
v�AC�(R�� ���������/H��Q¯
s B

����D��§� ��S�6�s��
C∗ r � oQs 6�p�A �

0 → ker π → B
π
→ B′ → 0,

��AC� �.����D�� SE��S��QH���S�6�s��«47��Al¬h��4­B
α ∈ Mor(B; kerπ)

�&R���¯ ��� S�6�s ���0R��§�  �6�SE�Q6�4M�:��6º�*�§B � vh��89AC�
FGAC�&IOD��§� ��� � � ��¯ ��Aj�

ker π
�j6�kl8�S��Q6���4/�Q6�S�S��QH���6uSh�0�������
�§� S��:6

ρ̂
��A9� �u8CAC���jD��

(ker π, α ◦ λ, ρ̂|ker π)�j6�kl8
Γ r v�AC�
��B�DZ8C6�4«�

�q% Y¥a¤\*��WN¸Z\
_Nad\ ��+(5 % �97��
(B, λ, ρ̂) � (B′, λ′, ρ̂′)

��� D�	
Γ � �+�#��D�)��!�<��:;% �6��������������:;% � ��0+D!I�� � D �

A � A′ � π ∈ Mor(B, B′)
��� D���% � I�) � � ���!�=� $ 0��!: :A�!� � ��:A��: I1�+� ���<� � 	�7��!: ρ̂

�
ρ̂′

�<���!%?: � �!� π(λγ) =
λ′

γ

� 5 % �97��
π̄ ∈ Mor(A; A′)

��� D���% � %?0+D�)�� �!$/��0�� : �+�
�!���
π

:A�!� � ��:A��: ������������� ��0+D!I��<� D � �!�����
0�% �97��

α ∈ Mor(B; kerπ)
��� D���% � ����08�!0�% 7���0�� :H:A�!� � ��:A��: ��$ % 	��*��0��!: � $�� ���!��0�% ��: %=D�� ���B)

kerπ
$ �������������

B
�

� �9" � ��� (kerπ, α ◦ λ, ρ̂|kerπ) � �9I�� Γ � �+�#��D�)��!� ��:�� 5 % �97��
J ⊂ M(kerπ)

��� D���% � � � � ������������	
� ��0+D!I��<� D ��� � I��=0�% � � �67�% 	*�@D������<� D�0��

0 → J → A
π̄
→ A′ → 0.

� % 	*� �1��0 � �9I�� Γ � $ I1��"�� ��:;% ��0�0�% 7���� �
�xVOY�#�WJ+ �¦kj8CS��Q6�S��Q6 kCBEA¤�j6�DZ8¦I*R�S�6�s�� 47� Aj¬h��4[B

π̄ ∈ Mor(A; A′)
R�I
S��QD�� ��v���v�Aj��6��ES��Q6�s��

kj8¦R��:6�Aj����6�S����E���np*I�R�I
D�� �º� �[�Qkl89S��:6�S��:6=v��(R�I
 �kC��6�s��xH���¯*s�B«����D��¤� �ES�6�s��7vq� Dz�z �6�4<I�®� �6­4/��Al¬h��4
α ∈ Mor(B; kerπ)

BE89�� �k9� 4/���
ker π̄ ⊂ M(B)

�
J ⊂ M(ker π)

�
(y�Q6�Hf�/R��QP�H

x ∈ ker π̄
��AC� �

α(x) = 0
� �Jo:6�4/6�SZ8

x
kCv�6���S����uR�� ACB�SED
�q��� S���kl8f� ���E®
R kC��H���6�s���o r

S����jH��
xf ∈ B

�Eo�� R�kj��I
kj8CD*�QHf�
f ∈ C∞(Γ̂)

� @*8f¯ �
xf ∈ ker π

��AC� �
α(xf) = 0

� 6���S�� D* �6
α

R¨��p�H��:P�H��QB ���
ker π

�j6�kj87�Q��6�S*8¦I
H���S����jH��Q¯��¡R��QP�H
xf = 0

kCD�¯ �
x = 0

� ¢±��kj89�}�j6�4<IµR��QP�H
�QS}�j6�DZ8¦I*R�S���� �

α
Sh�

ker π̄
�

@OBEA¤�j6�DZ8¦I*R�S�����������kj89�}�j6�4<I���67R�����ACB
αE(b) = E(α(b))

��oQ�«R�kC�&I
kj89D*�:Hf�
b ∈ D(E)

� A9� �/�
AC�(R�Sh�zS���� � L�? � �

�
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�i+��x\*� V�����Xhcfe�X
C∗ ¶CXh�d��\*�N� � ¸�WN¸*a¤X � X�_ba¤\
� ������)8� X��G\
�dV
Y[\&e0V��}X�¸

2
¶ ��V�c�� ���¤\
� _NX

������)`a¤\gWN��Xh�²_�\&e +

 v���v�Aj��6��ES��Q4MAj����������� o:6.��47�(R��:oQ� �j4­Igv����jP�H��Q6

Γ r v�Aj�O�EB�DZ89Bi� 
 8¦I
4«®bv���D��  �6�4­I��C� D¡��6 r
£¤��Aj4[B��C¯ H

Γ r v�Aj�O�EB�DZ8¦I{� 89Aj��I
4­I*R�� ����6�£¤� AC47� H��j6.�QHf��� oQs 6�p�A=��� S���kl8f� ���E��(n�:6�Hf� R��QP�H
(B, λ, ρ̂)p�P������Q6

Γ r v�Aj�O��BED*8C6�4«�
	��Q¯
sO�§¯«£¤B�SED H��jP

Ψ : Γ̂ × Γ̂ → T1 S�� ��I*R�� 4­I
2 r Dz�OH&IOD*o:6�4¨�j6��Co:�,kjvq6}�§S��Q�]��Sh�gS�� kj8CP�v�B��C¯zH�6

AC�(R�Sh�zS��Q6 �
Ψ(γ̂1, γ̂2 + γ̂3)Ψ(γ̂2, γ̂3) = Ψ(γ̂1 + γ̂2, γ̂3)Ψ(γ̂1, γ̂2).

¢±oQ�
γ̂, γ̂1

v��O���� �4­I
Ψγ̂(γ̂1) = Ψ(γ̂1, γ̂)

�<FJAj�(R�� �E���`8C�x���xAC�
�����:SZI]£¤B�S�DzH��j� H���¯*sO��I
Hf�
Ψγ̂ : Γ̂ 7→

T
1 � �n &I*R��}�C¯zH¥R��§�� �6�S��Q�

λ ∈ Mor(C∞(Γ̂); B)
�z89AC�&I
4[B��j6�4<I�Aj�O�E���QSEP/6�oQ6�476�S*8C�(R B�S�� 8f� AjS*I
Hf�

Uγ̂ = λ(Ψγ̂) ∈ M(B)
� 
�� ACB�SE6�D

2 r D �
H�I
D*oQB«�h�}�j6>Sh� kl89P�v�B��C¯ H&IxR�� AjB�S�6�DxSh�
Uγ̂ �

Uγ̂1+γ̂2
= Ψ(γ̂1, γ̂2)Uγ̂1

ρ̂γ̂1
(Uγ̂2

).
� L 1��

� Y7a¤\*�zW�¸Z\
_ba¤\ 
 ��+
5 % �97��
(B, λ, ρ̂)

��� D���% �
Γ � �+�#��D�) �!�1��: �!�����

Ψ
��� D���% �

2 � � �*7����!� ��: 0+�
Γ̂
�

� D�$ �!�!�#�!$/��0�% �

ρ̂Ψ
γ̂ : B 3 b 7→ ρ̂Ψ

γ̂ (b) = U∗
γ̂ ρ̂γ̂(b)Uγ̂ ∈ B

� �9I��2��) �1�!:A�!� � ��:A��:
C∗ � ������������� B

DG� �A$ I���� I�� �!% 7��
γ̂ ∈ Γ̂

� � �!0+� D��1�

ρ̂Ψ : Γ̂ 3 γ̂ 7→ ρ̂Ψ
γ̂ ∈ Aut(B)

� �9I��/:A�*7�08�@7�% 	*���B� : D���%=���<��0�% ��: ����)*�+�
Γ̂

0+�
B

�!����� �=�#" � ��� (B, λγ, ρ̂
Ψ) � �9I�� Γ � �+�#��D�)��!� ��:��

�xVOY�#�WJ+ �¡AC�(R�Sh� S��Q� � L 1��,R�I
S��:D��E®h �6

ρ̂Ψ
γ̂1+γ̂2

(b) = U∗
γ̂1+γ̂2

ρ̂γ̂1+γ̂2
(b)Uγ̂1+γ̂2

= Ψ(γ̂1, γ̂2)U
∗
γ̂1

ρ̂γ1
(Uγ̂2

)∗ρ̂γ̂1
(ρ̂γ̂2

(b))ρ̂γ1
(Uγ̂2

)Uγ̂1
Ψ(γ̂1, γ̂2)

= U∗
γ̂1

ρ̂γ1
(U∗

γ̂2
ρ̂γ̂2

(b)Uγ̂2
)Uγ̂1

= ρ̂Ψ
γ̂1

(ρ̂Ψ
γ̂2

(b)).


 �Q�E���Q4<I7R��:P�H ®h �6
ρ̂Ψ �j6�kj8y�����Q�
�¤�zS��Q6�4

Γ̂
S��

B
�

FGAC�&Ih�§�� �4­I
ρ̂Ψ �E�

λγ �
ρ̂Ψ

γ̂ (λγ) = U∗
γ̂ ρ̂γ̂(λγ)Uγ̂ = 〈γ̂, γ〉U ∗

γ̂ λγUγ̂ = 〈γ̂, γ〉λγ.
2�kj89�z89S��:6,Aj�(R�Sh� S��:6,R�I
S��QD��±�,v�AC��6�4/�Q6�S�S����jH��

Γ
� 
 8f� D*�:4»A9� ���Q6 ®

(B, λγ, ρ̂
Ψ)

�j6�kj8
Γ r v�AC�
��B�DZ896�4��

�

wy��AC�&IOkl8f�}�C¯zH��7v��(R�I
 �kC��6�s��g8¦R��:6�Aj����6�S����«47�� �6�4­Ig��v��QkC�#�/v�AC�
H�6���B�ACP¥¢±6�£¤� AC47� H��j�����Q6�°q6�oQ�E�
¢�� SZI
4/��v�� 89Aj��6�pES*I
4/�����]��6�£¤��Aj4¥�zH��j�

C∗ r � o:s�6�p�AlI¥�j6�kl8[89Aj���jD��
(A, ρ, Ψ)

kCD��¤� ���}�C¯ Hº�gkj�QP7�
C∗ r

� o:s�6�p�AlI
A
®i�������
�§� S��Q�

ρ
oQ� Dz�zoQS��:6=�&R��zAj896¦��� pq6�oQ�(R,6��±s�ACBEv*I

Γ
��A9� �

2 r Dz�OH&I
D
o:B Ψ
Sh�

Γ̂
� ����6&£¤��A r

4/�}R�� Sh�
C∗ r �zoQs�6�p�A9��p�P������Q6.����Sh� H���� Sh�«v�AC��6��

AΨ �/�`�zD
�:6089AC�}�jD
�Jp�P������Q6�4­I¡Sh� �&I*R��#�7�h� SZI
47�
���Q6�°q6�oQ�E�G¢±6&£¤��AC47� H¦�jPuv�AC��6�v�Aj�}R�� ����� 4­IxR�89AC��6�Hf��D
Aj��D�� Hf�i�

� � �­wy��S�kj8CACB�B}�j6�4­I��:oQ�
H���I
SxD*AC�&I
 ��(R�I
B = A oρ Γ

� (y�Q6�Hf�
(B, λ, ρ̂)

p�P������Q6>kj89� S��h� Aj���(R�¯
kl89ACBED*8CB�A9¯

Γ r v�Aj�O��BED*8CB�Sh�/�:oQ�
H��&IOSE�Q6�D*AC�&I
 ��(R�I
4��
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� ? �­wy��AC�&IOkl8f�}�C¯zHu���NR��:6�Aj����6�S����¥� " R�v�AC�(R�� ����� 4­I�����6�£¤� AC4/�}R�� Sh¯<kj89AjB�DZ89B�AjP

Γ r v�Aj�O��BED*8CB(
B, λ, ρ̂Ψ

) �
� L �<�noQs�6�p�A9�

AΨ �j6�kl8n� oQs�6�p�A9¯0��� SE��kj89� �h�
Γ r v�AC�
��B�DZ8CB

(
B, λ, ρ̂Ψ

) �
(n�:6�Hf�

x ∈ AΨ � �i� BZR��z �4­I ®h �6u£¤��AC4­Bq�¤�

ρΨ
γ (x) = λγxλ∗

γ .
� L ¹ �

��6&¬hS��QB}�j6<�������
�§� S��:6
ρΨ s�AjB�vZI

Γ
Sh�

AΨ � 	��¥H��Q6�Dz�ºR,6=8C�¥S��:6u£¤��AC4[B��¤�0��6�¬�S��QB��C¯zHº�7�E�����*�¤� S��:6ukC�:P
��4/�Q6�S����>oQ6�H��z®(�j6��EI
S��Q6��E���Q6������:Sh�<S��­DZ89��Aj6���89�<�����Q�
�¤�zS��Q6`�j6�kl8����E6�¬hS��:�(R�� SE6 �G�NAC���jD��

(AΨ, Γ, ρΨ)p�P������Q6>Sh� �&I
R�� Sh� I��!� �979�!0�� : I�� I��1��:A��: D�� 0+��:;% 7���0��!: � �¡�NR��:6�Aj����6�S����.K��¤�z8¦R,�0R�IOSE�QD��

�q% Y¥a¤\*��WN¸Z\
_Nad\ �i+ 5 % �97�� �B�#" � ��� (A, ρ, Ψ)
��� D���% �4D ��0��!:;%�� % ��� ��� � � (AΨ, Γ, ρΨ)

��� D���% �(I��!� � �
79�!0��!: I�� I��1��:A��: D��!0+��:;% 7���0�� :�� �C�1� D��

A oρ Γ = AΨ
oρΨ Γ.

FN�}R�I
 �kC��6­kj8¦R��Q6�AC����6�S��:6<�:47vEoQ�QD*B��j6n�ER��/H��Q6�D��ºR,6>R�SE�Q��kjD
�²�

! _ba¤V�#�\�� �i+ (n�:6�Hf�­8CAC���jD��
(A, ρ, Ψ)

p�P��E���Q6,�h� SZI
47�O���Q6�°q6�oQ�yvEAC�(R��z���º¯ H&I
47�
���
C∗ r � o:s�6�pEAjI

AΨ � ����6&£¤��AC4/�(R�� S��
C∗ r � oQs 6�p�AC� AΨ �j6�kj8bS*B�D*oQ6º�zACSh��R�896��OI<��8¦I
o:D �nR�8C6��EI=s��OI

A
�j6�kj8bS*B�D*oQ6º�zACSh�E�

¢±�(R,�O� v��(R�I
 �kC��6�s���R�SE�Q��kjD
B R�I
S��:D�����6g@
8¦R��Q6�AC����6�S��Q�µ1 � A9� ���]Sh� kl89P�v�B��C¯ H�6�s���®��E��p�AC��6
��S�� S�6�s �

� Y7a¤\*�zW�¸Z\
_ba¤\ 
 
 +45 % �97��
A

��� D���% �
C∗ � ������������	 � D���%=���<��0�% ��:

ρ
����) �+� � ����� �!$2� � Γ

�
A � �9I��0�)��!� � ����0 	

C∗ � ������������	 $ � � D�� % �=� � � � $ �1� D��6� D��
A oρ Γ � �9I�� 0�)��!� � ����0+���

¢±AjB�s��iR�S��:��kC6�Dx��v��:kCB��j6u��� Hf���(R��zS��Q6=kC�:6
K r s�ACBEv�R�v�AC�&I
vh� ��D*B

Γ = R
n
�

! _ba¤V�#�\�� � + (n�:6�Hf�
ρ
pqP������:6��������
�§� S��Q6�4¼s ACB�vZI

R
n
Sh�>� o:s�6�p�Aj��6

A
®�89Aj���jD��

(A, ρ, Ψ)
p�P������Q6

�h� SZI
4/���y�:6�°q6�oQ�[��A9� �
AΨ pqP������:6<�zoQs�6�p�A9¯0��� S��Ekj8f�z�h�0����6&£¤��AC4/�(R�� SE6�s��

Rn r vEAC�
��B�DZ89Bi� 
 8C6��EI
Ki(A) = Ki(A

Ψ)
�

¢±�/���(R,�O��B�vq�(R�I
 �kj��6�s��7R�S��:��kCD*B«B� �Iº�j6�4­I�Sh� kl89P�vEB��C¯ H�6�s��/�NR��:6�AC�E��6�SE��� �
� Y7a¤\*�zW�¸Z\
_ba¤\ 
 �i+ 5 % �97��

A
��� D���% �

C∗ � �����������
	��;D���%=���<��0�% ��:
ρ

����)*�+�
Rn

� ���1� D��

Ki(A) = Ki+1(A oρ R
n).

FN�}R�I
 �kC�º��Aj�(R�S���� �
K r s�AjB�v��j6�kj8bSh� �&I
R�� Sh�y�Q����47� Aj¬h��476�4 	���S�SE6�k9� r ������47�E�`¢±�(R��
�­����kj89�
�

v��O�h�zS*IµR¨v�A9� H&I � � �²� Fb�O�§¯ H���6�S��Q� �:����4/��Al¬h��4[B 	���SES�6�kC� r ����� 4¥� ��6]@
8¦R��Q6�AC����6�S��:6�4 1{���}�j6
v���S��Q �kC�&IxH��Q¯
s0Aj�}R�SE���CH�� �

Ki(A) = Ki+1(A oρ R
n) = Ki+1(A

Ψ
oρΨ R

n) = K(AΨ),

DZ89��AlIxv���D�� ��B��j6>v�AC�ºR������ R������ 
�S��:��kCD*B L �
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)N�}\*¸Z\O_�%(Xhcfe�\]a�cZa�����a�W�V ��� XhWN_�\¡#��i�}'
c�V�_ ��c � Xh�d��\*�N��·JXh_bWN#�%(X�WNXi+
(y�Q6�Hf�

(B, λ, ρ)
pqP������:6

Γ r vEAC�
��B�DZ896�4�®
Ψ

p�P������Q6
2 r D �
H�I
D*oQ6�4»S��ns�AjB�v��Q6J��B�� oQS�6¦�

Γ̂
®
H

pqP������:6
v�Aj��6�kl89Aj��6�SE��¯ mn�:oQp�6�Aj89����AC� �

π ∈ Rep(B; H)
p�P������Q6¡AC6�v�AC6���6�S*89� H��C¯O� �y� ��kC��6�Aj�º�µkC�:P¡��Sh�����

� o:s�6�p�AlI�4/S��� �S��QDz�}R
M(B)

� 
 kj��H���6�s ��oQS��#�CH���4/�� �6�4­I<�C¯0��s A9� S��:H��&I��u�E�¥� o:s�6�pEAjI
A

��A9� �
AΨ �

� Y7a¤\*�zW�¸Z\
_ba¤\ 
�� + 5 % �97��
(B, λ, ρ)

��� D���% �
Γ � �+�#��D�) �!�1��: � Ψ

��� D���% �
2 � � �*7����!� ��: 0+�@����)*�+% �

D�)G��� 08� � Γ̂
�!�����

π ∈ Rep(B; H)
� � �1�+�9���!��0�� ��7 � � π � �9I�� �#"���08�!$/����� �� *7�% �!$/�.0+�-�����������
�!�

A
$ �1� D��

% �=� � � � $ �1� D��6� D�� � �9I��(�!0+�A�#"���08�!$/�����1�� *7�% �!$/�;0+���������������!�
AΨ

�
�xVOY�#�WJ+ �¦��6��[���(R��
��B<�j6�kl8�Sh� kl89P�v�B��C¯ H�� � �º�
���� �4<I7 �6

a ∈ AΨ �j6�kl8���6�AC�(R�� S�6uv�Aj��6��
π
��A9�z�

π
�j6�kj8,AC�� �S��(R��zAj89�#�CH��:�(R�6�S��

A
� 
 896��EI/47�� �Sh�<v���D�� ���#� ®* �6 ���NA9� S�kl£¤��AC47�z89� 3h��B�Aj�Q6�A9� P�oQ6�4/6�SZ8CB

a �
aγ =

∫
ρ̂γ̂(aλ−γ)dγ̂

�j6�kl8y��6�Aj���,@
8f¯z�
a = 0

�
ª��(R��Q¯ H �jH�� �CoQ6¦��®*S��Q6�Hf�

a ∈ AΨ � A9� �
π(a) = 0

� ��S��Q6���4/�Q6�S�S��QH������jH��
a
Sh�=kjD*ACP�H���S�6n�����Q�
�¤� SE�Q6

ρ̂Ψ R�IOSE�QD��E®� �6
ρ̂γ̂(a) = Uγ̂aU∗

γ̂

� 
 89� D*�Q4 A9� ���Q6

ρ̂γ̂(f)Uγ̂aU∗
γ̂ ρ̂γ̂(gf ∗λ−γ) = ρ̂γ̂(fagf ∗λ−γ).

� L |��
��oQ�0R�kj��I
kj8CD*�QHf�

f, g ∈ C∞(Γ̂)
�JF`�z47�:P�8f�(�C¯ H ®� �6>6�oQ6�476�SZ8

a
Sh� o:6� &Ix���

kerπ
®h��� kj8f�(�j6�4­I

π
(
ρ̂γ̂(f)Uγ̂aU∗

γ̂ ρ̂γ̂(gf ∗λ−γ)
)

= 0,
H���R�A9�z�0�/Aj�(R�Sh� S��:6�4 � L |��±�h�}�j6

π
(
ρ̂γ̂(fagf ∗λ−γ)

)
= 0

� (n�:6�Hf�
f, g ∈ L2(Γ̂)

��A9� �
E

pqP������:6
�
�ER�����Aj�(R�� SE�Q6�4»B%�CAC6���S��Q� S�����R���s oQP��E6�45S��Q6�kCD*ACP�H���SE6�s����E�����*�¤� S��Q��s�ACBEv*I=��B�� oQS�6¦�

ρ̂
�bFb��D��  �6�4­I ®

 �6
E(fagf ∗λ−γ) = 0

�J����6�H���I*R�� �jH��:6 ®���o��
ω ∈ B(H)∗

4¥�z4­I

ω
(
π
(
E(fagf ∗λ−γ)

))
= ω ◦ π

(
E(fagf ∗λ−γ)

)

=

∫
dγ̂ω

(
π
(
ρ̂(fagf ∗λ−γ)

))
= 0.
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ω
(
π
(
E(fagf ∗λ−γ)

))
= 0

��oQ�0R�kj��I
kj8CD*�QHf�
ω ∈ B(H)∗,

H��/v���D�� ��B��j6z®� �6
π
(
E(fagf ∗λ−γ)

)
= 0

���±oQ6
E(fagf ∗λ−γ) ∈ A

��AC� �
π
�j6�kj8nAC�� �S��(R�� Al89���jH��:�}R,6

Sh�
A

R��QP�H

E(fagf ∗λ−γ) = 0
��o��­R�kj��I
kj8CD
�:Hf�

f, g ∈ C∞(Γ̂2) ∩ L2(Γ̂2).
� L ½ �

Fb�(R�I
 �kj�º�¥R��§� kCS��#� �­�:47vEoQ�QD*B��j6±AC�(R�S������ � a = 0
� 3�� DZ8¦IOH���S��:6 ®�S��Q6�Hf�

fε

p�P������Q6=H���¯*s��:6�4 £¤BES�D H¦�j�
��pE�Q6� �SZIO4 ������6�o:8¦I]¢±�QAC� Hº�/8f� D*�Q4 �C� DxR;��R��Q6�Aj����6�S��QB � |O� ½E� |#���[D*kj��¯  �D
� � 
 
 �²���NR��:6�Aj����6�S��Q6­8C�
s R�� A9�zS*8CB��j6 ®h �6>��o��

y
v���kj89� H��

y = fagf ∗ 4¥�z4­I �
lim
ε→0

∫
E(yλ−γ)λγλfεdγ = y.

�¡AC�(R�Sh� S��Q� � L ½ ���E��kj89�}�j6�4­I
E(yλ−γ) = E(fagf ∗λ−γ) = 0

R��QP�H

y = fagf ∗ = 0
��oQ�­R�kC�&IOkl89D*�QHf�

f, g ∈ L2(Γ̂2) ∩ C∞(Γ̂2).
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a = 0

�
�

FN��D��  �6�4­Ix896�A9� �z®h �6>vq6&R�S�6=47��Al¬h��4<Ix� o:s�6�p�A��QS���BED
B}�C¯/4/��Aj¬���4 �:Hf�«¢±6�£¤��Aj4¥�zH��j�����Q6&°�6�o��E�
�x\Z^ _Nadcfe�X � +�(y�Q6�Hf�

(A, ρ, Ψ)
p�P��h¯���� SZIO4/�����Q6&°�6�o�� �gs�ACBEvh¯

Γ
��A9� �

(A′, ρ′, Ψ′)
pqP��h¯

�h� SZI
4/�����Q6&°�6�o����¥s�ACB�v�¯
Γ′ � (y�Q6�Hf� φ : Γ → Γ′ p�P������Q6¥H���¯*sO��I
43kCBEA¤�j6�DZ8¦I*R�SZI
4 ����4/��47� A r

¬h��476�4�®
φT : Γ̂′ → Γ̂

pqP������:6��E��47� 47��Al¬h��4/6�4³��Bh�zoQSZI
4 ��A9�z�
π ∈ Mor(A; A′)

� ª��(R��Q4­I
 �6.vh�zA9�

(π, φ)
�j6�kj8=4/��Aj¬h��476�4"�h�zS*I
Hf���y�:6�°q6�oQ�

(A, ρ, Ψ)
��AC� �

(A′, ρ′, Ψ′)
�j6 �Co:�GkCv�6��§SE�Q��S�60kC¯

Sh� kl89P�v�B��C¯ H�6=R�� ACBES�D*�
� � �

φ∗(Ψ) ≡ Ψ ◦ (φT ⊗ φT ) = Ψ′ ®� �Q� �
ρ′

φ(γ)π(a) = π(ργ(a))
�

wy��AC�&IOkl8f�}�C¯zH���B�SE�:R,6�ACkC� oQSZI
Hf�[R��¤�zkCS����jH��O�QoQ�
H��&I
S
B<D*AC��I
 ��}R,6�s �u47�� �Sh�nv���D�� ���#� ®z �6�4/��Al¬h��4
(π, φ)

��� SZIOHf�[�y�:6�°q6�o����:S���B�D*B��j6J4/��Aj¬h��4 �Qo:�OH���I
S��(R�D*Aj��I
 ��(R�I
Hf� � πφ ∈ Mor(AoρΓ; A′oρ′Γ′)
�

¢±�����
�§�.� S�R�Sh� kl89P�vEB��C¯ H�I�kjvq� kC��p �
πφ(a) = π(a), πφ(f) = f ◦ φT

��oQ�
a ∈ A

� A9� �
f ∈ C∞(Γ̂)

� ���z8¦R��747�  �Sh�0kCvEA9�ºR������ � ®� �6
πφ

kjvq6}�§S��Q�/���
�§�  �6�SE���/@
8¦R��Q6�AC����6�S��Q�
L �

Γ r v�Aj�O�EB�DZ896�4 (A oρ Γ, λ, ρ̂Ψ)
��A9� �

Γ′ r v�Aj�O��BED*8C6�4 (A′
oρ′ Γ′, λ′, ρ̂′Ψ′

)
� wy��AC�&I
kj8f�(�C¯ H{�

��R��Q6�Aj����6�S������ L ��AC� �u��6<@
8¦R��:6�AC�E��6�SE��� L �E��kj89�}�j6�4­I
�q% Y¥a¤\*��WN¸Z\
_Nad\ �i+(5 % �97��

(π, φ)
��� D���% �
:A�!� � ��:A��: D ��0�� 7�� � % ��� ��� �

(A, ρ, Ψ)
%
(A′, Ψ′, ρ′)�!�����

πφ ∈ Mor(A oρ Γ; A′ o ρ′Γ′)
��� D���% �;%?0+D�)�� �!$/��0�� : :A�!� � ��:A��: %?� �*7���� 08"!$ �!�
��� �!�!$ � 7�� ���� � D��

πφ(AΨ) ⊂ M(A′Ψ′

)
�!� ���

πφ|Aψ ∈ Mor(AΨ; A′Ψ′

)
��� �!� � ��:

π ∈ Mor(A; A′) � �9I�� %?0 � ��� ��=� $ 0���$ �1� D��@%/�B�!� � �@$ �1� D�� � D��@%?0 � ���!�=�!$ 0�� � �9I��2:A�!� � ��:
πφ|Aψ ∈ Mor(AΨ; A′Ψ′

)
� � ��D�����0�% � �

π(A) = A′
$ �1� D�� % �=� � � � $ �1� D��-� D��

πφ(AΨ) = A′Ψ′ �
FN��D��  �6�4­I¥8C6�A9�z� ®E �6�v�6�R�S�6uH���¯*s�������D��¤� �ES�6

C∗ r � o:s�6�pEA,v������ kj8f�(�C¯­����D��¤�z��S�6�v��0¢±6&£¤��AC47� H��j�
���Q6�°q6�oQ�E� (n�Q6�Hf�

(J, Γ, ρJ)
®
(A, Γ, ρ)

®
(A′, Γ, ρ′)

pqP��h¯<B�D��§� �h� 4/���EI
Sh� 4/�QH���SZI
47�h�ys�AjB�vh¯
Γ
��A9�z�

S��:6�Hf�«�h� SZIxp�P������Q6
Γ r R�kCv��O����4/�Q6�SES��QH���I�H���¯*s0����D��¤�z��SZI

C∗ r � o:s�6�p�A�� �
0 → J → A

π
→ A′ → 0

� L K��

�kCv��O�§��47�:6�S�S��:H��&I�4/��Aj¬���4

π
�:S���B�D*B��j6¥kCB�A§�j6�DZ8¦I*R�S*I 4/��Aj¬���4³�QoQ�
H��&I
S��(R D*Aj��I
 ��(R�I
Hf� � π ∈

Mor(A oρ Γ; A′ oρ′ Γ)
��Fb��klI��§� � S 6�oQ6�476�S*8

a ∈ A ⊂ M(A oρ Γ)
Sh�

π(a)
®JSh�z8C��4/��� kl8[Sh�

C∗ r �zoQs�6�p�AC��6 C∗(Γ)
�������
�§� �:��6�SZ8¦I
H���S����jH��Q�(R,��� ��¯ �EAC�

π
47�  �6«p*I �gBO89�� �k9� 4/�Q��SE6��

J oρJ Γ
�

¢±��kl8f�}�j6�4­IxR��QP�HuSh� kl89P�vEB��C¯ H�I�H���¯*s0����D��¤�z��SZI
C∗ r � o:s�6�p�A �

0 → J oρJ Γ → A oρ Γ
π
→ A′

oρ′ Γ → 0.
� � " �

�i� BZR��  �4­I ®� �6
π ∈ Mor(A oρ Γ; A′

oρ′ Γ)
kjvq6}�§S��Q�­�º�
���� �6�S����.@*8¦R��Q6�Aj����6�S����[�0�

Γ r v�AC�
��B�DZ89� 47�
(A oρ Γ, λ, ρ̂)

��A9� �
(A′ oρ′ Γ, λ′, ρ̂′)

� 
 �§� kCSE��� �¡8f���j6�kj8«S��Q6���4/�Q6�S�S��QH��º��Sh�µ��6&£¤��AC47� H¦�j6
Γ rv�Aj�O��BED*8C�(R v�Aj��I¡v���4/�OH&I]pE�QHf�h� AC� DZ896�ACB

Ψ
�­wy��AC�&I
kj8f�(�C¯ H0R��QP�H0��6/@
8¦R��Q6�AC����6�S��Q�

4
��o�������6�£¤��A r

4/�}R�� SZI
Hf�
Γ r vEAC�
��B�DZ89�(R (A oρ Γ, λ, ρ̂Ψ)

��A9�z�
(A′ oρ′ Γ, λ′, ρ̂′Ψ)

��� kj8f�(�j6�4­IxS�� kj8CP�v�B��C¯zH�6
� Y7a¤\*�zW�¸Z\
_ba¤\ 
 �N+ 5 % �97��

(J, Γ, ρJ) � (A, Γ, ρ) � (A′, Γ, ρ′)
��� D�	 ) ���<� D ��:;% D��!0+��:;% 7���0��!:;% �

����) � 	
Γ
� 5 % �97��

0 → J → A
π
→ A′ → 0



� �

��� D���% �
Γ � $ I1��"�� ��:;% ��0�0�% 7���� : 7�% 	*��% ��: D������<� D�0��!:

C∗ � ����������� � Ψ
��� D���% �

2 � � �*7�� �!� ��: 0+�@����) �+% �
D�)G��� 08� � Γ̂

�!�����
JΨ � AΨ � A′Ψ

��� D�	 ��������������:;% � ��0+D!I�� � D � �!�=�
��� : ��0��!:;% � D ��0���7�� � % ��� ��� �

(J, ρJ , Ψ) � (A, ρ, Ψ) � (A′, ρ′, Ψ)
� �C�1� D�� % I��B0�% � � � Γ � $ I1��"�� ��:;% ��0�0�% 7����A7�% 	*�@D������<� D�0��

0 → JΨ → AΨ πΨ

−→ A′Ψ → 0

� D���% �A:A�!� � ��:
πΨ ∈ Mor(AΨ; A′Ψ) � �9I��-����7�%
�97�% ��:

π ∈ Mor(A oρ Γ, A′ oρ′ Γ)
D��F�������������

AΨ ⊂ M(A oρ Γ)
�

������R��  �4­I¡896�A9� �0kj��H���6�s�� oQSZI{v�AC�&I
vh� ��6�D klI*89Bh� H¦�j�G��v��:k9� S�6¦�uv��(R�I
 �6���� �i�
���� �4­I ®� �6
A

�j6�kl8
� o:s�6�p�AC¯/vEAC��6�47�:6�S�S�¯7�­�E�����*�¤� S��:6�4

ρ
s ACB�vZI�� p�6�oQ�(R,6��

Γ
� (n�:6�Hf�

f ∈ M(A)
pqP������:6­6�o:6�4/6�SZ896�4

S��:6���4/�Q6�S�S��:H���I
4US��«89�«�������
�§� S��Q6 � ργ(f) = f
�Eo��xD��  ���6�s��

γ ∈ Γ
�x������R��  �4<I{�Q��6��
�

J
s 6�S r

6�Aj�(R�� SZI�v�AC��6��
f � J = fA

||·|| � � 6�kj8[��SµS��Q6���4/�Q6�S�S��QH���I Sh�]�E�����*�¤� S��:67s ACB�vZI � ργ(J) = J
® R

8f�zD
�:4 AC� ���:6uH���¯*s0����D��§� ��SZI
C∗ r � o:s�6�pEA

0 → J → A
π
→ A/J → 0

kCv�6���S����/�º�
���� �6�S����/�NR��:6�Aj����6�S����«�º���ntuR�� AC� SZ89B��j6<��S��¥�:kj8CS��Q6�S��Q6>H��Q¯
s B���� Dh�§� ��S�6�s���kjD
AjP�H���SZIOHf�
C∗ r �zoQs�6�p�A �

0 → JΨ → AΨ πΨ

−→ (A/J)Ψ → 0.
��S��:6���4/�Q6�S�S��:H����#�CH���£¤B�SED H��j�

f
Sh�������Q�
�¤� SE���

ρ
R�IOSE�QD��E®� �60�j6�kl8x��Sh��H�6�SZ89AC� oQSZI
4 6�oQ6�476�SZ896�4

M(A oρ Γ)
kjvq6}�§S��Q�}�C¯ H&IO4 R�� AjB�S�D*�>��� S���kl8f� ��� � ? K �f� 
 kj��H���6�s ��oQS��#�CH��

f
�j6�kj8«H�6�SZ89A9�zoQSZI
4

6�o:6�4/6�SZ896�4
M(AΨ)

� (n�Q6�Hf�
fAΨ

||·|| p�P������Q6��Q�E6º�
��6�4$s�6�S�6�Aj�(R�� SZI
4-v�AC��6��
f ∈ M(AΨ)

� (n� kC�&IO4
H�6�oQ6�4¨pqP������:6uR�IOD�� ��� S��:6=Aj�(R�S����CH�� �

JΨ = fAΨ
||·||

.
� ��� �

�¡���(R��
��B]@
8¦R��Q6�AC����6�S��Q�/�0R�I
S��QD��E®h �6>��p��:��A
{
EΨ(gjh) : j ∈ J g, h ∈ L2(Γ̂) ∩ C∞(Γ̂)

}

�j6�kl8us�P�kj8¦IgR
JΨ �<FN��Sh� �O89�

EΨ(g(fa)h) = fEΨ(gah)
��o��¥D��  ���6�s �

a ∈ A
� ��s�P�kj8C���CH��G��p��:��ACB

fA
R

J
����kj89�}�j6�4<I � ��� �f�

FN�}R�I
 �kC��6­AC���&R��  �� S��Q�.4/�� �6�4­Ixv��
��kCB�4/�(R�� �uSh� kj8CP�v�B}�C¯ H�I
4 8¦R��Q6�AC����6�S��:6�4«�
� Y7a¤\*�zW�¸Z\
_ba¤\ 
 �i+ 5 % �97��

(A, ρ, Ψ)
��� D�	 D ��0��!:;% � % ��� ��� ��� �+�
�!��:;% ��0�0 	

C∗ � �����������
	 A �
f ∈ M(A)

��� D���% � ��� ��:A��0��1��: 0�% ����:;% ��0�0�% 7����!: 0+�AD���%=���<��0�% �
ρ

�!� ���
J = fA

‖·‖ ��� D���% �.%=D�� ��� ��:
����08���#�!$/��0�� : �+���!���

f ∈ M(A)
� �C�1� D��

f ∈ M(AΨ) � C∗ � ������������� JΨ
%
fAΨ

‖·‖ I�	-% �!�!:A�!� � 7���08�
�!����� 0+�!I�� �1�+) � 	�7���7�% 	*� � �9I��2D������1� D�0�� �

0 → JΨ → AΨ πΨ

−→ (A/J)Ψ → 0.


�Y[XE��X �i+ (y�Q6�Hf�
(A, ρ, Ψ)

p�P���¯ �h�zS*I
4/�.�y�:6�°q6�oQ� � v�Aj��6�47�:6�S�Sh¯
C∗ r � o:s�6�pEA9¯ A

��A9�z�
T ∈ Aη

pqP������:6�6�o:6�4/6�SZ896�4 SE�Q6���47�:6�S�SE�QH��&I
4 Sh� �E�����*�¤� S��:6
ρ
� 
 8C6��EI

zT

�j6�kj8{S��:6���47�:6�S r
S��:H���I Sh�µ�����Q�
�¤�zS��Q6gs ACB�vZI

ρ
� �5��6&¬hS��:H��j���������
�§� S��Q�

ρ̂Ψ
� vh�z8CAC�{�NR��:6�Aj����6�S��Q6µ� " �7R��Q�h�#�z®n �6
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γ1, γ2 ∈ Γ
�

�xVOY�#�WJ+ (n�:6���47�:6�S�S��:H������ �
V Ψ Sh�[�������
�§� S��:6

id⊗ ρ̂Ψ̃⊗Ψ �§�z8¦R��[R�I
S��:D��­��6>@*8¦R��Q6�Aj����6 ��|O®�½E�

 IOD��  �6�4­IxR�����A � �*|#� ��tuACB�v��

Γ
�j6�kj8yv�Aj��6�47�:6�S�Sh�O®ER��QP�H

(id ⊗ λγ1,γ2
)V Ψ(id ⊗ λ∗

γ1,γ2
) = (id ⊗ λγ1,γ2

)ΨLV ΨR(id ⊗ λ∗
γ1,γ2

)

= ΨL(id ⊗ λγ1,γ2
)V (id ⊗ λ∗

γ1,γ2
)ΨR.

�¡AC�(R�Sh� S��Q� � �Z¹ �,R�I
S��:D��E®h �6

(id ⊗ λγ1,γ2
)V Ψ(id ⊗ λ∗

γ1,γ2
) = ΨL(R−γ1

⊗ I)V (Rγ2
⊗ I)ΨR

= (R−γ1
⊗ I)ΨLV ΨR(Rγ2

⊗ I)

= (R−γ1
⊗ I)V Ψ(Rγ2

⊗ I).
¢±�(R,�O������89� � �*|#� �

�
(y�Q6�Hf�

V ∈ B(L2(G))
pqP������:6u��v�6�A9��89��Aj6�4 w>� H�� r �b� D 6�k9� D*�:6�s���� 
 �Q� ����4/��®O �6>��p��:��A

{
(ω ⊗ id)V : ω ∈ B

(
L2(G)

)
∗

}
�j6�kl8ys�P�kl8¦IxR

C∞(G)
� (±� kj��I
4 D ��o:6��jSZI
4 H�6�oQ6�4 pqP������:6uvq��D�� ��� S��:6 ®� �6=��p��Q� A

{
(ω ⊗ id)V Ψ : ω ∈ B

(
L2(G)

)
∗

}

�j6�kl8ys�P�kl8¦IxR
C∞(G)Ψ̃⊗Ψ �

� Y7a¤\*�zW�¸Z\
_ba¤\ 
 �i+ 5 % �97��
(B, λ, ρ̂Ψ̃⊗Ψ)

��� D���% � �*D�� � �!��:A�!$/��0�� :
Γ2 � �+�#��D�)��!� ��: �!� ���

V Ψ ∈
M
(
C∗

r(G) ⊗ B
) ��� D���% � )�0�%?� ����0��!: ��� ��:A��0��1��: $8�+�#�!$/� D��!�!0�� : ���!$ � �!� � � �C�1� D��

V =
{
(ω ⊗ id)VΨ : ω ∈ B

(
L2(G)

)
∗

}

� �9I�� ���9I��B�!: ����D��*��% �!�#��:
C∞(G)Ψ̃⊗Ψ

�
�xVOY�#�WJ+�Fb�xvE�Q6�AlR�kC��6[4[B�kj�Q4­I�v���D�� �º� � ®� �6

(ω ⊗ id)VΨ kCv�6���S����.R�� AjB�S�D*�G��� S��Ekj8f�z�h�¥��oQ�

Γ2 r vEAC�
��B�DZ89B (B, λ, ρ̂Ψ̃⊗Ψ)
s������Q6

ω ∈ B
(
L2(G)

)
∗

�g2���v��(R��Q6��ES���¯«s�P�kl89���jH���¯��º�}�j4/�Q6�4­I{kC�:P7R
��AjB�s��Q6¦��H���P �CH������(R,�O�EBi�

FG�Q6�AjR�kj��I R�� ACBES�6�D ��� SE��kj89� �h�«�j6�kl8�AC�(R�S��(R��  �SZI �gSE�Q6���47�:6�S�SE�QH������CH���¯
V Ψ Sh���������
�§� S��Q6

ρ̂Ψ̃⊗Ψ
� @
8¦R��:6�AC�E��6�SE�Q6=K �&�

� �y�(R�Sh� SE��� � �Z|��,R�I
S��QD��E®h �6

λγ1,γ2
[(ω ⊗ id)VΨ]λ∗

γ1,γ2
= (Rγ2

· ω · R−γ1
⊗ id)VΨ ��oQ�[R�kC��I
kl89D*�QHf�

γ1, γ2 ∈ Γ.
� �Z½ �



� �

(n� AC4/�}R��7H���¯*sO�§�#� �=�O�ER�����AC�(R�� S��Q�
Γ2 3 (γ1, γ2) 7→ Rγ2

· ω · R−γ1
∈ B(L2(G))∗

v���D�� ��B��j6z®q �6
6�o:6�4/6�SZ8

(ω ⊗ id)VΨ kCv�6���S����0��AjB�s���R�� AjB�S�6�D���� SE��kj89� �h�E�
� 6�p*I�kjv�A9�ºR������ �u89Aj��6�H���R��zACB�S�6�D���� S���kl8f� �h�.4[B�kj�Q4­I¥vq� Dz�z�º�#�z®� �6

f1[(ω ⊗ id)V Ψ]f2 ∈ B
�Eo��­R�kC�&I
kj89D*�:Hf�

f1, f2 ∈ C∞(Γ̂ × Γ̂).
� �ZK �

������R��  �4<IxSh� kl89P�vEB��C¯ H�I���p��Q� A

W ≡
{
f1[(ω ⊗ id)V Ψ]f2 : f1, f2 ∈ C∞(Γ̂ × Γ̂)

}cls

.
� 1 " �

Fb� Dz�z �6�4<I�®h �6
W = B

®hH����j6�kl8y47�
H�S��:6��jkj�º¯­R��¤�zkCS����jH��Q¯/S��:  � �ZK��&�����z8¦R,�7����ph� H���I � ®� �6

W =
{
λR(h1)λ

L(h2)[((π
R(h3) · µ · πR(h4)) ⊗ id)(V Ψ)]λR(h5)λ

L(h6) :

h1, h2 . . . , h6 ∈ C∞(Γ̂), µ ∈ B
(
L2(G)

)
∗

}cls
.

¢�� o:6��

λR(h1)λ
L(h2)[((π

R(h3) · µ · πR(h4)) ⊗ id)(V Ψ)]λR(h5)λ
L(h6)

= λR(h1)[(µ ⊗ id)(πR ⊗ λL)(Ψ?(h3 ⊗ h2))V (πR ⊗ λR)(Ψ(h4 ⊗ h5))]λ
L(h6),

R��QP�H

W =
{
λR(h1)[(µ ⊗ id)(πR ⊗ λL)(Ψ?(h3 ⊗ h2))V (πR ⊗ λR)(Ψ(h4 ⊗ h5))]λ

L(h6) ∈ B :

h1, h2, . . . , h6 ∈ C∞(Γ̂), µ ∈ B
(
L2(G)

)
∗

}cls
.

¢±���QP�D*��B�SE�:8f�zACS����jH��
Ψ

�
Ψ?

����kl8f�}�j6�4­I

W =
{
λR(h1)[(µ ⊗ id)(πR ⊗ λL)(h3 ⊗ h2)V (πR ⊗ λR)(h4 ⊗ h5)]λ

L(h6) ∈ B :

h1, h2 . . . , h6 ∈ C∞(Γ̂), µ ∈ B
(
L2(G)

)
∗

}cls

=
{
λR(h1)λ

L(h2)[((π
R(h3) · µ · πR(h4)) ⊗ id)(V )]λR(h5)λ

L(h6) :

h1, h2 . . . , h6 ∈ C∞(Γ̂), µ ∈ B
(
L2(G)

)
∗

}cls
.

Fb� Sh� �E8C�747� 4­I
{
λR(h1)λ

L(h2)[((π
R(h3) · µ · πR(h2)) ⊗ id)(V )(h4 ⊗ h5)]λ

R(h5)λ
L(h6) :

h1, h2 . . . , h6 ∈ C∞(Γ̂), µ ∈ B
(
L2(G)

)
∗

}cls

=
{
f1[(ω ⊗ id)V ]f2 : f1, f2 ∈ C∞(Γ̂ × Γ̂), ω ∈ B

(
L2(G)

)
∗

}cls

H��/�h�}�j6

W =
{
f1[(ω ⊗ id)V ]f2 : f1, f2 ∈ C∞(Γ̂ × Γ̂), ω ∈ B

(
L2(G)

)
∗

}cls
.

� 1O� �
��p��:��A {

(ω ⊗ id)V : ω ∈ B
(
L2(G)

)
∗

} �j6�kl8�s�P�kj8¦I¥R
C∞(G)

R 8f� D*�Q4 AC� ���:6
W = B

H��0���(R,�O�E���
v�AC�(R��E���:R,���jH���£¤��AC4­Bq��I � 1 " � �

FN��D�� �º� o:� �j4­I�®, �6]6�oQ6�476�S*8¦I ��p��Q� ACB
V

kCv�6���S����(�C¯ R�� ACB�SED
�n��� S���kl8f� ���E� ¢±��BE���(R��
��S��:6�S��Q�
s�P�kj89�#�CH��

V
R

C∞(G)Ψ̃⊗Ψ BE �Iº�j6�4­Ix��6�4¥��89Bx½E�!�gAj�}R�S�� S���� � �Z½ ��R�I
S��:D��E®E �6
V
�j6�kj8���� 47D*S��:P�8¦I

Sh�/�����Q�
�¤� SE�Q6
ρΨ̃⊗Ψ ��Fb� Sh� �E8C�¥AC�(R�Sh�zS��Q6 � 1O����v���D�� ��B}�j6 ®� �6

C∗(Γ2)V C∗(Γ2)cls = B
� 
 8f� D*�Q4

A9�z���Q6u���
�§�  �6�SE���.��6�47�z89B«½0k9¯.kCv�6���S��Q��SE6uH��/�h�}�j6>s�P�kl89�����
V

R
C∞(G)Ψ̃⊗Ψ �

�



� �


�Y[XE��X �i+±��6�v�Aj6���� SZ8f� H¦�C� �zoQs�6�p�AjI
C∞(G)

Sh�
L2(G)

�j6�kj80R�kCv��O����4/�Q6�SES��QH��º� ( �������
�§� S��Q6

Γ2 �j6�kj8��:47vEoQ6�4/6�SZ8C�}R�� S�6nv�AC��6��>oQ6&R�6u�qv�A9�ºR,6>v�AC��6�kCBES��QP�H���� � Lγ1
, Rγ2

∈ B
(
L2(G)

)) � 
 89� D*�Q4
A9�z���Q6/�QSE��B�D*B��j6/��Sh��Aj6�v�Aj6���6�SZ8f� H¦�jP

C∗ r �zoQs�6�p�AjI B = C∞(G) oρ Γ2 � � 6��uR��Q6�AjS������¥Sh�
C∞(G)�j6�kl8­�
H��&I*R��Qkj89�E®�R��QP�H.�/�NR��:6�Aj����6�S����{� L ����kj89�}�j6�4<I¡R��Q6�AjS������7Sh�

C∞(G)Ψ̃⊗Ψ � 
�v�AC�(R�� ������Sh¯
R 896�S kjvq� kC��pµAj6�v�Aj6���6�SZ8f� H¦�jP

C∞(G)Ψ̃⊗Ψ Sh�
L2(G)

p�P��E���Q6�4­I�� ��Sh� H��º�#�
πkan �{�JIO4�k9� 4<IO4

kjI
4[p���o:6�4 p�P��E���Q6�4­Ix����Sh� H��º�#�>��v��:k9� S�¯.v��(R�I
 �6���AC6�vEAC6���6�SZ8f�zH��jP
B

S��
L2(G)

�
(y�Q6�Hf�

πkan ∈ Rep(C∞(G) oρ Γ2; L2(G))
pqP������:6�AC6�vEAC6���6�SZ8f�zH��C¯�R�v�Aj�(R�� �E����Sh¯ vq�(R�I
 �6¦���

������R��  �4<IxSh� kl89P�vEB��C¯ H�I�� vq6�A9�z8C��A �
W = (id ⊗ πkan)V Ψ ∈ B

(
L2(G) ⊗ L2(G)

)
.

� Y7a¤\*�zW�¸Z\
_ba¤\ 
�� + �����������1�!� ) 0�%?� ����0��
W ∈ B

(
L2(G) ⊗ L2(G)

) $8�+�9�!$/� D��!�!0��!: ���!$ ���!� �I1�����B0�%=� �#"!$ 0+��0�% �(����0�� �*���!0+��� 08���

W ∗
12W23W12 = W13W23.

�xVOY�#�WJ+�FGAC�&IOv���4/S�� �j4<I�®� �6

ΨR = (πR ⊗ λR)(Ψ), ΨL = (πR ⊗ λL)(Ψ?) ∈ M(C∗
r(G) ⊗ B).


�v�AC�(R�� � ��4<I�vh� ACP>��v�6�AC�z89� AC�(R �
X = (id ⊗ πkan)(ΨR), Y = (id ⊗ πkan)(ΨL) ∈ B

(
L2(G) ⊗ L2(G)

)
.

� 1 ? �
Fb�
��kl8f�ºR����}�C¯zH

γ̂3 → (−γ̂1 − γ̂2 − γ̂3)
���7Aj�(R�Sh� S��Q�

2 r Dz�OH&IOD*o:B

Ψ(γ̂1, γ̂2 + γ̂3)Ψ(γ̂2, γ̂3) = Ψ(γ̂1 + γ̂2, γ̂3)Ψ(γ̂1, γ̂2)
��p��:��A9¯ H±��6�kjvq� oQ��S�6>kjv�AC��P� �6�S��Q6=����kl8f�}�j6�4­I

Ψ(γ̂1,−γ̂1 − γ̂3)Ψ(γ̂2,−γ̂1 − γ̂3 − γ̂2) = Ψ(γ̂1, γ̂2)Ψ(γ̂1 + γ̂2,−γ̂1 − γ̂2 − γ̂3).
 89� D*�Q4 A9� ���Q6

Ψ?(γ̂1, γ̂3)Ψ
?(γ̂2, γ̂1 + γ̂3) = Ψ(γ̂1, γ̂2)Ψ

?(γ̂1 + γ̂2, γ̂3)
s������Q6

Ψ?(γ̂1, γ̂2) = Ψ(γ̂1,−γ̂1 − γ̂2)
�G2uv�6�AC�z89� A

V
�:47v�o:6�4/6�SZ89B}�j6,Dz��47SE�� �6�S��Q6�H���R vq�O�§¯ H���6�S��:B

�>vq�(R�I
 �kj��I
4/�NAj�(R�S����CH���� 4/�i��AC� �u� � 1 ? ���h�}�j6

X∗
12V

∗
12Y23V12 = Y13V13Y23V

∗
13

V ∗
12X23V12X12 = V ∗

23X13V23X23.
FGAC��6��j� ��4­I����.kCv�AC�ºR�����6�S����/AC�(R�Sh� S��Q�0vq6�S*89� s���S�� oQS�6�s�� �

W ∗
12W23W12 = X∗

12V
∗
12Y

∗
12W23Y12V12X12

= X∗
12V

∗
12Y23V23X23V12X12

= (X∗
12V

∗
12Y23V12)(V

∗
12V23V12)(V

∗
12X23V12X12)

= (Y13V13Y23V
∗
13)(V13V23)(V

∗
23X13V23X23)

= Y13V13Y23X13V23X23 = (Y13V13X13)(Y23V23X23) = W13W23.



� �


 ��AjB�s��Q6¦��AC�(R�S��#�CH���R�I
D ��Aj��I
kj89� oQ� �C4­I/D � 4[BE8f�zH��jP���AjB�s��:6��JSE��s��
Y

�±vE�Q6�AlR�kC�&IO4/��S���sZ� 4/�
X
®
Y��AC� �

V
�

�


�����A�Sh�0��v�6�AC�z89� A
W

��� kj8f�*�`v��
�h� SZIxv�Aj��6��<ª�� �GS��
HfD��/� A9� �>�G����� �:S�6�Aj4¥� S��­R v�AC� H�I � �%���
(n�:6���� oQ6� �S��:6u�O��D*AlI��Ns �.8C6� ­@q� �J��
���Aj��S��(R��QH�� �

¢±oQ�
γ̂ ∈ Γ̂

v��O�§�� �4­I
u(γ̂) = Ψ(−γ̂, γ̂)

�«FJAj�(R�� �E���J89�]�E�]£¤B�S�DzH��j�
u ∈ Cb(Γ̂)

���±v�o:�QD*B��C¯ H

πR ∈ Mor
(
C∞(Γ̂); C∗

r(G)
) ���

u ∈ M
(
C∞(Γ̂)

) ����kl8f�}�j6�4­Ix��v�6�AC�z89� A

J = πR(u) ∈ M(C∗
r(G)) ⊂ B

(
L2(G)

)
.

� 1 L �
��� D.R���� �E��47�E®Os�AjB�vZI�DZR�� SZ89�(R�6>v��OHf�E�O����¯[�O�xv���AjP�H���SZIOHf�«��v�6�AC�z89��Aj�(R�BES��:89� ACSZI
Hf�i� �n���(R,�O� r
S��:4­I�®� �6

W ∈ B
(
L2(G) ⊗ L2(G)

) �j6�kl8nv���AjP�H���SZI��

� Y7a¤\*�zW�¸Z\
_ba¤\ 
 
 + 5 % �97��
W ∈ B

(
L2(G) ⊗ L2(G)

) �!�����
J ∈ B

(
L2(G)

) ��� D�	 )�0�%?� ����0��!:;%
�9��������� �!����:;% $8�+�#�!$/� D��!�!0��!:;%+���!$ ���!� � � ��� � D��

���
W � �9I�� ���!���97���0�� �

? � �����������1�!�
Q � �9I��A�#"!$ 0��

1 � � �9���������1�!�
W̃ � �9I��A�#"!$ 0��

(J ⊗ 1)W ∗(J∗ ⊗ 1)
� D���% �

)�� ����I���:;%?� %  �:;�
L2(G)

�
L2(G)

�*� ���!:A�*7�	 I1�+�
�����!��0�%=� �!�9I1���!� �!08� ��� �
�xVOY�#�WJ+��nkl8f� o:4­I

x, y, z, t ∈ L2(G)
®
γ1, γ2, γ3, γ4 ∈ Γ

�
�¡vq��AjP�H���S����jH�����v�6�AC�z89��AC�.w=�zHº� r �`� Dz6�kC� D*�Q6�s � � R�����A � � L � ���E��kj89�}�j6�4­I

(x ⊗ t|(Rγ1
⊗ Lγ2

)V |(Rγ3
⊗ Rγ4

)|z ⊗ y) = (R−γ1
x ⊗ L−γ2

t|V |Rγ3
z ⊗ Rγ4

y)

= (Rγ3
z ⊗ L−γ2

t|V ∗|R−γ1
x ⊗ Rγ4

y)

= (z ⊗ t|(R−γ3
⊗ Lγ2

)V ∗|(R−γ1
⊗ Rγ4

)|x ⊗ y).
�i� kl89��kj�}R�� S��:6>����p�Aj��6>��Sh�zS*I
Hf��AC�(R�S����jH��

V ∗(I ⊗ Rg)V = Rg ⊗ Rg

V (I ⊗ Lg)V
∗ = Rg ⊗ Lg��AC� �uv�AC��6�4/�Q6�S�S������

Γ
v�AC�(R�� ��������� �
(z ⊗ t|(R−γ3

⊗ Lγ2
)V ∗(R−γ1

⊗ Rγ4
)|x ⊗ y) =

(z ⊗ t|(R−γ3+γ4
⊗ Rγ4

)V ∗(R−γ1+γ2
⊗ Lγ2

)|x ⊗ y).

� 1z� �


 89� D*�Q4 A9� ���Q6 �
(x ⊗ t|(Rγ1

⊗ Lγ2
)V (Rγ3

⊗ Rγ4
)|z ⊗ y) =

(z ⊗ t|(R−γ3+γ4
⊗ Rγ4

)V ∗(R−γ1+γ2
⊗ Lγ2

)|x ⊗ y).

� 1�1��
�n &I*R��}�C¯zH<�zACs�B�4/6�SZ8C�}R�H��Q¯
s
�§���jH���Aj����kj��6�AC��I
4­Ix8C6�AC� �uvq�(R�I
 �kj�º¯.AC�(R�S������ � (n�:6�Hf�

uγ

pqP��h¯0B�S�� r
8f�zACSZI
47�is 6�S�6�A9�z8C��A9� 4/�

C∗(Γ)
� 
�v�AC�(R�� � ��4<I�Sh� kj8CP�v�B}�C¯ H�6=47� Aj¬h��4­I

ΦR
1 ∈ Mor(C∗(Γ) ⊗ C∗(Γ); C∗

r(G) ⊗ C∗
r(G)) : ΦR

1 (uγ1
⊗ uγ2

) = Rγ1
⊗ Rγ2

ΦL
1 ∈ Mor(C∗(Γ) ⊗ C∗(Γ); C∗

r(G) ⊗ C∗
l (G)) : ΦL

1 (uγ1
⊗ uγ2

) = Rγ1
⊗ Lγ2

��AC� �>� BE8C��47� Aj¬h��4
Θ ∈ Aut(C∞(Γ̂2)) �

Θ(f)(γ̂1, γ̂2) = f(−γ̂1, γ̂1 + γ̂2)
��oQ�­R�kC�&IOkl89D*�QHf�

f ∈ C∞(Γ̂2).



� �

���z8¦R,�7kjv�A9�ºR������ � ®� �6
Θ(uγ1

⊗ uγ2
) = u−γ1+γ2

⊗ uγ2
.


 89� D*�Q4 A9� ���Q6 ®EAC�(R�Sh� S��:6 � 1�1#��47�� �Sh�0v�AC��6�v��:k9�#�uR�Sh� kj8CP�v�B}�C¯ H�6¦��£¤��AC4/�Q6 �
(x ⊗ t|(ΦL

1 (uγ1
⊗ uγ2

)V ΦR
1 (uγ3

⊗ uγ4
)|z ⊗ y)

= (z ⊗ t|ΦR
1 ◦ Θ(uγ3

⊗ uγ4
)V ∗ΦL

l ◦ Θ(uγ1
⊗ uγ2

)|x ⊗ y).
�i� kl89��kj�}R�� S��:6>oQ�QSE�Q�(R��#�CH��q��H��Q¯
sO�����CH����h�(�j6 �

(x ⊗ t|ΦL
1 (f)V ΦR

1 (g)|z ⊗ y) = (z ⊗ t|ΦR
1 ◦ Θ(g)V ∗ΦL

1 ◦ Θ(f)|x ⊗ y)
��oQ�0R�kj��I
kj8CD*�QHf�

f, g ∈ M(C∗(Γ) ⊗ C∗(Γ))
� 
 kC��H���6�s���o:S����jH��

(
x ⊗ t|ΦL

1 (Ψ?)V ΦR
1 (Ψ)|z ⊗ y

)
=
(
z ⊗ t|

(
ΦR

1 ◦ Θ(Ψ)
)
V ∗
(
ΦL

1 ◦ Θ(Ψ?)
)
|x ⊗ y

)
.

� 1 ¹ �
� Aj�(R�Sh� S��Q� � 1 ? �<R�I
S��:Dz�O®� �6

X = ΦR
1 (Ψ)

®
Y = ΦL

1 (Ψ?)
� FN��Sh� �E8C���xR�� ACBES�D*B

2 r D �
H�I
D*oQB����kl8f�}�j6�4­I

Θ(Ψ)(γ̂1, γ̂2) = Ψ(−γ̂1, γ̂1 + γ̂2) = Ψ(γ̂1, γ̂2)Ψ(0, γ̂2)Ψ(−γ̂1, γ̂1)
��AC� �

Ψ(0, γ̂2 + 0)Ψ(0, γ̂2) = Ψ(0 + 0, γ̂2)Ψ(0, 0).

 89� D*�Q4 A9� ���Q6

Ψ(0, γ̂2) = Ψ(0, 0)
H��.�h�}�j6

ΦR
1 ◦ Θ(Ψ) = ΦR

1 (Ψ(u ⊗ I))Ψ(0, 0) = X∗(J ⊗ I)Ψ(0, 0).
� 1�|��

Fb�
����pES��Q6uv���D�� ��B}�j6�4­I ®h �6 �
ΦL

1 ◦ Θ(Ψ?) = Y ∗(J∗ ⊗ I)Ψ(0, 0).
� 1 ½ �


�kj8f�ºR��Q�}�C¯ H � 1�|#����A9� � � 1 ½ ����� � 1 ¹ ������kl8f�}�j6�4­I

(x ⊗ t|Y V X|z ⊗ y) = (z ⊗ t|(J ⊗ I)X∗V ∗Y ∗(J∗ ⊗ I)|x ⊗ y).

F`�z47�:P�8f�(�C¯ H ®� �6
W = Y V X

R��Q�����Q4­I ®� �6
W̃ = (J ⊗ I)W ∗(J∗ ⊗ I)

�
Q = 1

�
�

(y�Q6�Hf�
W ∈ B

(
L2(G) ⊗ L2(G)

) p�P������Q6«vq� ACP�H���SZI
4 4[B�o:8¦I
v�o:�QD��z8¦I*R�SZI
4 B�S��:89� ACSZI
4 ��v r
6�AC�z89� AC6�4 AC� ��R��  º� SZI
4 v��(R�IO �6���� (n�:6�Hf�

A ⊂ B(L2(G))
p�P��E���Q6

C∗ r � oQs 6�p�AC¯�� 8CAC��I
47� Sh¯���6
�CoQ�}�jkC�(R�� S��Q� ��v��:6�AjR�kj��6¦��S���s �i��v�6�A9��89��AC�

W �

A =
{
(ω ⊗ id)W : ω ∈ B∗(L2(G))

}‖·‖
.

��R��Q6�Aj����6�S��Q6<1[�º�zvq6&R�S����. �6��j6�kl8�89�.s�ACBEvh�0D*R�� SZ89�(R��¥�>D ��4/S��� �6�S��:6�4¨��� �h� SZI
4 R�����AC6�4 �
A 3 a 7→ W (a ⊗ I)W ∗ ∈ M(A ⊗ A).

�¥��R��Q6�Aj����6�S����[�º¹nR�I
S��QD��E®� �6���p�AC� �
C∞(G)Ψ̃⊗Ψ R R��Q6�AjS�6��`Aj6�v�Aj6���6�SZ8f� H¦�j�

πkan Sh�
L2(G)

� vh�z89Aj�
�yR�� sZ�¡¹��<vq� D
AlI*R��¡kC�:P��

C∗ r � oQs�6�p�A9¯ A
� 
 �Q�E���Q4<I R��:P�Hz®G �6

C∞(G)Ψ̃⊗Ψ v���kj��� �h��kj89AjB�DZ89B�AjP
s�AjB�vZIxDZR�� SZ8C�}R,6��nv��
Hf���O�E�º¯ H�¯/�

A
�



* �
(n� kC�&IO4 D � oQ6��jSZI
4 H�6�o:6�4 p�P������Q6«vq�
�h� S��:6«R�����ACB Sh��Dz��47SE�� �6�S��Q6

C∞(G)Ψ̃⊗Ψ DZ8C��AjI S��:6
D � AC��I
kl8f���=��vq6�A9�z8C��A9�.4[B�o 8¦I
v�oQ�:Dz��8¦I
R�SE6�s��7B�S��:89� ACSE6�s��

W
��FJAj��I
v���47SE� �j4­I ®� �6

ρ
����Sh�zH��º�7����� r

�
�§� S��Q6<s�ACBEv*I
Γ2 S��

C∗ r � oQs 6�p�Aj��6 C∞(G)
v�AC��6��0v�AC�(R,6.�`o:6�R,60v�AC��6�kCBES��QP�H����O�[wn� 47S��  �6�SE�Q6

∆G47�.S�� kj8CP�v�B��C¯zHº¯0R��¤� kjS���� �uR�kjvq�O����4/�Q6�S�S��QH������jH�� �
∆G

(
ργ1,γ2

(f)
)

= (ργ1,0 ⊗ ρ0,γ2
)
(
∆G(f)

)
��oQ�0R�kj��I
kj8CD*�QHf�

f ∈ C∞(G)
®�
 89� D*�Q4 A9� ���Q6

∆G

�:S���B�D*B��j6>4/��Aj¬h��4¨�Qo:�OH���I
S��(R�D
Aj��I
 ��(R�I
Hf� �
∆ ∈ Mor

(
C∞(G) o Γ2; C∞(G) o Γ2 ⊗ C∞(G) o Γ2

)
.

¢±�����
�§�.� S«S��
f ∈ C∞(G)

�C� D7D ��4/S��� �6�S��:6

∆(f) = ∆G(f) ∈ M
(
C∞(G) ⊗ C∞(G)

)
⊂ M

(
C∞(G) o Γ2 ⊗ C∞(G) o Γ2

)

��AC� ��£¤B�S�DzH��j6
h ∈ C∞(Γ̂2)

vq� kjIh�¤�0Sh�

∆(h) = (λL ⊗ λR)h ∈ M
(
C∞(G) o Γ2 ⊗ C∞(G) o Γ2

)
.

FGAC�&IOv���4/S�� �j4<I�®� �6
Ψ? ∈ M

(
C∞(Γ̂2)

) �j6�kl8y�h� S�6uR���� AC6�4

Ψ?(γ̂1, γ̂2) = Ψ(γ̂1,−γ̂1 − γ̂2).
�n &I*R��}�C¯zH<B�SE�:8f�zACS�6�s��.6�oQ6�476�SZ89B

Υ ∈ M
(
C∞(G) o Γ2 ⊗ C∞(G) o Γ2

) �
Υ = (λR ⊗ λL)Ψ?,

4/�� �6�4­I­R�v�Aj�(R�� �E��� �y4/��Aj¬h��4
∆Ψ ∈ Mor

(
C∞(G)oΓ2; C∞(G)oΓ2⊗C∞(G)oΓ2

) £¤��AC4[B��¤¯ �
∆Ψ(a) = Υ∆(a)Υ∗

��oQ�0R�kj��I
kj8CD*�QHf�
a ∈ C∞(G) o Γ2 �

� Y7a¤\*�zW�¸Z\
_ba¤\ 
�� +
5 % �97��
∆Ψ ∈ Mor

(
C∞(G) o Γ2; C∞(G) o Γ2 ⊗ C∞(G) o Γ2

) ��� D���% �
:A�!� � ��:A��: $8�+�#�!$/� D��!�!0��!: ���!$ ���!� � � � � �

a ∈ C∞(G)Ψ̃⊗Ψ
: ��:;�

∆Ψ(a) ∈ M
(
C∞(G)Ψ̃⊗Ψ ⊗ C∞(G)Ψ̃⊗Ψ

)

�!�����
∆Ψ
∣∣
C∞(G)Ψ̃⊗Ψ ∈ Mor

(
C∞(G)Ψ̃⊗Ψ; C∞(G)Ψ̃⊗Ψ ⊗ C∞(G)Ψ̃⊗Ψ

) � � �!0+� D��1�
∆Ψ
∣∣
C∞(G)Ψ̃⊗Ψ�����!��� $/�;I�%
� � � �!:;08���!��0�% ��: �*� D ��0��!: �+�
�!���

W
�

C∞(G)Ψ̃⊗Ψ 3 a 7→ W (a ⊗ 1)W ∗ ∈ M
(
C∞(G)Ψ̃⊗Ψ ⊗ C∞(G)Ψ̃⊗Ψ

)
.

�xVOY�#�WJ+�wn� AC��I
kl8f�}�C¯ H{�¡��R��Q6�AC����6�S��Q� 1�R��:�����:4­I  �6gR�I
kj8f�zACH��&I kCv�AC�ºR������ � S�� kj8CP�v�B��C¯zHº¯
AC�(R�S��#� � �

(id ⊗ ∆Ψ)V Ψ = V Ψ
12V

Ψ
13 .�¡D ��S�kl89AjB�D H¦�j�b4/��Aj¬���4[B

∆
R�I
S��:D��E®h �6

(id ⊗ ∆)V Ψ = (id ⊗ ∆)
(
(πR ⊗ λL)(Ψ?)V (πR ⊗ λR)(Ψ)

)

=
(
(πR ⊗ λL)Ψ?V

)
12

(
V (πR ⊗ λR)Ψ

)
13

.

 89� D*�Q4 A9� ���Q6

(id ⊗ ∆Ψ)V Ψ = (1 ⊗ Υ)
(
(πR ⊗ λL)Ψ?V

)
12

(
V ((πR ⊗ λR)Ψ

)
13

)(1 ⊗ Υ∗).



* �
wn� AC��I
kl8f�}�C¯ H=�uAC�(R�Sh�zS���� � �Z1�������kl8f�}�j6�4­I

(
1 ⊗ Υ

)
V12 = V12

(
(πR ⊗ λR ⊗ λL) ◦ (∆Γ̂ ⊗ id)

(
Ψ?
))

��AC� �

V13

(
1 ⊗ Υ

)
=
(
(πR ⊗ λR ⊗ λL) ◦ (σ ⊗ id) ◦ (id ⊗ ∆Γ̂)

(
Ψ?
))

V13

s������Q6
σ
�j6�kl8n� vq6�A9�z8C��AC6�4 �h�:v�B � σ(a ⊗ b) = b ⊗ a

� 
 89� D*�Q4¨AC� ���:6

(id ⊗ ∆Ψ)V Ψ =
(
(πR ⊗ λL)Ψ?V

)
12

(
(πR ⊗ λR ⊗ λL) ◦ (∆Γ̂ ⊗ id)

(
Ψ?
))

×
(
(πR ⊗ λR ⊗ λL) ◦ (σ ⊗ id) ◦ (id ⊗ ∆Γ̂)

(
Ψ?
)∗)(

V (πR ⊗ λR)Ψ
)
13

.

(±�zkj89P�v�B��C¯ H&I�A9� Hf�*B�SE6�D

Ψ(γ̂1 + γ̂2,−γ̂1 − γ̂2 − γ̂3)Ψ(γ̂2,−γ̂1 − γ̂2 − γ̂3)

= Ψ(γ̂1, γ̂2)Ψ(γ̂1,−γ̂1 − γ̂3)Ψ(γ̂2,−γ̂1 − γ̂2 − γ̂3)Ψ(γ̂2,−γ̂1 − γ̂2 − γ̂3)

= Ψ(γ̂1, γ̂2)Ψ(γ̂1,−γ̂1 − γ̂3).
v���D�� ��B��j6z®h �6

(
(πR ⊗ λL ⊗ λR)

(
(∆Γ̂ ⊗ id)Ψ?

))(
(πR ⊗ λL ⊗ λR)(σ ⊗ id)

(
(id ⊗ ∆Γ̂)Ψ?

))

=
(
(πR ⊗ λR)Ψ

)
12

(
(πR ⊗ λL)Ψ?

)
13

.

 �QP�H

(id ⊗ ∆Ψ)V Ψ =
(
(πR ⊗ λL) (Ψ?)V (πR ⊗ λR)Ψ

)
12

(
(πR ⊗ λL) (Ψ?)V (πR ⊗ λR)Ψ

)
13

= V Ψ
12V

Ψ
13 .

H��/D �#��H��&I����(R��
�«8¦R��:6�Aj����6�S����E�
�

��+ �i+�´¥Y[X�_q%(VOY­X¼~x����)bX �«��Xh�d_NX�+ (y�Q6�Hf�
G

p�P������Q6«s�ACBEvh¯ o:��D�� oQSE�Q6��&R�� Al8f¯E®
Γ

pqP������:6
� p�6�o:�}R�¯­v��O�Es�ACB�v�¯­R

G
��AC� �

Ψ
pqP������:6

2 r D �
H�I
D*oQ6�4 Sh�
Γ̂
� 
 vq� v�AC��6���S��:4 Aj�����E�����zoQ6±v���D�� ��� o r

� �j4­I�®� �6­��p��Q6�DZ8¦I«8C6­v�Aj�(R�� �E�º¯�����DZR�� SZ89�(R,6���s�ACB�vZI (
C∞(G)Ψ̃⊗Ψ, ∆Ψ

) ��� S�6��nvEAC��6��[��v�6�AC�z89��A
4[B�o 8¦I
v�oQ�:Dz��8¦I
R�SZI.B�SE�:8f�zACSZI

W ∈ B
(
L2(G)⊗L2(G)

) � 
 S��:S��Q6¦�jkC�&IO4 vh�zA9� s�AC�z¬h6y��ph�z�h� 4­I.��B r
� o:S*I�� p��Q6�D*8n���7s�ACB�vZI�DZR�� SZ8C�}R,6��

(C∞(G)Ψ̃⊗Ψ, ∆Ψ)
� 
 4­I �CoN�NR��:6�Aj����6�S����¥1��j6�kl8�S��:4 s�ACBEvh�

DZR��zS*8C�(R��
(Â, ∆̂Â)

vq�(R�kl8f�
�§�/v�Aj��6��=kjo��}�jkj�(R�� SE���0��ACBEs��Q6¦��S�� s��i��v�6�AC�z89��AC�
W �

Â = {(
�Q�

⊗ ω)(W ∗) : ω ∈ B(H)∗}
‖·‖

,
�>D ��4/S��� �6�S��:6�4¨��� �h� SZI
4 £¤��Aj4[Bq�§¯

Â 3 a 7→ ∆̂Â(â) = Σ(W ∗)Σ(â ⊗ I)ΣWΣ ∈ M(Â ⊗ Â).
(±�zkC��I
4;H�6�oQ6�4;p�P������Q6�v���D�� ��� S��Q6z®  �6

Â = C∗
r(G)

��A9�z��D � 47S��  �6�SE�Q6
∆̂Â

�j6�kj8 kCD*ACP�H�6�SE�Q6�4¼D�� S���S r
�QH���S�6�s��{D ��4/S��� �6�S��Q�¡Sh�

C∗
r(G)

�µ�N6�s��¡8¦I
v�B ��6�£¤��Aj4¥�zH��j6x� o:s�6�pEAjI�s ACB�v��(R�6¦�.��� kj8f�*��Iµ��vE�Qk9�zS�6
v�Aj��6��<�G� ��� �:S�6�Aj4¥� S�R � �%�²�



* �
FGAC�&I
vq��4/S�� �j4­I�®� �6

πR ∈ Mor(C∗(Γ); C∗
r(G))

�j6�kj8=4/��Aj¬h��476�4U� o:s�6�pEAus�ACB�v��(R�I
Hf��8f�zD
�:4�®
 �6

πR(uγ) = Rγ

s������:6n6�oQ6�476�S*8¦I
uγ ∈ M(C∗(Γ))

k9¯=B�S�� 8f� AjS*I
4/�hs�6�SE6�A9��89��AC� 47�
C∗(Γ)

�GFN�O��� p r
S��:6¥4/�� �6�4­I�R�vEAC�(R��z����� ��47� Aj¬h��4

πL ∈ Mor(C∗(Γ); C∗
l (G))

89� D*��®  �6
πL(uγ) = Lγ

�¡FGAj��I r
v���47SE� �j4­I�AC�(R�S��:6�  ®� �6

u ∈ M(C∞(Γ̂))
�j6�kl8.£¤B�S�D H¦�C¯��h� S�¯{R�����AC6�4

u(γ̂) = Ψ(γ̂,−γ̂)
��AC� �

Ψ? ∈ M(C∞(Γ̂) ⊗ C∞(Γ̂))
�j6�kj8�£¤B�S�DzH��C¯.�h� Sh¯[R�����AC6�4

Ψ?(γ̂1, γ̂2) = Ψ(γ̂1,−γ̂1 − γ̂2).
�y �I*R�� r

�C¯ H�8¦I
Hf�]� p��Q6�D*8C�(R�R�v�Aj�}R�� ����� 4­I �



J = πR(u) ∈ M(C∗
r(G))

X = (πR ⊗ πR)Ψ ∈ M(C∗
r(G) ⊗ C∗

r(G))
Y = (πR ⊗ πL)Ψ? ∈ M(C∗

r(G) ⊗ C∗
l (G))

W = Y V X ∈ B
(
L2(G) ⊗ L2(G)

)
� 1 K �

� Y7a¤\*�zW�¸Z\
_ba¤\ ����+ 5 % �97�� (
C∞(G)Ψ̃⊗Ψ, ∆Ψ

) ��� D���% �6����) � 	"�!$/��0��1�!$�	 � �9���������1�!�9��: :;)�� �
�=���+� % �����=� $ 0��!: ) 0�%?� ����0�� :

W ∈ B
(
L2(G) ⊗ L2(G)

) $8�+�#�!$/� D��!�!0 	 $ ���9�+�
�!� D�0�%?: �#���*D���%=��� ���
5 % �97��

Â =
{
(
%=D
⊗ ω)(W ∗) : ω ∈ B

(
L2(G)

)
∗

}‖·‖
��� D���% �4����)*� 	��!$/��0�� �!$�	 ���!$ I��<��� 	 �+�
�!��� I�� � � I*�!$/��0�% � D���)���% � � 08� ��% �9���������1�!� �

W
� ���1� D�� �

���
Â = C∗

r(G)
�

? � ,;��D���%=���<��0�% � 0+�
Â

D ��08� � �9I��/$ �!�!�9��:
Â 3 a 7→ ∆̂Â(a) = ΣX∗Σ∆̂(a)ΣXΣ ∈ M

(
Â ⊗ Â

)

� D���% �
∆̂ � �9I�� ����08�!0�% 7���0�� : � ��D���%=���<��0�% ��: 0+�

C∗
r(G)

�
L � ,;�*��D�$ �#�!�=08�� �� 0+�

Â
D ��0+� � �9I�� $ �!�!�#��:

Â 3 a 7→ κ̂Â(a) = Jκ̂(a)J∗ ∈ M(Â)
� D���% �

κ̂ � �9I�� ����08�!0�% 7���0 	 � �*��D�$ �#�!�=08�� *7�% 	 0+�
C∗

r(G)
�

¢±�(R,�O�«v��}R�I
 �kC��6�s��.8¦R��Q6�Aj����6�S����[����kj89�
��v��O��� SZIx� BE8C��AC�(R��qv�AC��6��>v�AC�z£���@q� �G� 
���Aj��S��(R��QH��º�E�
�xVOY�#�WJ+ (n�:6�Hf�

Rg, Lg ∈ B(L2(G))
pqP��h¯x��vq6�A9�z8C��A9�z47�Nv�A9�ºR�I
Hf� �`oQ6&R�I
Hf� vEAC��6�kCB�SE�QP��z�	�

��R��Q6�Aj����6�S���� � �Z|��,����kl8f�}�j6�4­I�AC�(R�S��#� �

Rγ1
[(id ⊗ ω)W]Rγ2

= (id ⊗ (R−γ2
Lγ1

· ω · L−γ1
Rγ2

))W.
� ¹ " �


 89� D*�Q4 A9� ���Q6
Rγ

�j6�kl8n6�oQ6�476�S*8C6�4 �zoQs�6�p�AjI¥47S��  �S��:D �(R
M(Â)

� A9� �>AC6�v�AC6���6�S*89� H��C�/s�ACBEv*I
Γ

Γ 3 γ 7→ Rγ ∈ M(Â)
�j6�kl8.H��Q¯
sO�§�«R 89� vq��o:��s��:�Gkj89Aj�QH&8º� �¦S���B�D*B��j6x� Sh�gAC6�v�AC6���6�SZ89� H��j6

χ ∈ Mor
(
C∞(Γ̂), Â

) � FN�¡�º� k r
89� kC�(R��zS��QB[�j6������

Ψ
��AC� �

Ψ?
��� kj8f�(�j6�4­I

X = (χ ⊗ χ)Ψ ∈ M(Â ⊗ Â)

Y = (χ ⊗ πL)(Ψ?) ∈ M(Â ⊗ K).
FGAC�&IOv���4/S�� �j4<I�®� �6

W ∈ M(Â ⊗ A)
kjDz¯z�

V = Y ∗WX∗ ∈ M(Â ⊗ K).
� ¹O� �
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 �Q�E���Q4<I7R��:P�H ®h �6

V ∗
12V23, V12V

∗
23 ∈ M

(
Â ⊗K ⊗ C∞(G)

)
.

� ¹ ? �
��¯ H���¯ H>vq�(R�I
 �kj��6<AC�(R�Sh� S��:6u�>AC�(R�Sh� S��:6�4¨vE�QP�H��Q��D�¯z89�[��o��

V �
V13 = V ∗

12V23V12V
∗
23

����kl8f�}�j6�4­I

V ∈ M
(
Â ⊗ C∞(G)

)
.

� ¹ L �
�nSh� oQ� s��QH���S��:6����(R��
�����Q4­I ®h �6 �

W ∈ M
(
C∗

r(G) ⊗ A
)
.

� ¹ � �
3h��Aj4[Bq�¤� � ¹ L �J� A9� �y�NR��:6�Aj����6�S��Q6n¹<v���D�� ��B}�C¯E®O �6±Sh��89B�AC� oQSh�>AC6�v�AC6���6�S*89� H��C�

C∗
r(G)

S��
L2(G)�j6�kl8u6�o:6�4/6�SZ896�4

Mor
(
C∗

r(G), Â
) �uFN�O�E��p�S��:6 ®�£¤��AC4[B��¤� � ¹ � ��vq��D�� ��B��j6 ®q �6[S��z89B�AC� oQS��7AC6�v�AC6���6�S r

8f�zH��C�
Â

Sh� v�Aj��6�kl89Aj��6�SE�
L2(G)

�j6�kl8]6�oQ6�4/6�SZ8C6�4
Mor

(
Â, C∗

r(G)
) � ª���Aj¬���4­I kC¯ � ��6�¬hSE�QH��j�

S��:6����E6�s�6�S�6�Aj�}R�� S�6­�[R��QP�H

C∗
r(G)Â = Â

Â C∗
r(G) = C∗

r(G).
�±o:s�6�pEAjI

C∗
r(G)

�
Â

kC¯/��� 47D*S��:P�8C6uSh�0kCv�Aj��P� �6�S��:6=R�8f� D*�:4 A9�z���Q6

Â = Â∗ = Â C∗
r(G) = C∗

r(G),
H��/D �#��H��&I����(R��
��vEB�S�DZ89B

1.wy�O�������
�§� S��:6�Sh�
Â

�j6�kj8y�:47v�o:6�4/6�SZ89�(R�� S�6uv�Aj��6��
ΣW ∗Σ

®hH��7v���D�� ��B}�j6u �6 �
∆̂Â(a) = ΣX∗V ∗Y ∗(I ⊗ a)Y V XΣ

= ΣX∗V ∗(I ⊗ a)V XΣ

= (ΣX∗Σ)∆̂(a)(ΣXΣ) = AdΣX∗Σ∆̂(a).
Fb�
����pES��Q6ukjv�A9�ºR������ 4­Ix£¤��Aj4[Bq�§Pu��� �h�}�C¯zHº¯.D �
�O�ER�Aj� 89SE��� �z�

�

��+ � +�´�VOe�\
W���_��EX _�X
C∞(G)Ψ̃⊗Ψ + �i� H���S�� �j4­Ix8C6�S¡Aj�����������
�`�
�]R�v�AC�(R�� ����6�S��Q��vq���jP �[D � r

AC6�v�AC6���6�S*89� H��j�b�bDz���j6��OIOSED
�`s�ACB�vZI«DZR��zS*8C�(R�6¦�
(A, ∆)

��A9� �=��v��:kCB���R���¯z��D*Bg4/�QP��E��I�S��:47�²��@
8f�zS r
�h� Aj���(R��.��6&¬hS��QH¦�C�/Dz��AC6�v�AC6���6�S*89� H��j��s�AjB�vZI�DZR�� SZ8C�}R,6��

(A, ∆)
� vh�z8CAC� � �%� ���j6�kl8nS�� kj8CP�v�B��C¯zHº� �

�x\Z^ _Nadcfe�X 
 ��+ (y�Q6�Hf�
(A, ∆)

p�P������Q6ns�ACB�v�¯­DZR�� SZ8C�}R�¯[R kC6�S�kC�:6u¢±6�¬�S��QH¦�j�i¹­��AC� �
H

pqP������:6
v�Aj��6�kl89Aj��6�SE��¯ mn�:oQp�6�Aj89�E�5wn� AC6�vEAC6���6�SZ8f�zH��C¯

(A, ∆)
Sh�

H
Sh� �&I
R�� 4­I B�S�� 8f� AjS*I 6�o:6�4/6�SZ8

U ∈
M(K(H) ⊗ A)

8f� D*�²®� �6

(id ⊗ ∆)U = U12U13.
¢±oQ�7v�� 89Aj��6�p�896¦�yv�AC� H�I�R�v�Aj�}R�� �����Q4­I�SE�Q6�H��¥�:S�Sh¯.��6�¬hSE�QH��jPz� 
 8¦I
4©H�6�o:B]Aj����R��  �4<I]�zBE89� r

4/��Aj¬h��4 ��� 47�Q� SZI�S�� s �
σ ∈ Mor(K(H) ⊗ A, A ⊗ K(H)) �

σ(k ⊗ a) = a ⊗ k
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��oQ�]R�kC��I
kl89D*�QHf�

k ∈ K(H)
��AC� �

a ∈ A
� �i� BZR��  �4­I ®, �6­�j6��Co:�

U ∈ M(K(H) ⊗ A)
�j6�kj8/Dz� r

AC6�v�AC6���6�S*89� H��C¯�s�ACB�vZI DZR��zS*8C�(R�6¦�
(A, ∆)

89��6�o:6�4/6�SZ8
Ũ = σ(U)∗ ∈ M(A ⊗ K(H))

kCv�6���S����
AC�(R�Sh�zS��Q6

(∆ ⊗ id)(Ũ) = Ũ23Ũ13

�,@
8f¯z�«v���S��: �kj�º�.��6�¬hSE�QH��C� �
�x\Z^ _Nadcfe�X 
 
 + (y�Q6�Hf�

(A, ∆)
p�P������Q6ns�ACB�v�¯­DZR�� SZ8C�}R�¯[R kC6�S�kC�:6u¢±6�¬�S��QH¦�j�i¹­��AC� �

H
pqP������:6

v�Aj��6�kl89Aj��6�SE��¯ mn�:oQp�6�Aj89�E�5wn� AC6�vEAC6���6�SZ8f�zH��C¯
(A, ∆)

Sh�
H

Sh� �&I
R�� 4­I B�S�� 8f� AjS*I 6�o:6�4/6�SZ8
U ∈

M(A ⊗K(H))
8f� D*�²®� �6 �

(∆ ⊗ id)U = U23U13.
¢��zoQ6���v����jP�H����0D ��Aj6�v�Aj6���6�SZ8f� H¦�j�bp�P��E���Q6�4­Ix���(R�kj��6=B� �I*R�� oQ��R�vq�(R�I
 �kj��I
4©kC6�SEkC�Q6z�
�x\Z^ _Nadcfe�X 
 �i+ (n�:6�Hf�

(A, ∆)
p�P��E���Q67s�ACBEvh¯]DZR��zS*8C�(R�¯¡R kC6�S�kC�:6�¢±6�¬hSE�QH��j��¹E�F	���� A9� DZ8C6�A

e ∈ A∗ Sh� ��I*R�� 4­I�Dz���j6��EI
S�D�¯��j6��Co:�

(id ⊗ e) ◦ ∆(a) = a
��oQ�0R�kj��I
kj8CD*�QHf�

a ∈ A
�

(y�Q6�Hf�
(A, ∆)

p�P������Q6.s�ACBEvh¯xD*R�� SZ89�(R�¯��0��v�6�AC�z89� AC6�4 4[B�o 8¦IOvEoQ�QD��z8¦I*R�SZI
4UB�S�� 8f� AjSZIO4
W

�

 ���z����4/��®� �6

W ∈ M(Â ⊗ A)
s��E���Q6

(Â, ∆̂)
�j6�kj8±DZR�� SZ8C�}R�¯xs�ACBEvh¯¥��Bh�zoQSh¯/s�ACB�vZI�DZR�� SZ8C�}R,6��

(A, ∆)
� (y�Q6�Hf�

H
pqP������:6/vEAC��6�kj8CAC��6�S���¯«mn�:oQp�6�Al8f����AC� �

π ∈ Rep(A; H)
� ���z8¦R,��kjv�A9�ºR������ � ®N �6

��v�6�AC�z89��A
(id⊗π)W ∈ M(Â⊗K(H))

�j6�kj8JDz��AC6�v�AC6���6�SZ89� H��C¯=D*R�� SZ89�(R,6���s ACB�vZI
(Â, ∆̂)

�J2�D�� ��B}�j6
kC�:P ®h �6��j6 �Co:�

(A, ∆)
vq��kj��� ���[D ���j6��EI
S�D P=89�/v�A9�ºR������:R,6��j6�kj8y896� >8¦R��:6�Aj����6�S��Q6>�
�ER�AC� 8CS�6 �

� Y7a¤\*�zW�¸Z\
_ba¤\ � 
 + 5 % �97��
(A, ∆)

��� D���% �A����) � 	 �!$/��0��1�!$�	 $ I*��0GI�% � � � � 0�% 7 � % � � �9����� �
���1�!�9��: :;) � �=�9�+� % �����B�!$ 0�� : ) 0�%?� ����0�� :

W � (Â, ∆̂)
��� D���% �"�!$/��0��1�!$�	 ����)*� 	 D�)G��� 0 	 �!�����

H��� D���% �-�+�
�!�9I��=�
�!��0�% 	 �
%?� ������� ��� � �����9�+)� ���:;� � �!� (A, ∆)
���*I�%=� D ��� � � � D��!0 ����� �C�1� D�� DG� � ����� �

D�� � � �!�#�1�+�#���!��0�� ��7 � % U ∈ M(Â ⊗ K(H))
����)*�+���!$/��0�� �!$2� � (Â, ∆̂)

% I��=0�% � � �CD������<� D�0�% � � � D�0+�
�#�1�+�#���!��0��<��7 � � π ∈ Rep(A; H)

�<����� � �!� U = (id ⊗ π)W
�

¢±�(R,�O�5v��(R�IO �kC��6�s�� 8¦R��Q6�AC����6�S��Q� v�AC�&I �º�*�§�� �6�S��:B �Qkl89S��:6�S��Q� 4/��� AlI�mn��� AC� Sh�
A

4/�� �S��
��S�� oQ6 ���uR v�AC� H�I � �%�²�,¢n�}R,�
�i®hDZ89��AlIxS��Q6uDz��AC�&I
kj8f�/�>47�Q� AjI¥m±���zA9�n�j6�kl8nv��
�h� SZI�R vEA9� H&I � 
 �%�

 ��� oQkj��6��uH���P��CH��,8C6�s��«AC���������Q�
�§B ��v��:kC��6�4­I{Dz��S�kj8CACB�DzH��jP7D ���j6��EI
S�D*��Sh�«s�ACB�vE�Q6.DZR�� SZ8C�}R,6��

(C∞(G)Ψ̃⊗Ψ, ∆Ψ)
� (n�Q6�Hf�«R��:P�H

G
p�P��E���Q6us ACB�vh¯0o:��D�� oQS��:6±�&R�� Al8f¯.�>vq�
��s�AjB�vh¯0� p�6�o:�}R�¯

Γ ⊂ G
®

Ψ
p�P������Q6

2 r D �
H�I
D*oQ6�4 Sh��s�AjB�v��:6]��Bh�zoQS�6¦�/��A9�z�
π ∈ Mor(C∞(G); C∞(Γ))

pqP������:6]kCBEA¤�j6�DZ8¦I r
R�SZI
4U47� Aj¬h��476�4 � pqH��QSh� SE���7£¤B�SED H��j�`���xvq�
��s�AjB�vZI�� (n�:6�Hf�

ρG

pqP������:6[�������
�§� S��Q6�4
Γ2 Sh�

C∗ r
� o:s�6�p�Aj��6

C∞(G)
v�AC��6��.oQ6&R�60� vEA9�ºR�6.v�Aj��6�kCB�S��:P�H����x��A9�z�

ρΓ

p�P��E���Q6.�zSh� oQ� s��QH���SZI
4 �������
�§� S��:6�4
Γ2 Sh�

C∗ r � oQs 6�p�Aj��6 C∞(Γ)
� �bAj���jD*�

(C∞(G), ρG, Ψ)
�

(C∞(Γ), ρΓ, Ψ)
kC¯ �h� SZI
47�­�y�:6�°q6�oQ�

��AC� �
(π, id)

�j6�kl8.47� Aj¬h��476�438¦I
Hf� �h� SZI
Hf� � vh�z8CAC�x¢±6&¬hS��:H��C�{K �<s��E���Q6
id : Γ → Γ

�j6�kj8.4/��A r
¬h��476�4³�:��6�SZ8¦I
H���S����jH��Q�(R�I
4«� ��6¥@
8¦R��:6�AC�E��6�SE���g¹xR�I
S��QD����:kj8CS��Q6�S��Q6.kCBEA¤�j6�DZ8¦I*R�S�6�s��{47��Al¬h��4­B

πΨ ∈ Mor(C∞(G)Ψ̃⊗Ψ; C∞(Γ)Ψ̃⊗Ψ)
kCD*AjP�H�� S*I
Hf�

C∗ r � o:s�6�pEA��gFN��Sh� �O89�gSh�
C∞(Γ)Ψ̃⊗Ψ 4/�� �S��

R�v�Aj�}R�� ����� �JD � 47S��  �6�SE�Q6
∆Ψ

Γ ∈ Mor
(
C∞(Γ)Ψ̃⊗Ψ; C∞(Γ)Ψ̃⊗Ψ ⊗ C∞(Γ)Ψ̃⊗Ψ

) ��AC� � ®C�C� DyR�IOSE�QD��
�>�NR��:6�Aj����6�S����x�(KE®

πΨ �j6�kj8y4/��Aj¬h��476�4 s�AjB�v�DZR�� SZ8C�}R�I
Hf� �
∆Ψ

Γ

(
πΨ(a)

)
= (πΨ ⊗ πΨ)

(
∆Ψ(a)

)

��oQ�0R�kj��I
kj8CD*�QHf�
a ∈ C∞(G)Ψ̃⊗Ψ �
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FGAC�&Iº�jAC��Iº�j4­I�kC�:P7pEoQ�Q �6��=s ACB�v��:67DZR�� SZ89�(R,6��

(C∞(Γ)Ψ̃⊗Ψ, ∆Ψ
Γ )

� � �NR��:6�AC�E��6�SE��� ? " R�I
S��QD��E®
 �6

C∗ r � o:s�6�p�AC�¥DZR��zS*8C�(R�6¦�>s�AjB�vZI]��B�� oQS�6¦�±���
C∞(Γ)Ψ̃⊗Ψ vq��D*AlI
R��xkC�:P[�

C∗(Γ)
��D ��4/S��� �6�S��:6

��Bh�zoQS�6
∆̂

�j6�kj8ykCD*AjP�H�6�S��Q6�4 D�� S���S��:H���S�6�s��/D � 47S��  �6�SE���
∆̂Γ

S��
C∗(Γ) �

∆̂(a) = (ΣX∗Σ)∆̂Γ(a)(ΣXΣ)
��oQ�µR�kj��I
kj8CD*�QHf�

a ∈ C∗(Γ)
� � 6��ESh� D* �6

C∗(Γ)
�j6�kj8

C∗ r � o:s�6�pEA9¯�v�Aj��6�4/�Q6�S�Sh¯ �
Γ

�j6�kj8�s�ACBEvh¯
� p�6�o:�}R�¯ � ®,R��QP�H

(ΣX∗Σ)∆̂Γ(a)(ΣXΣ) = ∆̂Γ(a)
� F`�z47�:P�8f�(�C¯ H ®� �6

C∗(Γ)
47�  �Sh�{BE89�  �k9�z47� �

�.� o:s�6�p�AC¯¥£¤B�S�DzH��j�GSh�xs�AjB�v��Q60�EBh� oQSE6��
Γ̂

R��:�����:4­I�®� �60D*R�� SZ89�(R���s�AjB�vh�x��Bh�zoQSh�����
C∞(Γ)Ψ̃⊗Ψ

�j6�kl8��zoQs�6�p�A9¯­£¤B�SED H��j�NSh�.s�ACBEv��Q6u�ER,���:kj896¦�ys�AjB�vZI
Γ̂
�=Dz�zS���S��:H���SZI
4 D � 47S��  �6�SE�Q6�4«� � ��B�� oQS��#�CH��

Fb� S*8CAjI�� s��QS��7����kl8f�}�j6�4­I � C∞(Γ)Ψ̃⊗Ψ = C∞(Γ)
� 
 89� D*�Q4 A9�z���Q6=4/��Aj¬h��4

πΨ �j6�kj8�6�oQ6�476�S*8C6�4

Mor(C∞(G)Ψ̃⊗Ψ; C∞(Γ))
�Jwy���j6��EI
S�DzP­Sh�0s�AjB�v��:6=DZR�� SZ89�(R,6��

(C∞(G)Ψ̃⊗Ψ, ∆Ψ)
� 8CAC��I
4[B}�j6�4­I

kCD��§� �h�}�C¯ H
πΨ �xDz���j6��EI
S�D�¯

e
Sh�

C∞(Γ) � e ◦ πΨ ∈
(
C∞(G)Ψ̃⊗Ψ

)∗ �µFN�}R�I
 �kC��6�AC���&R��z º� S��Q�
v��O��kjB�4[B��j6�4­IxSh�zkj89P�v�B��C¯ H&I
4¨8¦R��Q6�Aj����6�S��Q6�4 �

� Y7a¤\*�zW�¸Z\
_ba¤\ � �i+ 5 % �97��
W ∈ M

(
C∗

r(G) ⊗ C∞(G)Ψ̃⊗Ψ
) ��� D���% � �9��������� �!�#��: :;)�� �B�9�+� % �

�����=� $ 0��!: ) 0�%?� ����0�� : ����) �+� �!$/��0�� �!$2� � (C∞(G)Ψ̃⊗Ψ, ∆Ψ
) �!�����@0�% �97�� (

C∗
r(G), AdΣX∗Σ∆̂

)
��� D���% ���!$/��0��1�!$�	@����)*� 	 D�) ��� 0 	F�9�+% I���0 	 $ � $ % ����D��!��0�%?) ��� �!�����

H
��� D���% � �+�
�!�9I��B�
�!��0�% 	 �
%?� �

�������<���C'(��) �G� �!$/��0�� �!$/� (
C∞(G)Ψ̃⊗Ψ, ∆Ψ

) ���*I�%=� D � � � � � D�� 0 ����� � I��!7��!� ��"!� 08�� *7�%/DG� � �����*D�� �� �!�#�1�+�#���!��0��<��7 � % U ∈ M (C∗
r(G) ⊗K(H))

����) �+� �!$/��0��1�!$2� � (C∗
r(G), AdΣX∗Σ∆̂

) 0+� �+�
�!�9I �
�=���!��0�%��
%?� ������� �

H
% I��=0�% � � � D������<� D�0�% � � � D�0+���9�1�+�#���!��0�� ��7 � � π ∈ Rep(C∞(G)Ψ̃⊗Ψ; H)

� ����� � �!�
U = (id ⊗ π)W

�
�i+ �.W�Y/¸ZV��}VOY[X�_ba¤\g´¥Y­Xh_q%���¸ZXhcfeºa�+

(y�Q6�Hf�
G

p�P��E���Q6/s�AjB�vh¯�o:��D�� oQSE�Q60��R�� Al8f¯E®
Γ

p�P��E���Q6u�j6��<�zpq6�oQ�(R�¯«vq�
��s�AjB�vh¯«��A9� �
Ψ

pqP������:6

2 r D �
H�I
D*oQ6�4 Sh�
Γ̂
� (n�:6�Hf� (

C∞(G)Ψ̃⊗Ψ, ∆Ψ
) p�P������Q6us�AjB�vh¯[DZR��zS*8C�(R�¯.�u��v�6�A9��89��Aj6�4 4­B�o:8¦I
v�o:� r

D��z8¦I*R�SZIO4 B�S�� 8f� AjS*I
4
W ∈ B

(
L2(G)⊗L2(G)

) R�v�Aj�}R�� ������Sh¯­R �������E�����zoQ6y��� 
 S��:S��Q6¦�jkC��I
4
AC� ��������� o:6 BO89�� �k9� 4/���#�{p�P������Q6�4­I

C∗ r � o:s�6�p�AjP C∞(G)Ψ̃⊗Ψ �x�j6��«� p�A9� ��6�4 R
B(L2(G))

v�AC�&I
AC6�v�AC6���6�S*89� H��j�

πkan ∈ Rep
(
C∞(G)Ψ̃⊗Ψ; L2(G)

) R�v�Aj�(R�� �E����S�6¦��R ��R��z����6<¹E�

�x\Z^ _Nadcfe�X 
�� + (n�:6�Hf�
f ∈ C∞(G)

��AC� �
Rg ∈ B(L2(G))

pqP������:6�v�AC�(R�¯>AC6�s B�o�� AjSh¯±Aj6�v�Aj6���6�S r
8f�zH��C¯ s ACB�vZI

G
� ª��(R��Q4­I ®u �6

f
�j6�kj8]£¤BES�D H¦�C¯ DZR��zS*8C�(R�� o:Sh¯{�j6 �CoQ�>�:kj89SE�Q6��j6¡£¤B�SED H��j� Sh�
�

ω ∈
B(L2(G))∗

8f�zD
�²®[ �6
f(g) = ω(Rg)

��oQ� R�kC��I
kl89D*�QHf�
g ∈ G

� ¢±o�� £¤B�SED H��j�.DZR�� SZ89�(R��zoQS�6¦�

f ∈ C∞(G)
��6&¬hS��QB}�j6�4­Ix� vq6�A9�z8C��A

Q(f) ∈ C∞(G)Ψ̃⊗Ψ ⊂ B(L2(G))
R�����AC6�4 �

Q(f) = (ω ⊗ id)W ∈ C∞(G)Ψ̃⊗Ψ.
��p��:��A>£¤B�S�D H¦�j��DZR�� SZ89�(R��zoQSZI
Hf� p�P������Q6�4­I�� ��Sh� H��º�#�¥kjI
4[p���oQ6�4

F(G)
�]FN��D��  �6�4­I�®G �6�v�� r

R�I
 �kj�º�0��6�¬�S��QH¦�C�[v�AC�(R�� �����q���0����pEAC��6±��D*AC6��joQ��SE6�s��[�
�ER�����AC�(R�� S����
Q : F(G) −→ C∞(G)Ψ̃⊗Ψ �

FGAC�&IOvEB�� ��4­I�®z �6
ω ∈ B(L2(G))∗

�j6�kj8�89� D*�Q6 ®} �6
ω(Rg) = 0

�Eo���R�kC�&I
kj89D*�:Hf�
g ∈ G

� �¦S�SZI
47�Zk �§�(R�I



* �

ω|C∗
r(G) = 0

� �NR��:6�Aj����6�S��Q6 ?#" v���D�� ��B}�j6 ®E �6±v��:6�AlR�kC�º�<S���sZ�>��v�6�A9��89��AC�
W ∈ B

(
L2(G)⊗L2(G)

)
s�6�S�6�AjB��j6

C∗ r � o:s�6�p�AjP C∗
r(G)

R��:P�H
(ω ⊗ id)W = 0

�0@
89¯ ���¤�z8¦R,�xR�I
S��QD��E®� �6n�j6��Co:�`£¤B�S�DzH��C�
f ∈

F(G)
��� Sh�>�j6�kj8uv�Aj��6��[�ER��¥£¤B�S�D H¦�j��Sh�
�QI

ω1, ω2 ∈ B(L2(G))∗
R5kC6�SEkC�Q6[¢±6�¬hSE�QH��j�,� L 8C�¥DZR��zS r

8¦I
�º� H¦�C�.8C6���£¤B�S�D H¦�j��S��Q6>��� oQ6� �I��
��R�IOp���AjB«£¤B�SED H��j� Sh�
�§B � Q(f) = (ω1 ⊗ id)W = (ω2 ⊗ id)W
�

� Y7a¤\*�zW�¸Z\
_ba¤\�� � +
5 % �97�� (
C∞(G)Ψ̃⊗Ψ, ∆Ψ

) ��� D���% � ����)*� 	 �!$/��0��1�!$�	 �#����$/���*��0 	;���!$ ���!� ��!�����
f, h ∈ F(G)

��� D�	 ��)�0 � 7 � ��:;% �!$/��0��1�!$/��� 0�� :;% D ��0�� :;% ��D����!$ % � D�0�% � �+�
�!��� ��)�0 � 7 � �!0+��� �
ω�!�����

µ ∈ B(L2(G))∗
� � 7����!$/��0��B���*��7 � �.D � � 	@�9���������1�!���

Q(f),Q(h) ∈ B(L2(G))
� � ��� "���:;� � �!�

h ∈ L2(G)
� ��� � D��

Q(f)h ∈ L2(G) � �9I�� ��) 0 � 7 � 	 �!$/��0�� �!$/��� 0 	@�!� ���
Q
(
Q(f)h

)
= Q(f)Q(h).

� ¹�1��
�xVOY�#�WJ+ �i� BZR��  �4­I ®h �6

Q(f)Q(h) = (ω ⊗ id)(W)(µ ⊗ id)W

= (ω ⊗ µ ⊗ id)(W13W23)

= (ω ⊗ µ ⊗ id)(W∗
12W23W12).

Fb�(R�I
 �kj��I A9�zHf�
BES�6�D�v���D�� ��B��j6 ®� �6
Q(f)Q(h)

�j6�kj8.DZR�� SZ8¦IO��� H��C¯{£¤B�S�DzH��j�
k ∈ C∞(G)

����6&¬hS r
�Q�(R�� S�6¦��Sh�zkj89P�v�B��C¯ H�� �

k(g) = (ω ⊗ µ)
(
W ∗(I ⊗ Rg)W

)
.�¡AC�(R�S����jH��

W ∗(I ⊗ Rg)W = X∗(Rg ⊗ Rg)X
R�IOSE�QD��E®� �6

k(g) = (ω ⊗ µ)
(
X∗(Rg ⊗ Rg)X

)
.

�±pZI�B��E�}R,�
��S�� ��£¤� AC4[Bq��P � ¹Z1#��4[B�kC�:4­I¥R��:P�HuR�I
D�� �º�#�z®� �6

(ω ⊗ µ)
(
X∗(Rg ⊗ Rg)X

)
= [Q(f)h](g).

� ¹�¹ �

 8¦I
4¨H�6�o:B«R�I
D � Sh�}�j4­I�v���S��: �kC�&IxA9�zHf�
BES�6�D �

(ω ⊗ id)
(
(Rz1

⊗ Lz2
)V (Rz3

⊗ Rz4
)
)
h(g) = Lz2

f(z1 · z3)Rz4
h(g)

= f((z1 − z2)gz3)h(−z2gz4).
���}R�SE��� �

h(g) = µ(Rg)
�h�}�j6

(
(ω ⊗ id)

(
(Rz1

⊗ Lz2
)V (Rz3

⊗ Rz4
)
)
h
)
(g)

= (ω ⊗ µ)
(
(Rz1−z2

⊗ R−z2
)(Rg ⊗ Rg)(Rz3

⊗ Rz4
)
)
.

� ¹Z|��

(n�:6�Hf�
ϑ ∈ Aut(C∞(Γ̂ × Γ̂))

pqP������:6<�zBE89��4/��Al¬h��4/6�4 �h� SZI
4 R�����Aj6�4

ϑ(f)(γ̂1, γ̂2) = f(γ̂1,−γ̂1 − γ̂2)
FGAC��6��=H���¯*sO����� �z®EAC�(R�Sh�zS��Q6 � ¹�|���AC����kC��6�AC���7kj�QPu��� �

[
(ω ⊗ id)

(
(πR ⊗ πL)(f1)V (πR ⊗ πR)(f2)

)]
h(g)

= (ω ⊗ µ)
(
(πR ⊗ πR)ϑ(f1)(Rg ⊗ Rg)(π

R ⊗ πR)(f2)
)

��oQ�0R�kj��I
kj8CD*�QHf�
f1, f2 ∈ Cb(Γ̂ ⊗ Γ̂)

�Jw­�§� �h¯ H
f1 = Ψ?

®
f2 = Ψ

��� kj8f�(�j6�4­I
ϑ(Ψ?) = Ψ

��A9� �

[(ω ⊗ id)(YVX)]h(g) = (ω ⊗ µ)(X∗(Rg ⊗ Rg)X).



* �

�±o:6
W = Y V X

®OR��QP�H

Q(f)h(g) = (ω ⊗ µ)(X∗(Rg ⊗ Rg)X) = k(g).
¢±�(R,�O������89�0£¤��AC4­Bq��I � ¹�¹ ����Dz����H��&I����(R��
�«Sh� kC��6�s��7�NR��:6�Aj����6�S����E�

�
FGAC�&I
v�B�� ��4­I�®� �6

fn ∈ F(G) ∩ L2(G)
�j6�kl8¥H���¯*s��Q6�4³£¤B�SED H��j����p��Q6� �SZI
4 �E����6�A9�{R¨kj6�S�kj�Q6

S���Aj4­I
L2(G)

� �i�
���� �4<I�®� �6��Qkj8CS��Q6¦�j6Js�A9� SE�QHº�
a = limn→∞Q(fn)

Rµkj6�S�kj�Q6�S���Aj4­I>��v�6�A9��89��Aj�}R,6����
Fb� Dz�z �6�4<I�®� �6±R�896��EI

a = 0
� (y�Q6�Hf��£¤B�S�D H¦�C�

h ∈ F(G)∩L2(G)
pqP������:6±�h� S��[v�AC��6��±£¤B�SED H��j� Sh�
�

µ ∈ B(L2(G))∗
�¡£¤B�S�DzH��j6

fn

p�P��h¯¡�h�zS�6�v�AC��6���£¤B�S�D H¦�j��Sh�
�QI
ωn ∈ B(L2(G))∗

� �y� ��R��  �4­I
£¤B�S�DzH��jP

Q(fn)h ∈ L2(G)
�!�¡�NR��:6�Aj����6�S���� ? L ����kl8f�}�j6�4­I

Q(fn)h(g) = (ωn ⊗ µ)(X∗(Rg ⊗ Rg)X).
�i� BZR��  �4­I ®h �6

(ωn ⊗ µ) (X∗(Rg ⊗ Rg)X) = (µ ⊗ ωn)
(
XΣ∗(Rg ⊗ Rg)X

Σ
)

s������Q6
XΣ ∈ B

(
L2(G) ⊗ L2(G)

) vq�(R�kj89�}�j6>�
X

v�Aj��6��=��� 4/��� S�PuSE��s�� 
 8f� D*�Q4 A9� ���Q6

ah = lim
n→∞

Q(fn)h = lim
n→∞

QΣ(h)fn = 0

s������Q6
QΣ �j6�kl8]�
�ER�����AC�(R�� S��Q6�4 DZR�� SZ8¦I
�º�zH��j�­�Eo��

2 r D �
H�I
D*oQB ΨΣ �¨FN�(R�kj8f�(�j6���S��
Ψ

v�AC��6��
�º�z47�Q� S�Py47�:6��jkCH�� 4/�h��4/�Q6�SES*I
Hf�i�!�]s P�kj8C���CH�����p��Q��AjB

F(G)∩L2(G)
R

L2(G)
R�I
S��:Dz�O®O �6

a = 0
�

Fb�(R�I
 �kj��6[Aj����R��  �� S����[R�AC� �>�=��R��Q6�AC����6�S��:6�4 ?zL vEAC�(R��z���º¯/���.Sh� kj8CP�v�B}�C¯ H�6�s��/8¦R��:6�Aj����6�S���� �
� Y7a¤\*�zW�¸Z\
_ba¤\ � ��+.5 % �97��

Q : F(G) → C∞(G)Ψ̃⊗Ψ
��� D���% ����D�$ �!�!�9�!$/��0�% ��: �!$/��0��B���*��7 � %�*D�� � 0�% �!$/��0��!: ���!$ ���!� � � !�� ��� ����7�%
�97�% �

Q : F(G) ∩ L2(G) → C∞(G)Ψ̃⊗Ψ � �9I�� D��!:;������� 08�
$ � �9���!� � ��%?%

L2(G)
0+�

F(G) ∩ L2(G)
�!�����C�1�9���!� � ��%?% 08�!��:A�!$2� � 0+�

C∞(G)Ψ̃⊗Ψ
� � D����!$ % � D �

0�% ��D��!:��!0�%
�97�% �A� �����!����� D���% � ����0+��7��*��08� �+�
�!���
Q

� D���% � D���%?0+� D��!:��!0�%
�97�% �@��� D���% � ����0+��7��*��0+�
I��!: ���!� ��:

D(Q)
�

� ��� "���:;� � �!� a ∈ M
(
C∞(G)Ψ̃⊗Ψ

) � �C�1� D��
ah ∈ D(Q)

DG� � $ I���� I�� �!% 7��
h ∈ D(Q)

�!�����
Q(ah) = aQ(h).

2���896���v���AjI¥pqP������:6�4­Ix��� D��¤� ���#� ®h �6=s ACB�vh�
Γ
�j6�kj8y�:����4/��Aj¬�H���S��[�<�z���EI*8¦I*R�Sh¯7s�AjB�vh¯0oQ�:H���p

��6�kCv���oQ� S*I
Hf�
C

�
2 r Dz�OH&IOD*o Ψ

�h� SZI­�j6�kl8yR�����AC6�4 �
Ψ(z1, z2) = exp(siIm(z1z̄2))

� ¹�½��
s������Q6

s ∈ R
� (y�Q6�Hf�

ρ
pqP������:6��������
�§� S��:6�4

C2 Sh�
C∞(G)

�º� v���47�
Hº¯µv�AC�ºR�IOHf���uoQ6�R�I
Hf�
v�Aj��6�kjB�S��:P��7R����q�§BE 7v��O�Es�ACB�vZI

Γ = C
��AC� � (

C∞(G) oρ C2, λ, ρ̂Ψ̃⊗Ψ
) p�P������Q6.kCD*AjP�H�� S*I
4

C2 r
v�Aj�O��BED*8C6�4 � vh�z8CAC�>�NR��:6�Aj����6�S��Q6.� " � �!�i� BZR��z �4­I ®h �6

ρ̂Ψ̃⊗Ψ
z1,z2

(b) = λsz̄1,−sz̄2
ρ̂z1,z2

(b)λ∗
sz̄1,−sz̄2

� ¹�K �
��oQ�0R�kj��I
kj8CD*�QHf�

b ∈ C∞(G) oρ C2 �
2��ER�����AC�(R�� S��Q6­D*R�� SZ8¦I
�º� H¦�j�

Q
����kl8f�
���¥����6�¬hSE�Q�(R��zS�60�­B� &I
H��Q6�4©��vq6�A9�z8C��A9�/4[B�o 8¦IOvEoQ�QD��z8¦I r

R�S�6�s��7BES��:89� ACS�6�s��
W

� �{��ACBEs��Q6¦��kl89AC� S*IxR��:6�4­I ®h �6>6�o:6�4/6�SZ8¦I«� o:s�6�p�AlIx��� S��Ekj8f�z�h�
C∞(G)Ψ̃⊗Ψ

v��}R�kl8f�}�C¯ v�AC��6���R�I
Hº�*�§D �(R�� S��:6�kCD*ACP�H���SE6�s�� �������
�§� S��Q� s ACB�vZI���Bh� o:S�6��
ρ̂Ψ̃⊗Ψ Sh� 6�oQ6�4/6�SZ89� Hf�



* �

D(EΨ̃⊗Ψ) ⊂ M(C∞(G)oρ C
2)
� (n�Q6�Hf�

f ∈ D(Q)
� (±� kj��I
4$Sh� kl89P�v�SZIO4 H�6�oQ6�4 p�P������Q6���S�� oQ6����Q6 r

S��:6
ρ̂Ψ̃⊗Ψ r H��
�§Dz�}R�� o:S�6�s��/6�o:6�4/6�SZ89B

bf ∈ D(EΨ̃⊗Ψ)
8f�zD
�:6�s��E®� �6

Q(f) = EΨ̃⊗Ψ(bf).
� | " �

FGAC�&I¥��D�� �¦�j��� 89Aj��I
4¥�z4­I.��kC��� H��(R�� S��Q�­S���Aj4­I.6�o:6�4/6�SZ89B
Q(f)

v�AC��6���S�� AC4­I
sup

£¤B�S�DzH��j�
f
��AC� �

�j6���vq�
Hf���
��SZI
Hf�i� 3h��AC4­Bq�¤� � | " �i��D��  �6JkC�:PJph� AC�E���±BE �I*896�H���S��nRµ�h� o:kC��6���H���P �CH��
v�AC� H�I � �i� H���S��:6�4­I
�
�«BE���(R��
��S��:6�S��Q�.�OR��
Hf�]v���4/�OH�S��QH���I
Hf��oQ6�47�z8C�}R>�

·J\
��XE% � +
5 % �97��
Γ ⊂ G

��� D���% � ����D*����)*� 	 � ����� �!$�	 % �!�!:A�!� � 7���0 	 �;����)*� 	
C
� � ����$/����:;�

�#�1�+�#���!��0��<��7 � � πR : C 3 z 7→ πR(z) = Rz ∈ B(L2(G))
� � 0+D�)��!) � �C�!0+� �#�1�+�#���!��0��<��7 � �@������� �

����������)*���!$2� � πR ∈ Rep(C∞(C); L2(G)).
�-�+�#�!$/� D���:;� �9���������1�!� �9"���0�% 7���� �!$ �

∂R = πR(id)D���%=���<� � 	�7�� 0+�
L2(G) � � D���% � id(z) = z

� ��� � D��-DG� �
x ∈ D((1+∂∗

R∂R)2)
�!� ���

h ∈ Cb(C)
: ��:;�

πR(h)x = πR
( h

(1 + |z|2)2

)(
(1 + ∂∗

R∂R)2x
)
.

� |O� �

�xVOY�#�WJ+ (n�:6�Hf�
u ∈ D((1 + ∂∗

R∂R)2)
� 
 896��OI

πR(h)x = πR

(
h

(1 + |z|2)2

)
πR((1 + |z|2)2)x = πR

(
h

(1 + |z|2)2

)
(1 + ∂∗

R∂R)2x.

�
FN��S��Q �6��/kl£¤��AC4­Bq�§B��j6�4­I�R,6�Ajk¤�jPg��6�4¥�z8CB K ��oQ6�R�¯�Aj6�v�Aj6���6�SZ8f� H¦�C¯�s�AjB�vZI

C
Sh��v�Aj��6�kj89Aj��6�S��

mn�:oQp�6�Al8f�
L2(G)

�
·J\
��XE% 
 ��+45 % �97��

Γ ⊂ G
��� D���% � ����D*����)*� 	C� ����� �!$�	A% �!�!:A�!� � 7���0 	 � � D D��!�B�!$ 0 	 ����)*� 	

C
�

� ����$/����:;�C�9�1�+�#���!��0�� ��7 � � πL : C 3 z 7→ πL(z) = Lz ∈ B(L2(G))
� � 0+D�) �!) � �@�!0+� �#�1�+�#���!��0 �

� ��7 � � ������������� ����) ���!$2� � πL ∈ Rep(C∞(C); L2(G)).
�-�+�#�!$/� D���:;� �9��������� �!�
�9"���0�% 7���� �!$ �

∂L =
πL(id)

D���%=���<� � 	�7���0+� �+�
�!�9I��B�
�!��0�% �
%?� �������<�
L2(G) � � D���% �

id(z) = z
� �C�1� D�� DG� �

x ∈ D((1 +
∂∗

L∂L)2)
�!� ���

h ∈ Cb(C)
: ��:;�

πL(h)x = πL
( h

(1 + |z|2)2

)(
(1 + ∂∗

L∂L)2x
)
.

� | ? �

FN�}R�I
 �kC��6/oQ6�4¥��8¦I���� kj8C��kCB}�j6�4­I]����R�I
oQ�QH���6�S����¥6�oQ6�476�S*8CB¡4¥�zH��Q6�AC���}R,6�s ����v�6�A9��89��AC�¥4[B�o 8¦I r
v�o:�QD��z8¦I*R�S�6�s �/BES��:89� ACS�6�s��

W = Y V X �
〈x ⊗ u|Y V X|y ⊗ v〉

v�Aj��I �º�*�§�� �6�S��Q� Hf�i®� �6
x, y, v ∈ D((1 + ∂∗

R∂R)2)
��AC� �

u ∈ D((1 + ∂∗
L∂L)2)

� ¢no��
2 r D �
H�I
D*oQBv���kj89� H�� � ¹�½ ��4¥� 4<I

Y = (πR ⊗ πL)(Ψ)
®
X = (πR ⊗ πR)(Ψ)

�Jwy��AC�&I
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〈x ⊗ u|Y V X|y ⊗ v〉 = 〈(1 + ∂∗
R∂R)2x ⊗ (1 + ∂∗

L∂L)2u|
× (πR ⊗ πL)(h′)V (πR ⊗ πR)(h′)|(1 + ∂∗

R∂R)2y ⊗ (1 + ∂∗
R∂R)2v〉� | L �

s������Q6

h′(z1, z2) =
exp(siIm(z1z̄2))

(1 + |z1|2)2(1 + |z2|2)2
.
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F(h′)(w1, w2) =

∫
dz1dz2

exp(iIm(sz1z̄2 − w1z1 − w2z2))

(1 + |z1|2)2(1 + |z2|2)2

� |z� �

��SE�QD��¥kC�&I
pqH��Q6��±S��: ­���(R,��oQSZI«R��Q6�oQ��4/��� S«�
�
w1

�
w2

� 
 kC��H���6�s���oQSE���CH��`89AC� S�kj£¤� AC47�z8f� 3h��B�AC�:6�AC�
F(h′) ∈ L1(C2)
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(πR ⊗ πR)(h′)
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(πR ⊗ πR)(h′) =

∫
dw1dw2F(h′)(w1, w2)Rw1

⊗ Rw2

=

∫
dw1dw2

∫
dz1dz2

exp(iIm(sz1z̄2 − w1z1 − w2z2))

(1 + |z1|2)2(1 + |z2|2)2
Rw1

⊗ Rw2
.
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(πR ⊗ πL)(h′) =

∫
dw1dw2F(h′)(w1, w2)Rw1

⊗ Lw2

=

∫
dw1dw2

∫
dz1dz2

exp(iIm(sz1z̄2 − w1z1 − w2z2))

(1 + |z1|2)2(1 + |z2|2)2
Rw1

⊗ Lw2
.
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〈x ⊗ u|Y V X|y ⊗ v〉 =

∫
dw1dw2dw′

1dw′
2

(
〈(1 + ∂∗

L∂L)2u|

×

∫
dz1dz2

exp(iIm(sz1z̄2 − w1z1 − w2z2))

(1 + |z1|2)2(1 + |z2|2)2
Lw2

× ρ−w1,w′
1
((1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f)

×

∫
dz′1dz′2

exp(iIm(sz′1z̄
′
2 − w′

1z
′
1 − w′

2z
′
2))

(1 + |z′1|
2)2(1 + |z′2|

2)2
Rw′

2
|(1 + ∂∗

R∂R)2v〉
)
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∫

dw2dz2
exp(iIm(sz1z̄2 − w2z2))

(1 + |z2|2)2
Lw2

= L−sz̄1
(1 + ∂∗

L∂L)−2

��AC� �
∫

dw′
2dz′2

exp(iIm(sz′1z̄
′
2 − w′

2z
′
2))

(1 + |z′2|
2)2

Rw′
2

= R−sz̄′
1
(1 + ∂∗

R∂R)−2.
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〈x ⊗ u|Y V X|y ⊗ v〉 =

∫
dw1dw′

1〈u|

∫
dz1

exp(iIm(−w1z1))

(1 + |z1|2)2
L−sz̄1

× ρ−w1,w′
1
((1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f)

×

∫
dz′1

exp(iIm(−w′
1z

′
1))

(1 + |z′1|
2)2

R−sz̄′
1
|v〉.
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z1, z

′
1, w1, w

′
1

Sh�
− z̄1

s
,−

z̄′1
s
,−sw̄1,−sw̄′

1
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〈x ⊗ u|Y V X|y ⊗ v〉 =

∫
dw1dw′

1〈u|

∫
dz1

exp(iIm(w1z1))

(1 + s−2|z1|2)2
Lz1

× ρsw̄1,−sw̄′
1
((1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f)

×

∫
dz′1

exp(iIm(w′
1z

′
1))

(1 + s−2|z′1|
2)2

Rz′
1
|v〉.
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h̃(w) =

∫
dz

exp(iIm(wz))

(1 + s−2|z|2)2
.
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∫
dz1

exp(iIm(w1z1))

(1 + s−2|z1|2)2
Lz1

= πkan
(
ρ̂Ψ̃⊗Ψ

w1,w2
(λL(h̃))

)
,

∫
dz′1

exp(iIm(w′
1z

′
1))

(1 + s−2|z′1|
2)2

Rz′
1
= πkan

(
ρ̂Ψ̃⊗Ψ

w1,w2
(λR(h̃))

)
,

ρsw̄1,−sw̄′
1
((1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f)) = πkan

(
ρ̂Ψ̃⊗Ψ

w1,w2
((1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f)

)
.

� | K �

s������Q6
πkan ∈ Rep(C∞(G) oρ C2; L2(G))
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〈x ⊗ u|Y V X|y ⊗ v〉

=

∫
dw1dw′

1〈u|π
kan
(
ρ̂Ψ̃⊗Ψ

w1,w2

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)

))
|v〉.
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λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)
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f ∈

C∞(G)
�j6�kj8 �O��v��(R��Q6���S��Q6¦�ND*o�� klI­s
�¤� ��Dz���CH��O8C��6�o:6�4/6�SZ8

λL(h̃)(1+∂∗
R∂R)2 ((1 + ∂∗

L∂L)2f)λR(h̃)�j6�kl8`R �����Q6������:S��Q6J�
�ER�����Aj�(R�� SE���nB%�CAC6���S��:6�S��Q�
EΨ̃⊗Ψ �G@
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a ∈ C∞(G)
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∂k
R∂l∗

R ∂k′

L ∂l′∗

L a
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k, l, k′, l′ ≤ 2
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c ∈ R+

�<����� � �!�
‖EΨ̃⊗Ψ(λL(h̃)aλR(h̃))‖ ≤ c max

k,k′,l,l′≤2
sup
g∈G

|∂k
R∂l∗

R ∂k′

R ∂l′∗

R a(g)|.
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λL(h̃)aλR(h̃)
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h1, h2 ∈

C∞(C2)
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a′ ∈ C∞(G)
�
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λL(h̃)aλR(h̃) = λL(h̃)λR

(
(1+ |z|2)−2

)
λR
(
(1+ |z|2)2

)
aλL

(
(1+ |z|2)2

)
λL
(
(1+ |z|2)−2

)
λR(h̃).



� �

@ODz��S�H�6�SZ89ACB}�j4­I�Sh� kj�º¯.B*R�� s�P=Sh�.6�o:6�4/6�S�H��Q6

λR
(
(1 + |z|2)2

)
aλL

(
(1 + |z|2)2

)
.
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λR
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∂k
R∂l∗

R a
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k, l ≤ 2
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λR(zkz̄l)
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λR(z)a = [λR(z), a] + aλR(z) = ∂Ra + aλR(z).
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λR
(
(1 + |z|2)2
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a
4/�� �Sh��vq�(R�kl8f�
��6­R��Q6�oQ��4/� r

� S��(R,6�R�I
A9�  �6�S��Q�{����� p�kj��ACp��(R�� �x���
λR(h̃)
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λL
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λL(h̃)aλR(h̃)
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h1, h2 ∈ C∞(C2)
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R∂l∗

R ∂k′

L ∂l′∗
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k, l ≤ 2
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a = (1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f
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f
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∂k
R∂l∗

R ∂k′

L ∂l′∗

L f
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k, l, k′, l′ ≤ 4
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EΨ̃⊗Ψ
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(C∞(G) oρ C2, λ, ρ̂Ψ̃⊗Ψ)
�

��� � D��
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃) ∈ D(EΨ̃⊗Ψ)
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Q(f) = πkan

(
EΨ̃⊗Ψ

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)

))
.
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c ∈ R+

�<����� � �!�
‖Q(f)‖ ≤ c max

k,k′,l,l′≤4
sup
g∈G

|∂k
R∂l∗

R ∂k′

R ∂l′∗

R f(g)|.
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R ∂k′
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EΨ̃⊗Ψ
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0�% ��0�%=�@DG� �
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(C∞(G) oρ C2, λ, ρ̂Ψ̃⊗Ψ)
� �C�1� D��@DG� �

f ∈ GΓ
∞(G)

: ��:;�

λL(h̃)
(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃) ∈ D(EΨ̃⊗Ψ)

�!�����
EΨ̃⊗Ψ

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)

)
∈ C∞(G)Ψ̃⊗Ψ.
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Q(f) = πkan
(
EΨ̃⊗Ψ

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)
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∈ C∞(G)Ψ̃⊗Ψ.
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R ∂k′

R ∂∗l′

R f
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f ∈ GΓ
b (G)47� 4­I

λL(h̃)
(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃) ∈ D(EΨ̃⊗Ψ).
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QΓ(f) ≡ EΨ̃⊗Ψ
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(
(1 + ∂∗
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L∂L)2f

)
λR(h̃)

)
.
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R ∂k′

R ∂l′∗

R f(g)| ∈ R
�j6�kl8yS���AC47¯

Sh�
GΓ

b (G)
� ��� kCSE6��j6�kj8�®� �6

GΓ
∞(G) ⊂ GΓ

b (G)
�

�q% Y¥a¤\*��WN¸Z\
_Nad\ 
 ��+ 5 % �97��
(GΓ

b (G), ‖·‖Γ)
�!� ���

(GΓ
∞(G), ‖·‖Γ)

��� D�	(�+���!�9I��=�
�!��0�%=��:;% ��)�0 � 7 � %$8�+�#�!$/� D��!�!0�� :;% ���!$ � �!� � � 5 % �97��
fi ∈ GΓ

b (G)
��� D���% ��7�% 	*��% ��: ��)�0 � 7 � % �!� ���

f ∈ GΓ
b (G)

� � � �� "���:;� � �!� supi ‖fi‖Γ < ∞
�!� ���

limi ‖(fi − f)h‖Γ = 0
DG� � $ I����*I�� �!% 7��

h ∈ GΓ
∞(G)

�
��� � D��

QΓ(fi),QΓ(f) ∈ M
(
C∞(G)Ψ̃⊗Ψ

) �!�����
QΓ(fi)

�*��% � � �-D��
QΓ(f)

$ I*��0GI�% � �1�9���!� � ��%?%

I��=��% 7��/0+�
M
(
C∞(G)Ψ̃⊗Ψ

) � � �!0+� D�� � � �� �� % f ∈ GΓ
∞(G)

�1�
QΓ(f) ∈ C∞(G)Ψ̃⊗Ψ

�
�xVOY�#�WJ+�¢±oQ�

a ∈ CΨ̃⊗Ψ(G)
47� 4­I

QΓ(fi)a = EΨ̃⊗Ψ
(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃)

))
a

= EΨ̃⊗Ψ
(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃)a

)
.

� ½Z1��

(n�:6�Hf�
ρΨ̃⊗Ψ pqP������:6=�E�����*�¤� S��:6�4

C2 Sh�
C∞(G)Ψ̃⊗Ψ

� vh�z89Aj�>AC�(R�Sh� S��:6 � L ¹�� ����AC� �u�º�
���� �4<I�®h �6
a�j6�kl8y6�oQ6�476�SZ896�4 sO�¤� �ED
�:4 ��6>R���s�oQP���B«Sh�[89�/�����Q�
�¤� SE�Q6 � 
 896��EI

λR(h̃)a = −λR(h̃)[λR((1 + |z|2)k), a]λR((1 + |z|2)−k) + λR(h̃(1 + |z|2)k)aλR((1 + |z|2)−k)
��oQ�0R�kj��I
kj8CD*�QHf�

k
�JFb�(R�I
 �kC���¥AC�(R�S��#� �>R�kj8f�ºR��:��Sh�0��� � ½Z1������}�j6

QΓ(fi)a = EΨ̃⊗Ψ
(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃(1 + |z|2)k)aλR((1 + |z|2)−k

)

−EΨ̃⊗Ψ
(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃)[λR((1 + |z|2)k), a]λR((1 + |z|2)−k

)
.� ½�¹ �

�i� BZR��  �I ®� �6>H���¯*s
(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃(1 + |z|2)k)a

6�o:6�4/6�SZ89�(R
C∞(G) oρ C2 �j6�kl8nSE��AC4/�(R��.��pE�Q6� �SZI����

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃(1 + |z|2)k)a.
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Fb�
����pES��Q6z®�H��Q¯
s

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2fi

)
λR(h̃)[λR((1 + |z|2)k), a]λR((1 + |z|2)−k)

)

6�o:6�4/6�SZ89�(R
C∞(G) oρ C2 �j6�kl8nSE��AC4/�(R��.��pE�Q6� �SZI����

(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)[λR((1 + |z|2)k), a]λR((1 + |z|2)−k)

)
.

¾��:��A9¯ H­����kj89�z896�H���S��Q6.��B� �6
k
� A9� �0Dz��AC�&IOkl8f�}�C¯zH¥�0S��:6�AC�(R�S��#�CH�� � L � �yR��:�����:4­I�®� �6/H���¯*s

QΓ(fi)a�j6�kl8yS���AC4/�(R��.��p��Q6� �SZI����
QΓ(f)a

�
��R���o:S�� �j4<I.kC�QP±�O�7�º�
���� �6�S����­s
�¤� ��Dz���CH���6�oQ6�4/6�SZ8CB

a ∈ C∞(G)Ψ̃⊗Ψ �!��p��Q� A,6�oQ6�4/6�SZ8C�}R s
�¤� � r
D*�QHf�±�j6�kl8Js�P�kl8¦I­R

C∞(G)Ψ̃⊗Ψ � (n�:6�Hf�0R��QP�H
a ∈ C∞(G)Ψ̃⊗Ψ ��A9� �

aε

pqP������:6�6�oQ6�476�SZ896�4¼sO�¤�z��D*�Q4
8f�zD
�:4�®O �6

‖a − aε‖ ≤ ε
� 
 8C6��EI

‖ (QΓ(fi) −QΓ(f)) a‖ ≤ ‖ (QΓ(fi) −QΓ(f)) (a − aε)‖ + ‖ (QΓ(fi) −QΓ(f)) aε‖.
2�s�A9�zS��QH�����S��#� �«H���¯*s�B

fi

R©SE��AC4/�Q6
‖ · ‖Γ

�Q4/v�oQ�:D*B��j6���s�A9�zS��QH�����S��#� �«H���¯*s�B
Q(fi)

H���R�A9� ���
v��}R�I
 �kC�º¯/S��Q6�AC�(R�S����jH��Q¯.���}�j6

lim
i
QΓ(fi)a = QΓ(f)a

� ½�|��
��oQ�0R�kj��I
kj8CD*�QHf�

a ∈ CΨ̃⊗Ψ(G)
�

(y�Q6.R��Q6�4<I7�j6�kj��H���6�H��&I
QΓ(fi) ∈ M

(
C∞(G)Ψ̃⊗Ψ

) �7�±pZI{89��R�I
Dz�z�º�#�7�º� BZR��  �4­I ®  �6/��oQ�
D��  ��E6��b£¤B�S�DzH��j�

k ∈ GΓ
b (G)

4/�� �S��±��Sh�zoQ6�� ��H���¯*sn£¤B�S�DzH��j�
ki ∈ GΓ

∞(G)
8f�zD
�²®  �6

k
��AC� �

ki

kjvq6}�§S��Q�}�C¯
896���PuSh�zkC��6�s��0kj8¦R��:6�Aj����6�S����E�Jwy��AC�&I
kj8f�(�C¯ Hu����R��Q6�Aj����6�S���� ? ¹[��A9�z�±��Aj�}R�S�� S���� � ½Z|��GR��Q�����Q4­I ®O �6

Q(k) ∈ M(C∞(G)Ψ̃⊗Ψ)
�

FN�}R�I
 �kC��Ig� ACs B�476�SZ8yR�AC� �>�<Aj�(R�Sh� S��:6�4 � ½Z|���v���D�� ��B��C¯O®h �6
QΓ(fi),QΓ(f)

kC¯/6�oQ6�4/6�SZ89� 47�
4/S��� �SE�QD �(R

M
(
C∞(G)Ψ̃⊗Ψ

) ��A9�z�
limi QΓ(fi) = QΓ(f)

R kj6�S�kj�Q6u89��v���o:��s��Q� I��=��% 7�� �
�

�{vq�(R�I
 �kj��6�s �¥kj8¦R��:6�Aj����6�S����0R�I
S��QD��E®� �6=R�����A

QΓ(f) ≡ EΨ̃⊗Ψ
(
λL(h̃)

(
(1 + ∂∗

R∂R)2(1 + ∂∗
L∂L)2f

)
λR(h̃)

)
,

��6&¬hS��QB}�j6=�
�ER�����AC�(R�� S��Q6
QΓ : GΓ

b (G) → M
(
C∞(G)Ψ̃⊗Ψ

)
.(y�Q6�Hf�

G(G)
p�P������Q6���p��Q��Aj6�4M£¤B�S�DzH��j�,sO�¤� �ED
�:Hf��Sh�

G
�g�&R��zAj8¦I
Hf� SE���CS��:D�� Hf�i� (n�]D � S��Q6�H ®

B����(R,�O�ES��Q4­I�B� �I*896�H���S*I�R��h� oQkj��6¦��H���P��jH��Nv�A9�zH�I
·J\
��XE% 
 ��+
5 % �97��

G
��� D���% �.����) � 	 � ������� 0�% � ��$/�����
	 � Γ ⊂ G

��� D���% � � � � � ����� �!$�	6����D*����) � 	
% �!�!:A�!� � 7���0 	 �A� D D��!�B�!$ 0 	 ����)*� 	

C � Ψ
��� D���% �

2 � � �*7����!� ��: 0+�
Γ̂

D ��0��!: $ �!�!�#��:
Ψ(z1, z2) =

exp(siIm(z1z̄2))
�!�����

G(G) ⊂ C∞(G)
��� D���% � �*��% �!�#��: ��)�0 � 7 � % ���<� D��!% 7���� ��$/�����B� 7�� 08�� �0�% ����7�� �

��� � D��
G(G) ⊂ D(QΓ)

�!� ���
QΓ(G(G))

‖·‖
= C∞(G)Ψ̃⊗Ψ.

�xVOY�#�WJ+ �i� BZR��  �4­I ®� �6[��p��:��A
{ωx,y : x, y ∈ G(G)}

�j6�kl8uoQ�:S��Q�(R,�7s P�kj8¦I«R
B(L2(G))∗

� 

8f�zD
�:4$A9�z���Q6���p��Q��A

{(ωx,y ⊗ id)W : x, y ∈ G(G)}
�j6�kj8,oQ�QSE�Q�(R��us P�kj8¦I
4 v��O����p��Q� AC6�4

C∞(G)Ψ̃⊗Ψ �
�g��ACBEs��Q6¦�,kj89Aj��SZI¥£¤B�SED H��C�

G 3 g 7→ ωx,y(Rg) ∈ C
�j6�kj8�6�o:6�4/6�SZ896�4

G(G)
��A9� �±��AC�(R�Sh� SE��� � ½O� �

R��Q�E���Q4<I�®� �6
{(ωx,y ⊗ id)W : x, y ∈ G(G)} ⊂ QΓ(G(G)).
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QΓ(G(G)) ⊂ C∞(G)Ψ̃⊗Ψ �º�ºR��:6�A9��v��O����p��Q� A�oQ�QSE�Q�(R��
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�



��2��i¢����¦�>�[1

� � � �,� � � � � 	��n��� �������
� ���­�i	 � ����� � 	�� �,��� � �


 S��QS��:6��jkj��I
4¨AC� ��������� o:6���v��:kC��6�4­Ixw�R��zS*8C�(R�¯¥t>AjB�vqP>my6��:kC6�S*p�6�AjsZ� r ����Aj6�SZ89���/S��.v������Q��4/�Q6
∗ r � oQs�6�p�AjI¥mn� vE£d�E®hv�Aj��6�kl89Aj��6�SE�bmy�Qo:pq6�Aj8f�[� A9� �uSh�.Sh�}�js
�§P�pEkC��I
4«®

C∗ r � o:s�6�p�AC� �QH���SZI
4 v������:��4/�Q6 �


 +¥´¥Y[Xh_�%(VOY­Xµ~����N)NX��«\
a²#�\
_��G\*�}��XO¶9·�V��}\
_q%(¸ZX�_NX )GV�¸*adV���a¤\
∗
¶9X��d��\*�b�*� ��V�)N� Xi+

wuo��zkjI*¬hD�� H��C��w�R�� SZ8C�}R�I
Hf� tuACBEv�����Aj6�SZ89���«Sh�xv������:��4/�Q6
∗ r � o:s�6�p�A�mn��vE£d�x����kj89�
�¤�xv��O�h�zSh�

R v�AC� H�I �������²� � 6���SZI
4³�7v�Aj��I
vh� �ED �(R �j6�kj8­AC�
�����:Sh�
∗ r � o:s�6�pEA>mn��vE£d�«S*B�476�AC�(R�� SZIOHf� Aj��6�H���I r

R��Qkl8¦I
4 vh� AC� 4/6�89Aj6�4
s ∈ R

��R�� Sh�0w�R��zS*8C�(R�¯7t>AjB�vh¯[my6��:kC6�S*p�6�AjsZ� r ����Aj6�SZ89���E� ��� D � ∗ r � o:s�6�p�AC��j6�kl8>��Sh��s�6�S�6�Aj�(R�� S��«v�Aj��6��/H���R,��ACDzP.6�oQ6�476�SZ89�(R
α̂, β̂, γ̂, δ̂

kCv�6��§SE���}�C¯ H&I
Hf��Sh�zkj89P�v�B��C¯ H�60AC6�o�� H¦�j6
D � 4[BE8f�zH�Iº�jS�6 �

α̂β̂ = β̂α̂
α̂γ̂ = γ̂α̂

β̂δ̂ = δ̂β̂

γ̂δ̂ = δ̂γ̂

β̂γ̂ = γ̂β̂

α̂δ̂ = δ̂α̂

α̂δ̂ = 1 + β̂γ̂
α̂α̂∗ + sγ̂γ̂∗ = α̂∗α̂

α̂β̂∗ + sγ̂δ̂∗ = β̂∗α̂ β̂β̂∗ + sδ̂δ̂∗ = β̂∗β̂ + sα̂∗α̂

α̂γ̂∗ = γ̂∗α̂ β̂γ̂∗ = γ̂∗β̂ γ̂γ̂∗ = γ̂∗γ̂

α̂δ̂∗ = δ̂∗α̂ β̂δ̂∗ = δ̂∗β̂ + sγ̂∗α̂ γ̂δ̂∗ = δ̂∗γ̂ δ̂δ̂∗ = δ̂∗δ̂ + sγ̂γ̂∗

� ½�½ �

wn� 47S��  �6�SE�Q6 ®�Dz�O�
�ER�Aj� 89S��#� �.��A9�z�0D ���j6��EI
S�D����������
�§�}�C¯�Sh�xs�6�SE6�A9��89��AC� Hf� R¼kCv���kj��p�kl8f� SE�h� AC� r
�(R�I �

∆(α̂) = α̂ ⊗ α̂ + β̂ ⊗ γ̂

∆(β̂) = α̂ ⊗ β̂ + β̂ ⊗ δ̂

∆(γ̂) = γ̂ ⊗ α̂ + δ̂ ⊗ γ̂

∆(δ̂) = γ̂ ⊗ β̂ + δ̂ ⊗ δ̂,

κ(α̂) = δ̂

κ(β̂) = −β̂
κ(γ̂) = −γ̂

κ(δ̂) = α̂

ε(α̂) = 1

ε(β̂) = 0
ε(γ̂) = 0

ε(δ̂) = 1.

� ½�K �

∗ r � oQs�6�p�ACPys�6�S�6�Aj�}R�� Sh¯0v�Aj��6��uH���8C6�AlI�6�o:6�4/6�SZ8¦I
α̂, β̂, γ̂, δ̂

kCv�6���S����}�C¯zH�6�Aj6�o��zH��j6 � ½�½ ��� ��Sh� H��º�#�±pqP r
�����Q6�4<I]klIO4­pq��o:6�4

As
�>FN�O�§�  �6�SE�Q6

γ̂ = 0
R;AC�(R�Sh� S��Q� Hf� � ½ ½ �nv�Aj�}R�� ����� ���

∗ r � oQs 6�p�AlI«mn��vE£d�

As
0

s�6�SE6�AC�(R�� S�6¦�yv�AC��6��=6�o:6�4/6�SZ8¦I
α̂0, α̂

−1
0 , β̂0

kjvq6}�§S��Q�}�C¯ H�6=Aj6�oQ� H��j6

α̂0β̂0 = β̂0α̂0

α̂0α̂
−1
0 = α̂−1

0 α̂0 = 1

α̂0α̂
∗
0 = α̂∗

0α̂0

α̂0β̂
∗
0 = β̂∗

0 α̂0 β̂0β̂
∗
0 = β̂∗

0 β̂0 + s(α̂∗
0α̂0 − α̂∗−1

0 α̂−1
0 )

� K " �

� *
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�O�ER�Aj� 89SE��� �>��AC� �uD ���j6��EI
S�D��¥�h� SE6=kC¯[£¤��AC4[B��¤� 4/� �
∆(α̂0) = α̂0 ⊗ α̂0

∆(β̂0) = α̂0 ⊗ β̂0 + β̂0 ⊗ α̂−1
0

κ(α̂0) = α̂−1
0

κ(β̂0) = −β̂0

ε(α̂0) = 1

ε(β̂0) = 0

� KE� �

�¦S�SZI
47�Jk �§�(R�I�®N�Qkl89S��:6��j6.6�v��:47� Aj¬h��4
∗ r � oQs�6�p�A>mn� vE£d� � π0 : As → As

0

®bDZ89� AjI¡Sh��s�6�S�6�AC�z89��AC� Hf�
�h� SZI<�j6�kj8�£¤��Aj4[Bq�¤¯ �

π0(α̂) = α̂0 π0(β̂) = β̂0

π0(γ̂) = 0 π0(δ̂) = α̂−1
0 .

� K ? �
(±��v������Q��4/�Q6>D*o�� klI
H���SZI
4U�
��v��}R��Q� �h�/��SgR��§�� �6�S��:B¡vq�
��s�AjB�vZI]47� H��Q6�Aj��I«s���AjS�� 8CAC���jD�¯z8CS*I
Hf�¡R
s�AjB�vqP

SL(2, C)
�

�i+¥´¥Y­Xh_q%(V
Y[X�~x����)bX���\
ad#�\
_��G\*�}��X
¶f·JV���\
_q%º¸ZX�_�X�)GV�¸*a¤V���ad\«)N��¸Z\
#�%º��¸Z\
_Na���a²�¤�G\*�}%ºXi+

 SE�QS��:6��jkC�&I
4MAC���������Q� oQ6.��v��:kC��6�4­I{�:S*8C6�Aj6�kCB}�C¯ H�67AC6�vEAC6���6�SZ8f�zH��j6��&R���¯ ��D �(R D ��4­BE8f� H&Iº�jS*I
Hf�

� ½ ½ ������vq� 47�
Hº¯.��v�6�A9��89��Aj�}R5�E�����*�¤�}�C¯ H&I
Hf�gSh�¥v�Aj��6�kj89Aj��6�S��Gmn�:oQp�6�Al8f�E�±2�Dz�z �6­kj�QPz®� �6<kj8CACB�DZ89BEA9�
s�AjB�vZIxDZR�� SZ8C�}R,6��n47�0kjR,���j6=�O��pE�QH��:6±R ��p��Q� AC��6�8¦I
Hf��AC6�vEAC6���6�SZ8f�zH��j���
�i� BZR��  �4<I�®� �6>6�o:6�4/6�SZ8

γ̂
�j6�kj8�R�H�6�SZ8CACB�4

∗ r � oQs 6�p�AlI As
� 
 8f� D*�:4 A9�z���Q6uv�� AjI

(α̂,−sγ̂∗γ̂)��AC� �
(δ̂, sγ̂∗γ̂)

kCv�6���S����}�C¯ AC6�o�� H¦�j6�Dz��4[BE89� H�Iº�jS�6µmy6��:kC6�S*p�6�AjsZ�E� Fb��Sh�z�E89�
α̂

Dz��4[BE8CB��j6���6�oQ6 r
4/6�SZ896�4

δ̂
��AC� �

δ̂∗
� � 6 �Co:�

γ̂
pZIh�§pZI>6�oQ6�4/6�SZ8C6�4��
�ER�AC� Hº� o:SZIO4 89�

β̂
pZIh�§pZIuR�I
��S�� H�����SZI>��Aj�(R�Sh� S��Q�

γ̂β̂ = α̂δ̂ − 1
��@Ovq� kj89Aj��6� �6�SE���/8C6uSh� kjB*R��}�C¯/Sh� kj8CP�v�B}�C¯ Hº¯.��6�¬�S��QH¦�jP �

�x\Z^ _Nadcfe�X 
 ��+ (n�Q6�Hf�
H

p�P��E���Q6,v�AC��6�kl89AC��6�S��Q¯�mn�:oQp�6�Al8f����A9� �
C(H)

pqP������:6���p��Q��Aj6�4»��v�6�AC�z89� r
AC�(R �E��47D*S��:P�8¦I
Hf�¥�E�����*�¤�}�C¯ H&I
Hf�¥Sh�

H
�G@
I
4[p���o:6�4

Hγ̂(A
s) ⊂ C(H)×C(H)×C(H)

pqP������:6�4­I
����Sh� H����#�>��p��:��A�89Aj���j6�D¥��vq6�A9�z8C��AC�(R

(α̃, γ̃, δ̃)
8f� D*�QHf��®h �6 ����

γ̃
�j6�kj8y�
�ER�A9�zHº� o:S*I
4«®�S���Aj4¥�zoQSZI
4 ��v�6�AC�z89� AC6�4 �����Q�
�¤�}�C¯zH�I
4 Sh�

H
�

? � Fb� AjI
(α̃,−sγ̃∗γ̃)

��A9� �
(δ̃, sγ̃∗γ̃)

kC¯�AC6�v�AC6���6�SZ89� H��C� 4/���zoQs�6�p�AjI ���Q6�s���s ACB�vZI mn6��:kC6�S r
p�6�AjsZ�uvq�
Hf���
���º¯ H&I
47�h�
�0R��º�}�j6�47S��:6�D ��4[BO89B��C¯ H&I
Hf�¥AC6�v�AC6���6�S*89� H��j�

U α̃
®
U δ̃

s ACB�vZI.my6�� r
kj6�S*pq6�ACsZ�/Sh�

H
�

L � ��6�v�Aj6���6�SZ8f� H¦�j6
U α̃

��A9� �
U δ̃

D ��4­BE89B��C¯0�>��v�6�AC�z89��Aj6�4
γ̃
�

������R��  �4­Ig896�A9� �­AC6�vEAC6���6�SZ8f�zH��j6/��R���¯z��D �(R � ½�½ �f®iR DZ8C��AjI
Hf�
γ̃ = 0

�<FJAj��I
vh� �E6�D]8C6�S{kCv�Aj� r
R�� ���º�.kC�:P>���.AC6�vEAC6���6�SZ8f�zH��j����R��Q¯ ��Dz�}R � K " �f��@
8f¯ �«v���S��Q �kC���.�E6�¬hS��:H��C� �

�x\Z^ _Nadcfe�X 
 �i+ (n�:6�Hf�
H

p�P������Q6�vEAC��6�kj8CAC��6�S���¯¡my�Qo:pq6�Aj8f�«��A9�z�
C(H)

pqP������:6���p��:��AC6�43��vq6 r
A9��89��Aj�}R-��� 47D*S��:P�8¦I
Hf� �����Q�
�¤�}�C¯zH�I
Hf�µSh�

H
��@
I
4[p���oQ6�4

H0(A
s) ⊂ C(H) × C(H)

p�P��E���Q6�4­I
����Sh� H����#�>��p��:��A�vh� A���v�6�AC�z89� AC�(R

(α̃, β̃)
89� D*�QHf�i®h �6 ����

α̃
�j6�kj8y�O�OR�A9� H�� oQSZI
4�®OS���Aj4¥� o:SZIO4 ��v�6�A9��89��Aj6�4¨�������
�§�}�C¯ H&IO4 Sh�

H
�

? � Fb� A9� (
β̃, s(α̃∗α̃ − α̃∗−1α̃−1)

) �j6�kj8<AC6�v�AC6���6�S*89� H��C¯]� oQs�6�p�AjI¡���:6�s��«s�AjB�vZI mn6��:kC6�S
p�6�AjsZ�
H��
�§Dz�}R�� o:Sh¯/�E�7Aj6�v�Aj6���6�SZ8f� H¦�j�Ns ACB�vZI

U β̃
�

L � ��6�v�Aj6���6�SZ8f� H¦�C�
U β̃

D ��4­BE89B��j6>�u��v�6�AC�z89� AC6�4
α̃
�

¢±�(R,��oQS��[AC6�vEAC6���6�SZ8f�zH��C�[��R��Q¯ ��Dz�(R�Dz��4[BE89� H�Iº�jSZI
Hf� � ½�½ �JSh�­v������:��47�:6�v�AC��6�kj8CAC��6�S���my�Qo:pq6�Aj8f�
�j6�kl8y�=�E6�¬hS��:H��j��kjB�4¥¯0v�Aj��kj89¯06�oQ6�476�SZ89�(R

H0(A
s)

��AC� �
Hγ̂(A

s) �



� �

�x\Z^ _Nadcfe�X 
 �i+ (n�:6�Hf�
H

p�P������Q6�vEAC��6�kj8CAC��6�S���¯¡my�Qo:pq6�Aj8f�«��A9�z�
C(H)

pqP������:6���p��:��AC6�43��vq6 r
A9��89��Aj�}R©�E��47D*S��:P�8¦I
Hf� �������
�§�}�C¯ H�I
Hf� Sh�

H
� (y�Q6�Hf�

γ̃ ∈ C(H)
p�P������Q6���v�6�A9��89��Aj6�4 S���Aj4¥� o r

SZI
4�� 
�v�Aj�}R�� � ��4­I ����Sh� H���6�SE�Q6
H ′ = kerγ̃

®
H ′′ = kerγ̃⊥ ��AC� �

γ̃′′ = γ̃|H′′

� @*IO4­pq��o:6�4

H(As) ⊂ C(H)4 p�P������Q6�4­I�����Sh� H��º�#����pE�Q��A[H���R,��AC6�Dµ��v�6�A9��89��Aj�}R
(α̃, β̃, γ̃, δ̃)

89� D*�QHf�i®� �6x�:kj8 r
S��:6��C¯

(α̃′, β̃ ′) ∈ H ′
0(A

s)
®
(α̃′′, γ̃′′, δ̃′′) ∈ H ′′

γ̂ (As)
89� D*�Q6z®� �6

α̃ = α̃′ ⊕ α̃′′ β̃ = β̃ ′ ⊕ γ̃′′−1(α̃′′δ̃′′ − 1)

γ̃ = 0 ⊕ γ̃′′ δ̃ = α̃′−1 ⊕ δ̃′′
� K L �

s������Q6
H = H ′ ⊕ H ′′ �

(y�Q6�Hf�
H, H ′ p�P���¯�v�AC��6�kj8CAC��6�S��Q� 47�Emn�:oQp�6�Aj89�n��AC� �

(α̃1, β̃1, γ̃1, δ̃1) ∈ H(As), (α̃2, β̃2, γ̃2, δ̃2) ∈

H ′(As)
� (n� kC�&I
4$Sh� kl89P�vES*I
4 H�6�oQ6�4$pqP������:6�D ��SEkj89AjB�D H¦�C�<H���R,��ACD*����v�6�A9��89��Aj�}R

(α̃3, β̃3, γ̃3, δ̃3) ∈
(H ⊗ H ′)(As)

£¤� AC47� oQS��:6n��� S�6���AC�(R�Sh� SE��� 4/� �
α̃3 = α̃1 ⊗ α̃2 + β̃1 ⊗ γ̃2 β̃3 = α̃1 ⊗ β̃2 + β̃1 ⊗ δ̃2

γ̃3 = γ̃1 ⊗ α̃2 + δ̃1 ⊗ γ̃2 δ̃3 = γ̃1 ⊗ β̃2 + δ̃1 ⊗ δ̃2.

� K � �

t­�§�(R�SZIO45v�Aj��p�o:6�4/6�4 �j6�kj8bSh� �h� SE�Q6Jvq�(R�I
 �kj��I
45£¤��AC4[B��¤¯ �CH��:k&��6�s��ykC6�S�kCB � v�AC�&I>���O���(R�� S��:B<� vq6 r
A9��89��Aj�}R S��Q6���s�AC� S��QH�����SZI
Hf�/Sh� oQ6� �I0��� Hf���(R��#�±��kl89Aj�� �S��#� ��� � ��¢n6�¬hS��:H��j���(¹O®
D��  ��h�>AC6�vEAC6���6�SZ8f�zH��C�
��R��Q¯ ��Dz�(R D ��4­BE8f� H&Iº�jS*I
Hf� � ½�½ ���j6�kl8�kjB�47¯=v�Aj��kj89¯=Aj6�v�Aj6���6�SZ8f� H¦�j��R DZ89��Aj6��

γ̃ = 0
��A9�z�yAj6�v�Aj6���6�S r

8f�zH��j��®�R D*8C��AC6¦�
γ̃
�j6�kj8�� vq6�A9�z8C��AC6�4¨�O�OR�A9� H�� oQSZI
4�� 
 8f� D*�:4¨A9� ���Q6>R�I
kj8f�zACH��&I]Aj����v��z89Aj��I �=8CAC�&I

v�Aj��I
vh� ��D*� �FGAC�&I
vh� ��6�D � � γ̃ = γ̃′ = 0
�

@Ov�Aj�(R�� �E�º��kj�QP«��S ����AC���&R��z �6�SE����v�� AjI Aj6�v�Aj6���6�SZ8f� H¦�j�
(α̃, β̃) ∈ H0(A

s), (α̃′, β̃ ′) ∈ H ′
0(A

s)
�

wn� AC��I
kl8f�}�C¯ H���6±@*8¦R��Q6�Aj����6�S���� ? R��:�����:4­I�®� �6�vh� A9�
(α̃⊗ α̃′, α̃⊗ β̃ ′u β̃ ′⊕ α̃−1) ∈ (H⊗H ′)0(A

s)
�

@
89¯ ��H���R,��ACD��.��v�6�A9��89��Aj�}R

α̃1 = α̃ ⊗ α̃′ β̃1 = α̃ ⊗ β̃ ′ u β̃ ⊗ α̃′

γ̃1 = 0 δ̃1 = α̃−1 ⊗ α̃′−1

� KZ1��

�j6�kl8y6�oQ6�476�SZ896�4
(H ⊗ H ′)(As)

�
FGAC�&I
vh� ��6�D ��� � γ̃, γ̃′ r �
�ER�AC� Hº� o:S�6 �

@Ov�Aj�(R�� �E�º�ukC�:P���S[���uAj����R��  �6�S��Q��vh� AjI<AC6�v�AC6���6�S*89� H��j�
(α̃, γ̃, δ̃) ∈ Hγ̂(A

s), (α̃′, γ̃′, δ̃′) ∈ H ′
γ̂(A

s)
�

wn� AC��I
kl8f�}�C¯ H=��6<@
8¦R��:6�Aj����6�S���� ? R��Q�����Q4­I ®E �6

γ̃1 = γ̃ ⊗ α̃′ u δ̃ ⊗ γ̃′
� K�¹ �

�j6�kl8JS���Aj4¥� o:SZIO4«®��O�ER�AC� Hº�zoQSZI
4¼��v�6�AC�z89� AC6�4;�������
�§�}�C¯ H�I
4;Sh�
H⊗H ′ � FN��Sh� �E8C�uD ��4­BE89B��j6�� S0�

α̃⊗1
��A9�z�

1⊗ δ̃′
� 
 89� D*�Q4$AC� ���:6�Sh� kl89P�vEB��C¯ H�6n��v�6�A9��89��AlI[k9¯>s�P�kj89�<��D*AC6 �CoQ� S*I
4/��®Z��� 4­I
Dz�zoQSZI
47�

��v�6�AC�z89��AC� 4/���������
�§�}�C¯ H�I
4/�iSh�
H ⊗ H ′ �

α̃1 = γ̃1(γ̃
−1α̃ ⊗ 1) − γ̃−1 ⊗ γ̃′ δ̃1 = γ̃1(1 ⊗ γ̃′−1δ̃′) − γ̃ ⊗ γ̃′−1,

� KZ|��
��AC� ��v��0����4/D
SE�QP�H��QBx47� 4­I

(α̃1, γ̃1, δ̃1) ∈ (H ⊗H ′)γ̂(A
s)
� 
 �Q�E���Q4<I/R��:P�Hz®� �6uH���R,��ACD��.��vq6�A9� r

89� AC�(R
α̃1 = γ̃1(γ̃

−1α̃ ⊗ 1) − γ̃−1 ⊗ γ̃′ β̃1 = γ̃−1
1 (α̃1δ̃1 − 1)

γ̃1 = γ̃ ⊗ α̃′ u δ̃ ⊗ γ̃′ δ̃1 = γ̃1(1 ⊗ γ̃′−1δ̃′) − γ̃ ⊗ γ̃′−1

� K�½ �



� �

�j6�kl8y6�oQ6�476�SZ896�4
(H ⊗ H ′)(As)

�
FGAC�&I
vh� ��6�D ��� � � γ̃ = 0

®
γ̃′ r �O�OR�A9� H�� oQSZI��

@Ov�Aj�(R�� �E�º��kC�QP0� S �E��Aj����R��  �6�S����xAj6�v�Aj6���6�SZ8f� H¦�j�
(α̃, β̃) ∈ H0(A

s)
� A9� �

(α̃′, γ̃′, δ̃′) ∈ H ′
γ̂(A

s)
�

� 6�kl8«�OH���I*R��Qkl896 ®n �6
γ̃1 = α̃ ⊗ γ̃′ �j6�kl8��O�OR�A9� H�� oQSZI
4 ��v�6�AC�z89� AC6�4 S���Aj4¥� o:SZIO4«�;�y� ��R��  �4­I

��v�6�AC�z89��AlI

α̃1 = α̃ ⊗ α̃′ u β̃ ⊗ γ̃′ ��AC� � δ̃1 = α̃ ⊗ δ̃′.
wn� AC��I
kl8f�}�C¯ H­��6.@
8¦R��:6�Aj����6�S���� ? 47�  �Sh�/vq��D�� ���#� ®q �6­8CAC���jD��

(α̃1, γ̃1, δ̃1) ∈ (H ⊗ H ′)γ̂(A
s)
� 


8f�zD
�:4 AC� ���:6uH���R,��AjDz�.��v�6�AC�z89��Aj�(R

α̃1 = α̃ ⊗ α̃′ u β̃0 ⊗ γ̃′ β̃1 = γ̃−1
1 (α̃1δ̃1 − 1)

γ̃1 = α̃ ⊗ γ̃′ δ̃1 = α̃ ⊗ δ̃′
� K�K �

�j6�kl8y6�oQ6�476�SZ896�4
(H ⊗ H ′)(As)

�

� +7´¥Y[Xh_�%(VOY­Xµ~����N)NX��«\Oad#�\
_��G\*�}��XO¶f·JV��}\O_�%(¸ZX�_�X )GV�¸*a¤V���a¤\
C∗ ¶CXh�¤��\
�N�*��+


 SE�QS��:6��jkC�&I
4¨AC���������Q� oQ6>kjD ��S�kl89AjB�B��j6�4<I]w�R��zS*8C�(R�¯xtuACBEvqP=mn6��Qkj6�S*pq6�ACsZ� r ����AC6�SZ89�º�/Sh�.vq� r
���:��4/�Q6

C∗ r � o:s�6�p�AlI�� 
 8¦I
4 H�6�oQB»B� &Iº�j6�4­I5¢n6�£¤��Aj4¥� H¦�j�­���Q6&°�6�o�� � v��QkC� S�6���R�������������� o:6����

 IOSE�QD*�Q6�4 D � S�kj8CACB�DzH��j�NpqP������:6uoQ��D�� o:S��Q6y��R�� Aj89�/s ACB�vh�0DZR�� SZ89�(R��O®�H���I
oQ�

C∗ r � oQs 6�p�AC� As
�>Dz��4 r

S��� �6�S��:6�4
∆Ψ �:47vEoQ6�4/6�SZ8C�}R�� SZI
4 v�AC��6��<��vq6�A9�z8C��A�4[B�o 8¦IOvEoQ�QD��z8¦I*R�SZIxB�SE�:8f�zACSZI

W
��Fb��D��  �6�4­I

896�  ®* �6��:kj89SE�Q6��C¯uH���896�AjI06�oQ6�476�S*8¦I[kj89�(R�� AC�&I
kC��� S�6
α̂, β̂, γ̂, δ̂

s�6�S�6�AjB��C¯ H�6
As

� (y�Q6�Hf�
H(As)

pqP������:6
��pE�Q��Aj6�4MH��&R�� AC6�D{��v�6�AC�z89� AC�(R$R�v�Aj�}R�� ������SZI
4³R-¢±6&¬hS��:H��j���(¹E� �y���(R��
��S��:4­I�®N �67��o���D��  ��E6��
AC6�v�AC6���6�S*89� H��j�

π ∈ Rep(As; H)
47� 4­I

(π(α̂), π(β̂), π(γ̂), π(δ̂)) ∈ H(As)
��AC� �­D��  ��EI�6�oQ6�476�SZ8

H(As)
vq�(R�kl8f�}�j6�Rµ8C6�S0kjvq��kj��pi� (±� kj��I
4 ��kl8f�z8CS��Q4 R�I
S��:D*�Q6�45p�P������Q6��E�}R,�
�­896�s���®� �6��������
�§� S��Q6

D � 47S��  �6�SE���0Sh�0s�6�SE6�A9��89��AC� Hf�
α̂, β̂, γ̂, δ̂

��� S�6��j6�kl8y£¤� AC4[Bq�§¯ � ½�K �f�
� + 
 +�´¥Y[X�_q%(VOY­X5������)bX ��XhcZa¤\*��¸ � � #���_NVh%(� #Oe�� �O%}_ ��c �¨V Y ��¸*_�Xhc�¸*_ba ���¨� #OY7_ ���


 +�(±� kj��6�AC� ��R��  º� SE���¡�º� H���S��:6�4­I��O� �º�zkj89� kC�(R��zS����{¢±6&£¤��AC47� H��j���y�:6�°q6�o������{s�ACB�vZIµ47� H��Q6�Aj��I
s���AjS�� 8CAC���jD�¯z8CS*I
Hf�i� 
 896�S«kCv���kj��p��z89AC�&I
4¥� 4<I

C∗ r �zoQs�6�p�A9� �:H���S*I¥� Sh�zoQ��s
∗ r � oQs 6�p�AlIxmn� vE£d�

As
0

�
(y�Q6�Hf�¡R��:P�H

G0
p�P��E���Q60s ACB�vh¯�s ��ACS��z89AC�}�jDz¯�89SZI
Hf� 47� H��Q6�Aj��I

2 × 2
��R�I
��Sh� H���S��:D*B�Aj�}R�SZI
4

�j6��E6�S �
G0 =

{(
α0 β0

0 α−1
0

)
: α0 ∈ C∗, β0 ∈ C

}
.

������R��  �4<Ixvq�
��s�AjB�v�P>� pq6�oQ�(R�¯
Γ ⊂ G0 �

Γ =

{(
1 z
0 1

)
: z ∈ C

}
.

¢±�����
�§� S��Q6
Γ2 Sh�

C∞

(
SL(2, C)

) ����Sh�zH��º�zS�6<p�P��E���Q6uklI
4[pq� oQ6�4
% �

(
%z1,z2

f
)
(g) = f

((
1 −z1

0 1

)
g

(
1 z2

0 1

))
.

¾�6���v����CAj6���S��:4¨A9�zHf�
BES�D*�Q6�4 kjv�A9�ºR������ 4­I ®� �6

%z1,z2
(α0) = α0 %z1,z2

(β0) = β0 + z2α0 − z1α0
−1.



���

tuACB�vh�
Γ
®z�C� Dz�/s ACB�vh�.�Q����4/��Aj¬hH���Sh�[�

C
®��j6�kj8nk9� 4/�O�EBh� oQS��­�>��Bh� o:S����CH���¯[�h�zSh¯.£¤� AC4[Bq�§¯

C
2 3 (z1, z2) 7→ exp

(
iIm(z1z2)

)
∈ T.

¢±oQ�
z1, z2 ∈ C

D��¤� �����Q6�4­I

Ψ(z1, z2) = exp
(
−

s

4
iIm(z1z̄2)

)
.

3hB�S�DzH��C�
Ψ ∈ Cb(C

2)
kjvq6}�§S��Q�«Aj�(R�Sh� S��:6

2 r Dz�OH&IOD*o:Bi®N��R��:P�H089Aj���jD�� (
C∞

(
G0

)
, %, Ψ̃ ⊗ Ψ

) �j6�kl8
�h� SZI
4/�E���Q6&°�6�o��E�NFGAC�(R�� �����O��Sh�y���±����6�£¤��Aj47�(R�� S�6�s��

Γ2 r v�Aj�O�EB�DZ89B �
(
C∞

(
G0

)
o%Γ2, λ, %̂Ψ̃⊗Ψ

)
s������Q6ukjD
AjP�H���S�6­�E�����*�¤� S��:6�s�AjB�vZIx��Bh� o:S�6����h� SE6��j6�kj8�R���� AC6�4

%̂Ψ̃⊗Ψ
z1,z2

(b) = λ− s
4
z̄1, s

4
z̄2

%̂z1,z2
(b)λ∗

− s
4
z̄1, s

4
z̄2

��oQ�0R�kj��I
kj8CD*�QHf�
b ∈ C∞

(
G0

)
o Γ2.����6&£¤��AC4/�(R��zSh��� o:s�6�p�AC����� S���kl8f� ����pqP������:6­�h� o:6��n����Sh� H��º� Sh��vEAC��6��

As
0

� ���zD���vE�Qk9�zoQ� �j4­IxR
������������� o:60��®Nvq��kj��� ���«��S���kj8CACB�DZ8CB�ACP7oQ��D�� o:S��Q6[�&R��zAj896¦�=s�AjB�vZI�DZR�� SZ89�(R,6���®`8C��Si�x�:kj89SE�Q6��j6.Dz��4 r
S��� �6�S��:6

∆Ψ Sh�
As

0

�Q4/v�oQ6�476�S*8C�(R�� SE6/vEAC��6��7� vq6�A9�z8C��AuB�S�� 8f� AjS*I
W0

�7wn��Aj��I
kj89�}�C¯ H/� ��R��zs���1
R��Q�E���Q4<I�®� �6=6�o:6�4/6�SZ8

α0 ∈
(
C∞

(
G0

))η
⊂
(
C∞

(
G0

)
o% Γ2

)η �j6�kj8n8f� D* �6<kj8C�}R�� Aj��I
kC����SZIg�
C∗ r

� o:s�6�p�AC¯
As

0

�`Fb�
����p�S��:6
α0

−1 ηAs
0

�GFN��Sh� �E8C�
zα

0

��AC� �
zα

0
−1

kC¯>R H�6�SZ8CACB�4
M(As

0)
�G2��/8C6�� vq� AjI�®

α0

Aj����B�4/���zS*I>�C� D �.6�oQ6�4/6�SZ8ykj8C�(R�� Aj��I
kC����SZI«�
As

0

p�P��E���Q6>����Sh� H��º� SZI�kjI
4[p���o:6�4
α̂0

�
FGAC��6��j� ��4­I ��� D � S�kj8CACB�DzH��j�=6�oQ6�476�SZ89B kj8C�}R�� Aj��I
kC����S�6�s �

β̂0
� 
 8¦IO4 H�6�o:B R�v�AC�(R�� � ��4<I

�QSO¬hS��:8C6��&IO47� o:S�6[s�6�S�6�AC�z89��AlIgv�AC�ºR�IOHf��� oQ6&R�IOHf� v�Aj��6�kjB�S��:P��
Tr, Tl ∈ C∗(Γ2)η ⊂

(
C∞

(
G0

)
o%

Γ2
)η

�
λz1,z2

= exp
(
iIm(z1Tl)

)
exp
(
iIm(z2Tr)

)
.

� � "�" �
¢±oQ�

z ∈ C
��A9� �

t ∈ R
v��O�§�  �4­I �

U β̂0(z, t) = exp
(s

4
it(|α0|

2 − |α0|
−2)
)

exp(iIm(zβ0)) exp
(
−

s

4
iIm(z(α0T

∗
r + α0

−1T ∗
l )
) � � " � �

¾�6���v����CAj6���S��:4 A9�zHf�
BES�D*�Q6�4 kjv�A9�ºR������ 4­Iµ �6­�j6�kj8.8C� Aj6�v�Aj6���6�SZ8f� H¦�C��s�AjB�vZI mn6��Qkj6�S*pq6�ACsZ�
H

R
�Qo:�OH���I
S��:6�D*AC��I
 ��}R�I
4

C∞(G0) o% Γ2 �
U β̂0(z1, t1)U

β̂0(z2, t2) = U β̂0(z1 + z2, t1 + t2 +
�¦4

(z1z̄2)).
Fb� Dz�z �6�4<I�®± �6

U β̂0(z, t)
�j6�kj8�6�oQ6�476�S*8C6�4

M(As
0)

�Eo���R�kC�&I
kj89D*�:Hf�
(z, t) ∈ H

� 
 8¦I
4 H�6�oQB
4[B�kj�Q4­I<kCvEA9�ºR������ � ®Z �6�kCv�6��§SE������S[R�� ACBES�D*���N�zS���kj89� �h����oQ�±4/S��� �SE�QD �(R � ? K �f� (y�Q6���47�:6�S�SE�QH������ �
Sh�0kCD*AjP�H�� S�6­�������
�§� S��:6�s�ACBEv*I���Bh� o:S�6������(R��
�����Q4­Ixv���S��: �6¦� �

%̂Ψ̃⊗Ψ
z1,z2

(
U β̂0(z, t)

)
= exp

(s

4
it(|α0|

2 − |α0|
−2)
)

exp
(
iIm

(
z
(
β +

s

4
z̄1α0

−1 +
s

4
z̄2α0

)))

× exp
(
−

s

4
iIm(z(α0(Tr + z2)

∗ + α0
−1(Tl + z1)

∗)
)

= U β̂0(z, t).

��ph� ���}�j4­I¥8C6�AC� �>�O�ER�����AC�(R�� S��:6

C
2 3 (z1, z2) → λz1,z2

U β̂0(z, t)xλ∗
z1,z2

∈ C∞

(
G0

)
o% Γ2,



� �

s������Q6
x ∈ As

0

�����z8¦R,�7kjv�A9�ºR������ �z®� �6

λz1,z2
U β̂0(z, t)xλ∗

z1,z2
= U β̂0(z, t) exp(iIm(z(−z1α̂

−1
0 + z2α̂0)))λz1,z2

xλ∗
z1,z2

.
�GoQ6�476�S*8¦I

α̂0, α̂
−1
0

k9¯.kj89�(R�� AC�&I
kC��� S�6­�
C∗ r �zoQs�6�p�A9¯ As

0

®�R�89� D*�Q4 AC� ���:6u�O�OR�����Aj�}R�� S��:6

C
2 3 (z1, z2) → λz1,z2

U β̂0(z, t)xλ∗
z1 ,z2

∈ As
0�j6�kl8yH���¯*sO��6±R S�� AC4/�Q6 � 
 �Q�����Q4­I7R��QP�Hz®h �6>�
�ER�����Aj�(R�� SE�Q6

H 3 (z, t) 7→ U β̂0(z, t) ∈ M(As
0)�j6�kl8=AC6�vEAC6���6�SZ8f�zH��C¯]s�AjB�vZI{mn6��Qkj6�S*pq6�ACsZ�

H
�¥FN��D��  �6�4­I�®N �6±�j6�kl8=��Sh��H���¯*sO�§�¥R 89� vq��o:��s��:�bkl89AC�:H�8��

(n�:6�Hf�
πkan

0 ∈ Rep(As
0; L

2(G0))
pqP������:6�D�� S���S��:H���Sh¯±AC6�v�AC6���6�S*89� H��C¯

As
0

Sh�
L2(G0)

� vh�z8CAC� ��R��zsZ�
¹ � ®

QΓ

pqP������:6[�
�ER�����Aj�(R�� SE�Q6�4 DZR��zS*8¦I
��� H��j� R�v�Aj�(R�� �E����SZI
4"R � ½ � ����A9� �
G(G0) ⊂ C∞(G0)p�P������Q6���p��:��AC6�4 £¤B�S�DzH��j�ysO�¤�z��D*�QHf� ���&R�� Al8¦I
Hf� S����jS��QD�� Hf�i� wn��Aj��I
kj89�}�C¯ H«�«��6�4¥��89B � ? R��Q��� r

�Q4<I�®� �67��p��:��A
QΓ(G(G0))

�j6�kj8<s�P�kj8¦I{R
As

0

� �nkj89� oQ4<I
f ∈ G(G0)

� � ��6�4¥��89B ? ���E��kj89�}�j6�4­I
Sh� kl89P�v�B��C¯ H�¯.£¤��Aj4[Bq��P

U β̂0(z, t)QΓ(f) = QΓ(πkan
0 (U β̂0(z, t))f.)wn� AC��I
kl8f�}�C¯ H=�u��kj�º� H��}R�� S��Q� � ½ ? �y�§�z8¦R��/v���D�� �º�#�z®� �6=�
�ER�����Aj�(R�� SE�Q6

H 3 (z, t) 7→ U β̂0(z, t)QΓ(f) ∈ As
0

�j6�kl8�H���¯*sO��6�R S���Aj47�:6 �b¾��Q��AC¯ H�v��O�.BZR��zs�PnBES��:89� ACS��#� ��6�o:6�4/6�SZ89�(R
U β̂0(z, t)

��AC� ��s�P�kl89�����n��p��Q��AjB
QΓ(G(G0))

R
As

0

�E��kj89�}�j6�4­I�H���¯*sO�§�#� �±R�S���AC4/�Q6±�O�ER�����AC�(R�� S��Q�

H 3 (z, t) 7→ U β̂0(z, t)x ∈ As
0

��oQ�.R�kj��I
kj8CD
�:Hf�
x ∈ As

0

�n��6�vEAC6���6�SZ8f�zH��j�
U β̂0

�j6�kj8yR��QP�H­H���¯*sO�¤�[R»89� vq��o:��s��:��kj8CAC�:H�8º��wy��AC�&I
kj8f�(�C¯ H
� ��R�� s �,�[R��:�����:4­I�®� �6[Aj6�v�Aj6���6�SZ8f� H¦�C�

U β̂0
�QS���BED
B}�j6[47� Aj¬h��4

πβ̂0 ∈ Mor(C∗(H); As
0)
� (n�Q6�Hf�

a η C∗(H)
p�P������Q6{6�o:6�4/6�SZ896�4 kj8C�(R�� Aj��I
kC����SZI
4 R�v�Aj�}R�� ������SZI
4 RM�y���������Q� oQ6 L � �Go:6�4/6�SZ8

kj8C�(R�� Aj��I
kC����SZI
β̂0 η As

0

�j6�kj8¥���E6�¬hS��:H��j����p�AC� ��6�4 6�oQ6�476�SZ89B
a η C∗(H)

v�AC�&I 4/��Al¬ ��4/�Q6
πβ̂0 �

β̂0 = πβ̂0(a)
�

FN��S��Q �6��yv��
�h� 4­I�4/S��Q6¦���zp�kj8CA9� DzH�Iº�jSh¯¥Hf�h�zA9� DZ896�AjI
�º�zH��jP[6�oQ6�4/6�SZ8CB]kj8C�(R�� Aj��I
kC����S�6�s��
β̂0

� 

8¦I
4¨H�6�oQB�R�v�AC�(R�� � ��4­IxR�I
s��O�ESh¯/SE� 8f� H¦�jP � (y�Q6�Hf�

Tl, Tr ∈ C∗(C2)η ⊂ (C∞(G0) o% C2)η
pqP��h¯

6�o:6�4/6�SZ8f�z47� R�v�Aj�(R�� �E����SZI
47�JR � � "�" �&���i� BZR��  �4­I�®b �6/��o��x£¤B�S�DzH��j�JsO�§� ��D*�Q6¦�
f ∈ C∞(G0) ⊂

M(C∞(G0) o% C2)
Dz��4[BE89�z89� AjI

[Tl, f ]
��AC� �

[Tr, f ]
kC¯x�O�Evq�(R��Q6���S��:��v�A9�ºR,��� oQ6&R�� r kj8CAC��S�SZI
4/�

v��OHf���
��SZI
47��£¤B�SED H��j�
f
R D
�:6�AjB�S�D*Bgv��O�Es�ACB�vZI

Γ
��¾�P��h¯¥S�6=�h� o:6�������Sh�zH��º�zS�6

Tl · f
��AC� �

Tr · f�
��vq�(R��:6���S��:��� ���z8¦R,�7v���D�� ���#� ®h �6

Tl · f = −2α−1
0

∂

∂β0
f Tr · f = 2α0

∂

∂β0
f.

FGAC�&I(�j4­B��j6�4­I¥vq� Sh� �E8C��®E �6
(T n

l ) · f
����Sh�zH��º�­8¦I
o:6uH��

Tl · (Tl · . . . (Tl · f) . . .)
��AC� �u� S�� oQ��s �QH���S��Q6

��oQ�<���(R,��oQSZI
Hf���QoQ�
H��&I
S��(R
(T k

l T ∗k′

l T m
r T ∗m′

r ) · f
� (n�:6�Hf�

S0

p�P������Q6±��p��Q� AC6�4 £¤B�S�DzH��j�qH���¯*sO�QIOHf�¥Sh�
G
®qs
�¤� ��D*�:Hf�g��6­R���s�oQP���BgSh�/�����Q�
�¤�zS��Q6=��v�6�A9��89��Aj�}R AC�� �S��QH���D �(R�I
Hf�

Tl

��A9�z�
Tr

®q��S��:Dz�(�C¯ H�I
Hf�gR
S��:6�kCDz����H�����S��#�CH��,kC�&IOp�H��:6��­S��: 7���(R,��oQSZI{R��Q6�oQ��4/���zS¡��4/�Q6�SES*I
Hf�

α0

®
α0

−1 ® β0

��FGAj��I
vq� 47S�� �j4­I
896�  ®h �6=klI
4[pq� oQ6�4

G(G0)
����Sh�zH��º�z4­Ix��pE�Q��A�£¤B�SED H��j��s
�¤� ��D*�:Hf��Sh�

G0

�.�&R�� Al8¦I
Hf�gS����jS��QD�� Hf�i�



� �


�v�AC�(R�� � ��4­I���v�6�A9��89��A�Aj�� �S��:H���D �(R�I������Q�
�¤�(�C¯ H�I�R�����AC6�4

Op(β̂0)f = β0f −
s

4
(α−1

0 T ∗
l · f + α0T

∗
r · f).

·J\
��XE% 
�� +/5 % �97��
S0 � G(G0)

��� D�	 �*��% �!����:;% ��)�0 � 7 � % �#����$/���*��0�� :;%����!$ � �!� � �!� ���
QΓ

��� D���% �
��D�$ �!�!�#�!$/��0�% ��: �!$/��0��B���*��7 � % $8�+�9�!$/� D��!�!0��!: � �!��:;) � 	 � ½z� � � 5 % �97��

β̂0 η As
0

��� D���% � ��� ��:A��0��1��:
I��1�!$/�������*I��!�!0��!:
�!�����

Op(β̂0)
��� D���% � �9����� ���1�!�#��: �9"���0�% 7���� �!$ �!: $8�+�#�!$/� D��!�!0�� : ���!$ � �!� � � ��� �

� D��
QΓ(S0) ⊂ D(β̂0)

�!�����
β̂0QΓ(f) = QΓ(Op(β̂0)f)

DG� �A$ I���� I�� �!% 7��
f ∈ S0.

� �!0+� D�� � � �� �� % f ∈ S0

� � % I��=0�% � � �67�% 	*� ��)�0 � 7 � % fi ∈ G(G0)
� ���!% � �!�

lim
i→∞

QΓ(fi) = QΓ(f)
�!� ���

lim
i→∞

β̂0QΓ(fi) = β̂0QΓ(f).

�xVOY�#�WJ+ (n�:6�Hf�
f ∈ G(G0)

�!�¡�NR��:6�Aj����6�S���� ? �.����kl8f�}�j6�4­I

U β̂0(z, 0)QΓ(f) = QΓ

(
πkan

0

(
U β̂0(z, 0)

)
f
)

.

wn� AC��I
kl8f�}�C¯ H=�uAC�(R�Sh�zS���� � � " � �,R��Q�E���Q4<I�®� �6

2
∂

∂z
QΓ

(
πkan

0

(
U β̂0(z, 0)

)
f
) ∣∣∣

z=0
= QΓ

(
Op(β̂0)f

)
.

� � "Z? �


 89� D*�Q4 A9� ���Q6u�>AC�(R�Sh� SE��� � � ? ������kl8f�}�j6�4­I�®� �6
QΓ(f) ∈ D(β̂0)

��A9� � �
β̂0QΓ(f) = QΓ

(
Op(β̂0)f

)
.


 ���z����4/��®Z �6��Eo��
f ∈ S0

�Qkj8CS��Q6¦�j6nH���¯*s=£¤BES�D H¦�j�
fi ∈ G(G0)

��pE�Q6�s��}�C¯ H�I/���
f
�j6���S���kl8f�}�jS��:6nR�AC� �

�=vq�
Hf���
��SZIO4/�iR���s oQP��E6�4 v���o
Tl

� A9� �
Tr

��wy��AC�&I
kj8f�(�C¯ H­�=��kC��� H��(R�� S��Q� � ½ ? ������kl8f�}�j6�4­I���ACBEsZ¯
H���P����<��R��Q6�AC����6�S��Q�E�

�

(n� kC�&IO4 Sh� kj8CP�v�SZI
4 H�6�o:6�4 p�P��E���Q67vq� Dz�z�º� S��:6 ®G �6
QΓ(G(G0))

�j6�kj80�����Q6������:Sh¯]�Qkl89� 8CSh¯]��oQ�

β̂0

�

·J\
��XE% 
 ��+ 5 % �97��
U β̂0(z, t) ∈ M(As

0)
��� D���% � �#�1�+�#���!��0��<��7 � 	6����)*�+� � ��% I*��0+�����B� � � G(G0) ⊂

C∞(G0)
��� D���% ���*��% �!�#��: ��) 0 � 7 � % ���<� D��!% 7�� � ��$/�����=��7�� 08�� �0�% ����7�� �!������0�% �97��

β̂0

��� D���% �C�9����� �
���1�!�9��: I��1�!$/�������*I��!�!0��!: �

C∗ � ������������	 As
0

$8�+�#�!$/� D��!�!0�� : ���!$ ���!� � � ��� � D��
QΓ(G(G0)) ⊂

D(β̂∗
0 β̂0)

�!����� �*��% "!�
(1 + β̂∗

0 β̂0)QΓ(G(G0)) � �9I������9I��B� $
As

0

� � I��!7��!� ��"!� 08�� *7�%
QΓ(G(G0)) � �9I��% I��1�!�B0 	�D���% � D���%?0 	@��� ��:A��0��B)@I��1�!$/�������*I��!�!08� ���

β̂0

�
�xVOY�#�WJ+�FGAC�&IOvEB�� ��4­I�®� �6uR�I
D�� �º� o:� �j4­I=�jB� >�: 

(1 + β̂∗
0 β̂0)

−1QΓ(G(G0)) ⊂ QΓ(S0),
� � "�L �

s������Q6
S0

�j6�kl8�Aj�O�����QSh¯>£¤B�S�DzH��j��R�v�AC�(R�� ����� S*I
Hf�«v�AC��6��x��6�4¥�z8C6�4 � L �Gwn��Aj��I
kj89�}�C¯ H�� 
�SE�Q��kjD
B��
R��Q�E���Q4<I�®E �6

QΓ(S0)
�j6�kj8y�Qkl89� 8CSh¯[�����:6������QSh¯[� vq6�A9�z8C��A9�

β̂0

�J¢±AjB�sZ�0H���P����­��6�47�z8CB¡� L vq��D�� ��B��j6 ®
 �6/R�896��EI{8f� D* �6

QΓ(G(G0))
�j6�kj8<�����:6������QSh¯«�Qkl89� 8CSh¯

β̂0

��¢±�]�º� Dz����H���6�S��Q�]���(R,�O��B�R�IOkl8f� AjH��&I
R��QP�HuR�IOD�� ���#�>�º�ºR��Q6�A9� SE�Q6 � � " L � �



� �

FGAC�&I
vq��4/S�� �j4­I�®� �6

(1 + β̂∗
0 β̂0)

−1 =

∫

R+

dt exp(−t) exp(−tβ̂∗
0 β̂0).

� � " � �

(n�:6�Hf�
πkan

0 ∈ Rep(As
0; L

2(G0))
p�P��E���Q6­Dz�zS���S��:H���S�¯�AC6�vEAC6���6�SZ8f�zH��C¯

C∗ r � o:s�6�p�AlI As
0

Sh�
L2(G0)

�
wn� AC��I
kl8f�}�C¯ H=�u��R��Q6�Aj����6�S���� ? �.����kl8f�}�j6�4­I

exp(−tβ̂∗
0 β̂0)QΓ(f) = QΓ

(
πkan

0 (exp(−tβ̂∗
0 β̂0))f

)

��oQ�0R�kj��I
kj8CD*�QHf�
f ∈ G(G0)

�!�{Aj�}R�S�� S���� � ?#" �,R�I
S��QD��E®E �6

(πkan
0 (exp(−tβ̂∗

0 β̂0))f)(α0, β0)

=

∫
dzht

(
z,

s

2
(|α0|

2 − |α0|
−2)
)

exp(iIm(zβ0))f
(
α0, β0 +

s

4
z̄(|α0|

2 − |α0|
−2)
)

.

� � " 1��

������R��  �4<IxAC�
�����:S�P�£¤B�S�DzH��j�

gt ≡ πkan
0

(
exp(−tβ̂∗

0 β̂0)
)

(f) ∈ L2(G0).
� � " ¹ �

Fb� S��Q �6���� v��Qkj��6�4<I=�j6���R��¤� kjS����jH����
��� �µAC�(R�Sh� S��Q� � � " 1��±� A9� �0��6&¬hS��:H��j� £¤B�S�DzH��j�

ht

� �}1��=�¤��8¦R���R�I
S��QD��E®� �6
gt

�j6�kj8>£¤B�S�DzH��C¯�H���¯*sO�¤¯
��SE�QD��}�C¯ H�¯�R SE�Q6�kjD ���EH���� S����CH�����oQ��R�kC��I
kl89D*�QHf�

t > 0
�¥Fb��Sh�z�E89��AC�(R�Sh� S��:6 � � " 1��±vEAC�(R��z���������

Sh� kl89P�v�B��C¯ H�6�s��/��kC��� H��(R�� S��Q�/S�� AC4­IxkjB�v
‖gt‖∞ �
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�

L �	(y�Q6�Hf�
w

p�P��E���Q60R��:6�oQ� 47�Q� S�6�4©�
�
β

kl89��v�SE���
n
� 
 896��OI{�Qkj8CS��Q6¦�j6­R��Q6�oQ��4/���zS

C(t)
AC��P���B

n8f�zD
�²®� �6
‖wgt‖∞ ≤ C(t)

�J�y��6�H���I*R�� �jH��Q6z®��º� BZR��  �4­I� �6

βgt(α0, β)

=
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∂z
exp(iIm(zβ))

∣∣
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(1 + β̂∗
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−1QΓ(f) =
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dt exp(−t)QΓ(gt).
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=

(
1 α0β0

0 1

)(
α0 0
0 α0

−1

)
.

� � " K �
������R��  �4<Ix�O�OR�����Aj�}R�� S��Q� �

G0 3 g 7→ V01(g) = R
 1 α0β0

0 1



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
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π0((1 + β̂+β̂)QΓ(f)) = (1 + β̂∗
0 β̂0)π0(QΓ(f)).

� � L ¹��

 89� D*�Q4 A9� ���Q6

π0

(
a − (1 + β̂+β̂)QΓ(f)

)
= 0

� � L |#�
H�������Sh�zH��º�O®y �6

a − (1 + β̂+β̂)QΓ(f) ∈ As
γ̂

��FN�O����p��Q� A
(1 + β̂∗

γ̂ β̂γ̂)|γ̂|(1 + γ̂∗γ̂)−1zγ̂QΓ(G)�j6�kl8=s�P�kl8¦IgR
As

γ̂

� vh�z8CAC� � � ? K � �&�0FN��Sh� �E8C�
D(β̂∗

γ̂ β̂γ̂) ⊂ D(β̂+β̂)
� A9� �0��oQ�

x ∈ D(β̂∗
γ̂ β̂γ̂)

47� 4­I

β̂+β̂x = β̂∗
γ̂ β̂γ̂x

� �¦kj89SE�Q6��j6uR��:P�H>H��Q¯
s06�oQ6�4/6�SZ8C�}R
xi ∈ |γ̂|(1 + γ̂∗γ̂)−1zγ̂QΓ(G(G))

8f� D*��®E �6

a = lim
i→∞

(1 + β̂+β̂)(QΓ(f) + xi).
� � L ½ �

�i� BZR��  º� 4<I�®� �6
|γ̂|(1 + γ̂∗γ̂)−1zγ̂QΓ(G(G)) ⊂ QΓ(G(G))

H�� v���D�� ��B��j6 ®� �6
(QΓ(f) + xi) ∈

QΓ(G(G))
� �{AC�(R�Sh� S��Q� � � L ½ ����� kj8f�(�j6�4­I ®� �6

a ∈ (1 + β̂+β̂)(QΓ(G(G)))
‖·‖ H��7Dz����H���I«���(R��
�

�º�ºR��:6�A9�zS���� � � L � � �$
 89� D*�Q4 AC� ���:6«Aj�(R�Sh� S��:6 � � L�L �0vq� Dz�z��B��j6z®� �6
(1 + β̂+β̂)QΓ(G(G))

�j6�kj8
s�P�kj8¦I
4 vq�
����p��Q��Aj6�4-R

C∗ r �zoQs�6�p�AC��6 As
�J¢±ACB�s��/H���P����<��R��Q6�AC����6�S��Q�.R�I
S��:D��.�=��6�47�z8CB � �

�

3�� DZ8¦Ix���z8¦IOH��º¯ H�6­6�oQ6�4/6�SZ8CB
β̂
��p��:6�Aj��6�4<I�R v���S��: �kC�&I
4¨8¦R��Q6�Aj����6�S��QB��



�j¿
� Y7a¤\*�zW�¸Z\
_ba¤\ � ��+25 % �97��

As
��� D���% �

C∗ � ������������	 , $/��0�� �!$2� � '(��)*�+� � ��% I*��0+����� � � � ���!�#��0�� �*� �
G(G) ⊂ C∞(G)

��� D���% � �*��% �!�#��: ��)�0 � 7 � %(���<� D��!% 7��&� ��$/�����=��7�� 08�� �0�% ����7�� � QΓ

��� D���% �C��D�$ �!� �
�#�!$/��0�% ��: �!$/��0��=���*��7 � %4$8�+�#�!$/� D��!�!0��!: $ � ½ � � �!� ���

Op(β̂)
��� D���% � �9����� ���1�!�#��: D���%=���<� � 	�7��!:$ �!�!�#��: � � ?�? � �

� I��B0�% � � �6��� ��:A��0�� I��1�!$/���
��� I��!�!0��
β̂ η As

�!� "!�#� ��� % I��1�!�B0 	�D���% � D���%?0 	 � �9I�� QΓ(G)
� ���!% � �!�

β̂QΓ(f) = QΓ(Op(β̂)f)
DG� � $ I����*I�� �!% 7��

f ∈ G(G)
�

L � ? � ����~x\
_�\
�}XE%ºV��*�
C∗ ¶CXh�¤��\*�N�*� As

+ 
 vq��vEAC��6���S��:4³Aj�����E�����zoQ6.����6&¬hS��:�}R�� o:� �C4<I�H���8C6�AjI
6�o:6�4/6�SZ8¦I7kj89�(R�� AC�&I
kC��� S�6

α̂, β̂, γ̂, δ̂ η As
� (n� kC�&IO4 D ��o:6��jSZI
4 H�6�oQ6�4 p�P������Q6�v���D�� ��� S��Q6z®O �6u��v�6�A r

�z8C��AjI7896>s�6�SE6�ACB}�C¯
C∗ r � oQs�6�p�ACP As

� 
 I
D ��Aj��I
kj89� 4­I����.896�s��.�NR��:6�Aj����6�S��Q6>���
FG�Q6�AjR�kj��I
4 D*AC��D*�Q6�4¨p�P������Q6>vq� Dz�z�º� S��:6 ®O �6>6�o:6�4/6�SZ8¦I

α̂, β̂, γ̂, δ̂
kC6�vh� AjB��C¯/Aj6�v�Aj6���6�SZ8f� H¦�j6

As
�


 8¦I
4;H�6�o:B­v���k&��B� �I
4­I=kj�QP�vq�
����p�SZI
45AC����B�4/�}R�� S��:6�4 �C� D�R @*8¦R��Q6�Aj����6�S��QB¥�����`@Ov�AC�(R�� �����±kC�:P
��S��7���.R�IOAC�  �6�S����7��vq6�A9�z8C��A9�.4[B�o 8¦I
v�oQ�:Dz��8¦I
R�SE6�s��.B�S�� 8f� AjS�6�s �

W
v�Aj��6��

α̂, β̂, γ̂, δ̂
��FJAj��6¦�j� ��4­I

���.AC6�� oQ�:�º� H¦�j��896¦���:��6��²�
(y�Q6�Hf�

g ∈ G
pqP������:6­6�oQ6�4/6�SZ8C6�4 ��o��/D*8C��AC6�s��¥R�kjvq�O��AC��P���Sh�

γ
�j6�kj8uS��:6���6�AC�(R��E���i� BZR��  �4<I�®

 �6
g
�j6�kj8y�:oQ�
H���I
S�6�4 8CAC��6�Hf�]6�oQ6�4/6�SZ8C�}R �

g =

(
1 αγ−1

0 1

)(
0 −γ−1

γ 0

)(
1 δγ−1

0 1

)
.

� � L K �

FGAC�&IOv���4/S�� �j4<I�®  �6
J ⊂ C∞(G)

�j6�kl8.�Q��6��
�§6�4³£¤BES�D H¦�j��Sh�
G

��S��:Dz�(�C¯ H�I
Hf� Sh�gv��O��s ACB�v��:6
G0

�
C∗ r �zoQs�6�p�A9� C∗

r(G) ⊗ J
47�� �6gpZI � BO89�� �k9� 4/�Q��S����{� o:s�6�p�AC¯ £¤B�SED H��j�uH���¯*sO��I
Hf� ��S��QD��}�C¯zH�I
Hf� R

S��:6�kCDz����H�����S��#�CH��NSh�
G \ G0

�0R��zAj89�#�CH��Q� Hf��R
C∗

r(G)
� 
 8f�zD
�:4 AC� ���:6u�O�ER�����AC�(R�� S��Q�

G \ G0 3 g 7→ V1(g) = R
1 αγ−1

0 1



∈ M(C∗

r(G))

G \ G0 3 g 7→ V2(g) = R
0 −γ−1

γ 0



∈ M(C∗

r(G))

G \ G0 3 g 7→ V3(g) = R
1 δγ−1

0 1



∈ M(C∗

r(G))

k9¯>6�o:6�4/6�SZ8f�z47��BES��:89� ACSZI
4
M(C∗

r(G)⊗J)
� ¾�P��h¯>��S�6��h�zoQ6�� ����Sh� H���� S�6ykjI
4[p���o��z47�

V1, V2, V3 ∈
M(C∗

r(G) ⊗ J)
�


�Y[XE��X 
 +�(y�Q6�Hf�
H

p�P��E���Q6¡vEAC��6�kj8CAC��6�S���¯ mn�:oQp�6�Al8f�E®
K(H)

pqP������:6{� oQs�6�p�A9¯���vq6�A9�z8C��AC�(R
��R�� Al8¦IOHf��®q��AC� �

γ̃
p�P������Q6>S���Aj4¥�zoQSZI
4�®O�O�ER�AC� Hº�zoQSZI
4¨��v�6�A9��89��Aj6�4¨�������
�§�}�C¯ H&IO4 Sh�

H
�>4/��� AC¯

kCv�6�DZ8CA9� o:Sh¯
E γ̃

� 
�v�AC�(R�� � ��4<I�B�S��:89� ACSZIx6�oQ6�476�S*8
V2(γ̃) ∈ M(C∗

r(G) ⊗ K(H))
R�����AC6�4

V2(γ̃) =

∫
R
0 −z−1

z 0



⊗ dE γ̃(z).

� �º� " �



� �

���z8¦R,�0����ph�zH���I �z®� �6
V2(γ) = V2

s��E���Q6
V2

����kj89�
�§�<R�v�AC�(R�� ����� S�6>vq�(R�I
 �6¦��� �i�zB*R��  �4­I�®O �6��j6 �CoQ�
γ̃

��A9� �
γ̃−1 k9¯g6�oQ6�476�S*89� 4/��kj8C�(R�� Aj��I
kC����SZI
47���

C∗ r �zoQs�6�p�A9¯ A
�����Q�
�¤�}�C¯zHº¯gSh�

H
8C�

V2(γ̃) ∈
M(C∗

r(G) ⊗ A)
�

(y�Q6�Hf�
πJ ∈ Mor(C∞(G); J)

p�P������Q6GD�� S�� S��QH���SZI
4 47� Aj¬h��476�4
C∗ r � o:s�6�pEA
�C� DnR�FGAC�&IOD��§� �����:6

�.��A9�z�
V ∈ M(C∗

r(G) ⊗ C∞(G))
p�P������Q60��v�6�AC�z89� AC6�4Uw=�zHº� r �`� Dz6�kC� D*�Q6�s ��� �µAC�(R�Sh� S��Q� � � L K��

R�I
S��QD��E®h �6

(id ⊗ πJ)(V ) = V1V2V3.(n�:6�Hf�­8C6�AC� �
V Ψ pqP������:6���v�6�AC�z89� AC6�4»R�v�Aj�(R�� �E����SZI
4¼R @
8¦R��:6�Aj����6�S��QB0Kn��A9� �

πγ̂ ∈ Mor(As; As
γ̂)p�P������Q6x4/��Aj¬h��476�4���� �h� SZI
4 v�Aj��6���R��§�� �6�S��:6x�Q��6��
�§B

As
γ̂

R � o:s�6�p�AjP
As

� vh�z8CAC�xFGAj��I
D��¤� � � �&�
FGAC�&IOv���4/S�� �j4<I�®� �6

V Ψ = exp
(
−

s

4
iIm(Tr ⊗ T ∗

l )
)

V exp
(
−

s

4
iIm(Tr ⊗ T ∗

r )
)
∈ M(C∗

r(G) ⊗ A).

�i� BZR��  º�}�C¯zH ®* �6
V1 = exp(iIm(Tr⊗αγ−1)

��A9�z�
V3 = exp(iIm(Tr ⊗δγ−1)

����kj89�}�j6�4<I0Sh� kl89P�vEB r
�C¯ H&I�R�����A

(id ⊗ πγ̂)(V
Ψ) = exp(iIm

(
Tr ⊗ (αγ−1 − s

4
T ∗

l )
)
V2 exp

(
iIm(Tr ⊗ (δγ−1 − s

4
T ∗

r )
)

= exp(iIm(Tr ⊗ πγ̂(α̂)γ̂−1))V2(γ̂) exp(iIm(Tr ⊗ πγ̂(δ̂)γ̂
−1)).

� �º��� �

� Y7a¤\*�zW�¸Z\
_ba¤\ � 
 +.5 % �97��
As

��� D���% �
C∗ � ������������	"�!$/��0��1�!$2� � ����)*�+� � ��% I*��0+����� � � � ���!�#��0�� �*�

�!�����
α̂, β̂, γ̂, δ̂ η As

��� D�	 ��� ��:A��0��<��:;% $8�+�#�!$/� D��!�!0��!:;% $ ���9�+���!� D�0�% 7����9���*D���%=���<��7�� � � � ��:A��0��B�

α̂, β̂, γ̂, δ̂
�9���*D���% ��� � � 	 �9�1�+�#���!��0�� ��7 � � C∗ � ������������� As

�
�xVOY�#�WJ+ (n�:6�Hf�

H
pqP������:67vEAC��6�kj8CAC��6�S���¯¡my�Qo:pq6�Aj8f�O®

πγ̂ ∈ Mor(As; As
γ̂)

pqP������:6¥4/��Aj¬���4/6�4
AC� ��R��  º� SZI
4 vq�(R�I
 �6¦����A9� �

π0 ∈ Mor(As; As
0)

p�P������Q6 kCB�A§�j6�DZ8¦I*R�S*I
4 47��Al¬h��4/6�4 � H��Q¯
s B
����D��§� ��S�6�s�� � ���(½ �f� Fb� Dz�z �6�4<I�®� �6�Dz�z ��h�{AC6�v�AC6���6�SZ89� H��C�

π ∈ Rep(As; H)
�j6�kj8/kjB�4¥¯¡v�Aj��kj89¯

AC6�v�AC6���6�S*89� H��j�
π1 ∈ Rep(As; H1)

� A9� �
π2 ∈ Rep(As; H2)

®hDZ89��Aj6>£d�zD*8C��AjI
��B��C¯0kC�QP>v�Aj��6��
πγ̂

��A9�z�
π0

� �¦S�SZI
4/��k&���(R�I/R�I
D��  �6�4­I ®� �6n�Qkj8CS��Q6¦�C¯<Aj6�v�Aj6���6�SZ8f� H¦�j6
π̃1 ∈ Rep(As

γ̂ ; H1)
®
π̃2 ∈ Rep(As

0; H2)8f�zD
�:6 ®� �6

π1 = π̃1 ◦ πγ̂ π2 = π̃2 ◦ π0

� �º� ? �
��AC� �

π = π1 ⊕ π2

�
2�v�6�A9��89��A

π(γ̂)
�j6�kj8<S���Aj4¥� o:SZI�� (y�Q6�Hf�

P
p�P������Q6/AC��BO896�4MkC� 4/��kCv�Aj��P� ���SZI
4�S��

ker π(γ̂)⊥
�

�GoQ6�476�S*8
γ̂
�j6�kj8�H�6�SZ8CA9� o:S*I7R

C∗ r � oQs 6�p�Aj��6 As
®OkCD�¯ �

π(a) = Pπ(a)P + (1− P )π(a)(1− P )
��o��

R�kC�&I
kj89D*�:Hf�
a ∈ As

� 
 89� D*�Q4�AC� ���:6GAC6�v�AC6���6�SZ89� H��C�
π
Aj����D��¤�z�h�ykj�QPGSh��kCBE47PJv�Aj��kj89¯�Aj6�v�Aj6���6�SZ8f� H¦�j�

π = π1 ⊕ π2

8f�zDz¯O®� �6
π1(γ̂)

�j6�kj8±��vq6�A9�z8C��AC6�4©�O�ER�AC� Hº�zoQSZI
4©�
π2(γ̂) = 0

�nFb� 4/�QP�89�}�C¯ Hz®� �6
As

γ̂�j6�kl8u�Q�E6º�
��6�4 R
As

s�6�S�6�AC�(R�� SZIO4"v�AC��6��
γ̂
��AC� �

As
0

�j6�kj8u� oQs�6�p�A9¯/�Qo:��A9� ���(R�¯
As/As

γ̂

�E��kj89�}�j6�4­I
� ��� ? �f�
��6uR���� AC�(R � �º�E� �,��AC� � � ���º� ��R�I
S��QD��E®h �6

(id ⊗ π1)W = exp(iIm(Tr ⊗ π1(α̂)π1(γ̂)−1))V2(π1(γ̂)) exp(iIm(Tr ⊗ π1(δ̂)π1(γ̂)−1))
��AC� �

(id ⊗ π2)W = exp(iIm(Tr ⊗ π2(α̂)π2(β̂))V02(π2(α̂)).
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 �Q�E���Q4<IxR��QP�Hz®� �6

(id ⊗ π)W
�j6�kl8 �&£¤B�S�DzH��C¯ � vq6�A9�z8C��AC�(R

π(α̂), π(β̂), π(γ̂), π(δ̂)
� � 6��ESh� D* �6

WAC� �������Q6�oQ�¥AC6�v�AC6���6�S*89� H��j6z®�R��QP�H��j6��Co:�`�ER��:6[AC6�v�AC6���6�S*89� H��j6.v���D*AjI*R��}�C¯xkC�QP­Sh��6�o:6�4/6�SZ8f� Hf�{kl89�(R�� r
AC�&I
kC��� S*I
Hf�

α̂, β̂, γ̂, δ̂
8C�7v���D*AjI*R��}�C¯.kC�QP>��SE6uSh�.R�kj��I
kj8CD*�QHf�g6�oQ6�4/6�SZ89� Hf�

As
�

�

¢±AjB�s��:4³D*Aj��D*�Q6�4³���(R,�O��B�8C6�s��E®  �6
α̂, β̂, γ̂, δ̂

s�6�SE6�ACB}�C¯
C∗ r � o:s�6�pEACP As

pqP������:6�vq� Dz�z�º� S��:6 ®
 �6±6�oQ6�476�SZ8 1

1 + β̂∗β̂
exp(−α̂∗α̂) exp(−δ̂∗δ̂)

®
D*8C��AjI¥� v�Aj�Q��Aj� �j6�kj8�R��zoQs�6�p�AC��6±4/S��� �SE�QD �(R
M(As)

�j6�kl8�896� >6�oQ6�4/6�SZ8C6�4
As �

1

1 + β̂∗β̂
exp(−α̂∗α̂) exp(−δ̂∗δ̂) ∈ As.

� �º� L �


 8¦I
4¼H�6�o:B[��Sh�(�j�����:6�4­I>£¤B�S�DzH��jP
f
® DZ89��Aj6��bDZR�� SZ8¦IO��� H��C�u�h�(�j6

exp(−α̂∗α̂) exp(−δ̂∗δ̂) ∈ M(As).FGAC�&IOv���4/S�� �j4<I�®( �6J6�oQ6�4/6�SZ8
exp(−α̂∗α̂)

47�� �Sh�E®}S��:6�H���£¤��Aj4¥�zoQS��:6 � vh�z89Aj� £¤��AC4­Bq�¤� � ?#" � �&®}R�IOAC� ��� �
R���� AC6�4 � ∫

dzh

(
z,−

1

2
sγ∗γ

)
U α̂(z, 0),

� �º��� �

s������Q6
h = h1

�j6�kl8�£¤B�S�D H¦�C¯.R�vEAC�(R��z������S�¯/R � �}1��&�J¢no��
g ∈ G

vq�
�§�� �4­I

fα(g) =

∫
dzh

(
z,−

1

2
sγ∗γ

)
exp(iIm(zα)).

� ���*1��

3hB�S�DzH��C�
h
�j6�kl8y£¤BES�D H¦�C¯/sZ�zB�kCkj�}R�kjD�¯E��@
Hº�
��D �(R��zS��Q6 � ���*1����h�}�j6

fα(g) =
exp

(
− s

2
γ∗γ
)

cosh
(
− s

2
γ∗γ
) exp

(
−

2|α|2 tanh
(

s
2
γ∗γ
)

sγ∗γ

)
.

Fb�
����pES��Q6z®�6�o:6�4/6�SZ8
exp(−tδ̂∗δ̂)

�j6�kj8y�h� SZIxR���� AC6�4
∫

dzh

(
z,

1

2
sγ∗γ

)
U δ̂(z, 0).

� �º�Z¹��

�±S�� oQ��s �QH���S��Q6±���
fα

R�vEAC�(R��z���º� 4<Ix£¤B�S�D H¦�jP
f δ ∈ Cb(G) �

f δ(g) =

∫
dzh

(
z,

1

2
sγ∗γ

)
exp(iIm(zδ)) =

exp
(

s
2
γ∗γ
)

cosh
(

s
2
γ∗γ
) exp

(
−

2|δ|2 tanh
(

s
2
γ∗γ
)

sγ∗γ

)
.

�¦Hf�]�:oQ�
H��&IOSx� ��Sh� H��º� 4<IxkjI
4[p���oQ6�4
f �

f = fαf δ =
1

cosh2
(

s
2
γ∗γ
) exp

(
−

2(|α|2 + |δ|2) tanh
(

s
2
γ∗γ
)

sγ∗γ

)
∈ Cb(G).
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3hB�S�DzH��C�
f
�j6�kj8ysO�§� ��D��[��AC� ���j6���v��OHf�E�O��SE6>R���s�oQP���6�4

Tl

��A9� �
Tr

k9¯0��s A9� S��:H�����S�6 �Jwy��AC�&I
kj8f�(�C¯ H
��6¥@
8¦R��:6�AC�E��6�SE���{� " R��Q�����Q4­I ®� �6

f
�j6�kj8>£¤B�S�DzH��C¯«D*R�� SZ89�(R�� oQS�¯E®bs �����:6/DZR�� SZ8¦I
�º� H¦�C�]�h� Sh�<�j6�kj8

R���� AC6�4 �
QΓ(f) ≡ EΨ̃⊗Ψ

(
λL(h̃)

(
(1 + T ∗

RTR)2(1 + T ∗
LTL)2 · f

)
λR(h̃)

)
,

� �º�Z½ �



� �

��AC� �
h̃(w) =

∫
dz

exp(iIm(zw))

(1 + ( s
4
)−2|z|2)2

� �i�zB*R��  �4­I�®N �6.v��O�h�zS*I�89B¡R���� A=S��x£¤BES�D H¦�jP
h̃

Aj�� �SE� kC�:P
�
�{R�����ACB � | ½��±vq�
��kj89�ºR��Q6�SE�Q6�4

s → − s
4

�	
 I
S��QD���89�«�/� Sh� o:��s��QH���S�6¦�±��4/��� SZIgv�� A9� 4/6�8CACB{��oQ�
2 r D �
H�I
D*oQB Ψ

� ���}|��f�
�q% Y¥a¤\*��WN¸Z\
_Nad\ 
�� +45 % �97��

f ∈ Cb(G)
��� D���% � ��)�0 � 7 � 	@�9����$/���*��0 	 ���!$ ���!� � �!�����

QΓ

��� D���% �
��D�$ �!�!�#�!$/��0�% ��: �!$/��0��=���*��7 � % $8�+�#�!$/� D��!�!0�� : $ � ½ � � � �C�1� D��

QΓ(f) = exp(−α̂∗α̂) exp(−δ̂∗δ̂).
¢±�(R,�O�/v��}R�I
 �kC��6�s��0@*8¦R��Q6�Aj����6�S����,�j6�kj8º®��C� D<����p�� H��&IO4<I�®*896�Hf�ES��QH���S��:6�S��Q6�H��>kCDz��47vEoQ�QDz�(R�� SZI �

� 6��ESh� D=�Q��6��G�j6�kl8Gv�Aj��kj89�E�Gª��Q� S��(R��QH��Q6z®z4/�� �S��nSh�±v������Q��4/�Q6 £¤��Aj4¥�zoQSZI
4 R�IOD�� ���#� ®Z �6�DZR�� SZ8¦IO��� r
H��C�.£¤B�S�DzH��j�

exp(iIm(zα)) ∈ Cb(G)
�h�}�j6=6�o:6�4/6�SZ8

U α̂(z, 0) ∈ M(As)
��Fb�
����p�S��:6 ®�DZR��zS*8¦I
��� H��C�

£¤B�S�DzH��j�
exp(iIm(zδ)) ∈ Cb(G)

�h�}�j6g6�oQ6�4/6�SZ8
U δ̂(z, 0) ∈ M(As)

�52�p�kC6�AjR�� H��C��8f� R�A9� �g��6
R���� A9� 4/� � ����� ����AC� � � �º��¹ ��v�AC�(R�� �����N�E�/�E6�¬hS��:H��j�i£¤B�SED H��j�

f
� �º�*|��f�

�xVOY�#�W �q%&Y7a¤\*�zW�¸Z\
_ba¤X 
�� + (n�:6�Hf�
ω ∈ M(C∞(G)oΓ2)∗

��AC� �
x ∈ C∞(C)

p�P������Q6G£¤B�S�DzH��C¯
H��Q¯
s
�¤¯[�.��R�� Aj8¦I
4 S��#�CS��:D
B��,�����&R��  �4­I�£¤B�SED H��j� Sh�
�

ω′ ∈ M(C∞(G) o Γ2)∗
��� �h� SZIxR�����AC6�4 �

ω′(b) = ω(exp(−γ∗γ)λL(x)bλR(x) exp(−γ∗γ)).
3hB�S�DzH��j��Sh�*��I 896¦�«vq� kj8f�zH��>AC���������:6�oQ�}�C¯ 6�oQ6�476�S*8¦I

M(C∞(G) o Γ2)
®�R��QP�Hx�j6 �CoQ�>v���D��  �6�4­I�®u �6

ω′(QΓ(f)) = ω′(exp(−α̂∗α̂) exp(−δ̂∗δ̂))
8C�7�E�}R,�
��kl8¦R��Q6�Aj����6�S����.p�P������Q6u�º�zD ����H�����SZI �

�i� BZR��  �4<I�®� �6

(1 + T ∗
l Tl)

2(1 + T ∗
r Tr)

2 · f(g) =

∫
dz1dz2

(

× h

(
z1,−

1

2
sγ∗γ

)
exp(iIm(z1α))(1 + z̄1z1γ

∗γ)2

× h

(
z2,

1

2
sγ∗γ

)
exp(iIm(z2δ))(1 + z̄2z2γ

∗γ)2
)
.

FN��Sh� �E8C�

ρ̂Ψ̃⊗Ψ
w1,w2

(exp(iIm(z1α)) exp(iIm(z2δ)))

= exp
(s

4
iIm(w̄1z1γ)

)
exp

(s

4
iIm(w̄2z2γ)

)
exp(iIm(z1α)) exp(iIm(z2δ))).

FN�O��kl8f�ºR����(�C¯ H>vq�(R�I
 �kj��6­Aj�(R�S����CH������ � �º�Z½�������kj89�}�j6�4<I �

ω′(QΓ(h)) =

∫
dw1dw2ω

(
exp(−γ∗γ)λL(xh̃w1

)

×

∫
dz1dz2h

(
z1,−

1

2
sγ∗γ

)
(1 + z̄1z1γ

∗γ)2 exp
(s

4
iIm(w̄1z1γ)

)
exp(iIm(z1α))

× h

(
z2,

1

2
sγ∗γ

)
(1 + z̄2z2γ

∗γ)2 exp
(s

4
iIm(w̄2z2γ)

)
exp(iIm(z2δ))λ

R(xh̃w2
) exp(−γ∗γ)

)
.

� �º�ZK �



� �

s������Q6
h̃w

�j6�kl8�v�Aj��6�kCB�S��:P�H��Q6�4$£¤BES�D H¦�j�
h̃ ∈ C∞(C)

�
h̃
�j6�kj8�£¤B�S�DzH��C¯<��S��QD��}�C¯zHº¯>6�D*kCv���S�6�S�H��C� o:S��Q6�R

S��:6�kCDz����H�����S��#�CH��²���i�z8C6�4©��6<��R�� Aj8C���CH��`S����jS��QD��
x ∈ C∞(C)

R�I
S��QD��¥�:kj8CS��Q6�S��Q6=kj89�
�§6¦�
C

89� D*�Q6���®
 �6

‖xh̃w‖∞ ≤ C exp(−|w|)
�JFb��S�� �E89�.�
�ER���� AC�(R��zS��Q6

C
2 3 (z1, z2) 7→ exp(−γ∗γ)h

(
z1,−

1

2
sγ∗γ

)
(1 + z̄1z1γ

∗γ)2

×h
(
z2,

1
2
sγ∗γ

)
(1 + z̄2z2γ

∗γ)2 exp(−γ∗γ) ∈ M(C∞(G) o Γ2)
�j6�kl8yHº�
��D �(R��zoQS�6>H��.R�I
S��QD��.�uvq� kj8f�zH��i£¤B�S�DzH��j�

h �
h(z, x) =

x exp x

4 sinh x
exp

(
−
|z|2x coth x

4

)
.
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A9�  �6�S��:6�vq�
��H��
�§Dz�}R,6¥R � �º��K ���j6�kj8­pq6���R���s oQP��ES��Q67Hº�
��D �(R��zoQS�67�,4/�� �S����º� r
4/�Q6�SE� ��Dz��oQ6¦�jS���� �>H��
�§Dz�}R�� S��Q� �
ω′(QΓ(h)) =

∫
dz1dz2

∫
dw1dw2ω

(

× exp(−γ∗γ)λL(xh̃w1
)h

(
z1,−

1

2
sγ∗γ

)
(1 + z̄1z1γ

∗γ)2 exp
(s

4
iIm(w̄1z1γ)

)
exp(iIm(z1α))

× h

(
z2,

1

2
sγ∗γ

)
(1 + z̄2z2γ

∗γ)2 exp
(s

4
iIm(w̄2z2γ)

)
exp(iIm(z2δ))λ

R(hh̃w2
) exp(−γ∗γ)

)
.

�i� BZR��  �4­I ®h �6
∫

dw1λ
L(xh̃w1

) exp
(s

4
iIm(w̄1z1γ)

)
= (1 + z̄1z1γ

∗γ)−2λL(x) exp
(s

4
iIm(Tlz̄1γ

∗)
)

��AC� �
∫

dw2λ
R(xh̃w2

) exp
(s

4
iIm(w̄2z2γ)

)
= (1 + z̄2z2γ

∗γ)−2λR(x) exp
(s

4
iIm(Trz̄1γ

∗)
)

.

@
89¯ �

ω′(QΓ(h)) =

∫
dz1dz2ω

′

(
h

(
z1,−

1

2
sγ∗γ

)
exp(iIm(z1α)) exp

(s

4
iIm(Tlz̄1γ

∗)
)

× h

(
z2,

1

2
sγ∗γ

)
exp(iIm(z2δ)) exp

(s

4
iIm(Tr z̄1γ

∗)
))

.

wn� AC��I
kl8f�}�C¯ H=��89�  �k9�z47���jH��

U α̂(z1, 0) = exp(iIm(z1α)) exp
(s

4
iIm(Tlz̄1γ

∗)
)

U δ̂(z2, 0) = exp(iIm(z2δ)) exp
(s

4
iIm(Trz̄1γ

∗)
)

��AC� ��£¤��AC4­Bq� � �º� � � ® � ���Z¹ ������kl8f�}�j6�4­I

ω′(QΓ(h)) =

∫
dz1dz2ω

′

(
h

(
z1,−

1

2
sγ∗γ

)
U α̂(z1, 0)h

(
z2,

1

2
sγ∗γ

)
U δ̂(z2, 0)

)

= ω′(exp(−α̂∗α̂) exp(−δ̂∗δ̂)).
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��S��:4­I��j6�kC��H���6��j6���6�S�v���47�
H�SE�QH��&I.oQ6�4¥�z8�v��­DZ89� AjI
4 v�AC��6��j�����Q6�4<I7�E�­���(R,�O��B7R��¤� k r

S����jH�� � �º� L � �
·J\
��XE% 
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f ∈ Cb(G)
��� D���% � ��) 0 � 7 � 	F�#����$/���*��0 	@���!$ ���!� � � QΓ

��� D���% � ��D�$ �!�!�#� �
$/��0�% ��: �!$/��0��B���*��7 � %
$8�+�#�!$/� D��!�!0��!: $ � ½ � � �!�����

Op(β̂)
��� D���% � �9����� ���1�!�#��:H�#"���0�% 7���� �!$ �!:

$8�+�#�!$/� D��!�!0�� : $ � � ? ? � � � ����$/����:;� �G��� � ��) 0 � 7 � % �
k1 =

1

(1 + β̄β)
f ∈ Cb(G) k2 = f − (1 − Op(β̂)∗ Op(β̂))k1 ∈ Cb(G).

� ) 0 � 7 � � k1 � k2

I�	��!$/��0�� �!$/��� 08� �!� ���
QΓ(k1),QΓ(k2) ∈ As

�
�xVOY�#�WJ+�FGAC�&IOv���4/S�� �j4<I�®J �6

f(g) =
1

cosh2
(

s
2
γ∗γ
) exp

(
−

2(|α|2 + |δ|2) tanh
(

s
2
γ∗γ
)

sγ∗γ

)
�

@
89¯ �
k1 =

1

(1 + β̄β)
f
�j6�kj8n£¤B�S�DzH��C¯7��S��QD��}�C¯zHº¯0R»S��:6�kCDz����H�����S��#�CH��²��Fb�
�����Q�
�¤�(�j4­IxSh�

k1
��vq6�A9� r

89� AC6�4©Aj�� �S��:H���D �(R�I
4
Tl

� 
�6­R�kjvq�
�§AC��P���SZI
Hf�
α, γ, δ

47�7��SE��vq� kj8f� �
−2γ ∂

∂α

H��xvEAC�(R��z�����b���
Sh� kl89P�v�B��C¯ H&IOHf�]AC�(R�S����jH�� �

Tl ·

(
1

1 + β̄β

)
=

−2β̄δ

(1 + β̄β)2
Tl · f = −4

tanh
(

s
2
γ∗γ
)

sγ∗γ
γᾱf.

��¯ H���¯ H>vq�(R�I
 �kj��6=R�����AlIx����kl8f�}�j6�4­I

Tl · k1 =

(
−2β̄δ

1 + β̄β
− 4

tanh
(

s
2
γ∗γ
)

sγ∗γ
γᾱ

)
k1.

�i� BZR��  º�}�C¯zH ®J �6
k1

��S��QD��]6�D
kjvq� S�6�S�H¦�C� oQSE�Q6���6¥R���s�o:P���BµS��g��4/�Q6�SES�6
α, γ, δ

��A9� �7D ��Aj��I
kj89�}�C¯ H
�¥� s�A9� SE�QH�����S����jH��J£¤B�S�DzH��j� β̄

(1 + β̄β)

� tanh
(

s
2
γ∗γ
)

sγ∗γ

R��:�����:4­I�®b �6
Tl · k1 ∈ C∞(G)

�]FN�O��� p�S�6

� Ajs�B�4/6�SZ8¦I.vq� ��R�� o��}�C¯�R�I
D�� �º� � ®E �6
(T k

l T ∗k′

l T m
r T ∗m′

r ) ·k1 ∈ C∞(G)
��o���R�kC�&I
kj89D*�:Hf�

l, k, l′, k′ ∈
N ∪ {0}

�Gwy��AC�&IOkl8f�}�C¯zH<�>��R��Q6�Aj����6�S���� ? 10����kl8f�}�j6�4­I�®h �6
k1 ∈ GΓ

∞(G)
��AC� �

QΓ(k1) ∈ As
�

FGAC��6º� S�� oQ�:��B��j4­I­896�AC� ��£¤B�S�DzH��jP
k2

� �i� BZR��  �4­I�®* �6
(1−Op(β̂)∗ Op(β̂)) = 1+ β̄β +D

s������:6
D

�j6�kl8n� vq6�A9�z8C��AC6�4¨AC�� �S��QH���Dz�}R�I
4 v���kj89� H�� �
D = β̄(αT ∗

r + δT ∗
l + γT ∗

l T ∗
r ) + (ᾱTr + δ̄Tl + γ̄TlTr)β.


 89� D*�Q4 AC� ���:6
k2 = D·k1

�N�±ACs B�476�SZ8¦I=89� D*�Q6��C� D�RµvEAC��I
vh�z��D*B[£¤B�S�D H¦�j�
k1

vq���&R��zo��}�C¯�R�I
Dz�z�º�#�z®
 �6

(T k
l T ∗k′

l T m
r T ∗m′

r ) · k2 ∈ C∞(G)
��@*8f¯ �

k2 ∈ GΓ
∞(G)

��A9� �
QΓ(k2) ∈ As

�
�

� Y7a¤\*�zW�¸Z\
_ba¤\ � �i+25 % �97��
As

��� D���% �
C∗ � ������������	 , $/��0�� �!$2� � '(��)*�+� � ��% I*��0+����� � � � ���!�#��0�� �*����-�+�9�!$/� D���:;�@��� ��:A��0��/:;08����0�% � "!$

y = (1 + β̂∗β̂)−1 exp(−α̂∗α̂) exp(−δ̂∗δ̂) ∈ M(As)
� ���1� D��

y � �9I�� ��� ��:A��0��1��:
As

�
�xVOY�#�WJ+ (n�:6�Hf�

f, k1, k2
p�P��h¯[£¤B�S�DzH��C� 4/�iR�v�Aj�}R�� ������SZI
47��v��}R�I
 �6���� �i� BZR��  �4­I�®h �6

f = k2 + (1 − Op(β̂)∗ Op(β̂))k1.



���

��6=@
8¦R��:6�AC�E��6�SE����� L ����kj89�}�j6�4<I

y = (1+β̂∗β̂)−1QΓ(f) = (1+β̂∗β̂)−1QΓ(k2)+(1+β̂∗β̂)−1QΓ((1−Op(β̂)∗ Op(β̂))k1).
� �}1 " �

Fb� Dz�z �6�4<I�®h �6

(1 + β̂∗β̂)−1QΓ((1 − Op(β̂)∗ Op(β̂))k1) = QΓ(k1).
� �}1O� �

(n�:6�Hf�
χn

pqP������:6±H��Q¯
s �Q6�4¼£¤B�S�D H¦�j��sO�§� ��D*�QHf�¥�[��R�� Aj8¦I
Hf��S����jS��QD�� Hf�x��¯  º¯ H&I
4-R kj6�S�kj�Q6�kl89AC�:H�8����
1
8f�zD
�:4�®O �6=vq�
Hf���
��S�6

χn

�h¯  �¯/���.��6�A9�O�,wy��AC�&I
kj8f�(�C¯ H<�u��R��Q6�AC����6�S��Q� L#" R��:�����:4­I�®E �6

(1 + β̂∗β̂)−1QΓ((1 − Op(β̂)∗ Op(β̂))(χnk1)) = QΓ(χnk1).
� �}1 ? �

Fb� Sh� �E8C�7��6­@*8¦R��Q6�Aj����6�S������ " ����kl8f�}�j6�4­I

QΓ

((
1 − Op(β̂)∗ Op(β̂)

)
(χnk1)

)
→ QΓ

((
1 − Op(β̂)∗ Op(β̂)

)
k1

)

R kj6�S�kj�Q6u89� vq��o:��s��:�qkl89AC�:H�8�Sh�
M(As)

��A9� �>��R��Q6�AC����6�S��:6 ? 10v���D�� ��B��j6 ®h �6

QΓ(χnk1) → QΓ(k1)
R kj6�S�kj�Q6>S���Aj47�(R�I
4«�J¾��Q��AC¯ Hus�AC� S��QH�6u��6uR���s oQP��EB�Sh�

n
R � �}1 ? ����� kj8f�(�j6�4­I � �}1O� �f�
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y = (1 + β̂∗β̂)−1QΓ(k2) + QΓ(k1).

wn� AC��I
kl8f�}�C¯ H=�>��6�47�z89B{�}|­R��:�����:4­I�®� �6
y ∈ As

�
�

��¯ H��º¯ H>��R��Q6�Aj����6�S���� L ��® LZ? �i�/����kl8f�}�j6�4­I �
� Y7a¤\*�zW�¸Z\
_ba¤\ �+� +25 % �97��

As
��� D���% �

C∗ � ������������	 , $/��0�� �!$2� � '(��)*�+� � ��% I*��0+����� � � � ���!�#��0�� �*���
� � ��:A��0��B�;I��1�!$/�������*I��!�!08�

α̂, β̂, γ̂, δ̂
����08����) � 	 As

�
L � ? � 1O����\*)b�}\*¸Z\
_q%(Xhcfe�\

C∗ ¶CXh�d��\*�N� � As
+ 
 S��QS��:6��jkj��I
4»AC���������Q� oQ6G� v��Qkj��6�4<I>AC6�vEAC6���6�SZ8f�zH��j6

C∗ r �zoQs�6�p�AjI As
Sh�]v�Aj��6�kl89Aj��6�SE��mn�:oQp�6�Al8f�E�xFN��D��  �6�4­I�®b �67k9¯]��SE6/R��j6���S�����Sh� H���S�6��­�
��v��}R��:6�� r

S��:���CH��E����vE�Qk9�zS*I
4/�
R �������E�����zoQ6 ? AC6�v�AC6���6�SZ89� H��C� 4/���&R���¯ ��D �(R Dz��4[BE89� H�Iº�jSZI
Hf� � ½�½ ���º�±v���4/�OH�¯
��v�6�AC�z89��Aj�(R»�����Q�
�¤�(�C¯ H�I
Hf�¡Sh�/v�AC��6�kj8CAC��6�S��Gmy�Qo:pq6�Aj8f�O� 
 8¦I
4 H�6�oQB]kCD � AC��I
kl8f� 4­I��­��R��Q6�AC����6�S��Q�
?�? ®NDZ89��Aj6¥v��(R���� �h�O®b �67Aj6�v�Aj6���6�SZ8f� H¦�j6x� oQs 6�p�AlI

As
k9¯�R��j6���SE����Sh�zH���SE6��­�O�Evq�(R��Q6���S��:���CH����/D � r

AC6�v�AC6���6�S*89� H��C�z47�,D*R�� SZ89�(R,6��[s�ACBEv*I���Bh�zoQS�6¦� � (C∗
r(G), AdΣX∗Σ∆̂)

�]FGAC��I
v���4/S�� �j4­I¡£¤� AC4/P/8C6��
�
��vq�(R��:6���S��:���CH���� (y�Q6�Hf�

W ∈ M(C∗
r(G) ⊗ As)

p�P������Q6x��v�6�AC�z89� AC6�4³4[B�o 8¦I
v�oQ�:Dz��8¦I
R�SZI
4³B�S�� r
8f�zACSZI
4���oQ�

As
� A9� �

π ∈ Rep(As; H)
p�P������Q67AC6�vEAC6���6�Sh��89H��C¯O� 
 896��EI

Uπ = (id ⊗ π)W
�j6�kj8

D � AC6�vEAC6���6�SZ8f�zH��C¯�s�AjB�vZI�DZR�� SZ89�(R,6��
(C∗

r(G), AdΣX∗Σ∆̂)
� (n�7�
�ER�AC� 8�®Z�j6 �Co:�

U
�j6�kj8nD ��Aj6�v�Aj6���6�S r

8f�zH��C¯¡s�ACBEv*I�DZR�� SZ8C�}R,6��
(C∗

r(G), AdΣX∗Σ∆̂)
®GR�896��EIµ�:kj89SE�Q6��j6x�E��D��¤� ��SE�Q6=�j6���Sh�{AC6�vEAC6���6�SZ8f�zH��C�

πU ∈ Rep(As; H)
8f� D��E®E �6

U = (id ⊗ πU)W
�

�i� BZR��  �4<I�®  �6
2 r D �
H�I
D*o Ψ

R�vEAC�(R��z������SZI R � ���}|#�,�j6�kj8­kCD �#�CSZI���R��QP�H
ΣX∗Σ = X

��AC� �

AdΣX∗Σ∆̂ = AdX∆̂
�

�q% Y¥a¤\*��WN¸Z\
_Nad\ 
 ��+ 5 % �97��
(C∗

r(G), AdX∆̂)
��� D���% �6����)*� 	��!$/��0��1�!$�	 �9����$/���*��0 	 ���!$ ���!� � �

H
��� D���% �(�+�
�!�9I��=�
�!��0�% 	 � %?� ������� � � (α̃, γ̃, δ̃) ∈ Hγ̂(A

s)
� D���% � �*��% "!�

Hγ̂(A
s)
�!�*I�� ���2$8�+�#�!$/� D��!�!0��

$ � � � 0�% 7 � % ��� �!�����
V2(γ̃) ∈ B(L2(G) ⊗ H)

��� D���% �6��� ��:A��0��1��: )�0�%?�<����0��!: $8�+�9�!$/� D��!�!0��!: $
� $/� D��!��� �



� �

��� � D��C�9��������� �!�

U = exp(iIm(Tr ⊗ α̃γ̃−1))V2(γ̃) exp(iIm(Tr ⊗ δ̃γ̃−1)) ∈ M(C∗
r(G) ⊗ K(H))

� �(1 L �

� �9I�� � �!�9�1�+�#���!��0�� ��7 � 	-����)*�+� �!$/��0��1�!$2� � (C∗
r(G), AdX∆̂)

�
�xVOY�#�WJ+�Fb�
�������
�§�}�j4­I�S��.vE�Q6�AlR�kC��¯/S�� s�P

U
D ��4/S��� �6�S��:6�4

AdX∆̂ �
(AdX∆̂ ⊗ id)U = X12

(
(∆̂ ⊗ id)U

)
X∗

12

=X12

(
(∆̂ ⊗ id)(exp(iIm(Tr ⊗ α̃γ̃−1)))(∆̂ ⊗ id)(V2(γ̃))(∆̂ ⊗ id)(exp(iIm(Tr ⊗ δ̃γ̃−1)))

)
X∗

12.

�7Aj�}R�S�� S����
∆̂(Tr) = Tr⊗I+I⊗Tr

��A9�z����R��Q¯ ��D*B[Dz��4[BE89� H�Iº�jS�6�s��
[α̃, α̃∗] = −sγ̃∗γ̃

����kj89�}�j6�4<I

(∆̂ ⊗ id)(exp(iIm(Tr ⊗ α̃γ̃−1))) = exp(iIm((Tr ⊗ I + I ⊗ Tr) ⊗ α̃γ̃−1))

= X∗
12 exp(iIm(I ⊗ Tr ⊗ α̃γ̃−1)) exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1)).

(±�[8C6���kC� 4/6����º� kC� �����:6

(∆̂ ⊗ id)(exp(iIm(Tr ⊗ δ̃γ̃−1))) = exp(iIm((Tr ⊗ I + I ⊗ Tr) ⊗ δ̃γ̃−1))

= exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1)) exp(iIm(Tr ⊗ I ⊗ δ̃γ̃−1))X12.
Fb� Sh� �E8C�7�>��6&¬hS��QH¦�j�i6�o:6�4/6�SZ89B

V2(γ̃)
v��O��� S�6���R ��R��z����6<½[R�IOSE�QD��E®� �6 �

(∆̂ ⊗ id)(V2(γ̃)) = V2(γ̃)23V2(γ̃)13.
 89� D*�Q4 A9� ���Q6

(AdX∆̂ ⊗ id)U = exp(iIm(I ⊗ Tr ⊗ α̃γ̃−1)) exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1))V2(γ̃)23

× V2(γ̃)13 exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1)) exp(iIm(Tr ⊗ I ⊗ δ̃γ̃−1)).
2�vq6�A9�z8C��AjI

γ̃
��AC� �

α̃
Dz��4[BE8CB��C¯E®�R��QP�H

exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1))V2(γ̃)23 = V2(γ̃)23 exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1)).
Fb�
����pES��Q6

V2(γ̃)13 exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1)) = exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1))V2(γ̃)13.
¢��}�j6u8C�7v���S��: �kC��¯0AC�(R�S������

(AdX∆̂ ⊗ id)U = exp(iIm(I ⊗ Tr ⊗ α̃γ̃−1))V2(γ̃)23 exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1))

× exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1))V2(γ̃)13 exp(iIm(Tr ⊗ I ⊗ δ̃γ̃−1)).
�i� BZR��  º�}�C¯zH± �6y6�o:6�4/6�SZ8

exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1))
Dz��4[BE8CB��j6n�

exp(iIm(I ⊗Tr ⊗ δ̃γ̃−1))
� 89Aj��I r

4[B��j6�4­I

(AdX∆̂ ⊗ id)U = exp(iIm(I ⊗ Tr ⊗ α̃γ̃−1))V2(γ̃)23 exp(iIm(I ⊗ Tr ⊗ δ̃γ̃−1))

× exp(iIm(Tr ⊗ I ⊗ α̃γ̃−1))V2(γ̃)13 exp(iIm(Tr ⊗ I ⊗ δ̃γ̃−1))

= U23U13.

�



� �

� Y7a¤\*�zW�¸Z\
_ba¤\ � ��+
5 % �97��
H

��� D���% �
�+�
�!�9I��=�
�!��0�% 	 � %?� ������� � �!�����
(α̃, γ̃, δ̃) ∈ Hγ̂(A

s)
� D���% ��*��% "!�

Hγ̂(A
s)

�!�*I��<��� $8�+�9�!$/� D��!�!0�� $ � � � 0�% 7 � % ��� � � I��B0�% � � �@D������<� D�0�% � � � D�0+� �9�1�+�#���!��0�� ��7 � �
π ∈ Rep(As; H)

� ����� �!�
π(α̂) = α̃ � π(δ̂) = δ̃ � π(γ̂) = γ̃

�
¢±�/���(R,�O��B�vq�(R�I
 �kj��6�s��¥��R��Q6�AC����6�S��Q�0R�I
Dz��AC�&IOkl8f� 4<I�S�� kj8CP�v�B��C¯zH�6

�q% Y¥a¤\*��WN¸Z\
_Nad\ 
 �i+.5 % �97��
G

��� D���% � ����)*� 	 ��% � ��� � f ∈ C∞(G)
��� D���% � ��) 0 � 7 � 	 ���<� D�� 	 ���$/�����B�!: 08�� �0�% �!)6�!�����

Rg ∈ L2(G)
��� D���% � �#�1�+�#���!��0��<��7 � 	 �+����$�	4�#� ��)�� ����0 	�� � I��B0�% � � � ��) 0 � 7 � �!0+���

08�!��: ��� 0��
ω ∈ B(L2(G))∗

�<���!% � �!� f(g) = ω(Rg)
DG� � $ I���� I�� �!% 7��

g ∈ G
�

FN�}R�I
 �kC��I«£d� DZ8 �j6�kl8yR�SE�Q��kjD
�:6�4¨�>��R��Q6�AC����6�S��Q�/¢n���O47�:6�A r ª]� o:oQ�Q���
�:S � ���²��ª��� �Sh�.s��7Aj�(R�S��Q6� 
R�I
D�� �º�#�=p�6���v����jAC6��ES��Q�.ph� ���}�C¯ H>��v�6�A9��89��A (y6�oQkj��Sh� � v��z89Aj� ��R��zsZ� ? �&�

�xVOY�#�W � Y7a¤\
��W�¸Z\
_ba¤X � �N+ (n�:6�Hf�
U ∈ M(C∗

r(G)⊗K(H))
p�P������Q6�Dz��AC6�v�AC6���6�SZ89� H��C¯0��Bh�zo r

S�6¦�=s�ACBEv*I DZR�� SZ89�(R�6¦�
(C∗

r(G), AdX∆̂)
��p�B����(R�� Sh¯]�7��vq6�A9�z8C��AC�(R

(α̃, δ̃, γ̃)
�C�zDgR-@
8¦R��Q6�AC����6 r

S��:B¼�º�E®
πU ∈ Rep(As; H)

p�P������Q6 AC6�v�AC6���6�SZ89� H��C¯ ��� �h� Sh¯ v�AC��6�� D ��Aj6�v�Aj6���6�SZ8f� H¦�jP
U
®

W ∈
B
(
L2(G) ⊗ L2(G)

) pqP������:6>��vq6�A9�z8C��AC6�4 4[BEo:8¦I
v�oQ�:D��z8¦I*R�S*I
4¨BES��:89� ACSZI
4¨��oQ�
As

��AC� �
f
pqP������:6

£¤B�S�DzH��C¯¡sO�§� ��D�¯g�{��R�� Aj8¦I
4 S��#�CS��:D
B�����6�@
8¦R��:6�Aj����6�S����µ�}1�R��Q� ����4/��®  �6«�:kj8CS��Q6¦�j67£¤B�S�DzH��j��S��
�
S���Aj4¥�zoQSZI

ω ∈ B(L2(G))∗
89� D*��®i �6

f(g) = ω(Rg)
�­Fb�
����p�S��:6 ®��:kj89SE�Q6��j6[£¤BES�D H¦�j��Sh�
��S�� AC47� oQSZI

ω′ ∈ B(L2(G))∗
89� D*��®� �6

(zγf)(g) = ω′(Rg)
s �����:6

zγ

�j6�kj8
z r 89AC� S�kl£¤��AC47�z8f¯n6�oQ6�476�SZ89B

γ
� �¦SES*I
4/�

k&���(R�I

ω′(Rg) = zγ(g)ω(Rg).
� �}1z� �

��R��Q6�Aj����6�S��Q6 ? �.v���D�� ��B}�j6 ®h �6

zγ̂(ω ⊗ id)(W ) = (ω′ ⊗ id)(W ).
� �}1 1��

F`�z47�:P�8f�(�C¯ H ®� �6
(id ⊗ πU)W = U

R��:�����:4­I�®� �6<Aj�(R�S���� �
πU(γ̂) = γ̃

pqP������:6>B����(R��
��S��:��Sh�±�j6��joQ�
R�I
D��  �6�4­I�®� �6

zγ̃(ω ⊗ id)(U) = (ω′ ⊗ id)(U).
� �}1z¹ �

FGAC�&IOv���4/S�� �j4<I�®� �6 �

U = exp(iIm(Tr ⊗ α̃γ̃−1))



∫

R
 0 −x−1

x 0



⊗ dE γ̃(x)


 exp(iIm(Tr ⊗ δ̃γ̃−1)).


 8f�zD
�:4$A9�z���Q6
U

Sh� o:6� �I/���<k&�§� pq6�s��­�E��47D*S��:P�H����>v�AC��6�kj8CAC��6�S��qAC����v��QP&896��Jv�AC��6���6�oQ6�4/6�SZ8¦I/Sh� kl89P r
v�B��C¯zH�6���vq� kj8f�zH�� �

P =
(
Rz ⊗ exp

(
iIm
(
wα̃γ̃−1

)))


∫

R
 0 −x−1

x 0



⊗ dE γ̃(x)




×
(
Rz′ ⊗ exp

(
iIm

(
w′δ̃γ̃−1

)))
,

� �}1�|��



� �

s������Q6
Rz = R

 1 z
0 1




��AC� �
z, w, z′, w′ ∈ C

� ¢±� B����(R��
��S��:6�S��Q� � �}1 ¹���R�I
kl8f� AjH���I R��QP�H

R�I
D�� �º�#�z®� �6
zγ̃(ω ⊗ id)(P ) = (ω′ ⊗ id)(P ),

� �}1z½ �
H��/��Aj��p��:4­I¥v���S��: �6¦��� 
�v�Aj�(R�� � ��4­I�����Sh� H���6�SE�Q6

U α̃γ̃−1

w = exp
(
iIm

(
wα̃γ̃−1

))
U δ̃γ̃−1

w′ = exp
(
iIm

(
w′δ̃γ̃−1

))
.

FGAC��kl896>v�Aj��6�D*kj��8f�*�§H�6�S��Q6 � �}1 |��,�h�}�j6 �

P =
(
I ⊗ U α̃γ̃−1

w

)


∫

R
 zx (zz′x2 − 1)x−1

x z′x



⊗ dE γ̃(x)



(
I ⊗ U δ̃γ̃−1

w′

)
.

�GoQ6�476�S*8
zγ̃

D ��4­BE89B��j6>�
U α̃γ̃−1

w

��A9�z�
U δ̃γ̃−1

w′

H��/vq��D�� ��B��j6 ®E �6

(I ⊗ zγ̃) P

=
(
I ⊗ U α̃γ̃−1

w

)
(I ⊗ zγ̃)



∫

R
 zx (zz′x2 − 1)x−1

x z′x



⊗ dE γ̃(x)



(
I ⊗ U δ̃γ̃−1

w′

)
.

wn� AC��I
kl8f�}�C¯ H=��R��¤�zkCS����jH���4/��� A�kjvq6�DZ89A9� � oQSZI
Hf�]��� kj8f�(�j6�4­I

(I ⊗ zγ̃)



∫

R
 zx (zz′x2 − 1)x−1

x z′x



⊗ dE γ̃(x)




=

∫
x(1 + x̄x)−

1

2 R
 zx (zz′x2 − 1)x−1

x z′x



⊗ dE γ̃(x)

R�89� D*�Q4 A9� ���Q6

(I ⊗ zγ̃) P

=
(
I ⊗ U α̃γ̃−1

w

)


∫

x(1 + x̄x)−
1

2 R
 zx (zz′x2 − 1)x−1

x z′x



⊗ dE γ̃(x)



(
I ⊗ U δ̃γ̃−1

w′

)
.


�����A � �(1 ½ ��R�I
S��:Dz�0896�A9� �>�uv��(R�IO �kC��6��nAC�(R�S��#�CH�����AC� �u��R��Q¯ ��D*B � �}1�� � �
FGAC��6��j� ��4­I����/���(R��
��B«AC�(R�S����jH��

π(α̂) = α̃
��A9� �

π(δ̂) = δ̃
�!��6uR�����AjB � �º��� �,R�I
S��:D��E®� �6

(I ⊗ exp(iIm(zα̂γ̂−1)))W (I ⊗ exp(−iIm(zα̂γ̂−1))) = (Rz̄ ⊗ I)W
s������Q6

γ̂
S�� oQ6� �I�AC� ��B�4/�Q6 ���C�zD �/��vq6�A9�z8C��A�47SE�� �6�S����0v�Aj��6��=��4/�Q6�S�Sh¯

γ
�������
�§�}�C¯ H&IxSh�

L2(G)
� R

8¦I
4¨kC6�S�kC�:6��j6�kj8y��S��
�ER�A9� H�� oQSZI%�&��FN�O��� p�S��Q6

(I ⊗ exp(iIm(zα̃γ̃−1)))U(I ⊗ exp(−iIm(zα̃γ̃−1))) = (Rz̄ ⊗ I)U.



�j¿
Fb�(R�I
 �kj��6[Aj�(R�S����CH���vq� Dz�z��B��C¯E®h �6>��o��[D��  ���6�s��

z ∈ C
��v�6�AC�z89��AlI

exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1)) ∈ B(H)
D � 4[BE89B}�C¯.�

πU (As) ⊂ B(H)
�J¢±oQ�

z ∈ C
vq�O���� �4<I

τz = exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1)).
2��ER���� AC�(R��zS��Q6

C 3 z 7→ τz ∈ B(H)
�j6�kj8yAC6�v�AC6���6�S*89� H��C¯7� ���EI*8¦I*R�S�6¦�ys�ACBEv*I

C
�/3�� DZ8¦I
H���S��Q6 �

τzτz′

= exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1)) exp(iIm(z′πU(α̂)γ̃−1)) exp(−iIm(z′α̃γ̃−1))

= exp(iIm(z′πU(α̂)γ̃−1)) exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1)) exp(−iIm(z′α̃γ̃−1))

= exp
(s

2
iIm(zz̄′)

)
exp(iIm((z + z′)πU(α̂)γ̃−1)) exp

(s

2
iIm(z′z̄)

)
exp(−iIm((z + z′)α̃γ̃−1))

= exp(iIm((z + z′)πU (α̂)γ̃−1)) exp(−iIm((z + z′)α̃γ̃−1)) = τz+z′,
s������Q6�R�v��Q6�AjR�kC��6��yAj�(R�S����CH���kCDz��AC�&IOkl8f� o:� �j4­I���896�s���®h �6>��v�6�AC�z89� AjI

exp(iIm(z′πU(α̂)γ̃−1)), exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1))
D � 4[BE89B}�C¯E� (n�:6�Hf�

C1

p�P������Q6��:SE¬hS�� 896���I
4¥�zoQSZI
4-s 6�S�6�A9�z8C��AC6�4 Aj6�v�Aj6���6�SZ8f� H¦�j�
τ
�!�]��6&¬hS��:H��j��®º�j6�kl8

��S���v�6�AC�z89��Aj6�4¨SE��AC47� oQSZI
4 �E�����*�¤�}�C¯ H&I
4 Sh�
H

8f� D*�Q4«®E �6

exp(iIm(zπU (α̂)γ̃−1)) exp(−iIm(zα̃γ̃−1)) = exp(iIm(zC1)),
��oQ�yR�kC�&I
kj89D*�:Hf�

z ∈ C
� �GoQ6�476�SZ8

exp(iIm(zC1))
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πU(As)
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 8f� D*�Q45AC� ���:6,Dz��4[BE8CB��j6

��S��
exp(iIm(zπU (α̂)γ̃−1))

��AC� �u�
exp(−iIm(zα̃γ̃−1))
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πU(α̂)γ̃−1 = α̃γ̃−1 u C1.
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H
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πU (δ̂)γ̃−1 = δ̃γ̃−1 u C2.
� �(¹ " �

2�vq6�A9�z8C��AjI
α̃

��A9�z�
δ̃
kj�Qo:S��Q6.D � 4[BE89B}�C¯E®`R 8f� D*�:4MA9� ���Q6

C1

�
C2

kj�Qo:S��Q6/D ��4­BE89B��C¯O�'
 IOD��  �6�4­I
896�A9� �z®h �6

C1 = 0 = C2

�Jwn� AC��I
kl8f�}�C¯ H=��6uR�����ACB � �º�E� ������kl8f�}�j6�4­I

U = (id ⊗ πU )W

= exp(iIm(Tr ⊗ α̃γ̃−1)) exp(iIm(Tr ⊗ C1))V2(γ̃) exp(iIm(Tr ⊗ C2)) exp(iIm(Tr ⊗ δ̃γ̃−1)).
Fb� AC�(R�S*B��C¯ H=vq�(R�I
 �kj��6<R�I
AC�  �6�S��Q6>��6uR�����AC6�4 � �}1 L �,R��Q�����Q4­I ®E �6

V2(γ̃) = exp(iIm(Tr ⊗ C1))V2(γ̃) exp(iIm(Tr ⊗ C2)).
2�vq6�A9�z8C��AjI=S�� AC47� oQS�6

C1, C2

��A9�z�
γ̃
kC�:oQS��:6JD ��4[BO89B��C¯E�`F`� 4/�QP&8f�}�C¯zH ®� �6

Tr

s�6�S�6�AjB��j6�v�Aj��6�kjB�S��:P�H��Q�
R������§B� �v��O��s ACB�vZI

Γ
��A9�z�xD ��Aj��I
kj89�}�C¯ H«�x��6�¬hSE�QH��j�

V2(γ̃)
v��O�h�zS�6��­R ��R��z����6«½gR��Q�����Q4­I ®G �6

v��}R�I
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kl89D*�QHf�
z1 ∈ Sp(C1)

®
z2 ∈ Sp(C2)

��A9� �
x ∈ Sp(γ̃) \ {0}

��@
8f¯z�
Sp(C1) = {0} =

Sp(C2)
� A9� �

C1 = 0 = C2
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πU(α̂)γ̃−1 = α̃γ̃−1 ® πU(δ̂)γ̃−1 = δ̃γ̃−1 H��.D �#��H��&I��E�}R,�
��Sh�zkC��6�s��.8¦R��Q6�Aj����6�S����O�

�

(n� kj8CP�v�SZI
4 Sh�zkC��I
4-H�6�oQ6�4 p�P������Q6n��v��Qk�AC6�v�AC6���6�S*89� H��j�qR D*8C��AjI
Hf�x6�oQ6�4/6�SZ8
γ̂
�j6�kl8���6�AC�(R�� SZI��


 ���z����4/��®� �6>8f�zD
�:6>AC6�vEAC6���6�SZ8f�zH��j6<£d�zD*8C��AjI
��B��C¯7kj�QP>v�AC��6��<AC6�vEAC6���6�SZ8f�zH��j6
C∗ r � oQs 6�p�AlI As

0

��FJAj��6 r
�j� ��4­I¥R��:P�H����0��ph� �h�zS����­Dz��AC6�v�AC6���6�S*89� H��j��s�AjB�vZI�DZR�� SZ89�(R�6¦�

(C∗
r(G0), AdX∆̂)

�J¢±�(R��
��vq��SE�Q  r
kC��6�s��/kj8¦R��:6�Aj����6�S����±�j6�kl8±�zSh� oQ� s��QH���SZI����.���(R,�O�EBg@
8¦R��:6�Aj����6�S������º���

�q% Y¥a¤\*��WN¸Z\
_Nad\ 
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(As

0, ∆
Ψ)

��� D���% � ����)*� 	 �!$/��0�� �!$�	F$8�+�#�!$/� D��!�!0 	 $ � ���*D���%=��� �
� � � � (C∗

r(G0), AdX∆̂)
��� D���% � ����)*� 	 �!$/��0�� �!$�	 D�)G��� 0 	 D��

(As
0, ∆

Ψ) � H
��� D���% �-�+���!�9I��=�
�!��0�% 	

�
%?� ������� � � (α̃0, β̃0) ∈ H0(A
s)

� D���% �
H0(A

s) � �9I�� �*��% �!�#��: �9�+% I���0�� :
$ � � � 0�% 7 � % � �A�!�����
V02(α̃)��� D���% �6��� ��:A��0��1��: $8�+�#�!$/� D��!�!0��!: $ � $/� D��!��� ���� � D��C�9��������� �!�

exp(iIm(Tr ⊗ α̃β̃))V02(α̃) ∈ M(C∗
r(G0) ⊗K(H))

� �9I�� � �!�9�1�+�#���!��0�� ��7 � 	-����)*�+� �!$/��0��1�!$2� � (C∗
r(G0), AdX∆̂)

�
� Y7a¤\*�zW�¸Z\
_ba¤\ � ��+
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As
��� D���% �

C∗ � �����������
	 �!$/��0�� �!$2� � ����) �+� � ��% I*��0+����� � � � ���!�#��0�� �*� �
H

��� D���% �;�+�
�!�9I��B�
�!��0�% 	 �
%?� ������� � �!�����
(α̃0, β̃0) ∈ H0(A

s)
� ��� � D�� % I��B0�% � � � D������<� D�0�% � � � D�0+�

�#�1�+�#���!��0��<��7 � � π ∈ Rep(As; H)
�<����� � �!� π(α̂) = α̃ � π(β̂) = β̃ � π(γ̂) = 0 � π(δ̂) = α̃−1

�
�xVOY�#�WJ+��b� D±�C� D[R ���(R,�O�����Q6n�NR��:6�AC�E��6�SE��� L ��®*vq��D�� ��B��j6�4<I7S��}�jv��Q6�AjR �:kj8CS��Q6�S��Q6�AC6�v�AC6���6�S r

8f�zH��j�
ς ∈ Rep(As

0; H)
8f� D*�:6���®� �6

ς(α̂0) = α̃
��A9� �

ς(β̂0) = β̃
� (y�Q6�Hf�

π0 ∈ Mor(As; As
0)

pqP������:6
kCBEA¤�j6�DZ8¦I*R�SZI
4 47��Al¬h��4/6�43��H���¯*s�B���� Dh�§� ��S�6�s�� � � �(½ �f� �N��8¦R��¡kjv�A9�ºR������ � ®J �6

π = ς ◦ π0 ∈
Rep(As; H)

�j6�kl8yAC6�vEAC6���6�SZ8f�zH��C¯7�.DZ89� AC6���47�(R��[R Sh� kj��I
4¨8¦R��Q6�AC����6�S��:Bi�
�

��¯ H��º¯ H>��R��Q6�Aj����6�S���� L �.��AC� � L 1[����kl8f�}�j6�4­I
� Y7a¤\*�zW�¸Z\
_ba¤\ � �i+ 5 % �97��

H
��� D���% � �+���!�9I��=�
�!��0�% 	��
%?� �������<� � As

��� D���% �
C∗ � �����������
	 , $/��0 �

�1�!$2� � '(��) �+� � ��% I*��0+�����B� � � � �!�#��0�� �*� � ��� ��:A��0��B�
α̂, β̂, γ̂, δ̂ η As

��� D�	 � � � ����08�������1�!����:;%C�!�����
(α̃, β̃, γ̃, δ̃)

��� D���% � ��� ��:A��0�� ��: �*��% �!��)
H(As)

$8�+�#�!$/� D��!�!08� ��� $ � � � 0�% 7 � % � � � � I��B0�% � � � D������<� D �
0�% � � � D�0+� �#�1�+�#���!��0�� ��7 � � π ∈ Rep(As; H)

� ����� � �!�
π(α̂) = α̃ π(β̂) = β̃

π(γ̂) = γ̃ π(δ̂) = δ̃.

� �!0+� D�� � DG� � �����*D�� � �#�1�+�#���!��0�� ��7 � % π ∈ Rep(As; H)
: ��:;� (

π(α̂), π(β̂), π(γ̂), π(δ̂)
)
∈ H(As)

�
�xVOY�#�WJ+�FGAC�&IOv���4/S�� �j4<I� �6xH���R,��AjDz�

(α̃, β̃, γ̃, δ̃) ∈ H(As)
�j6�kj8/�x��6&¬hS��QH¦�j��kCBE4¥¯gv�Aj��kj89¯

(α̃γ̃, γ̃γ̃, δ̃γ̃) ∈ Hγ(A
s)

��A9� �
(α̃0, β̃0) ∈ H0(A

s)
�&� ��R��Q6�AC����6�� L �g��AC� � L 1�R�I
S��:D��g�Qkj8CS��Q6�S��Q6

π1 ∈ Rep(As; H1)
� A9� �

π2 ∈ Rep(As; H2)
s �����:6

H1 = ker γ̃
��AC� �

H2 = H⊥
1

8f� D*�:Hf�i®h �6

π1(α̂) = α̃γ̃ π1(γ̂) = γ̃γ̃ π1(δ̂) = δ̃γ̃ ,

π2(α̂) = α̃0 π2(β̂) = β̃0.
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π1⊕π2 ∈ Rep(As; H1⊕H2)
���}�j6�AC6�v�AC6���6�S*89� H��jP�kCv�6��§SE���}�C¯ H�¯

896���P>Sh� kj��6�s��78¦R��:6�AC�E��6�SE���E�
¢±�(R,�O�]��ACB�s �Q6���H���P��jH��Nvq�(R�I
 �kj��6�s ��8¦R��Q6�Aj����6�S������¤��8¦R��.R�I
S��QD��.�<���(R,�O�EB]��R��Q6�Aj����6�S���� L ���

�

L � ? � ¹E�y´�V���_NV 
Z\
_Nad\�+ (y�Q6�Hf�
(As, ∆Ψ)

pqP������:6.wyR�� SZ89�(R�¯]t>AjB�vh¯�mn6��Qkj6�S*pq6�ACsZ� r ����AC6�SZ89�º�O�

 �Q6�4­IG�jB�  ®� �6

C∗ r � oQs�6�p�A9� As
�j6�kj8Ns�6�S�6�Aj�}R�� Sh��v�Aj��6���H���8C6�AjI�6�oQ6�476�SZ8¦I�kj8C�(R�� Aj��I
kC����S�6

α̂, β̂, γ̂, δ̂
�


 SE�QS��:6��jkC�&I
4 AC� ��������� o:6u��ph� ��� 4­Ix�������
�§� S��:6�D ��4/S��� �6�S��Q�
∆Ψ Sh�.s�6�S�6�AC�z89��AC� Hf�i�

�y �I*R��(�C¯ H�Aj6�v�Aj6���6�SZ8f� H¦�j�
πkan ∈ Rep(As; L2(G))

R�v�AC�(R�� ������S�6��xR ��R�� �E��6�¹�47�� �6�4­I
89AC� DZ89�(R��#��6�oQ6�476�S*8¦I

α̂, γ̂, δ̂ η As
�C�zD���v�6�A9��89��AlIµ�����Q�
�¤�(�C¯ H�6xSh�{v�Aj��6�kl89Aj��6�SE�±my�QoQp�6�Al8f�

L2(G)
�

�i� BZR��  �4­I ®O �6yR�8C6��EI
γ̂
�j6�kj8,��v�6�AC�z89��Aj6�4$�
�ER�AC� Hº� o:SZIO4«� 
 vq��SE�Q �kj��I
Hf�7£¤� AC4[Bq�§� Hf�

γ̂−1 pqP������:6
AC� ��B�4/��� SZIg�C� D ��vq6�A9�z8C��A¥�E�����*�¤�}�C¯ H&I S��

L2(G)
�O�OR�AC� 8CS*I ���µ��v�6�AC�z89��AC�

γ̂
�;wn��Aj��I
kj89�}�C¯ H{�

��R��Q6�Aj����6�S���� ? R��:�����:4­I�®q �6
γ̃ = γ̂ ⊗ α̂ u δ̂ ⊗ γ̂

�j6�kj8>S�� AC47� oQSZI
4�®��
�ER�A9� H�� oQSZI
4"� vq6�A9�z8C��AC6�4
�������
�§�}�C¯ H�I
4$S��

L2(G)⊗L2(G)
�`�b� Dn�C� D<R �y� ��������� o:6 ? R�v�Aj�(R�� �E�º� 4­I.v�� ACPy��v�6�A9��89��Aj�}R

α̃, δ̃�������
�§�}�C¯ H�I
Hf�«Sh�.v�AC��6�kj8CAC��6�S��Nmn�:oQp�6�Al8f�
L2(G) ⊗ L2(G) �

α̃ = γ̃(α̂γ̂−1 ⊗ 1) − γ̂−1 ⊗ γ̂,

δ̃ = γ̃(1 ⊗ δ̂γ̂−1) − γ̂ ⊗ γ̂−1,

� �(¹E� �

8f�zDz¯O®� �6089Aj���jD��
(α̃, γ̃, δ̃)

�j6�kj8=6�oQ6�4/6�SZ8C6�4
(L2(G) ⊗ L2(G))γ̂(A

s)
� �µ��R��Q6�AC����6�S��Q� L �xR�IOSE�QD��

�Qkl89S��:6�S��:6]Aj6�v�Aj6���6�SZ8f� H¦�j�
π∆ ∈ Rep(As; L2(G) ⊗ L2(G))

®yDZ89��AC��Sh�µs�6�SE6�A9��89��AC� Hf� �h� Sh�«�j6�kj8
R���� AC6�4 �

π∆(α̂) = α̃ π∆(β̂) = γ̃−1(α̃δ̃ − 1)

π∆(γ̂) = γ̃ π∆(δ̂) = δ̃.

� �(¹ ? �
�i� BZR��  �4­I ®E �6�vq�(R�I
 �kj��6>��v�6�AC�z89��AlI.k9¯­£¤��Aj4¥�zoQS��:6��h� S�6�vEAC��6����������
�§� S��Q6yD � 47S��  �6�SE���=R�w�R�� S r
89�(R,6��yt>AjB�v��Q6>my6��:kC6�S*p�6�AjsZ� r ����Aj6�SZ89��� � ½�K � �JFb��D��  �4­I�89�.Sh�.v�Aj��I
D��¤� �«��o��

π∆(α̂) �
π∆(α̂) = γ̃(α̂γ̂−1 ⊗ 1) − γ̂−1 ⊗ γ̂

= (γ̂ ⊗ α̂ u δ̂ ⊗ γ̂)(α̂γ̂−1 ⊗ 1) − γ̂−1 ⊗ γ̂

= α̂ ⊗ α̂ +
(
γ̂−1(α̂δ̂ − 1)

)
⊗ γ̂

= α̂ ⊗ α̂ + β̂ ⊗ γ̂.
� Y7a¤\*�zW�¸Z\
_ba¤\ � � +.5 % �97��

π∆ ∈ Rep(As; L2(G) ⊗ L2(G))
��� D���% �A$8�+�#�!$/� D��!�!0 	A���!$ ���!� ��#�1�+�#���!��0��<��7 � 	 C∗ � ������������� As

���*7�����D���	�7�	@��D
(α̃, γ̃, δ̃) ∈ (L2(G) ⊗ L2(G))γ̂(A

s)
� � ���!���!$/� I�%
�

�!0+��� � �!:;08���!��0�% ��: 0+�
As

� ��0 � �
π∆(a) = ∆Ψ(a) ∈ B(L2(G) ⊗ L2(G)).

� �(¹ L �
��R��Q6�AC����6�S��:6,89�yv���D�� ��B��j6z®  �6,Dz��47SE�� �6�S��Q6

∆Ψ Sh�
As

Rµ�������
�§� S��:B=S��ys�6�S�6�AC�z89� A9� Hf�
α̂, β̂, γ̂, δ̂v���D*AjI*R�� kC�:P ®n� �E��D��¤� ��SE���CH���¯µ��� kC��H���6�s��O�§�(RU8C6�Hf��SE�QH���SZIOHf��®=�¡Dz��4/S��� �6�S��Q6�4 ��oQ�
SL(2, C)� v��z89Aj� � ½�K � �&�

�xVOY�#�W � Y7a¤\
��W�¸Z\
_ba¤X � � +,wn� AC��I
kl8f�}�C¯ H=��6<@
8¦R��:6�Aj����6�S������º�0R��Q�����Q4­I ®� �6

U = exp(iIm(Tr ⊗ α̃γ̃−1))V2(γ̃) exp(iIm(Tr ⊗ δ̃γ̃−1))



� �

�j6�kl8[Dz��AC6�v�AC6���6�SZ89� H��C¯¡s�AjB�vZI�DZR�� SZ89�(R�6¦�
(C∗

r(G), AdX∆̂)
��A9�z�

π∆

�
U

��R��Q¯ �º�zS�6¥kC¯]Sh� kl89P�vEB r
�C¯ H&IO4MR�����AC6�4

(id ⊗ π∆)W = U
s������:6

W
�j6�kl8[��v�6�AC�z89��Aj6�4M4[BEo:8¦I
v�oQ�:D��z8¦I*R�S*I
4MB�SE�:8f�zACSZI
4

��oQ�
(As, ∆Ψ)

�	����ACBEs��Q6¦��kl89Aj��SZI
(id ⊗ ∆Ψ)W = W12W13

� 
 �QP�H[�������(R,�O��B AC�(R�S��#�CH�� � �(¹ L �
R�I
kj89� ACH���I«vq� Dz�z�º�#�z®� �6

U = W12W13.
 vq��SE�Q �kj��I
Hf��AC� Hf�*B�S�D�� Hf�
(γ̂−1 ⊗ γ̂)γ̃−1 ��A9�z�

(γ̂ ⊗ γ̂−1)γ̃−1 ����Sh� H����}�C¯ �QoQ�
H��&I
S kj�Qo:S��Q6
D � 4[BE89B}�C¯ H�I
Hf�i®�S���Aj4¥�zoQSZI
Hf�«� vq6�A9�z8C��AC�(R �E�����*�¤�}�C¯ H&I
Hf��Sh�

L2(G) ⊗ L2(G)
�

U = exp(iIm(Tr ⊗ α̃γ̃−1))V2(γ̃) exp(iIm(Tr ⊗ δ̃γ̃−1)) = exp(iIm(Tr ⊗ α̂γ̂−1))12

× exp (iIm (Tr ⊗ ((−γ̂−1 ⊗ γ̂)γ̃−1)))V2(γ̃) exp (iIm (Tr ⊗ ((−γ̂ ⊗ γ̂−1)γ̃−1)))

× exp(iIm(Tr ⊗ δ̂γ̂−1))13.

� �(¹ � �

�¡��ACB�s �Q6���kj8CAC��SZI ®hD ��Aj��I
kj89�}�C¯ H­��6uR�����AjB � �º��� ����� kj8f�(�j6�4­I

W12W13 = exp(iIm(Tr ⊗ α̂γ̂−1 ⊗ I))

×V2(γ̂)12 exp(iIm(Tr ⊗ δ̂γ̂−1 ⊗ I)) exp(iIm(Tr ⊗ I ⊗ α̂γ̂−1))V2(γ̂)13

× exp(iIm(Tr ⊗ I ⊗ δ̂γ̂−1)).

� �(¹Z1��
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U = W12W13

�j6�kj8yAC�(R�S��(R��  �Sh�.896�4[Bi®h �6 �
exp(iIm(Tr ⊗ (−γ̂−1 ⊗ γ̂)γ̃−1))V2(γ̃) exp(iIm(Tr ⊗ (−γ̂ ⊗ γ̂−1)γ̃−1))

= V2(γ̂)12 exp(iIm(Tr ⊗ δ̂γ̂−1 ⊗ I)) exp(iIm(Tr ⊗ I ⊗ α̂γ̂−1))V2(γ̂)13.
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exp(iIm(Tr ⊗ δ̂γ̂−1 ⊗ I)) exp(iIm(Tr ⊗ I ⊗ α̂γ̂−1)) = exp(iIm(Tr ⊗ ((γ̂−1 ⊗ γ̂−1)γ̃))),
v�Aj��6�D*kj��8f�*�§Hº�z4­I � �(¹�¹ �����7v���kl8f� H�� �

exp(iIm(Tr ⊗ (−γ̂−1 ⊗ γ̂)γ̃−1))V2(γ̃) exp(iIm(Tr ⊗ (−γ̂ ⊗ γ̂−1)γ̃−1))
= V2(γ̂)12 exp(iIm(Tr ⊗ (γ̂−1 ⊗ γ̂−1)γ̃))V2(γ̂)13.
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V2(γ̂)
v�� r
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γ̃
®
γ̂ ⊗ I

��AC� �
I ⊗ γ̂
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S��QD��E®
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1 (−γ̂ ⊗ γ̂−1)z−1

0 1

)(
0 −z−1

z 0

)(
1 (−γ̂−1 ⊗ γ̂)z−1

0 1

)

=

(
0 −γ̂−1 ⊗ I

γ̂ ⊗ I 0

)(
1 (γ̂−1 ⊗ γ̂−1)z
0 1

)(
0 −I ⊗ γ̂−1

I ⊗ γ̂ 0

)

��oQ�>R�kj��I
kj8CD
�:Hf�
z ∈ Sp(γ̃) \ {0}
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