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Bornological vector spaces

A bornology on a (complex) vector space V is a collection S(V )

of subsets of V satisfying some conditions. A linear map f : V →

W between bornological vector spaces is bounded if f (S) ∈ S(W )

for all S ∈ S(V ).

An important example of a bornology is given by the bounded

subsets in a locally convex vector space V .

The category of (complete) bornological vector spaces and bounded

linear maps is equipped with a natural tensor product ⊗̂ such that

Hom(U⊗̂V, W ) ∼= Hom(U, Hom(V, W ))

holds in general.

Throughout we work in the category of complete bornolog-

ical vector spaces.
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Noncommutative equivariant

differential forms

Let G be a finite group. A G-algebra is a bornological algebra

with an action of G by bounded algebra automorphisms.

Let A be a G-algebra. We define the equivariant differential

forms over A by

Ωn
G(A) = OG⊗̂Ωn(A)

where OG is the algebra of functions on G and

Ωn(A) = A+⊗̂A⊗̂n ∼= A⊗̂n+1 ⊕ A⊗̂n

for n ≥ 1 and Ω0(A) = A. Here A+ is the unitarization of A.

The equivariant Hochschild operator b : Ωn
G(A) → Ωn−1

G (A) is

defined by

b(f (s)⊗ x0dx1 · · · dxn) =

n−1∑
j=0

(−1)jf (s)⊗ x0dx1 · · · d(xjxj+1) · · · dxn

+ (−1)nf (s)⊗ (s−1 · xn)x0dx1 · · · dxn−1.
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The operator B : Ωn
G(A) → Ωn+1

G (A) is given by

B(f (s)⊗ x0dx1 · · · dxn) =
n∑

i=0

(−1)nif (s)⊗ s−1 · (dxn+1−i · · · dxn)dx0 · · · dxn−i.

Moreover we define the operator T : Ωn
G(A) → Ωn

G(A) by

T (f (s)⊗ ω) = f (s)⊗ s−1 · ω.

1 Lemma We have the relations

b2 = 0, B2 = 0

and

bB + Bb = 1− T.

The operator 1 − T is in general NOT zero. Hence

equivariant differential forms do not satisfy the axioms

of a mixed complex.
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Covariant modules

Let again A be a G-algebra. There is a G-action on Ωn
G(A) defined

by

t · (f (s)⊗ ω) = f (t−1st)⊗ t · ω

and an OG-module structure given by

g · (f ⊗ ω) = gf ⊗ ω.

These actions combine to give Ωn
G(A) the structure of a covariant

module in the following sense.

2 Definition A G-covariant module is a vector space M which

is both an OG-module and a G-module such that

t · (f ·m) = (t · f ) · (t ·m)

for all t ∈ G, f ∈ OG and m ∈ M . Here (t · f )(s) = f (t−1st)

for f ∈ OG.

A linear map φ : M → N between covariant modules is

called covariant if it is OG-linear and equivariant. We write

HomG(M, N) for the space of covariant maps.

The operators b and B on ΩG(A) are covariant.
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Equivariant cyclic homology

Let A be a G-algebra. We equip ΩG(A) with the usual even/odd-

grading and the differential ∂ = b + B.

3 Definition The bivariant equivariant periodic cyclic homol-

ogy of the G-algebras A and B is

HPG
∗ (A, B) = H∗HomG(θΩG(A)), θΩG(B)))).

Here the differential in HomG(θΩG(A)), θΩG(B))) is defined by the

usual formula

∂(φ) = φ∂A − (−1)|φ|∂Bφ

for a homogenous element φ.

We have to check that this definition makes sense since

∂2 = (b + B)2 = Bb + bB = 1− T 6= 0

on the individual complexes!

4 Lemma For every covariant map

φ ∈ HomG(θΩG(A)), θΩG(B)))

we have Tφ = φT .
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Since ∂2
A = 1− T and similarly ∂2

B = 1− T we compute

∂2(φ) = φ ∂2
A + (−1)|φ|(−1)|φ|−1∂2

B φ

= φ(1− T )− (1− T )φ = Tφ− φT = 0

Hence the Hom-complex is indeed a complex.
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Group actions on manifolds

Let G be a finite group acting on a compact smooth manifold

X . The Brylinski space associated to this action is

X̂ = {(s, x) ∈ G×X| s · x = x}

equipped with the G-action

t · (s, x) = (tst−1, t · x).

The manifold X̂ is the disjoint union of the fixed point sets

Xs for elements s ∈ G.

The space of (ordinary) differential formsA(X̂) on X̂ is a covariant

module by considering the induced G-action and the OG-module

structure

(f · σ)(s, x) = f (s)σ(s, x)

for σ ∈ A(X̂). The de Rham cohomology of X̂ becomes a covari-

ant module as well.

5 Theorem Let G be a finite group acting on compact smooth

manifolds X and Y . Then there is a natural isomorphism

HPG
∗ (C∞(X), C∞(Y )) = HomG(H∗

dR(X̂), H∗
dR(Ŷ )).
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The equivariant Chern character

6 Proposition Let the finite group G act on compact smooth

manifolds X and Y . Then there is a natural isomorphism

KKG
∗ (C(X), C(Y ))⊗Z C ∼= HomG(K∗(X̂)⊗Z C, K∗(Ŷ )⊗Z C).

The equivariant Chern character

chG
∗ : KKG

∗ (C(X), C(Y )) → HPG
∗ (C∞(X), C∞(Y ))

is obtained by applying the classical Chern character

ch∗ : K∗(X̂) → H∗
dR(X̂)

and similarly for Ŷ .
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Bornological quantum groups

Bornological quantum groups are a generalization of alge-

braic quantum groups in the sense of van Daele. They are

obtained by allowing for nontrivial bornologies.

A basic example is the algebra C∞
c (G) of smooth functions

with compact support on a Lie group G.

In this case the comultiplication

∆ : C∞
c (G) → M(C∞

c (G)⊗̂C∞
c (G)) = C∞(G×G)

is given by ∆(f )(r, s) = f (rs).

The counit

ε : C∞
c (G) → C

is given by ε(f ) = f (e) where e is the unit element of G.

The antipode

S : C∞
c (G) → C∞

c (G)

is obtained by setting S(f )(t) = f (t−1).

A left invariant integral φ : C∞
c (G) → C is given by integration

φ(f ) =

∫
G

f (t)dt

with respect to a left Haar measure.
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A second example is the dual quantum group to C∞
c (G).

Explicitly, it can be described as the smooth group algebra

D(G) of G. We let D(G) = C∞
c (G) be equipped with the convo-

lution product

(f ∗ g)(t) =

∫
G

f (s)g(s−1t)ds.

The comultiplication

∆ : D(G) → M(D(G)⊗̂D(G)) = E ′(G×G)

is given by ∆(f )(h) =
∫

G f (r)h(r, r)dr.

The counit

ε : D(G) → C

is given by ε(f ) =
∫

G f (s)ds.

The antipode

S : D(G) → D(G)

is obtained by setting S(f )(t) = δ(t)f (t−1) where δ is the modular

function for G.

A (left) invariant integral φ : D(G) → C is given by evaluation

φ(f ) = f (e)

at the identity.
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Equivariant differential forms

Let H be a bornological quantum group and let Ĥ be the dual

quantum group.

A smooth H-module is an H-module V such that the module

action H⊗̂V → V is a bornological quotient map.

An H-algebra is a smooth H-module equipped an algebra struc-

ture A⊗̂A → A which is equivariant.

If A is an H-algebra we obtain a left action of H on the space

ΩH(A) = H⊗̂Ωn(A) of equivariant differential forms by

setting

r · (t⊗ ω) = r(3)tS(r(1))⊗ r(2) · ω

for r, t ∈ H and ω ∈ Ωn(A). Moreover there is a left action of Ĥ

on this space given by

f · (t⊗ ω) = f (t(2))t(1) ⊗ ω.
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The equivariant Hochschild operator b : Ωn
H(A) → Ωn−1

H (A) is

defined by

b(t⊗ x0dx1 · · · dxn) =

n−1∑
j=0

(−1)jt⊗ x0dx1 · · · d(xjxj+1) · · · dxn

+ (−1)nt(2) ⊗ (S−1(t(1)) · xn)x0dx1 · · · dxn−1.

Next we define B : Ωn
H(A) → Ωn−1

H (A) by

B(t⊗ x0dx1 · · · dxn) =
n∑

i=0

(−1)nit(2) ⊗ S−1(t(1)) · (dxn+1−i · · · dxn)dx0 · · · dxn−i

Furthermore we define the operator T : Ωn
H(A) → Ωn

H(A) by

T (t⊗ ω) = t(2) ⊗ S−1(t(1)) · ω = S−1(t(2)) · (t(1) ⊗ ω).

One checks that b, B and T are compatible with the actions of H

and Ĥ .

7 Lemma We have the relations

b2 = 0, B2 = 0

and

bB + Bb = 1− T

on ΩH(A).
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Covariant modules and

Yetter-Drinfeld modules

The actions of H and Ĥ on Ωn
H(A) combine to define the structure

of a covariant module in the following sense.

8 Definition Let H be a bornological quantum group. An

H-covariant module is a smooth H-module which is also a

smooth Ĥ-module such that

t · (f ·m) = f(1)(S
−1(t(3)))f(3)(S

2(t(1))) f(2) · (t(2) ·m)

for all t ∈ H, f ∈ Ĥ and m ∈ M .

Using the regular actions of H on Ĥ given by

t ⇀ f = f(1) f(2)(t), f ↼ t = f(1)(t)f(2)

one may rewrite the above condition as

t · (f ·m) = (S2(t(1)) ⇀ f ↼ S−1(t(3))) · (t(2) ·m).

The notion of covariant modules is related to the definition of

Yetter-Drinfeld modules.
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9 Definition Let H be a bornological quantum group. An H-

Yetter-Drinfeld module is a smooth H-module which is also a

smooth Ĥ-module such that

t · (f ·m) = f(1)(S
−1(t(3)))f(3)(t(1))f(2) · (t(2) ·m)

for all t ∈ H, f ∈ Ĥ and m ∈ M .

This may also be written as

t · (f ·m) = (t(1) ⇀ f ↼ S−1(t(3))) · (t(2) ·m).

Important observation:

Every H-Yetter-Drinfeld module is also an Ĥ-Yetter-

Drinfeld module. That is, the compatibility conditions for the

actions of H and Ĥ are the same in both cases. This is not true

for covariant modules.
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Modular pairs

10 Definition Let H be a bornological quantum group. A

modular pair τ = (σ, δ) for H consists of a group-like ele-

ment σ ∈ M(H) and a character δ : H → C satisfying the

conditions

a) (φ⊗̂ id)∆(f ) = σ−2φ(f )

b) φ(fg) = φ(gδ ⇀ (σfσ−1) ↼ δ)

c) S2(f ) = δ−1 ⇀ (σfσ−1) ↼ δ

d) δ(σ) = 1

where φ is a left invariant Haar measure on H.

11 Proposition Let τ = (σ, δ) be a modular pair for the

bornological quantum group H. Then τ̂ = (δ, σ) is a mod-

ular pair for the dual quantum group Ĥ.

Condition a) in the definition says that σ2 is the modular func-

tion of H . It follows in particular that σ2 is uniquely deter-

mined by H . The same holds true for δ2.
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The quantum group C∞
c (G) of smooth functions on a Lie

group G is equipped with a natural modular pair τ = (δ
1
2 , ε)

where δ
1
2 ∈ M(C∞

c (G)) = C∞(G) is the square root of the mod-

ular function of G.

The algebra of regular functions O(G) on a compact quantum

group G has a canonical modular pair (1, δ) where δ is the mod-

ular character f1. Every discrete quantum group is equipped

with a modular pair as well.

12 Proposition Let (σ, δ) be a modular pair for H. Then

the category of H-covariant modules is naturally isomorphic

to the category of H-Yetter-Drinfeld modules.

Proof.Let M be an H-covariant module. Define new actions of H

and Ĥ on M by

t •m = σ−1(t(1))t(2) ·m, f •m = δ(f(2))f(1) ·m

for t ∈ Ĥ and f ∈ H . Then M becomes a Yetter-Drinfeld module

with these actions.
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Equivariant cyclic homology

Let H be a bornological quantum group and let A be an H-algebra.

The crossed product A o H is A⊗̂H with multiplication

(a⊗ r)(b⊗ t) = ar(1) · b⊗ r(2)t

The algebra A o H carries an action of Ĥ given by

f · (a⊗ r) = f (r(2)) a⊗ r(1).

In particular, one may form the crossed product AoH o Ĥ which

is again an H-algebra.

13 Definition The bivariant equivariant periodic cyclic ho-

mology of the H-algebras A and B is

HPH
∗ (A, B) = H∗HomH(θΩH(A o H o Ĥ), θΩH(B o H o Ĥ))).

In the case H = CG for a finite group G one has

HP CG
∗ (A, B) = HPG

∗ (A, B).
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Baaj-Skandalis duality

14 Theorem Let A be an H-algebra. There exists a chain

map

DH : θΩĤ(A o H) → θΩH(A)

which is also a map of Yetter-Drinfeld modules. If A is of the

form A = B o H o Ĥ for some H-algebra B this map is a

homotopy equivalence.

As a corollary one obtains the following result.

15 Theorem Let H be a bornological quantum group. Then

there exists a natural isomorphism

JH : HPH
∗ (A, B) → HP Ĥ

∗ (A o H, B o H)

for all H-algebras A and B. This isomorphism is compatible

with the composition product.

Proof.There is a natural isomorphism

HPH
∗ (A, B) ∼= HPH

∗ (A, B o H o Ĥ).

Using this one defines the map JH by

JH(φ) = DH · φ ·DĤ .
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Some Applications

16 Theorem Let H be the group algebra of a compact quan-

tum group. Then there is a natural isomorphism

HPH
∗ (C, A) ∼= HP∗(A o H)

for all H-algebras A.

17 Theorem Let H be the group algebra of a discrete quan-

tum group. Then there is a natural isomorphism

HPH
∗ (A, C) ∼= HP ∗(A o H)

for all H-algebras A.
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The assembly map in cyclic homology

Let G be a Lie group with finitely many connected components.

Then EG can be chosen as G/K where K is a maximal compact

subgroup of G.

The Mishenko line bundle is a class [L] in K0(C
∞
c (G/K) o G).

Let ch(L) in HP0(C, C∞
c (G/K)) be the Chern character of [L]

and define

HP top
∗ (G; B) = HPG

∗ (C∞
c (G/K), B)

For any G-algebra B we define the assembly map

µB : HP top
∗ (G; B) → HP∗(B o G)

by

HPG
∗ (C∞

c (G/K), B)
JD(G)

��

HP
C∞

c (G)
∗ (C∞

c (G/K) o G, B o G)
forget

��

HP∗(C
∞
c (G/K) o G, B o G)

ch(L)·−
��

HP∗(B o G)
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