E-THEORETIC DUALITY FOR HIGHER RANK GRAPH
ALGEBRAS

IULIAN POPESCU AND JOACHIM ZACHARIAS

ABSTRACT. We prove that there is a Poincaré type duality in E-theory be-
tween higher rank graph algebras associated with a higher rank graph and
its opposite correspondent. We obtain an r-duality, that is the fundamental
classes are in E”. The basic tools are a higher rank Fock space and higher
rank Toeplitz algebra which has a more interesting ideal structure than in the
rank 1 case. The K-homology fundamental class is given by an r-fold exact se-
quence whereas the K-theory fundamental class is given by a homomorphism.
The E-theoretic products are essentially pull-backs so that the computation is
done at the level of exact sequences.

1. INTRODUCTION

According to Kasparov (cf. [Co] and references in [Ka]) two C*-algebras A
and B are K-dual if there exist two classes § € KK"(C,A ® B), the K-theory
fundamental class, and A € KK"(A® B,C), the K-homology fundamental class,
such that

) ®Rp UIQ(A) =1y and 0'12((5) (Y A = (—1)TlB.
Here o2 and o1 are the flip homomorphism on the first respectively the second
argument of the K K-bifunctor and the tensor product is the minimal one. More
precisely this describes an r-duality. (We have adopted the (—1)"-sign from [Em].)
Such duality classes define canonical isomorphisms between K-theory and K-
homology of A and B. In the sequel we will omit the flips as is customary in most
other references.

In [KaPu] a 1-duality between Cuntz-Krieger algebras O4 and Oyr, where
AT is the transpose of A was exhibited. In fact a slightly weaker result was
proved asserting only that the Kasparov product with certain classes implement
isomorphisms between K-theory and K-homology of O4 and O4r. However an
easy homotopy argument (untwist) shows that the classes defined in [KaPu] are
indeed duality classes in the above sense.

In this paper we generalize this result to a class of higher rank graph alge-
bras which were introduced in [KuPa]. This class of algebras is in turn a more
conceptual and graphic approach to higher rank Cuntz-Krieger algebras which
were introduced in [RS] in connection with discrete groups acting on buildings.
Tensor products of Cuntz-Krieger algebras are amongst the simplest examples of
such algebras. Let Op and Opop be the higher rank graph algebras defined by
the higher rank graph A and its opposite correspondent A°P. In the case of ordi-
nary Cuntz-Krieger algebras O4 the K-theory class in KK'(C,04 ® O,r) was
defined in [KaPu] by a morphism from S to O4 ® Oy r. The K-homology class
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in KK (04 ® Oyr,C) =2 Ext(O4 ® O4r) is defined using a short exact sequence
which comes from a Fock space type construction.

To get an idea of what the duality classes should look like in the higher rank case
consider first the particular case when O is a tensor product of Cuntz-Krieger
algebras 04, ® ... ® O4,. In that case Opor = OAIT ®...Q OA;“ and we have 1-
dualities between O,; and O 4r. We can define a K-theory class § € KK "(C,04®
O 1) simply as the tensor product of the r classes §; € KK(C,04, ® Oyr). A
K-homology fundamental class is given by a suitable r-fold Kasparov intersection
product of the A; € KK'(O4, ® O,r,C). As usual for K-homology, it is much
more complicated to determine because it amounts to computing the intersection
product of the corresponding extensions.

In [Ze] another description of K K-theory was given in which the cycles are
possibly longer exact sequences and the intersection product is simply the Yonneda
product (splice), similar to the Yonneda product from homological algebra. For
example the K-homology class for R or T", both of which we shall denote by
T®". can be expressed by a splice of 7 copies of the Toeplitz extension suitably
tensored. For r = 2 we obtain the sequence

0 KK->TK—-C(TT - C(T)®C(T) -0
and for r > 2 the r-fold exact sequence
0—-To—-T1—---—=T, =C(T")—=0

represents a class in KK"(C(T"),C). One is therefore lead to the idea of represent-
ing the K-homology fundamental class (Dirac class) by an r-fold exact sequence.
Looking at the rank 1 case, we can find a candidate for a Fock space type con-
struction: we define a higher rank Fock space as Fj; = [2(W) where W is the set
of morphisms of non-zero shape together with a vacuum word on which there are
left and right creations. The left and right creation operators both taken together
generate the higher rank version of the Toeplitz algebras. In the case of ordinary
Cuntz-Krieger algebras we get a slightly modified version of the ordinary A-Fock
space which gives a modified Toeplitz algebra. This is mainly due to the way the
rank 1 algebras are presented in the setting of graph algebras. The ideal structure
of the higher rank Toeplitz algebras is more complicated than in the rank 1 case.
To obtain the defining relations for Op and Opor we have to divide out by an
ideal which strictly includes the ideal of compact operators. It is precisely this
property which is used to define an r-fold exact sequence of the form

0K e M " e " 0,00 — 0 (x)

in section 3 as a candidate for the K-homology class.

We need to pay attention to an important technical issue. (x) is given by
splicing the r short exact sequences 0 — Ker iy — & — Im i — 0. [Ze]
calls longer extensions completely semisplit if all these 1-fold extensions admit
completely positive liftings. Only under this condition it is guaranteed that it
defines an element A € KK"(Op ® Opor,C). We have not been able to prove
the complete semisplitness condition in full generality and leave this to future
work, although it seems very plausible and is certainly met in the case of tensor
products.
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However, using E-theory this difficulty can be circumvented. Each of the short
exact sequences 0 — Ker 3 — & — Im i3 — 0 defines asymptotic morphisms
from S(Im i) to Ker ix. We associate to our long exact sequence the product
of the corresponding FE-theory classes and prove the E-theoretic version of our
duality. The result is valid in K K-theory as well since the higher rank graph
algebras are nuclear. Our proof of the duality is a generalization of the arguments
in [KaPu] to r-fold extensions. Two important ingredients appearing in [KaPul]
are still available: the gauge action and the untwist. In general the equivalence
relations appearing in the definition of Ext-groups are quite complicated but
in our particular situation what makes arguments work in F-theory is a strong
isomorphism between sequences obtained after untwisting.

Acknowledgement: We are indebt to the referee who suggested to use E-
theory instead of K K-theory.

2. THE HIGHER RANK TOEPLITZ ALGEBRA

In this section we shall introduce most of our notation which is based on [KuPa].
Let A be a higher rank graph of rank . By A we denote the set of objects of A,
by o the shape functor on A and A% with j-th component o(w);; 0 and t are the
origin and terminal maps (also called range and source). Define the set

W(A) ={w e Alo(w) # 0}

of morphisms of non-zero shape. We shall write W instead of W(A) if it is clear
which A we mean. The set of all morphisms including shape 0 is denoted by
W = W(A). In [KuPa] a higher rank graph algebra O, is defined as the universal

C*-algebra generated by partial isometries s,, indexed by u € W satisfying

(i) {sa =pa | a € A} are pairwise orthogonal projections;
(ii) Syy = SuSy for all u,v € W such that t(u) = o(v);
(iii) s384 = sy for all u € W;
(iv) Sa = D o(u)=n,o(u)=a Susy for alln € N'.

We denote by A° the opposite category which is a higher rank graph in the
obvious way. A possible source of confusion is the composition of u and v in A%
which is vu. This could be avoided by denoting by u the element u whenever we
refer to it as a morphism in A°’. However, the choice will always be clear from the
context because we use the multiplication mainly for indices of partial isometries
of the algebras Op or Opop.

Some conditions on A must be be assumed if duality is to be true. One reason is
the existence of some higher rank graphs whose C*-algebras are AF. For example
in [KuPa] (ch.5) the skew product of a graph with its shape gives an AF-algebra.
For Cuntz algebras it is Morita equivalent to the UHF algebra U(n). If there
was a dual B for U(n) we would have K;(B) = K!(U(n)) where i is 0 or 1.
But K'(U(n)) is uncountable so that B cannot be separable. Usually we have
to assume our algebras to be separable, at least in one argument of the bivariant
theory. In order to avoid infinite sums in a C*-algebra, we assume that the set of
objects A is finite. We shall need several times the uniqueness of Op so we assume
that A is aperiodic (see Def.4.3 and Thm.4.6 of [KuPa]). Thus Op and Opor are
nuclear and under mild further assumptions simple purely infinite ([KuPal).
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We define the Fock space associated with A by FA = F = CQ@(?(W). Thinking
of Q as a word we may write F = £2(W), where W = W U {Q}. For any u € W
we define left and right creations L, and R, by L, = R, = d, and

L5 — Ouw 1f t(u) = o(w)
YY1 0 otherwise,

0 otherwise.

Rydy — { 0wy if t(w) = o(u)

The closed linear span of a set S in a normed linear space is denoted by [S];
the projection onto a closed subspace £ of a Hilbert space H by P,. For any
j€{1,...,r} and a € A we define

Pa = P[Q,5u|o(u):a] 3 Pg = P[Q,5u|o(u):a and o(u);=0] »
Qa = P s, ttw)=a) » @2 = Plosult(u)=a and o(u);=0] »

P? = P g jo(u); =0]
Define Lo = 1 = R and for a € A let L, be the projection P, and R, the
projection Q4. It is easy to check that for any w € W, j € {1,...,r} anda € A
we have

Ly Ly = Py, Pa= > L,L;, + P},
o(u)=a;o(u)=e;
RZJRHI = Qo(w)a Qa = Z RURZ + Q?z

t(u)=a;0(u)=e;
Note also that
1- ) L,L;=P =1- ) RyR;
o(u)=e; o(u)=¢;

and for all k¥ € Z', \ {0} we have

> Luli= Y Buly=Pijo(u)>k)-
o(u)=k o(u)=k

Let &€ = C*(Ly,Ry | u € W) be the (two-sided) Toeplitz algebra. Denote by
J; = (P7) the closed two-sided ideals generated by P’ in £. In the rank 1 case
there is only the ideal J; of compact operators on the Fock space. But for r > 1
the ideals J strictly contain the compact operators and are different ideals.

Lemma 2.1. We have (;_; J; = K(F).

Proof. Tt is easy to see that K(F) C Jy---J, since P}... PT = Pq is a rank one
projection. For the opposite inclusion we prove that if z; is a finite product
of Ly, Ry, L}, R}, the element z;P'zoP?... 2, P "z, is a finite rank operator.
To this end observe that the shape of any element of the form ijjxj+15w is
bounded in the direction j by a constant depending only on z;. This is true
because the shape of ijj+1(5w is 0 in the direction j. It is clear that the shape
of z1P'zoP?... 2, P 2,16, is bounded in all directions by a constant depending
only on z1,...,z,, hence it is a finite rank operator. It follows that Jy---J, C
K(F). O
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For a nonempty subset S C {1,...,r} let us define
=()7J; and Js=>_J;.
JES JES
So the smallest ideal in & is J{"} = K(F) whereas J; + Jo +... 4+ J, = Ji,.r}

is the largest. Indeed the quotient by the latter is Op ® Opop as is shown in the
next Theorem. Especially later we will use the abreviation {k,k+1,...,I} = k,L.

Theorem 2.2. Denoting the generators of OA, rop by Sy, ty there s an 1so-
morphism €[ Jg1, .3 — Or ® Opor given by L — S, ®1 and R =1 ®ty.

Proof. £/J1,.. r is generated by Lu and Ru. We check first that the quotient

is not trivial. It is enough to show that T’; # 0 because L; L, = Py, and
Ry Ry = Qo(u)- From the proof of the previous Lemma we know that if z,y € £
are fixed in the x-algebra generated by all L, and R, we can find w with shape
big enough in the direction j such that ||(P, — yP’z)dy|| = ||P.dw|| = 1. Thus
dist(P,, J;) = 1 for all j and so P, = 1.

Next we check that the partial isometries {l/}; | u,v € W} and {I/%; | u,v € W}
satisfy the defining relations for Op respectively OAap Clearly P, Pb PQ = 0 for
a;ébsmcePQEICCJl-l— A dr=J, e Also I, L,,,—Lm, for wu, 'UEWand

o~k o~

L, L, = Pt(u) are verified because this is already true in £. Since P € Ju,..n
for all j it follows that

P Y LE+A- Y GL
o(u)=a o(u)=a
o(u)=¢; o(u)=¢;
This shows that the L, are generators for O, (cf. [KuPa], Remark 1.6.(iii)). Sim-
ilarly the }/%; generate Opop.

Finally we show that C*(fu) commutes with C*(E) It is clear from the
definition that L,R, = RyLy so it is enough to show that LyR: = RiL,. We
show that L,R; — RyL, = (L,R; — RyL,)X with X a projection in Jy 3.
It is easily seen that L,R}é, = R}L,d, whenever o(w) > o(v). This may be
illustrated for » = 2 by the following diagram.

v
w
(]
Now let
X;=P+ Y LPLy+ Y LPL,+--+ Y LPL,.
o(u)=e; o(u)=2e; o(u)=le;

where [ = o(v);. X, is the projection onto words w with 0 < o(w); < o(v);.
X1,...,X; is a commuting family of projections in Jy; . ;3 hence the projection
X onto the range of X7 +---+ X, is also in Jyy ) and this X is as required. [
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3. THE LONG EXACT SEQUENCE

In this section we shall construct an r-fold exact sequence. As we have already
pointed out, this is inspired by the particular case of tensor products of ordinary
Cuntz-Krieger algebras. For example if Oy = O4 ® Op then the K-homology
class is given by a 2-fold exact sequence after tensoring and splicing (see [KaPul]
for notations):

0 — K(FA)QK(FB) = EARK(FB) = 040 47RER — 04Q0 4,7Q0R0gr — 0

If J; and Jy are the ideals generated in £4 ® £ by Po ® 1 respectively 1 ® Po we
see that

K(FA) ® IC(]:B) = JiNnJdy=J1Jy
8A®K:(-7:B) = Jy

040 08y = Ea®Ep [,
041804 ®0p®O0pr = Ea®Ep [, 5.
From this class of examples we are lead to define
& = SLN...0J=J =K(F)
& = Jn..nJ,=J>

k+1,r I
&k = Jkﬂm“'njr/(zh+---+Jk—1)ﬂJk+1ﬂ---ﬁJr:J /J1,k—1ﬂ*]k+1’r’
for k € {2,...r — 1} and
& = E/J1+...+Jr_1:8/J1’T—_1

&t = € p 4 ZE/JW-
Eo C &1 so we can define 4 : &y — &;.

&1 CJsN...NJ, so there is a map 41 : & — &2 given by the inclusion composed
with the quotient map.
For k € {2,...,r — 2} we have

JET = 0 0 J C e NN = JEERT

and

k+1, -~ 7E+2,
Jppog NTEFT C g n JEe2

so that we can again define a map ix : & — Ex41. Writing &, = Jr/Jl 5=
T

Ji++ 2t JT/Jl USRI A there is also a natural homomorphism 4,_1 :
Er1—> & since 1 +---+Jp o+, CEand J1+---+Jp o C I+ + Jprq.
Finally i, : & — &41 is defined since J1 +---+ Jr_1 C J1 +--- + J;.

Proposition 3.1. The r-fold sequence

i'r—l

0—&-5& ...t e e, —0
is exact and such that & = K(F) and E,11 = Op @ Opop.
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Proof. &g =Imig=Keri; =& NiN...NJ,=JiN...NJ.. Forany k € 1,r — 1
we have

. k+1, .
Im i, = I T/Jﬁﬁ Jkt2r - 8k+17
and if k <7 —2

. k+1,r r k+2,r _
Ker i = JUTNJpnd / L
k+1 ’ S NS

_ Fpn —
= 1,k A k+1,
Jl’k_l N JeToT

kT .
= J /Jl i N Jk—l—l,r C 519

Finally 4, is clearly surjective,
— ~ J——= 4+ J,
gr—l a JT/JI,T—Q n JT o JLT?Q T/JI,T—Z

o J= — ; = Je1 N, _
so that Im 4, 1 = 1,r/J1,T71 = Ker 4, and Ker i, 1 = Jr-1 1‘/!]1#72 nJ, =

Im ¢,_o. This shows the exactness of the long sequence. From Lemma 2.1 we
have & = K(F) and from Theorem 2.2 £,11 = Op ® Opop. O

By [Ze] if this sequence is completely semisplit it defines an element A €
KK"™(Or®Opop,C) = K"(Op @ Opor). We have not been able to prove semisplit-
ness. However, we can associate an element in E" (O ® Opop,C) by considering
it as a splice or r short exact sequences

0 — Ker i, - &, — Im 7, — 0.

Each sequence gives rise to a class in E(SIm i, Ker i) = E'(Im iy, Ker i}) so we
can define A € E" as the product of them.

Remark 3.2. (i) If £ is nuclear then the sequences 0 — Ker iy — & —
Im 4 — 0 consist of nuclear C*-algebras and so the long sequence is
completely semisplit. In this case we can work with Zekri’s Ext-theory.
The advantage of E-theory is that we do not need the semisplitness con-
dition. Is £ nuclear in general? We have not been able to prove it.

(ii) The above describes a general procedure for obtaining an r+2-term exact
sequence from an r-tuple of ideals Ji,...,J, in a C*-algebra B. If B is
nuclear this defines an element in K K" (B / J (C). Is there a converse

of this process i.e. given x € KK"(A,C) can we find a Toeplitz algebra
B with suitable ideals such that z is given by the above sequence?

4. THE K-THEORY CLASS

We shall define § € E"(C,0p ® Opor) = KK(S®",04 ® Opop) by restricting a
morphism w : C(T") = Op ® Opor to S®". We shall use the same letter for w and
its restriction. To define w it suffices to find commuting normal partial isometries
w1, .-, wy in Op @ Opop because then we can define w(zx) = wy, and its restriction
to 8" is given by w(zx — 1) = wg — 1. Inspired by [KaPu] we define

Wy = Z S;@tu.

o(u)=ey



8 IULIAN POPESCU AND JOACHIM ZACHARIAS

Note that in the rank one case this element is different from that in [KaPu] because
the Fock space and the Toeplitz algebra are slightly different in our setting being
defined in terms of the edge matrix (see [KPRR] for the graph approach to Cuntz-
Krieger algebras).

Proposition 4.1. For all i,j we have

(i) wiw; = wjw;,
(ii) wiw; = wjw;.

Proof. (i)

wiw; = E SZSZ@tutU
o(v)=e;
o(u)=e;

— Z (SpSu)* @ tyty

o(v)=e;

o(u)=¢e;

= Z Sy ® tou

o(v)=e;
o(u)=e;

= Z Sy ® tyy-

o(w)=e;+e;

Note that we used our convention about multiplication in either A or A in
passing from the above second equality to the third one. Similarly

WijwW; = Z 3:‘0 ® Loy

(ii) If ¢ = j we have

* * *
wjw; = E 5,80 ® Tyt

o(u)=oc(v)=e;

= Z St(u) @ tuts

o(u)=¢;

= Zsa@)( Z tutZ):ZSG@Jta,

o(u)=ej;t(u)=a acA

where for the second equality we used s3,sy = $;,545,,505ySy = OuwSy(u)- Similarly

w;-‘wj = Z Sq ® tg.
acA
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If i # j we have for any u,v € W such that o(u) = e;,0(v) = ¢;j,0(u) = o(v)

SuSy = Z 82875y SuSySy

o(r)=e;; o(y)=e;

= Z xSy SuySy
o(r)=e;; o(y)=e;

- Y wy
o(z)=ei; o(y)=e;

vT=uyY
and hence
wiw; = Z SuSy @ tyty

o(v)=e;

o(u)=e;

- Yoase( X wp)
o(v)=¢; o(z)=ej; o(y)=ei
o(u)=e; TU=Yv

= Z Susy ® tmt;.
o(y)=o(u)=e;
o(x)=0(v)=¢;

TU=Yyv
Similarly
wjw; = Z SySu ® tyly,

o(v)=ej; o(u)=e;

= Z g8y ® tyt,

o(u)=o(z)=e;

o(v)=o(y)=¢;
vT=uy

= Z SuSy ® tmt;.

o(y)=o(w)=e;
o(r)=0(v)=e;
TU=yv

5. THE UNTWIST

In this short section we describe an easy homotopy argument (the untwist)
which also works in the rank 1 case and simplifies some of the constructions in
[KaPu]. Let © : C(T") @ Op — C(T") @ Oa, ©(f)(2) = 7.(f(2)), where = is the
gauge action on Oy. (Its restriction to S®” ® Oy will also be denoted by ©.)

Theorem 5.1. The restriction of © to S®" ® Op is homotopic to the identity, so
that [O] and [id] (or 1) give rise to the same element in E°(S®™ ® O, S®" @ Oy).

Proof. We identify S = Co(R) with {f € C(T) | f(1) = 0} C C(T), using the
Cayley transformation R > ¢ —— % € T. © is then given by

O(f)(t) =7z (f(t)) where t € R
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ti—1
and z; = ( J )
t tjt+1 j=1,r

. . s __ 75387—2 i(1—s)m "
Os(£)(#) = 72 (£(2)) with z; = (tjs +i )jzlﬂ“ o

€ T". For any s € [0,1] let

This family is pointwise continuous that is for any f € Cyp(R",0p) the family
s — ©4(f) is continuous on [0,1]. Indeed, this is more or less clear whenever
f € Ce(R",0,) i.e. has compact support and since ||O;|| < 1 for all s € [0,1] and
C.(R",0yy) is dense in Co(R",0p) it is true for all f € Cy(R",0p). Now it is
clear that ©g = id and ©1 = O defining the desired homotopy between id and
O. O

6. COMPUTATION OF THE PRODUCT

The computation will be done mainly with exact sequences. We need the
following Lemma ([GHT], Prop 5.8). It is in turn an E-theoretic version of Lemma
1.5 of [Sk]. Using the associativity of composition in E-theory, it is still true if we
use longer horizontal sequences.

Lemma 6.1. Suppose we have the following commutative diagram

0—» B - D —- A —0

1o 19 19

0— By —» Dy — Ay —=0

the horizontal sequences giving rise to E-theory classes Ay € E(SA1,By) and
Ay € E(SAy, By). Then we have 9*(As) = ¢4(A1) € E(SA1, Bo)

As in [KaPu] let 7° : E'(A,B) - EY(D® A,D ® B) and 7p : E'(A,B) —
E'(A® D, B ® D) denote the standard maps for C*-algebras A, B, D. We shall
compute §®0,0, A = 70, (§) @794 (A) in E%(S®" ® Op,S*" ® 0,) by determining
[0]®70,(6) @74 (A) = [10, () 0O]® 794 (A) which is equal to § ®0,,, A because
[6] = [id]. Since 794(6) o © is a morphism, the previous Lemma shows that this
product is a pull-back given by the top row of the following commutative diagram:

0—> OA®E — €& - —— & —— O(T")®0y — 0

C(T")
| o
H o) © 0,
ld@id
0 — OA®R&E — OA®E — " 0OA®E —0AR0pp R0, — 0

More precisely, § ®0,., A corresponds to a further pull-back of the top row
ending with § ® Op.

Thinking of the r-fold exact sequence as r splices of 1-fold exact sequences this
pull-back is constructed inductively. Only & is changed.

The next task is to show that this sequence and 79A(T®") give rise to the
same E-theory class in E"(S®" ® Op, Opop). Since T®" € E"(S",C) corresponds
to 1c € KK°(C,C) via Bott periodicity and 794(1¢c) = 1o, this indeed proves
0 ®0,00 A = 10,.-
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Once we have that we can show that 6 ®p, A = (—1)"1p,., analogously,
by exchanging the roles of A and A°. The sign (—1)" appears since wy =
Za(u):ek sk ® t,, has to be replaced by wy, = Zg(u):ek ty ® s, when swaping
Op and Opop. The corresponding K-theory class is (—1)"4.

The idea is to find a subsequence of the previous pull-back isomorphic to
7OA(T®™) (in the strongest possible way) such that the vertical inclusion at the
left end is an equivalence and at the right end is equality (Prop.6.6). The previous
lemma, then finishes the proof.

Let

Wi= Y s;®Ru.
o(u)=¢;
The W; are commuting partial isometries with W;W; > W;W} # W:W;. More
precisely:

Proposition 6.2. One has

(i) W;W; = W,W;;
ii) W*W W;W} for i # j;

(iii) W. (1®L) (1®L)W
(iv) W*(l ® Ly) = (1@ Ly )W for o(u) = e;,i # j;
(v) WiWw; - W;W} = > uca Sa @ Q.

Proof. (i) The relations

WjWi = Z STU ® Rw = WZ‘WJ'

o(w)=e;+e;

follow exactly as in Proposition 4.1 (i) replacing t,, by R,.

(ii) We have
WiW; = > sust @ RER, = > sust @ RXR,

o(u)=e;;0(v)=e; o(u)=es;0(v)=e;
and so as in 4.1 (ii)
WW; = > 55y @ RyR:

o(u)=e;;0(v)=e;

= Z S5SygSuySy ® Ry Ry,
o(v)=0(y)=¢;
o(u)=o(z)=e;

= Z sxsz ® RyR;,
o(z)=oc(u)=e;

o(y)=o(v)=e;
VT=uy

for the case 7 # j.

Therefore it is enough to show that RiRy, = >°,,_,, R,R;, where the sum is
taken subject to o(u) = o(z) = e;,0(v) = o(y) = e;. We note here that in the
following calculation the product is taken in A not in A°. If w € W is such that
R} 0wy = RyRy6y # 0 then wy = wiz, in particular o(w); > 0 since ¢ # j and
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(o(w) + o(y)); > o(x);. We have w = w'u for some u with o(u) = o(z) = e;.
Similarly wy = wiv with o(v) = o(y) = e;. We have uy = vz and w' = w] since
w'uy = wivr and o(uy) = o(vz).

Thus we obtain

Ry Rybuy = 6wy = Ouyy = Ry R0y = Ry Ry 0w,
hence
Ry Ry6y = RyRy0yy = Ry6yruy
= Rifue = bury
= RyR;dy-
Conversely, if Ry R0, # 0 with vz = uy then w = w'u and
RyR 6w = RLowuy = Ryduwivs
R 0wz = Owry
= RyR;dy-

(iii) This is clear from the commutation relations L, R, = R,L,.

(iv) It suffices to show that R;L, = L,R; whenever o(u) = ¢;, o(v) = e; and
i # j. This is true since if R}Ly,0, # 0 then uw = w'v whence o(uw) = o(w'v)
that is o(u) + o(w) = o(w') + o(v). Since o(u) = e; # ¢; = o(v) we must have
o(w); > 0 that is w = w"z with o(z) = ¢; = o(v). From uw = w'v we deduce
z = v and L,Ry0, = Oy = RyLydyr, = RyLy,d,. Conversely, if L, R0, # 0
then w = w'v and Ly R}6y = Oyw = RiLydwry = RiLydy.

(v) We compute both products.
W;W, = Y sus; @ RLR,
o(u)=0o(v)=e;
= E 5uSy, ® Ry Ry,

o(u)=¢;

= Z Susqj X Qo(u)

o(u)=¢;

= Zsa@)Qa

a€A
and on the other hand

W;W; = ) syu) ® RuR;
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Proposition 6.3. For any i,j and u € W with o(u) = e; we have the following
commutation relations:

(i) [Wj’ m*(l ® Lu)] =0;
(ii) [W;‘, T/V,L*(l ® L,)] = 0.

Proof. In case i # j (i) and (ii) follow from the relations (i)-(iv) of the previous
Proposition. So we only have to consider the case where i = j. From (v) of the
previous Proposition we have

WiW;(1® Ly) = (WiW; = > 50 ® Q1) (1 ® Ly).
a€A

Since Q% L, = 0 for o(u) = e; it follows that
WjW;(l ® Ly) = W;Wj(l ® Ly) = W;(l ® Ly)W;.

This shows (i). Next we have

WiW;(1® Ly) Z sy ® RyLy,
o(v)=¢;
- WJ?" Z Sy ® Ly R, + Z Sy @ (RyLy — LyRy)
o(v)=e; o(v)=e;

= W} Z so® LuRy | + W} Y s, ® (RyLy — LyR})

o(v)=e; o(v)=e;

= W Z 5y ® LyR: | +

o(v)=e;

<

+ > swsy® Ry (R)Ly — LyR}).
o(v)=o(w)=¢;
The first summand in the last expression is W;(l ®Lu)W;‘. The second summand
is 0 since R} (RyL, — L,R;) = 0 for any u,v,w € W with o(u) = o(v) = o(w) =
e;- Indeed, then R;L,6; # LyR;é, if and only if o(z); = 0. But in this case
o((RyLy — LyRy)65); = 0 so that Ry (RyL, — L,R})d, = 0. O

Now let W) = wowg @2 ™ and v, = [We®]*(1 @ L,).

Proposition 6.4. C*(V,, | u € W) = Op. Denoting generators of Op by ry the
isomorphism is given by Vi — 1y.

Proof. Since one checks that Vi, = V,,V,, for all u,w (by 6.2.(iii) and 6.3) we only
need to show that if o(u) = e; then (a) V'V, is a projection depending only on
a = t(u) which (b) equals Za(v):ej;o(v):t(u) V,Vy for all j.

To show (a) using 6.2 and W;(1® L) = (1 ® L,)W; we obtain



14 IULIAN POPESCU AND JOACHIM ZACHARIAS

VaVu = (1@ L)WiWi(1® Ly) = Wi (1® L;,)(1 ® L,)W; = Wi (1 ® Po)W;
= Y susi®RLPuRy= Y su®RLP.R,

o(u)=o(v)=e; o(u)=e;

= Zsb ® (QuPa)-
beA
Thus indeed V[V, = W;*(1 ® P,)W; does not depend on 4 but only on a = t(u).

To show (b) observe

S vy o= Y WrIeL)(1e L)W,
o(v)=a o(v)=a
o(v)=e; o(v)=e;

= W;(1®(P.— P))W;.
But W/(1® Pl = Zg(u):ej (S ® RZP,{) =0 and so

Y WV =Wi1e P)W, =V, V,
o(v)=a

o(v)=e;

as required. O

Now let Fj be the ideal in C*(W;,V,, | u € W,j € {1,...,7}) generated by the
set {(WiWy, —W,W )V, | u € W}. Put
A1 = Frn...NF for ke {1,...,r},
A, C*(W,Vy |le{l,...,r},u e W) and
Ar—l—l = C(Tr) ® Op.

This sequence is analogous to the sequence J1 N...NJ,, JoN...NJp,..., Jp, E,
& / J1 + ... + J, considered in section 3. Applying the same process as there we
can define an r + 2-term exact sequence

0—>247)—>24\1—>...—>21\,—>,@—>0
where

Ay = FnN...NF
A1 = Fn...NF

Ak — fk+1ﬂ...m-7:r/(f1+___+fk71)ﬂfk+1ﬂ...ﬂfr
A’r - AT/fl—i-‘i_fr—l
Arpr = AT/7:1+...+]-",«'

Proposition 6.5. 490 C & ® Op, A1 CE QOp, A C (Jgr1 N...NJp) ® Oy
for k€ {2,...,7 — 1} so that Ay C & ® On. Moreover the following diagram is
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commutative with the vertical arrows isomorphisms

0 A = A oo A o TR0y —0

} + . |
0= To®0p — T1®0y == 7,80y — C(T")®0x —0.

Proof. There are obvious inclusions Fj, C Ji ® Op since [W}, W] € J @ Op by
Prop.6.2.(v) so that Ay C (Jpy1 N...NJ,) ® Op and thus A C & ® Ox. The
maps i ® idp, can be restricted to :4\;c and the exactness of the top line in the
above diagram follows as in Prop.3.1. W; and V,, commute with each other for any
u€ W andl € {1,...,r} so that the vertical arrows are defined by sending Wy
to Sy ® 1 and V, to 1 ®ry. Note that ) 4 54 ® Qq is a unit in each algebra A.

These arrows are isomorphisms because of universal properties of the Toeplitz
algebra, C(T) and O,. O

Next we shall show that this newly defined sequence is a subsequence of the
sequence formed by the £, and both give rise to the same class at the level of
E-groups.

Proposition 6.6. There is a commutative diagram

0= OA®& — & —--—= & — C(T)R0xr —0
1 I 1 I
0— Ao - A == A = C(T)@0y —0

where the vertical arrows represent inclusions. Moreover the inclusion Ay —
Op ® & is an equivalence in E-theory.

Proof. Only the last statement is nontrivial. To prove it we shall find a subalgebra
in Ap which is a full corner in both Ay and £ ® Oy. Using (v) of Proposition 6.2
we have

(WeWo — WoWg)... (WiW, — W, W;) =Y 5,® Po =1® Pa.
ac€A
Moreover
Vu(l ® PQ) = 5y ® Pq.
Thus the algebra Oy ® P, is a full corner in both Ay and £ ® Op. By Lemma 6.1

it follows that both exact sequences in the above diagram indeed represent the
same element in E". O
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