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Di erential calcull

Let A be a unital asseiative algelva overC. A
di erential calculus(DC) over A consistsof

L
1. ANo-gradedalgeba = | , nwith o= A.

2. Alinead mapd: ! suchthat
d( n) n+l
n = sparfagda; da,;da; da,g;
d(!@ )=d! +( D" d; '2 402
d d=0:

The elementsof |, are calledthe n-forms of the
DC andd is calledits di erential.



Closed graded -traces

By an automaphismof a DC ( ;d) we meanan
algelya automaphism of suchthat

( n)= n; d=d

If is an automaphismof a DC ( ;d), then a
linea functional
Z

1 C

Is calleda closedgraded -trace, if
Z
d =0 8 2 ;
Z Z
=)™ () P2 g 2 g

IS saidto be N -dimensional jf

Z
l =0for! 2 ,:n6 N:



Twisted cyclic cocycles from DC

Kustermans,Murphy, Tuset: Thereis a \t wisted"
versionH C (A) of cycliccohomologydependingon
an automaphism of A, such that the following
result holds:

R
If is an N-dimensionalclosedgraded -trace on
( ;d), then

Z
"(aogiiiian) = aday  da

IS a -twisted cyclic N -cocycle, and any -twisted
cyclic N -cocyclearisesin this way.

The carespnding result of Connesfor = Id
played a central role in the developmentof cyclic
cohomologyand leads to its interpretation as an
extensionof de Rhamhomology A main motivation
for the abovegeneralizations the theary of covaiant
di erential calculi over guantum groups. These
are naturally equipped with closedgraded -traces
derived from the Haa functional of the quantum

group.



Simplicial objects

A simplicialobjectC in acategay Cisasequence
of objectsC,, 2 Ctogetherwith morphisms

d:Ch! Ch 15 §:Ch! Cher; O ) n

satisfying
di dj = gj 1 di; S Si=S S 1, | < j;
< § 1 d; 0< j | < Kk
d Sj = Id 1 i 0

Sj di 1 j 1< 1

With the obviousnotion of marphism,the simplicial
objectsin a categay form itself a categay which we

will denoteby ( O).



Simplical homology theories

If C is a simplicialobjectin C, de ne

X |

i=0
Then (C ;b) is a complex,i.e., onehas

b b= 0:

Henceany functor C! ( C) de nes a homology
theay, and many examplesof homologythearies are
of this type.



Cyclic and paracyclic objects

A cyclicobjectin a categay Cis a simplicialobject
C togetherwith an additional morphism

t:Ch! C,
satisfying
t"* = id;
d t=t d 1; 1>0;

The samewithout t"*! = id is calleda paracyclic
object,



The (b;B)-bicomplex

A cyclic object de nes a bicomplex

) 2 )
? ? ?
by by by
G O G ° Co
? ?
by by
&1 ® G
5
by
Co
with
X o
B=©1+( ") t s, ( DVt

That this is a bicomplexmeans
b b=B B=b B+B b=020:

L
Hence the diagonals(T = |, ,C o;b+ B)
form a complex. Its homologiesare calledthe cyclic
homologiesof C .



The cyclic object of HC (A)

Let A be an algelva and be an automaphism.
SetC, = A ("1 andablreviateay a; an
by (ag;ai;:::;an). De ne linea maps:

di(ao;as;:::;an) = (Qo; it @di+1;10;an);

dn(ag;ar;:iijan) = ( (an)ag;ar;iiisan 1);

Sj(ag;ar;:iisan) = (Ao iiay; g+ iil s an);

t(ag;ar;:iisan) = ( (an);aoiii;an 1):

For = id this givesthe standad cyclic object
asseiatedto A leadingto HC (A). For general

one obtainsonly a paracyclicobject.
To get a cyclic object, passto the cokernels

C,=Cy=Cl}; Cl=im@{d T); T=t"":

Following Kustermans et al. we call its cyclic
homology the -twisted cyclic homologyHC (A)
of A.



Twisted Hochschild homology (20)

LetHH (A) denotethe homologief the columns
of the (b;B)-bicomplex,

HH,(A)= H,(C ;Db):

For = id theseare the Hochschildhomologiesof
A. HencewecallHH (A) asKustermanset al. the
-twisted Hochschildhomologyof A.
If X iIsasmoth ane vaiety, A= C[X]and =
Id, then one has (Hochschild-Kostant-Roserdrg)

H Hn(A) = geRham (X ):
In particular, the Hochschilddimension
supfnjHH,(A) 6 Og

of A equalsdim(X).
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Computation of HH (A)

The (b;B)-bicomplexwith C, replacedby the
original C, is not a bicomplex,since

b B+B b=id T:

The columns form a complex. It computes the
HochschildhomologyH (A; A) with coe cients in
the bimodule A = A with bimodule structure

a.b/c= (a)bc:
De ne C? = ker(id T). Thenwe have:
fCn= CO Ci thenH (A; A)= HH (A).

Proof: Since[bjid T]=0 C = CY C! as
complexesand we haveHH (A) = H (C°;b) and
H (A; A)=HH (A) H (C4b. But(id T)je2
is a bijection, and on C* we have

b id T)! B+(@Gd T)! B b=id:

Hence(id T) ! B isa contractinghomotopy.
This appliesfor examplewhen is diagonalizable.
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Hochschild homology for Hopf algebras

Let A be an algelya and M be an A-bimodule.
Then

Hn(A:M) = Tor*® " (A%®:M):

Explicit resolutionsusuallyget lengthy!

Feng, Tsygan: If A is a Hopf algebba with
coproduct, counit and antipode ;"; S, then de ne
a right A-module M °= M as a vecta spacewith
right action

X
mJ a= S(ap). m/agy, aZA,m2M:

ConsiderC = A=ker" asthe trivial A-module. Then

Hn(A;M ) = Torp (M % C):
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Proof of Feng-Tsygan

Tor* (M @ C) is computedfrom (C ;d) with zeroth
tensa componentof C now beingM ° and

X 1 |
d=do+ ( 1)'d+( 1)"dh;

do(ag;as;:::;an) = (apJ ag;az;ii:;an);
dn(ag;ag;::ian) = ("(an)ag;as; i an 1):

De ne two linea maps ; °:C,! C, by

(ag;ag;:::;an)
= (S((a1:::an)) - ao; (a1)my::::5(an)@);
Yao;::: ;an)

= ((a1:::an)@) - ags (A1) @y s (an)@):

Then 0= 0 = idc,. It is easilychecled
that commuteswithd; forl 1 n 1 andthat
d=d ,i=0n. Hence d=b and is

an isomaphism of complexesf vecta spaces.
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The HKR map

Let MO HyA;M)=M=(a.m m/ a)
be the canonicalprojection. Then

(mJ a)="(a) (m);

and if we considerHy(A;M ) as trivial right A-
module, then Idy n Inducesa morphism

Ho(A;M) ! Ho(A;M) ¢ Tory(C;C):

If A iscommutativeandM = A with the standad
bimodule structure, then Ho(A; M ) = A, is the
identity, and the above map is the isomaphism of
the HKR thearem.
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Koszul complexes

Let A be analgelra andfx;j g2 Mqy(A) with
Xijp Xi 1k = Xik Xi 15 -

(9

ForO n dsetK,= A". EmbedK, into
Al A A A9 (n factors) as
spamfe, a A€, ]l 11<:::<liy dg

Hereeg is a basisof A9, For n > d setK, = 0.
De ne form = 1;:::;n A-module maps

Km  Kp! Ky g;

€, A AEG, 7!

&, A 6 A€, Xnig:

Thenforr < s one hask ks ks 1k, = 0 andthis
impliesthat k = '_, ( 1)k, satisesk k = 0.
We call (K ;k) the Koszul complex assaiated to
the elementsx;; .
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Map to torsion complex

In our applicationA will be a Hopf algelya and x 1 ;
(1 | d) generateker" asa left A-module. The
assaiated Koszulcomplexturns out to be acyclic,so
it providesa resolutionof A=ker", and Tor* (M ¢ C)
are the homologiesof M © 5 K .

The morphismto the standad complexcalculating
the torsionis
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SLq(2)

From now on A is the Hopf algelya Cgy[SL (2)]
with g not a root of unity. Thus A has generatas
a; b;c;d satisfying

ab= gba; ac= qca; bd= qdb;
cd= qdc; bc= cb;
ad gbc=1, da q bc= 1.

The following is a vecta spacebasisof A:
e yjk =a 'bc; ij;k2Ny a'=d:

A admits a Z-grading and three sepaating
decreasing\p- Itrations

M a X X
A= A% A=AX Af
127

111, X = Db;c; bc;

where AP = sparf ek gk and Ay is the span of
ek with]; k;j +k nforx = b;c;bg respectively
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The automorphism group of A

For ; 2 CnfOg thereare unigueautomaphisms
;- of A with

cabed?7! a b e d:
‘abcd?7! aa  lcb d:

This list of automaphismsis complete.
All theseautomaphismsare diagonalizable Hence
onehasHH_ (A) = H,(A; A) forall 2 Aut(A).
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The Haar functional

The Hopf algelyva A is cosemisimplethat is, there
sh:A! C satisfyingh(1) = 1 and

(h id)( x)= h(x)L=(@d h)( x) 8x2A:

We call h the Haa functional of A.
For any x, y 2 A, we have

h(xy) = h(y ¢ 21(X)):

Thushisa 4, -twisted cyclic 0-cocycle.
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A Koszul resolution of A=ker"

ker" isgeneratedby a 1, b;c. For theseelements
there existsa Koszul complex(K ;k) as discussed
abovewith X;; givenby

The Koszul complexis acyclic. Hencethe left A-
module C possessea resolution(K ;k) of the form

ol A! A3l A3l Al C! O

In particular, HH_(A) = 0 for all n > 3 and all
2 Aut( A).
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We calculatedH H, (A) for

HH,(A)

3 asa vecta space:

.. To givean
overviewof the results, we collect the dimensionsof
HH,(A) forn

;. (a;b 0 n= = n=2|n=3
q (a+1) (] (b+1) 2 4 2 0
q (@21 1 1 a+1|a+1
2q N;q (a+1)
o6 12 0 0 0 0
otherwise 1 1 0 0
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HC,(A)

We (in fact, Tom) calculatedH C, (A) usingthe
spectral sequencassaiatedto the (b;B)-bicomplex.
To give an overviewof the results, we collect the
dimensionsof HC,, (A) asa vecta space:

,  (asb 0 n=20 1 2:2k+ 3| 2k + 4
q @D ;q D 2 2 0 0
g ¢a*2 ;1 1 2a+ 1| 2a+1 0
q a3 ;1 1 2a+ 3| 2a+ 3 1
2 N; (a+l)
ocrI 6 1?2 o 0 0 0 0
otherwise 1 1 1 1
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Spectral sequences- |

Considera rst quadrantbicomplex

2 2. 2.
? ? ?
by by by
Go ° Gu ° G °
? ? ?
by by by
Coo - Co ° Cop °
Often one can compyte the homologies of the
total complex (T = +j= Ci b+ B) by an
\approximation" procedure:
Set

Ei = Hi(Cj:b; Ef = Hj(El;B):
One constructssubsequenthdi erentials
d:iEf ! Effy 1y i

de ning E{™*. For xed ij the sequenceof the Ef
becomesstable Let E1 denotethis stable limit of

the Ek
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Spectral sequences- 1l

Filter the total complexT by columns,
M
Fan = Cij :

i+j=n; Kk

This givesa ltration of its homologiesH , andthe
spectral sequencé Ei‘f g convergedso H inthe sense
that

Ei = FlHij=F Hij:
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