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Di�erential calculi

� Let A be a unital associative algebra over C. A
di�erential calculus(DC) overA consistsof

1. A N0-gradedalgebra 
 =
L

n � 0 
 n with 
 0 = A.

2. A linear map d : 
 ! 
 suchthat

d(
 n ) � 
 n +1 ;


 n = spanf a0da1 � � � dan ; da1 � � � dan g;

d(! � � ) = d! � � + (� 1)n ! � d� ; ! 2 
 n ; � 2 
 m ;

d � d = 0:

� The elementsof 
 n are called the n-forms of the
DC and d is calledits di�erential.
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Closed graded � -traces

� By an automorphism of a DC (
 ; d) we meanan
algebra automorphism� of 
 suchthat

� (
 n ) = 
 n ; � � d = d � � :

� If � is an automorphism of a DC (
 ; d), then a
linear functional

Z
: 
 ! C

is calleda closedgraded� -trace, if
Z

d! = 0 8! 2 
 ;
Z

! � = (� 1)nm
Z

� (� )! ! 2 
 n ; � 2 
 m :

�
R

is said to be N -dimensional,if

Z
! = 0 for ! 2 
 n ; n 6= N:
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Twisted cyclic cocycles from DC

� Kustermans,Murphy, Tuset: There is a \t wisted"
versionH C �

� (A ) of cyclic cohomologydependingon
an automorphism � of A , such that the following
result holds:

If
R

is an N -dimensionalclosedgraded � -trace on
(
 ; d), then

' (a0; : : : ; aN ) =
Z

aoda1 � � � daN

is a � -twisted cyclic N -cocycle, and any � -twisted
cyclic N -cocyclearisesin this way.

� The corresponding result of Connesfor � = id
played a central role in the developmentof cyclic
cohomologyand leads to its interpretation as an
extensionof de Rhamhomology. A main motivation
for the abovegeneralizationis the theory of covariant
di�erential calculi over quantum groups. These
are naturally equipped with closedgraded � -traces
derived from the Haar functional of the quantum
group.
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Simplicial objects

� A simplicialobject C� in a category C is a sequence
of objectsCn 2 C togetherwith morphisms

di : Cn ! Cn � 1; sj : Cn ! Cn +1 ; 0 � i; j � n

satisfying

di � dj = dj � 1 � di ; sj � si = si � sj � 1; i < j;

di � sj =

8
<

:

sj � 1 � di 0 < j � i < k
id � 1 � j � i � 0
sj � di � 1 j � i < � 1:

� With the obviousnotion of morphism,the simplicial
objectsin a category form itself a category which we
will denoteby �( C).
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Simplical homology theories

� If C� is a simplicialobject in C, de�ne

b =
nX

i =0

(� 1)i di : Cn ! Cn � 1:

Then (C� ; b) is a complex,i.e., onehas

b� b = 0:

� Henceany functor C ! �( C) de�nes a homology
theory, and manyexamplesof homologytheoriesare
of this type.
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Cyclic and paracyclic objects

� A cyclicobject in a category C is a simplicialobject
C� togetherwith an additional morphism

t : Cn ! Cn

satisfying

tn +1 = id;

di � t = t � di � 1; i > 0;

d0 � t = dn ;

sj � t = t � sj � 1; j > 0;

s0 � t = t2 � sn :

� The samewithout tn +1 = id is calleda paracyclic
object,
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The (b;B )-bicomplex

� A cyclic object de�nes a bicomplex

b

?
?
y b

?
?
y b

?
?
y

C2
B � C1

B � C0

b

?
?
y b

?
?
y

C1
B � C0

b

?
?
y

C0

with

B = (1 + (� 1)n t) � t � sn �
nX

j =0

(� 1)nj t j :

� That this is a bicomplexmeans

b� b = B � B = b� B + B � b = 0:

Hence the diagonals (T� :=
L

k � 0 C�� 2k ; b + B )
form a complex. Its homologiesare calledthe cyclic
homologiesof C� .
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The cyclic object of H C �
� (A )

� Let A be an algebra and � be an automorphism.
Set Cn = A 
 (n +1) and abbreviatea0 
 a1 
 � � � 
 an

by (a0; a1; : : : ; an ). De�ne linear maps:

di (a0; a1; : : : ; an ) = (a0; : : : ; ai ai +1 ; : : : ; an );

dn (a0; a1; : : : ; an ) = (� (an )a0; a1; : : : ; an � 1);

sj (a0; a1; : : : ; an ) = (a0; : : : aj ; 1; aj +1 ; : : : ; an );

t(a0; a1; : : : ; an ) = (� (an ); a0; : : : ; an � 1):

� For � = id this gives the standard cyclic object
associated to A leadingto H C� (A ). For general�
oneobtainsonly a paracyclicobject.
� To get a cyclic object, passto the cokernels

C �
n = Cn =C1

n ; C1
n = im(id � T); T = tn +1 :

Following Kustermans et al. we call its cyclic
homology the � -twisted cyclic homology H C �

� (A )
of A .
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Twisted Hochschild homology (20)

� Let H H �
� (A ) denotethe homologiesof the columns

of the (b;B )-bicomplex,

H H �
n (A ) = Hn (C �

� ; b):

For � = id theseare the Hochschildhomologiesof
A . Hencewe call H H �

� (A ) asKustermanset al. the
� -twistedHochschildhomologyof A .
� If X is a smooth a�ne variety, A = C[X ] and � =
id, then onehas(Hochschild-Kostant-Rosenberg)

H Hn (A ) = 
 n
deRham (X ):

In particular, the Hochschilddimension

supf n j H Hn (A ) 6= 0g

of A equalsdim(X ).
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Computation of H H �
� (A )

� The (b;B )-bicomplex with C �
n replaced by the

original Cn is not a bicomplex,since

b� B + B � b = id � T:

The columns form a complex. It computes the
HochschildhomologyH � (A ; � A) with coe�cients in
the bimodule � A = A with bimodule structure

a . b/ c = � (a)bc:

� De�ne C0
n = ker(id � T). Then we have:

If Cn = C0
n � C1

n , then H � (A ; � A) = H H �
� (A ).

Proof: Since [b;id � T ] = 0, C� = C0
� � C1

� as
complexes,and we haveH H �

� (A ) = H � (C0
� ; b) and

H � (A ; � A) = H H �
� (A ) � H � (C1

� ; b). But (id � T)jC 1
�

is a bijection, and on C1
� we have

b� (id � T) � 1 � B + (id � T) � 1 � B � b = id:

Hence(id � T) � 1 � B is a contracting homotopy.
� This appliesfor examplewhen� is diagonalizable.
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Hochschild homology for Hopf algebras

� Let A be an algebra and M be an A-bimodule.
Then

Hn (A ; M ) = TorA
A op

n (A op ; M ):

Explicit resolutionsusuallyget lengthy!
� Feng, Tsygan: If A is a Hopf algebra with
coproduct, counit and antipode � ; "; S, then de�ne
a right A-module M 0 = M as a vector spacewith
right action

m J a =
X

S(a(2) ) . m / a(1) ; a 2 A; m 2 M :

ConsiderC = A=ker " asthe trivial A -module. Then

Hn (A ; M ) = TorA
n (M 0; C):
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Proof of Feng-Tsygan

� TorA
� (M 0; C) is computedfrom (C� ; d) with zeroth

tensor component of C� now being M 0 and

d = ~d0 +
n � 1X

i =1

(� 1)i di + (� 1)n ~dn ;

~d0(a0; a1; : : : ; an ) = (a0 J a1; a2; : : : ; an );
~dn (a0; a1; : : : ; an ) = (" (an )a0; a1; : : : ; an � 1):

De�ne two linear maps� ; � 0 : Cn ! Cn by

� (a0; a1; : : : ; an )

= (S((a1 : : : an )(2) ) . a0; (a1)(1) ; : : : ; (an )(1) );

� 0(a0; : : : ; an )

= ((a1 : : : an )(2) ) . a0; (a1)(1) ; : : : ; (an )(1) ):

Then � � � 0 = � 0 � � = idCn . It is easily checked
that � commuteswith di for 1 � i � n � 1 and that
� � ~di = di � � , i = 0; n. Hence� � d = b� � and � is
an isomorphismof complexesof vector spaces.
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The HKR map

� Let � : M 0 ! H0(A ; M ) = M =(a . m � m / a)
be the canonicalprojection. Then

� (m J a) = "(a)� (m);

and if we consider H0(A ; M ) as trivial right A-
module, then � 
 idA 
 n inducesa morphism

Hn (A ; M ) ! H0(A ; M ) 
 C TorA
n (C; C):

� If A is commutativeandM = A with the standard
bimodule structure, then H 0(A ; M ) = A, � is the
identity, and the above map is the isomorphism of
the HKR theorem.
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Koszul complexes

� Let A be an algebra and f x i;j g 2 M d(A ) with

x i;j x i � 1;k = x i;k x i � 1;j :

� For 0 � n � d set K n = A
( d

n )
. Embed K n into

A d 
 A � � � 
 A A d (n factors) as

spanA f ei 1 
 A � � � 
 A ei n j 1 � i 1 < : : : < i n � dg:

Hereei is a basisof A d. For n > d set K n = 0.
� De�ne for m = 1; : : : ; n A-module maps

km : K n ! K n � 1;

ei 1 
 A � � � 
 A ei n 7!

ei 1 
 A � � � êi m � � � 
 A ei n / xn;i m :

Then for r < s one haskr ks � ks� 1kr = 0 and this
implies that k =

P n
r =1 (� 1)r kr satis�es k � k = 0.

We call (K � ; k) the Koszul complex associated to
the elementsx i;j .
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Map to torsion complex

� In our applicationA will be a Hopf algebra andx1;j

(1 � j � d) generateker" as a left A -module. The
associatedKoszulcomplexturns out to be acyclic,so
it providesa resolutionof A=ker" , andTorA

� (M 0; C)
are the homologiesof M 0 
 A K � .
� The morphismto the standard complexcalculating
the torsion is

ei 1 
 A � � � 
 A ei n 7!

x1;i 1 ^ : : : ^ x1;i n

=
X

s2 Sn

(� 1)j sjxn;i s(n )

 � � � 
 x1;i s(1)

:
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SL q(2)

� From now on A is the Hopf algebra Cq[SL(2)]
with q not a root of unity. Thus A has generators
a; b;c;d satisfying

ab= qba; ac = qca; bd= qdb;

cd = qdc; bc= cb;

ad � qbc= 1; da � q� 1bc= 1:

� The following is a vector spacebasisof A :

e� i;j;k = a� i bj ck ; i; j; k 2 N0; a� i = di :

A admits a Z-grading and three separating
decreasingN0-�ltrations

A =
M

i 2 Z

A a
i ; A = A x

0 � A x
1 � : : : ; x = b; c; bc;

where A a
i = spanf ei;j;k gj;k and A x

n is the span of
ei;j;k with j; k; j + k � n for x = b;c;bc, respectively.

17



The automorphism group of A

� For �; � 2 Cnf 0g thereare uniqueautomorphisms
� �;� ; � �;� of A with

� �;� : a; b;c;d 7! �a; �b; � � 1c; � � 1d;

� �;� : a; b;c;d 7! �a; � � 1c; �b; � � 1d:

This list of automorphismsis complete.
� All theseautomorphismsare diagonalizable.Hence
onehasH H �

n (A ) = Hn (A ; � A) for all � 2 Aut (A ).
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The Haar functional

� The Hopf algebra A is cosemisimple,that is, there
is h : A ! C satisfyingh(1) = 1 and

(h 
 id)�( x) = h(x)1 = (id 
 h)�( x) 8 x 2 A:

We call h the Haar functional of A .
� For any x, y 2 A, we have

h(xy) = h(y� q� 21(x)) :

Thus h is a � � 1
q� 21-twistedcyclic 0-cocycle.
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A Koszul resolution of A=ker"

� ker " is generatedby a� 1; b;c. For theseelements
there exists a Koszul complex(K � ; k) as discussed
abovewith x i;j givenby

0

@
a � 1 b c

q� 1a � 1 b c
q� 2a � 1 b c

1

A :

The Koszul complex is acyclic. Hencethe left A -
module C possessesa resolution(K � ; k) of the form

0 ! A ! A 3 ! A 3 ! A ! C ! 0:

� In particular, H H �
n (A ) = 0 for all n > 3 and all

� 2 Aut( A ).
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H H �
n (A )

� We calculatedH H �
n (A ) for � = � �;� . To give an

overviewof the results,we collect the dimensionsof
H H �

n (A ) for n � 3 as a vector space:

�; � (a; b � 0) n = 0 n = 1 n = 2 n = 3
q� (a+1) ; q� (b+1) 2 4 2 0

q� (a+2) ; 1 1 1 a + 1 a + 1
=2 q� N; q� (a+1)

or 6= 1; =2 qZ 0 0 0 0

otherwise 1 1 0 0
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H C �
n (A )

� We (in fact, Tom) calculatedH C �
n (A ) using the

spectralsequenceassociatedto the (b;B )-bicomplex.
To give an overviewof the results, we collect the
dimensionsof H C �

n (A ) as a vector space:

�; � (a; b � 0) n = 0 1 2; 2k + 3 2k + 4
q� (a+1) ; q� (b+1) 2 2 0 0

q� (2a+2) ; 1 1 2a + 1 2a + 1 0
q� (2a+3) ; 1 1 2a + 3 2a + 3 1

=2 q� N; q� (a+1)

or 6= 1; =2 qZ 0 0 0 0

otherwise 1 1 1 1
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Spectral sequences- I

� Considera �rst quadrantbicomplex

b

?
?
y b

?
?
y b

?
?
y

C10
B � C11

B � C12
B �

b

?
?
y b

?
?
y b

?
?
y

C00
B � C01

B � C02
B �

Often one can compute the homologies of the
total complex (T� =

L
i + j = � Cij ; b + B ) by an

\approximation" procedure:
� Set

E 1
ij = H i (C� j ; b); E 2

ij = H j (E 1
i � ; B ):

One constructssubsequentlydi�erentials

d : E k
ij ! E k

i + k � 1;j � k :

de�ning E k+1
ij . For �xed ij the sequenceof the E k

ij
becomesstable. Let E 1

ij denotethis stable limit of
the E k

ij .
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Spectral sequences- II

� Filter the total complexT� by columns,

F kTn :=
M

i + j = n;j � k

Cij :

This givesa �ltration of its homologiesH � , and the
spectralsequencef E k

ij g convergesto H � in the sense
that

E 1
ij = F j H i + j =F j � 1H i + j :
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