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ABSTRACT. It is shown that for any pair (Ko, K;) of countable
abelian groups, with K, free abelian, and any element 2 € K
there exists a purely infinite and simple, stable C*-algebra C* (E)
corresponding to a row-finite, transitive, directed graph E, and
there exists a vertex v € E° such that K;(C*(E)) = K; fori = 0,
1 and [py] = E in Ko(C*(E)). A presentation of the corner
pvC*(E)py in terms of generators and relations is given.

0. INTRODUCTION

There are many reasons why Cuntz-Krieger algebras [3] are so important and in-
teresting. Let us just mention the following three; their basic structure is rich and
yet fairly well understood, their invariants are readily computable, and they admit
a convenient presentation in terms of generators and relations. Not surprisingly,
a number of generalizations of the now classical work of Cuntz and Krieger has
emerged. In this article we deal with a class of generalized Cuntz-Krieger algebras
associated with directed graphs [4, 7, 6, 1, 8]. Graphs are employed in order to
conveniently encode relations among the generating families of partial isometries.
These graph algebras enjoy the above mentioned properties of Cuntz-Krieger al-
gebras. However, their class is much larger. It is the main purpose of the present
article to determine exactly how large this class is, at least as far as purely infinite
and simple C*-algebras are concerned. It turns out that the well-known restric-
tion on the K;-group, it must be free abelian, is the only one. Namely, we prove
in Theorem 1.2 below that any pair (Ko, K1) of countable abelian groups, with
K, free abelian, can occur as the K-theory of a C*-algebra of a transitive graph.
Such algebras are purely infinite and simple by [1, Propositions 5.1 and 5.3]. An
obvious extension of [5, Lemma 2.13] to the case of row-finite graphs implies that
the algebra is stable. A graph is row-finite if every vertex emits only finitely many
edges and our result says, in particular, that such graphs suffice.
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In order to realize unital versions of these purely infinite and simple C*-algebras
we must cut C*(E) by a vertex projection py. By Theorem 1.2, it is possible to
produce in this way the algebra with an arbitrary mark [I] in Ko. It is therefore
necessary to better understand the structure of such vertex corners. They were
studied before in [7], through groupoids of pointed graphs, in connection with the
Doplicher-Roberts algebras. We show that if E is finite, then p, C* (E)p, turns
out to be another graph algebra (cf. Section 4 and Lemmas 2.1 and 2.2 below).
This, however, is not the case, in general, for an infinite graph E. Nevertheless, a
presentation of p, C* (E) py in terms of generators and relations is always possible
(cf. Section 7 and Theorem 2.3 below). Of course, the very existence of purely
infinite and simple C*-algebras with the desired K-groups has been known for
some time already [9, Proposition 6.6]. However, Rordam’s argument involves
a complicated inductive limit process, while our construction yields a clear-cut
presentation. Such presentations are very useful in a variety of situations, for
example in those involving questions about semiprojectivity [2].

1. THE MAIN RESULTS

We recall the definition of a graph algebra [7, 6]. Let E = (E° E',7,s) be a
countable directed graph with vertices E, edges E!, and range and source func-
tions ¥, s : E! — E°, respectively. In this article we only deal with row-finite
graphs, in which every vertex emits but finitely many edges. C*(E) is by definition
the universal C*-algebra generated by families of mutually orthogonal projections
{pw | w € E%} and partial isometries {s,. | e € E'}, subject to the following two
relations:

(G1) $5Se = Prie)s

(G2) Pw = Secp|s(e)=w SeS&» provided s7! (w) is not empty.

Let V be the collection of all those vertices which emit at least one edge, and
let ZV and ZE° be free abelian groups on free generators V and E°, respectively.
According to [8, Theorem 3.2], the K-groups of C*(E) may be calculated as

K()(C*(E)) = Coker(AE),
K (C*(E)) = ker(Ag),

where Ag : ZV — ZE° is the map defined on generators as

Arw) = (Y rie) —w.

ecEl|s(e)=w

Lemma 1.1. For any countable abelian group K there exists a row-finite di-
rected graph G with countably infinitely many vertices such thatr Ko (C*(G)) = K and
Ki(C*(G)) = 0. Furthermore, for any & € K such G and v € GO can be found that
[pv] = E in Ko(C*(G)).



The Range of K-Invariants for C*-Algebras of Infinite Graphs 241

Proof. Let B be a free abelian group with a countably infinite basis {b; | i =
1,2,...}. We denote by 11; : B — Z the i’th coordinate map corresponding to this
basis.

Since K is a countable abelian group it is not difficult to show that there
exists an injective endomorphism @ : B — B such that K = coker(g). For
such a @ there are unique endomorphisms @ and @_ of B such that (b) =
@4+ (b) — @_(b) and (@, (b)) = 0, mi(@_(b)) = 0 for all b € B and all
i=1,2,.... We denote by by ®. the matrices of @. with respect to the basis
{bili=1,2,...}, and define A as the two-by-two block matrix

LN
w-[a)

where I stands for the identity matrix. Now we define A as the matrix

([ )

where the superscript t denotes the transpose.

Since A is a row-finite matrix with non-negative integer entries there exists a
countable, row-finite directed graph G such that A is the vertex matrix of G (cf. [7,
Section 4]). We have Ko (C*(G)) = coker(A) and K1 (C*(G)) = ker(A). Thus, in
order to complete the proof, it suffices to show that there exist elementary matrices

S and T such that
0
SAT = |:0 I:| ,

where ® = &, — ®_ is the matrix of @. Indeed, it suffices to set

I-1I I 0
S:[OI} and T:[_q)[]

Suppose now that an element 2 € K is given. Let f : coker(¢) — K be an
isomorphism, and let f(2); m;b; + im(@)) = E for some m; € Z. We replace B
with B® Z and @ withamap ¢ : B&Z — B & Z such that

wix,k) = (@) —k X mibi, k),

and repeat the above construction. The vertex v of the resulting graph corre-
sponding to (0,1) € B & Z has the required property.

Theorem 1.2. For any pair (Ko, K1) of countable groups, with Ko abelian and
K free abelian, there exists a row-finite, transitive, directed graph E with countably
infinitely many vertices such that Ki(C*(E)) = K; for i = 0, 1. Furthermore, for any
B € Ko such E and v € E° can be found that [py] = E in Ko(C* (E)).
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Proof. By Lemma 1.1 there exists a row-finite graph G with countably infin-
itely many vertices such that Ko (C*(G)) = Ko and K;(C*(G)) = 0. Let vy, va,
... be the vertices of G. When representing G graphically, we will arrange them
in a straight line. At first we define a larger graph I as

(%) lvl

_od

Let n be the rank of K;. If n is finite, then we define a graph H as

H, H; Hy,

do Wo w Wn
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If n is infinite, then we define H as

H, H, H,
do Wo w1 w»y
QOO
od

Where in both cases the subgraph H; is

Finally, we define E as the union of the graphs I' and H, with the vertices do
on both T and H identified, and the vertices od on both graphs identified. By
construction, E is countable, row-finite, and transitive. We must show that the
K-groups are right.

Firstly, we consider Ko(C*(E)), which is isomorphic to coker(Ag). That
coker(Ag) is isomorphic to Ky follows from

(1) ZE° = 7ZG° + im(Ag), and
(i) ZG° Nnim(Ag) = im(Ag).

To see (i) we first observe that AE(Z(H? \ {wi})) contains H? (including w;).
Then, proceeding successively, we see that ZG® + (3.1 ZH?) + im(Ag) contains;
all v}, do, H® (including 0d), all v;, and hence ZE?, as claimed. To see (ii) let
X € ZE° be such that Ap(x) € ZG°. We write x = 3 + z + >, m;v;, where
m; €7,y € ZG° and z € M. Here M denotes the subgroup of ZE® generated by
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all vertices not in G° U v/ 1i=1,2,...}. We have

Ap(x) = Ac(¥) + > mivi + > mi(vy,, —v;) + 2+ kvy,
i i

where k € Z and zZ € M. Since Ap(x) € ZGO, it follows that m; = 0 for
all i = 1, 2, ... (otherwise consider the greatest i for which m; + 0). It then
follows that k = 0 and z’ = 0. Thus Ag(x) = Ag(y) and we have shown that
ZG° nim(Ag) < im(Ag). To prove the reverse inclusion it suffices to notice that
for any i

i
Ag(vi) = Ag(i/i + > v +do - uo).
j=1
This gives (ii) and, consequently, Ko(C*(E)) = Kj.
Secondly, we consider K; (C*(E)), which is isomorphic to ker(Ag). Let x €
ZE° be such that Ag(x) = 0. We write

X =D 1vi+ > miv; + > kiv; +a(do) + b(od)
i i i
+ Z#iwi + Z tici + Z hi,
i i i
where 7;, mi, ki, a, b, £;, t; € Zand h; € Z(H? \ {w;}). We have
0=Ap(x) = (A(;(Zrivi) + zkivi) + (bvl‘ + Zki(vi_ﬂ - Ul_))
i i i

+ (Zriv{f + > mi(vi, - v)) —mlvf) + (my — a)do
i i>2

+ (Zyi(wiﬂ —w;j) +(1w0> + (Zti — b)od

+ > bici + > biqi + > Ap, (hy).

Since X; ¥ici = 0 we have £; = 0 for i = 0, ..., n. Considering the greatest i for
which k; = 0 we see that k; = 0 for all i, and b = 0 as well. Since K; (C*(G)) =
ker(Ag) = 0, this implies that >; ¥jv; = 0 and thus 7; = 0 for all i. Considering
now the smallest i for which m; = 0 we see that m; = 0 forall i, and a = 0 as
well. It is easy to verify that ker(Ap,) = 0. Thus we have h; =0 foralli =0, ...,
n. Finally, we conclude that x = 3; tic; and 3; t; = 0. Since any such x belongs
to the kernel of Ag, we have proved that K; (C*(E)) = K}, as required.

If an element E € K is given, then choose, by Lemma 1.1, G and v € GO
with [py] = Ein Ko(C*(G)) and apply the above construction. O
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2. CORNERS OF GRAPH ALGEBRAS

Let E be a finite directed graph with a distinguished vertex v € EO. If ¢, u € E*,
then we write g < « if p is an initial subpath of &. We say that a path & =
(e1,...,ex) € E* is simple if s(e;) # 7 (e;) for i < j. Forany w € E° we select
a path B(w) from v to w (if such exists) with the smallest possible length. In
particular, B(v) = v is a path of length 0. We now define a new finite graph
E(v), as follows. E(v)° consists of all « € E* such that: s(«) = v, pt is a simple
path for any p < o, p # «, and either ¥ () is a sink or « is not simple. For any
o, & € E(v)0 there is a (single) edge from o to &’ if and only if & = B(r (x)) <
«’. We denote by Py the projection in C*(E(v)) corresponding to the vertex
« € E(v)°, and by Sy« the partial isometry in C*(E(v)) corresponding to the
edge from « to «'.

Lemma 2.1. IfE is a finite directed graph with a distinguished vertex v, then

pv= >  Sask.

x€E(v)°

Proof. To this end it suffices to show that forany n =0, 1, ...

(2.1) Pv= D SaSk+ > Syt

XEA, YEBn
where
Apn={xe€EWw):|x| =<n}, and
Bn = {y € E* : y simple, s(y) = v, v(y) notasink, |y| = n}.

We proceed by induction on n. Equation (2.1) is clearly satisfied when n = 0.
Assume it holds for n. Applying condition (G2) (for graph E) to each vertex in
{r(y) | y € By} and utilizing the inductive hypothesis we get

po= > sasi+ > s ( 0D sesd)sy

XEAR y€Bn ecEl|s(e)=7(y)
= D SaSk+ D SaSk+ D Sysh
XEA, XEAn+1\An YEBn+1
= > skt D syst.
XEAp+1 YEBni1
Thus equation (2.1) holds true for n + 1, as required. O

Lemma 2.2. IfE is a finite directed graph in which every loop has an exit, with
a distinguished vertex v, and E(V) is the corresponding graph, as constructed above,
then there exists an isomorphism

@ :C*(E(W)) — pyC*(E)py



246 WOJCIECH SZYMANSKI

such that
@ (Py) = Sas&k and P (Sa,a) = Stxsg(y(lx))stx’s;

Proof- Projections {SxS%} are pairwise orthogonal by Lemma 2.1. Likewise,
partial isometries {SaSj () SeSa} have mutually orthogonal ranges. Indeed, if
SxSa #* 0, then either ® < o or & < . This, however, is only possible if
« = . Thus, universality of C*(E(v)) implies existence of a homomorphism
@, as above, provided {Sasi,sasg‘mm)sars&k,} satisfy conditions (G1), (G2) for
the graph E(v). Clearly, (G1) is fulfilled. If x = B(r(x)) € E()°, then ot is a
sink in E(v)?. Otherwise Lemma 2.1 yields

(2.2) SIXSE(T(O()) = Z SO‘SB So( S
' €E(v)0

* *
Z SO(SB(T(O())SO(’SD(,

&' €E()°|B(r(a)) <’

Equality of the range projections of the partial isometries on the two sides of (2.2)
yields
SaSk = > SaSFr () S S SBr(00) S
o’ €E()0|B(r (e)) <o
Thus (G2) is fulfilled.

In order to prove surjectivity of @ we must show that its range contains all
{sxs3 | x,y € E*, s(x) = s(yv) = v, rv(x) = v(3)} (cf. [7, Section 3]).
As sxs3 (SxSB(r )(Sysigk(r(x)))*, we may assume ) = B(r(x)). We pro-
ceed by induction on |x|. Case |x| = 0 follows from Lemma 2.1. So sup-
pose that [x| > 1 and {syS5, (), | ¥ € E*, |yl < Ix|, s(¥) = v} <
im(@). We consider separately three cases, as follows. Firstly, if x € E(v)?,
then SXSE(r(x)) is in im(@) by (2.2). Secondly, if x is neither simple nor in
E()?, then x = x1x2, with x; € E(v)? and both x1 and x; paths of positive
length. Thus 7(x1) is not a sink in E and we must have [x1| > [B(r(x1))].
Hence SXSB r(x)) (SXISE(T(XI)))(SB(V(XI))xZSE(T(X))) is in im(g) by the induc-
tive hypothesis. Thirdly, suppose that x is simple and not in E(v)°. An inductive
argument very similar to the one from the proof of Lemma 2.1 yields

* _
SxSBr(x)) = 2. SaSBr(x))y (o)
x€E(V)%x<x

where & = xy (). Thus

SxSB(r(x)) = 2. (SaS(r (o)) (B y (0SB (e0)) ™

&eE(v)%x<x

is in im(@) by (2.2).
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In order to prove injectivity of @ we want to apply the Cuntz-Krieger unique-
ness theorem [1, Theorem 3.1]. Since @ (Py) % 0 for all & € E(v)9, it suffices to
verify that every loop in E(v) has an exit. So suppose that &, ..., ax € E(v)°
and there is a loop L in E(v) passing (in this order) through i, 2, ..., &,
1. We must have ;41 = B(¥ («i))yi, for some path y; from 7 (o;) to ¥ (Xit1).
Here we identify the indices 1,...,k modulo k. Thus (yi,...,¥x) is a loop in
E. By hypothesis, this loop has an exit. Thus there are an m € {1,...,k} and
an x € E* such thatg s(x) = v(&m), |x| < |yml, and x £ ym,. Taking a suit-
ably small initial subpath of x we may assume that B(¥ (x;))x is either simple
or belongs to E(v)°. In the former case we may extend it to an element of E(v)°.
Thus there exists a 4 € E(v)° such that (7 (o)) x < u. It follows that the edge
in E(v) from &y to p gives rise to an exit for L, as required. O

Let E be a row-finite and transitive directed graph with countably infinitely
many vertices, with a distinguished vertex v € EY. For any w € E° we select a
path B(w) from v to w with the smallest possible length. We denote by 9 (E, v)
the collection of all paths « € E* such that s(«) = v and p is simple for any
U< o 4+ & We define C*(E,v) to be the universal C*-algebra generated by
a family {Ty | &« € 9(E,v)} of Hilbert space operators, subject to the following
relations;

(V1) ToTET, =Ty ifx < y,

(V2) T¥Ty = 0 if neither x < y nory < «,

(V3) T3 T = Tp(r(e))s

(V4) TB(w) = Zees*l(w) TB(W)eT[;k(w)e'

A proof of existence of such a universal algebra is routine. See for example [2,
Section 1].

Theorem 2.3. IfE is a row-finite and transitive directed graph with countably
infinitely many vertices and v € E°, then there exists an isomorphism

Y :C*(E,v) - p,C*(E)py

such that
w(TO() :SD(SE(T((X)) fOr(pr(E,v)

Proof- Tt is clear that the family {SWSE(r(a)) € pyC*(E)py | x € p(E,v)}
satisfies conditions (V1)-(V4). Thus universality of C*(E,v) implies that there
exists a C*-algebra homomorphism ¢ : C*(E, v) — p, C*(E)py such that ¢/(Ty)
SaSp(r (o for any o € 9(E, v). We must construct its inverse.

Let W be a finite subset of E° containing v and let Er be the subgraph of
E consisting of all edges with sources in W (together with their source and range
vertices). Ey is finite since E is row-finite, and every loop in Ey has exit since E is
transitive. It follows from [8, Lemma 1.2] that the C*-subalgebra of C*(E) gen-
erated by {s, | e € E};} is naturally isomorphic to C* (Ew). By virtue of Lemma
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2.2 we may identify p, C* (Ew)py with C*(Ey (v)). Clearly, Ey (v)? is con-
tained in @(E,v). We claim that there exists a C*-algebra homomorphism fi :
C*(Ew(v)) — C*(E,v) such that fiy (Py) = TaTF and fiw (Sa,a) = TaTo T
To this end it suffices to verify that {TaTi} and {TaTa Ta '} satisfy conditions
(G1), (G2) for graph Ew (v). Indeed, (V1) and (V2) imply that {Tx T} are mu-
tually orthogonal projections and {TxTw T} are partial isometries with mutually
orthogonal ranges. (G1) follows immediately from (V1) and (V3). To prove (G2)
we first observe that

Tgir (o) = > T Tos

' €Ew (v)°|B(r ()<’

for any & € Ew (v)°. This equality follows from (V4) by an argument similar to
the ones from the proofs of Lemmas 2.1 and 2.2 above. This, together with (V3),
yields

ToaTy = TaTperanTa = Z TaTo T TS,

o’ €Ew (V)] B(r ()<’

and (G2) follows.
By construction, we have @ fiy = id. Thus the pointwise limit of the maps
Sw, with larger and larger subsets W increasing to E°, is the desired inverse

of Y. O
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