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VON NEUMANN ALGEBRAS OF DISCRETE GROUPS

Let Γ be a discrete group and let Γ Q γ ÞÑ λγ P Bpℓ2pΓqq be the regular

representation of Γ.

The von Neumann algebra generated by
 
λγ

ˇ̌
γ P Γ

(
is the group von

Neumann algebra of Γ.

Notation: LpΓq, vNpΓq, ...

The group von Neumann algebra of Γ is a factor iff Γ is a i.c.c. group, i.e. all

of its non-trivial conjugacy classes are infinite.

The group von Neumann algebra always admits a faithful tracial state:

x ÞÝÑ xδe xδey.

In particular group von Neumann algebras of i.c.c. groups are always factors

of type II1.

P.M. SOŁTAN (KMMF) ALGEBRAS OF DISCRETE QUANTUM GROUPS, ETC. JULY 8–12, 2024 3 / 35



VON NEUMANN ALGEBRAS OF DISCRETE GROUPS RELATION TO QUANTUM GROUPS

If Γ happens to be abelian, the group von Neumann algebra of Γ is naturally

isomorphic to L8ppΓq, where pΓ is the Pontriagin dual of Γ:

LpΓq “ L8ppΓq.

In other words the von Neumann algebras of discrete groups are all of the

form L8pGq with G a compact quantum group which additionally is

cocommutative.

As we already mentioned, the possible factors we can obtain this way are all

of type II1.

How about more general compact quantum groups?
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COMPACT (AND DISCRETE) QUANTUM GROUPS MAP OF THE REALM OF QUANTUM GROUPS

DAB DCL DQ

FAB FCL FQ LCQG

CAB CCL CQ

Pontriagin duality

DAB “ Discrete abelian, DCL “ Discrete classical, DQ “ Discrete quantum,

FAB “ Finite abelian, FCL “ Finite classical, FQ “ Finite quantum,

LCQG “ Locally compact quantum, CAB “ Compact abelian,

CCL “ Compact classical, CQ “ Compact quantum.
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COMPACT (AND DISCRETE) QUANTUM GROUPS DEFINITION AND EXAMPLES

DEFINITION

A compact quantum group is an object G described by

a unital C˚-algebra CpGq (usually non-abelian)

a unital ˚-homomorphism ∆: CpGq Ñ CpGq bCpGq s.t. p∆b idq˝∆ “ pid b∆q˝∆
and ∆pCpGqqp1 b CpGqq and pCpGq b 1q∆pCpGqq are dense in CpGq b CpGq.

EXAMPLES

1 Every compact group G is a compact quantum group G “ G in the sense that

CpGq “ CpGq and ∆: CpGq Ñ CpGq b CpGq “ CpG ˆ Gq is ∆p f qpx ,yq “ f pxyq.
2 Every discrete group Γ gives rise to a compact quantum group pΓ:

CppΓq “ C˚
redpΓq with ∆pλγq “ λγ b λγ.

3 Fix q P r´1,1r zt0u and let CpSUqp2qq be the C˚-algebra generated by α, γ s.t.

αγ “ qγα, α˚α ` γ˚γ “ 1 “ αα˚ ` q2γ˚γ, γ˚γ “ γγ˚.

Then define ∆pαq “ α b α ´ qγ˚ b γ and ∆pγq “ γ b α ` α˚ b γ.
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COMPACT (AND DISCRETE) QUANTUM GROUPS THE HAAR MEASURE

THEOREM (S.L. WORONOWICZ)

Let G be a compact quantum group. Then there exists a unique state h on CpGq
such that

ph b idq∆paq “ pid b hq∆paq “ hpaq1
for all a P CpGq.

If G “ G with G a compact group then h on is given by integration with

respect to the normalized Haar measure.

In general we call h the Haar measure or the Haar state of G.

If Γ is a discrete group then h on pΓ is the trace mentioned earlier.

The von Neumann algebra L8pGq is defined to be the strong closure of the

image of CpGq in the GNS representation defined by h.
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COMPACT (AND DISCRETE) QUANTUM GROUPS EXAMPLES YIELDING TYPE III FACTORS

THEOREM (J. KRAJCZOK & P.M.S.)

1 For each λ P s0,1r there exist uncountably many pairwise non-isomorphic

compact quantum groups G such that L8pGq is the injective factor of type

IIIλ.

2 There exists uncountably many compact quantum groups G such that

L8pGq are pairwise non-isomorphic injective factors of type III0.

3 There exists uncountably many pairwise non-isomorphic compact quantum

groups G such that L8pGq is the injective factor of type III1.

4 There does not exist a compact quantum group G with L8pGq “ N ‘ Bpℓ2q,
where N is any von Neumann algebra or the zero vector space.
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COMPACT (AND DISCRETE) QUANTUM GROUPS EXAMPLES YIELDING TYPE III FACTORS

In order to explain our constructions we need to introduce more structure.

On L8pGq we have the modular group σh of the Haar measure h.

Furthermore there exists another one parameter group τG of automorphisms

of L8pGq called the scaling group.

An exact description of this group requires a deeper dive into the theory, but
for our present purposes the following information suffices:

the scaling group acts by quantum group automorphisms: ∆˝τGt “ pτGt b τGt q˝∆,
the scaling and modular automorphisms commute,
the Haar measure is tracial iff τGt “ id for all t (in this case we say that G is of
Kac type).
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COMPACT (AND DISCRETE) QUANTUM GROUPS EXAMPLES YIELDING TYPE III FACTORS

We begin with the following theorem:

THEOREM (J. KRAJCZOK, M. WASILEWSKI)

Fix ν P Rzt0u, q P s´1,1r zt0u and let r P Q act on L8pSUqp2qq by τ
SUqp2q
νr . Then the

compact quantum group Hν,q “ Q ’ SUqp2q satisfies

L8pHν,qq is injective (because Hν,q is co-amenable),

if ν log |q| R πQ then L8pHν,qq is a factor,

since there is a tracial weight on L8`
SUqp2q

˘
invariant under the scaling

group, the algebra L8pHν,qq is not of type III.

Furthermore, assuming ν log |q| R πQ, we have

τ
Hν,q

t is trivial iff t P π
log |q|Z, so Hν,q is not of Kac type,

consequently L8pHν,qq is a factor of type II8.
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COMPACT (AND DISCRETE) QUANTUM GROUPS EXAMPLES YIELDING TYPE III FACTORS

Our examples are constructed as infinite products

G “
8ą

n“1

Hqn ,νn

for certain sequences of parameters pqnqnPN and pνnqnPN s.t. νn log |qn | R πQ.

Assume that one pair pqn , νnq is repeated infinitely many times.

Then L8pGq is an injective factor of type III and the invariant T pL8pGqq is

given by

T
`
L8pGq

˘
“

"
t P R

ˇ̌
ˇ̌

8ÿ

n“1

´
1 ´ 1´q2

n

|1´|qn |2`2it|
¯

ă `8
*
.

If pνn ,qnq “ pν,qq for all n and some pν,qq P pRzt0uq ˆ ps´1,1r zt0uq then L8pGq
is the injective factor of type III|q|2.
Assume that there are two subsequences pqnp qpPN and pqmp qpPN such that 
np

ˇ̌
p P N

(
X
 
mp

ˇ̌
p P N

(
“ H and qnp ÝÝÝÑ

pÑ8
r1, qmp ÝÝÝÑ

pÑ8
r2 for some

r1, r2 P s´1,1r zt0u such that π
log |r1|Z X π

log |r2|Z “ t0u. Then L8pGq is the

injective factor of type III1.
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COMPACT (AND DISCRETE) QUANTUM GROUPS EXAMPLES YIELDING TYPE III FACTORS

Now for s P s0,1r let

ts “
8ÿ

p“1

tp1´su
p!

,

where txu denotes the integer part of x P Rě0.

Define

lk “
X
expp2πk!qk2s´1

\
, k P N.

Let pqnqnPN be the sequence
`
expp´π1!q, . . . , expp´π1!qloooooooooooooooomoooooooooooooooon

l1 times

, expp´π2!q, . . . , expp´π2!qloooooooooooooooomoooooooooooooooon
l2 times

, . . .
˘

and for each n choose νn P Rzt0u such that νn log |qn | R Q.

Then, with G as before, L8pGq is an injective factor of type III0 and its
invariant T satisfies

Q Ă T pL8pGqq,
ts1 P T pL8pGqq if and only if s1 ą s.
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COMPACT (AND DISCRETE) QUANTUM GROUPS SLIGHTLY MORE ELABORATE EXAMPLES

We also analyzed examples of the form K “ Γ ’ G, with G constructed as an

infinite tensor product as before and Γ a countable subgroup of R (with

discrete topology) acting via the scaling automorphisms.

This way we can control which scaling automorphisms of the resulting

quantum group are inner.

We then used the set

T τ
InnpKq “

 
t P R

ˇ̌
τKt P InnpL8pKqq

(

to distinguish between the different examples.

With G “
8Ś

n“1

Hν,
?
λ (and e.g. ν “ 2π2

log λ
) the algebra L8pKq is the injective factor

of type IIIλ and T τ
InnpKq “ Γ ` 2π

log λ
Z.
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INVARIANTS RELATED TO τ
G

AND σ
h

For general locally compact quantum groups we worked with the following

invariants:

DEFINITION

T τpGq “
 
t P R

ˇ̌
τGt “ id

(
,

T τ
InnpGq “

 
t P R

ˇ̌
τGt P Inn

`
L8pGq

˘(
,

T τ
Inn

pGq “
 
t P R

ˇ̌
τGt P Inn

`
L8pGq

˘(
,

T σpGq “
 
t P R

ˇ̌
σ
ϕ
t “ id

(
,

T σ
InnpGq “

 
t P R

ˇ̌
σ
ϕ
t P Inn

`
L8pGq

˘(
,

T σ
Inn

pGq “
 
t P R

ˇ̌
σ
ϕ
t P Inn

`
L8pGq

˘(
,

ModpGq “
 
t P R

ˇ̌
δit “ 1

(
,

where δ is the modular element of G.
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INVARIANTS RELATED TO τ
G

AND σ
h EXAMPLES

EXAMPLE: THE QUANTUM Ep2q GROUP

Let G “ Eqp2q for some q P s0,1r. Then we have

T τpGq “ T τ
InnpGq “ T τ

Inn
pGq “ T σpGq “ T τppGq “ T σppGq “ ModppGq “ π

log qZ,

T σ
InnpGq “ T σ

Inn
pGq “ T τ

InnppGq “ T τ
Inn

ppGq “ T σ
InnppGq “ T σ

Inn
ppGq “ ModpGq “ R.
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INVARIANTS RELATED TO τ
G

AND σ
h EXAMPLES

EXAMPLE: QUANTUM “az ` b” GROUPS

Let G be the quantum “az ` b” group for the deformation parameter q in one of

the three cases:

1 q “ e
2πi
N with N “ 6,8, . . . ,

2 q P s0,1r,
3 q “ e1{ρ with Re ρ ă 0, Im ρ “ N

2π with N “ ˘2,˘4, . . . .

Then

T τ
InnpGq “ T τ

Inn
pGq “ T τ

InnppGq “ T τ
Inn

ppGq “ T σ
InnpGq “ T σ

Inn
pGq “ T σ

InnppGq “ T σ
Inn

ppGq “ R,

T τpGq “ T τppGq “ T σpGq “ T σppGq “ ModpGq “ ModppGq “
#

t0u in cases 1 and 3

π
log q

Z in case 2
.
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INVARIANTS RELATED TO τ
G

AND σ
h SOME PROPERTIES OF THE INVARIANTS

The sets T ˝
‚pGq are subgroups of R and are isomorphism invariants of the

quantum group G.

T τpGq “ T τppGq.
T ‚pGq, T ‚

Inn
pGq, and ModpGq are closed.

T σpGq, T σ
InnpGq, and T σ

Inn
pGq are the same regardless of which Haar measure

we choose.

T σ
InnpGq is equal to the Connes’ invariant T pL8pGqq. Consequently, T σ

InnpGq
depends only on the von Neumann algebra L8pGq. It is also the case for

T σ
Inn

pGq.

P.M. SOŁTAN (KMMF) ALGEBRAS OF DISCRETE QUANTUM GROUPS, ETC. JULY 8–12, 2024 17 / 35



INVARIANTS RELATED TO τ
G

AND σ
h SOME PROPERTIES OF THE INVARIANTS

PROPOSITION

For any locally compact quantum group G we have

T σpGq “ T τpGq X ModppGq,
T σ
InnpGq X ModppGq “ T τ

InnpGq X ModppGq,
T σ
Inn

pGq X ModppGq “ T τ
Inn

pGq X ModppGq,
ModpGq X ModppGq Ă 1

2 T τpGq.

The first equality above together with T τpGq “ T τppGq reduces the list to 11

(invariants T σpGq, T σppGq and T τppGq are determined by the remaining ones).

If G is compact then ModpGq “ T τ
InnppGq “ T σ

InnppGq “ T τ
Inn

ppGq “ T σ
Inn

ppGq “ R.

If additionally L8pGq is semifinite then T σ
InnpGq “ T σ

Inn
pGq “ R.
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INVARIANTS RELATED TO τ
G

AND σ
h SOME PROPERTIES OF THE INVARIANTS

EXAMPLE: U`
F

Let G be the quantum group U`
F . Then L8pGq is a full factor, so

InnpL8pGqq “ InnpL8pGqq (Vaes).

G is compact, so ModpGq “ T τ
InnppGq “ T τ

Inn
ppGq “ T σ

InnppGq “ T σ
Inn

ppGq “ R.

If G is not of Kac type (λF˚F ‰ 1) then

T τ
Inn

pGq “ T τ
InnpGq “ T τpGq “

č

ΛPSppF˚FbpF˚Fq´1qzt1u

2π
logpΛqZ,

while ModppGq “ Ş
ΛPSppF˚Fqztλ´1u

2π
log λ`logpΛqZ, where λ “

b
TrppF˚Fq´1q

TrpF˚Fq .

If G is not of Kac type then L8pGq is a type IIIµ factor for some µ P s0,1s and

T σ
Inn

pGq “ T σ
InnpGq “ 2π

log µ
Z (otherwise T σ

Inn
pGq “ T σ

InnpGq “ R).
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INVARIANTS RELATED TO τ
G

AND σ
h INVARIANTS OF q-DEFORMATIONS

Given a semisimple compact connected Lie group G one can form a family of

compact quantum groups tGquqPs0,1r (this procedure generalizes the passage

SUp2q ÞÑ SUqp2q).
Since Gq is compact we again have

ModpGqq “ T τ
InnpxGqq “ T τ

Inn
pxGqq “ T σ

InnpxGqq “ T σ
Inn

pxGqq “ R.

Furthermore T σ
InnpGqq “ T σ

Inn
pGqq “ R because CpGqq is a C˚-algebra of type I.

We have T τpGqq “ π
log qZ and

T τ
InnpGqq “ T τ

Inn
pGqq “ ModpxGqq “ π

ΥΦ log q
Z,

where ΥΦ is a positive integer determined by the root system Φ of the

complexified Lie algebra of G (see next two slides).
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INVARIANTS RELATED TO τ
G

AND σ
h INVARIANTS OF q-DEFORMATIONS

Let Φ “ Φ1 Y ¨ ¨ ¨ Y Φl be the decomposition of Φ into irreducible parts. Then

ΥΦ “ gcdpΥΦ1
, . . . ,ΥΦl

q.

We have type group range of n ΥΦ T τ
InnpGqq

An SUpn ` 1q n ě 1 odd 1 π

log q
Z

n ě 1 even 2 π

2 log q
Z

Bn Spinp2n ` 1q n ě 2 odd 1 π

log q
Z

n ě 2 even 2 π

2 log q
Z

Cn Spp2nq n ě 3 2 π

2 log q
Z

Dn Spinp2nq n ě 4 odd 2 π

2 log q
Z

n ě 4 even 1 π

log q
Z
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INVARIANTS RELATED TO τ
G

AND σ
h INVARIANTS OF q-DEFORMATIONS

And for the exceptional cases we have

type E6: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type E7: ΥΦ “ 1 and T τ

InnpGqq “ π

log q
Z,

type E8: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type F4: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type G2: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z.
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INVARIANTS RELATED TO τ
G

AND σ
h INVARIANTS OF q-DEFORMATIONS

Consider the compact quantum group SUqp3q.
Then ΥΦ “ 2, so

T τ
Inn

`
SUqp3q

˘
“ π

2 log q
Z,

while T τ
`
SUqp3q

˘
“ π

log q
Z.

This means that there are non-trivial inner scaling automorphisms.

SUqp3q does not have non-trivial one-dimensional representations, so these

scaling automorphisms are not implemented by a group-like element.

PROPOSITION

Let G be such that ΥΦ “ 2. Then a unitary implementing the scaling

automorphism for t “ π
2 log q does not belong to CpGqq. In particular, the

restriction of this automorphism to CpGqq is not inner.
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CONJECTURE ON THE CHARACTERIZATION OF THE KAC PROPERTY STATEMENT OF THE CONJECTURE

We saw that we do not always have the equality

T τpGq “ T τ
InnpGq.

However, all compact quantum groups we considered so far (e.g. Gq or U`
F )

belong to the class for which the following statement is true:

CONJECTURE p˚q
If G is a second countable compact quantum group and T τ

InnpGq “ R then G is of

Kac type.

In other words, if T τ
InnpGq “ R then T τpGq “ R.

We were able to prove this conjecture for several classes of compact

quantum groups.
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WHEN DOES THE CONJECTURE HOLD? QUANTUM GROUPS WITH SPECIAL REPRESENTATIONS

THEOREM

Let G be a compact quantum group which has a two-dimensional representation

whose quantum dimension is strictly larger then 2. Then conjecture p˚q holds for

G.

This is done by proving that T τ
InnpGq ‰ R.

This is achieved by first constructing a sequence of irreps tUnunPN of G such

that

ΓpUnq ÝÝÝÑ
nÑ8

`8 and inf
nPN

´
1

γpUnqdimqUn
ΓpUnq
dimqUn

¯
ą 0,

where ΓpUnq and γpUnq are the largest and smallest eigenvalue of the

modular matrix ρUn of Uα and dimqU
α is its quantum dimension:

dimqU
n “ TrpρUn q.

Out of matrix elements of Un we construct certain elements of

L8pGq b L8pGq which help prove that it is impossible that all scaling

automorphisms of G are inner.
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WHEN DOES THE CONJECTURE HOLD? DUALS OF TYPE I DISCRETE QUANTUM GROUPS

Let Γ be a discrete quantum group.

Thus Γ is the dual (in the sense of Pontriagin duality for locally compact

quantum groups) of a compact quantum group pΓ.

We say that Γ is type I if CuppΓq is a C˚-algebra of type I.

Using the direct integral decomposition of L8ppΓq and a corresponding

expression for h we can prove the following:

THEOREM

Let Γ be a type I discrete quantum group. Then conjecture p˚q holds for pΓ.

In fact we were able to show that if pΓ is not of Kac type then T τ
InnppΓq is at most

countable.
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I.C.C.-TYPE CONDITIONS CLASSICAL VERSION

PROPOSITION

Let Γ be a discrete group. Then the following are equivalent:

1 Γ is i.c.c.,

2 LpΓq is a factor,

3 ∆
pnq
pΓ

`
LpΓq

˘1 X LpΓq b ¨ ¨ ¨ b LpΓqloooooooooomoooooooooon
n`1

“ C1 for some n P N,

4 ∆
pnq
pΓ

`
LpΓq

˘1 X LpΓq b ¨ ¨ ¨ b LpΓqloooooooooomoooooooooon
n`1

“ C1 for all n P N.
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I.C.C.-TYPE CONDITIONS QUANTUM VERSION

PROPOSITION

Let G be a locally compact quantum group and assume that

∆
pnq
G

`
L8pGq

˘1 X L8pGq b ¨ ¨ ¨ b L8pGqlooooooooooooomooooooooooooon
n`1

“ C1

for some n P N. Then L8pGq is a factor.

DEFINITION

Let Γ be a discrete quantum group. We say that Γ is n-i.c.c. if

∆
pnq
pΓ

`
L8ppΓq

˘1 X L8ppΓq b ¨ ¨ ¨ b L8ppΓqlooooooooooooomooooooooooooon
n`1

“ C1.
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I.C.C.-TYPE CONDITIONS BACK TO THE CONJECTURE

PROPOSITION

Let Γ be a discrete quantum group. If Γ is n-i.c.c. for some n then Γ is m-i.c.c. for

all natural m ď n.

THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c. then

conjecture p˚q holds for G.
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I.C.C.-TYPE CONDITIONS BACK TO THE CONJECTURE

THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c. and

such that T τ
InnpGq “ R. Then G is of Kac type.

We have τGt “ Adpbitq for some positive self-adjoint operator b (Kallman).

Furthermore, for any x P L8pGq and any t P R

pb´it b b´itq∆Gpbitq∆Gpxq∆Gpb´itqpbit b bitq “ pτG´t b τG´tq∆G

`
τGt pxq

˘
“ ∆pxq,

so pb´it b b´itq∆pbitq P ∆GpL8pGqq1 X L8pGq b L8pGq “ C1.

Thus pb´it b b´itq∆pbitq “ zt1 for some scalars zt . Moreover t ÞÑ zt is a

continuous homomorphism, so zt “ λit for some λ ą 0.

Put B “ λb. Then still τGt “ AdpBitq and, additionally, ∆GpBitq “ Bit b Bit for

all t P R.
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I.C.C.-TYPE CONDITIONS BACK TO THE CONJECTURE

THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c. and

such that T τ
InnpGq “ R. Then G is of Kac type.

Next we calculate

ph b idq∆G

¨
˚̊
˝

t` 1
nż

t´ 1
n

Bis ds

˛
‹‹‚“ ph b idq

t` 1
nż

t´ 1
n

pBis b Bisq ds “
t` 1

nż

t´ 1
n

hpBisqBis ds

Multiplying by 2n and taking lim
nÑ8

we obtain hpBitq1 “ hpBitqBit , so B “ 1.

It follows that τGt “ id for all t.
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I.C.C.-TYPE CONDITIONS EXAMPLE: U
`

F

Recall that IrrU`
F “ Z` ‹ Z` with the two copies of Z` generated by the class

α of the defining representation and β “ α.

For x P Z` ‹ Z` put

Dx ,n “
#

}ρ2
x ´ 1} }ρx }2pn`1q´1

}ρx }2´1
ρx ‰ 1

0 ρx “ 1

.

Let Dn “ max
 
Dαβ,n ,Dβα,n ,Dα2β,n

(
.

THEOREM

If Dn ă 1 ´ 1?
2

and
2p7´4Dn qDn

2p1´Dnq2´1
ă 1?

n`1
then xU`

F is n-i.c.c.
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I.C.C.-TYPE CONDITIONS EXAMPLE: U
`

F

THEOREM

Take n P N and write c “ max
!

}λF˚F ´ 1},
››pλF˚F q´1 ´ 1

››
)
, where

λ “
b

TrppF˚Fq´1q
TrpF˚Fq . If

?
npn ` 1qcp2 ` cqp1 ` cq4`6n ă 1

72

then xU`
F is n-i.c.c.
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I.C.C.-TYPE CONDITIONS QUESTIONS

1 Are the n-i.c.c. conditions really different?

2 Does the conjecture hold for all second countable compact quantum groups?

3 Which type III0 factors do we obtain?

4 In particular are they the ITPFI2?
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I.C.C.-TYPE CONDITIONS QUESTIONS

Thank you for your attention
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