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1. Introduction

These notes are a draft of a course offered to students of third, fourth and fifth year of theoretical
physics. The aim of the course is to familiarize students with concepts of abstract theory of C∗-
algebras and group representations. It is not our objective to give a full fledged course on operator
algebras. In fact, we hope that interested students will either take it upon themselves to read
some of the standard textbooks or choose to attend other courses where the fundamentals such as
Gelfand’s theory of commutative Banach algebras, functional calculus or elements of the theory
of von Neumann algebras would be presented.

We optimalized this course towards minimal prerequisites. Our potential student should have
attended a mathematical analysis course where the notion of a Banach space had been introduced
and an algebra course where the concept of a group had been discussed (even if only finite groups
were mentioned). It would be very helpful if a course on mathematical methods in physics where
topics like representation theory of finite and compact groups as well as the elementary theory
of Lie groups were presented had been taken by our prospective audience. Nevertheless, this last
blessing is not absolutely necessary to understand our subject. An open mind and desire to seek
information on individual basis will, on the other hand, be indispensable.

The main focus of our presentation is the notion of a crossed product of a C∗-algebra by an
action of a locally compact group. The subject is presented in the language of abstract theory of
C∗-algebras with emphasis on the universal property of the crossed product. We will introduce and
thoroughly analyze the notion of the multiplier algebra of a C∗-algebra and that of a morphism
between C∗-algebras. Then we will study some simple aspects of the theory of actions of groups
on C∗-algebras and representations of groups in C∗-algebras. Many examples tieing these subjects
to the theory of unitary representations of groups will be given.

After that our central object — the crossed product — will be constructed and a number of well
known examples will be given. We hope that these examples will show how easily very interesting
C∗-algebras can be obtained as crossed products.

The following sections can be divided into two groups. The first group consists of sections in
which practically all statements are given with complete proofs. It is worth noting that these
proofs are usually different form those given in literature. This group includes Sections 4, 5 and
6 (except for subsection 6.6).

The remaining sections are included for merely informative purpose or to provide the bare facts
we simply cannot do without. In section 2 we gather the few definitions and pieces of notation we
are using throughout the notes. Section 3 lists some elements of the theory of topological groups
and, specifically, locally compact groups that are necessary in the study of crossed products. This
includes a presentation of the notion of the Haar integral and its properties. In that section we
only give proofs of some simple general results about topological groups, since these facts are not
usually included in texts on operator algebras. There are no proofs of statements concerning Haar
integrals as the author feels that G.K. Pedersen’s books [3, 4] are much better sources on that
topic than any of his own efforts.

The reader is urged to glance at Section 2 and then to start reading from Section 4 and continue
through Sections 5, 6 returning to Section 3 only when necessary. Section 7 is intended only to
encourage the reader’s interest in the advanced theory and results of the wonderfully rich world
of group actions on C∗-algebras.

The reference list for these notes is drastically short, but we do feel that it is fairly complete.

2. Preliminaries

In these notes we shall deal with many topological spaces. Let us list here the standing as-
sumptions and introduce some notation.

Let X be a topological space. The space of all continuous complex valued functions on X will
be denoted by C(X). The subspace of C(X) consisting of bounded continuous functions on X
will be written as Cb(X). A very often used symbol C∞(X) will denote the space consisting of
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all those continuous functions X → C satisfying

∀ ε > 0 the set
{
x ∈ X

∣∣f(x)
∣∣ ≥ ε

}
is compact.

Finally the symbol Cc(X) will denote the space of continuous functions on X with compact
supports. We have the obvious chain of inclusions

Cc(X) ⊂ C∞(X) ⊂ Cb(X) ⊂ C(X) (2.1)

For a general topological space X some of the spaces (2.1) can be trivial. However if X is a
locally compact space all of the spaces (2.1) are relevant for the study of X. Here and throughout
these notes we are including the Hausdorff separation axiom in the definition of local compactness
(and compactness). Note that in case of a compact space X all the spaces (2.1) are the same.

3. Topological groups

3.1. Groups with topology. Let G be a group. We say that G is a topological group if there is
a topology on the set G such that the map

G×G 3 (t, s) 7−→ t−1s ∈ G
is continuous. It is a standard fact that the topology of a topological group is translationally
invariant, i.e. the maps s 7→ ts and s 7→ st are homeomorphisms for all t ∈ G. In particular, this
means that the topology is uniquely determined by the, so called, local base or more precisely the
local base of neighborhoods of e ∈ G (e will denote the neutral element of a group throughout
these notes). Such a local base can be chosen to consists of sets U such that U−1 = U . Such sets
are called symmetric. This fact follows from the next lemma.

Lemma 3.1. Let G be a toplogical group. Then for any neighborhood W of e there exists a
symmetric neighborhood U of e such that U2 ⊂ W.

Proof. Since e2 = e and group multiplication is continuous there are neighborhoods U1 and U2 of
e such that U1U2 ⊂ W. Take

U = U1 ∩ U2 ∩
(
U−1

1

)
∩
(
U−1

2

)
and use the fact that the inverse operation is continuous. �

The most important class of groups we shall deal with will be the locally compact groups. These
are the topological groups whose topology is locally compact.

3.2. Uniform continuity.

Definition 3.2. Let G be a topological group.
(1) A function f : G → C is right uniformly continuous if for any ε > 0 there exists a

neighborhood U of e ∈ G such that s−1t ∈ U implies
∣∣f(s)− f(t)

∣∣ < ε.
(2) A function f : G → C is left uniformly continuous if t 7→ f

(
t−1
)

is right uniformly
continuous.

(3) A function f : G → C is uniformly continuous if it is both left and right uniformly
continuous.

Proposition 3.3. Let G be a locally compact topological group and let f ∈ C∞(G). Then f is
uniformly continuous. In particular any compactly supported function is uniformly continuous.

Proof. Let us first show that f is right uniformly continuous i.e. we want to show that for a fixed
ε > 0 there is a neighborhood U of e ∈ G such that s−1t ∈ U implies

∣∣f(s)− f(t)
∣∣ < ε.

For any a ∈ G there exists a neighborhood Wa of e such that s ∈ aWa implies
∣∣f(s)−f(a)

∣∣ < ε
2

(this is true for any f ∈ C(G)). Let Ua be a neighborhood of e such that U2
a ⊂ Wa (see Lemma

3.1).
Let K ⊂ G be a compact set such that |f | < ε

2 outside K. Then(
kUk

)
k∈K
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is an open covering of K. Therefore there is a finite set A ⊂ K such that

K ⊂
⋃
a∈A

aUa.

Let
U =

⋂
a∈A

Ua.

Now take s ∈ K, t ∈ G such that s−1t ∈ U and choose a ∈ A such that s ∈ aUa. Then∣∣f(s) − f(a)
∣∣ < ε

2 , and since a−1t = (a−1s)(s−1t) ∈ UaU ⊂ Wa, we also have
∣∣f(t) − f(a)

∣∣ < ε
2 .

We have thus shown that for s ∈ K, t ∈ G the fact that s−1t ∈ U implies that∣∣f(s)− f(t)
∣∣ < ε. (3.1)

If s, t ∈ G with s−1t ∈ U then either one of them is in K or both are outside K. In the former
case we can assume that s ∈ K (we can always rename s and t) and we have (3.1). In the latter
case

∣∣f(s)
∣∣, ∣∣f(t)

∣∣ < ε
2 , so we also have (3.1).

We have thus shown that f is right uniformly continuous. Since the function t 7→ f(t−1) also
belongs to C∞(G) we see that f is left uniformly continuous as well. �

We shall need the concept of uniform continuity in the proof of Lemma 5.3 (1) and of Theorem
5.9 in Subsection 5.2. There we will be speaking about Banach space valued uniformly continuous
functions (the generalization from C-valued functions is straightforward). We will then use the
fact that left uniform continuity of a function f is equivalent to the fact that the functions

s 7−→ f(us)

converge to f uniformly as u → e in G. Therefore, for f ∈ C∞(G), given ε > 0, there is a
neighborhood V of e ∈ G such that for any s ∈ G and t ∈ V we have

∣∣f(s)− f(t−1s)
∣∣ < ε.

3.3. Integration. The crucial development in the theory of locally compact groups was the proof
of existence of an left invariant measure, so called Haar measure, on any locally compact group.
Just as crucial is the fact that such a measure is unique up to rescaling.

We will not develop this theory here, nor are we going to prove any of the statements about
Haar measure. The spirit of there notes is such that we merely want to state the results which
we will use in very special cases (e.g. we will only integrate continuous functions with compact
support).

Let G be a locally compact group. Then there exists a Radon integral on G (positive linear
functional on Cc(G)), denoted by

∫
G

· dhL, such that∫
G

f(s) dhL(s) =
∫
G

f(ts) dhL(s)

for any t ∈ G. The measure hL on the σ-algebra of Borel subsets of G is called a Haar measure.
• All left Haar measures on G are proportional,
• the Haar measure of any compact subset of G is finite.
• the Haar measure of any nonempty open subset of G is strictly positive (although the zero

measure is invariant, we don’t call it the Haar measure),
• since Gopp is a locally compact group, there exists a right Haar measure hR such that∫

G

f(s) dhR(s) =
∫
G

f(st) dhR(s)

for all t ∈ G, a right Haar measure is also unique up to rescaling,
• it is customary to normalize the Haar measure on a compact group G so that hL(G) = 1;

for discrete G we normalize so that hL({e}) = 1.
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It is obvious that on an Abelian group the left Haar measure is also a right one. The same is
true for all compact and all discrete groups. In those cases we will write h instead of hL (or hR).

Let us fix a locally compact group G with a left Haar measure hL. For any t ∈ G the map

Cc(G) 3 f 7−→
∫
G

f(st) dhL(s)

is a left invariant Radon integral, an by the uniqueness of hL must correspond to a multiple of hL.
The factor of proportionality is denoted by ∆(t):∫

G

f(st) dhL(s) = ∆(t)
∫
G

f(s) dhL(s).

This way we obtain a function ∆ on G with values in the strictly positive real numbers. This
function is called the modular function of G. Note that the definition of ∆ does not depend on
the choice of the Haar measure on G.

Proposition 3.4. Let G be a locally compact group and let ∆ be the modular function of G. Then
(1) ∆ is a continuous homomorphism from G into the multiplicative group of strictly positive

real numbers,
(2) for any f ∈ Cc(G) we have∫

G

f(t−1)∆(t)−1 dhL(t) =
∫
G

f(t) dhL(t),

(3) the map

Cc(G) 3 f 7−→
∫
G

f(s)∆(s)−1 dhL(s)

is a right invariant Radon integral on G.

The proofs of all the statements above can be found in [4] (except for the existence of the Haar
measure for which we refer to [2]).

The existence of Haar measure brings analysis into the world of locally compact groups. The new
subject obtained in this way is referred to as abstract harmonic analysis. One of the elementary
notions of harmonic analysis is that of convolution of functions. If G is a locally compact group
and hL is a left Haar measure on G then to any two integrable functions f and g we can associate
a new function

(f ? g)(t) =
∫
G

f(s)g(s−1t) dhL(s).

It turns out that f ? g is integrable and we even have the following result.

Lemma 3.5. Let G be a locally compact group and let f, g ∈ L1(G). Then

‖f ? g‖1 ≤ ‖f‖1‖g‖1.

The function f ? g is called the convolution of the functions f and g. What is even more
important than the fact that f ? g ∈ L1(G) is that convolution is an associative product on L1(G)
which makes it into a Banach algebra (see Subsection 4.1).

3.4. Examples. The most important examples of locally compact groups are the ones which do
not require the abstract theory described above. The first of these is the group R of all real
numbers with addition as group operation. On it we consider the metric topology given by the
absolute value. The left (and right) Haar integral is given by the ordinary Lebesgue integral.

The second very important example is the group T of complex numbers of absolute value 1
with multiplication as the group operation and the topology inherited from C. The left (and
right) Haar integral is ∫

T

f(s) dh(s) =
1
2π

2π∫
0

f
(
e2πit

)
dt.
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A related example is the discrete additive group Z of the integers. The left (and right) Haar
measure in this example is the counting measure.

All the above groups are Abelian. A non Abelian example is the group G of all matrices of the
form (

a b
0 1

)
where a ∈ R \ {0} and b ∈ R. This is the group of all invertible affine transformations of R into
itself. The topology on G is inherited from M2(R) ≈ R4. This group is not Abelian and it has
different right and left Haar integrals. We have∫

G

f(s) dhL(s) =
∫
G

f

((
a b
0 1

))
|a|−2da db,

∫
G

f(s) dhR(s) =
∫
G

f

((
a b
0 1

))
|a|−1da db

up to rescaling (integrals on the right hand side a simply Lebesgue integrals over (R \ {0})× R).
The modular function is

∆
((

a b
0 1

))
= |a|.

The last example opens up the whole world of Lie groups. It is not difficult to construct a left
invariant volume form on any Lie group which will quickly lead to a left Haar integral. Thus, for
example, for G = GL(2,R) we have∫

G

f(s) dhL(s) =
∫
G

f

((
α β
γ δ

))
dα dβ dγ dδ

(αδ − βγ)2

(here, in fact, the integral is both left and right invariant).

4. Some C∗-algebra theory

All vector spaces considered here will be over the field of complex numbers.

4.1. C∗-algebras.

Definition 4.1.
(1) An algebra (over C) is a vector space A endowed with a product A×A 3 (a, b) 7→ ab ∈ A

such that
• a(bc) = (ab)c for all a, b, c ∈ A (associativity),
• a(b+ c) = ab+ ac and (b+ c)a = ba+ ca for all a, b, c ∈ A (distributivity),
• (αa)(βb) = (αβ)(ab) for all α, β ∈ C and a, b ∈ A (compatibility with scalar multipli-

cation).
(2) A normed algebra is an algebra A with a norm A 3 a 7→ ‖a‖ such that ‖ab‖ ≤ ‖a‖‖b‖ for

all a, b ∈ A.
(3) A ∗-algebra is an algebra A provided with a map ∗ : A 3 a 7→ a∗ ∈ A such that

• (a+ b)∗ = a∗ + b∗ for all a, b ∈ A,
• (αa)∗ = αa∗ for all α ∈ C and a ∈ A,
• (ab)∗ = b∗a∗ for all a, b ∈ A,
• (a∗)∗ = a for all a ∈ A.

The map a 7→ a∗ is called the involution.
(4) A normed ∗-algebra is a normed algebra A which is at the same time a ∗-algebra and the

norm satisfies ‖a∗‖ = ‖a‖ for all a ∈ A.
(5) A Banach algebra is a normed algebra which is complete in its norm.
(6) A Banach ∗-algebra is a normed ∗-algebra which is complete in its norm.
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(7) A C∗-algebra is a Banach ∗-algebra A such that

‖a∗a‖ = ‖a‖2 (4.1)

for all a ∈ A.
The identity (4.1) is called the C∗-identity.

Lemma 4.2. Let A be a C∗-algebra. Then for any a ∈ A we have

‖a‖ = sup
b∈A
‖b‖=1

‖b∗a‖.

Proof. For b ∈ A with ‖b‖ = 1 we have ‖b∗a‖ ≤ ‖a‖. On the other hand for b = 1
‖a‖a

∗ we obtain
‖b∗a‖ = ‖a‖. �

The next result is a standard part of any course on C∗-algebras. Its proof uses continuous
functional calculus for self adjoint elements of C∗-algebras. We will omit the proof, but the result
will be used in what follows.

Proposition 4.3. Let A be a C∗-algebra and let J be a left ideal of A. There exists a net (eλ)λ∈Λ

of elements of J such that ‖eλ‖ ≤ 1 for all λ ∈ Λ and

‖x− xeλ‖ −−−→
λ∈Λ

0 (4.2)

for any x ∈ J . The net (eλ)λ∈Λ can be chosen to consist of positive elements and to be increasing.

Taking in Proposition 4.3 J = A we obtain a net (eλ)λ∈Λ of elements of A such that (4.2) holds
for any x ∈ A. Such a net is called an approximate identity for A. If A is unital then (eλ)λ∈Λ

converges in norm to the unit of A (enough to put x = I in (4.2)).

4.1.1. Examples.

Example 4.4. Let X be a locally compact space (a locally compact space will, by definition, be a
Hausdorff space). The space C∞(X) consisting of all those continuous functions X → C satisfying

∀ ε > 0 the set
{
x ∈ X

∣∣f(x)
∣∣ ≥ ε

}
is compact

is an algebra over C (cf. Section 2). With the norm

‖f‖ = sup
x∈X

∣∣f(x)
∣∣

it is a Banach algebra. Moreover C∞(X) is a Banach ∗-algebra with involution f 7→ f∗ defined by

f∗(x) = f(x)

for all x ∈ X. It is straightforward to verify that C∞(X) is in fact a C∗-algebra.
We have the following facts
• C∞(X) has a unit if and only if X is a compact space.
• Let (Kλ)λ∈Λ be a family of compact subsets of X directed by inclusion and such that⋃
λ∈Λ

= X. For each λ there exists a function fλ ∈ C∞(X) such that for each λ ∈ Λ we

have ‖fλ‖ ≤ 1 and fλ(y) = 1 for any y ∈ Kλ. The net (fλ)λ∈Λ is an approximate unit for
C∞(X).

• If A is a C∗-algebra and the multiplication in A is commutative then there exists a unique
locally compact spaceX such that A is isometrically isomorphic to C∞(X). More precisely
there exists a unique locally compact space X and a linear isomorphism Φ : C∞(X) → A
such that Φ(f1f2) = Φ(f1)Φ(f2) and Φ(f∗) = Φ(f)∗ for all f, f1, f2 ∈ C∞(X). The map
Φ is an isometry of the Banach space C∞(X) onto A. This result is referred to as the first
Gelfand-Naimark theorem.
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Example 4.5. Let H be a Hilbert space. The Banach space B(H) is a unital algebra over C.
The multiplication is given by composition of operators. The hermitian conjugation of operators
endows B(H) with structure of a ∗-algebra. It is immediate that B(H) is a Banach ∗-algebra. Let
us prove that B(H) is a C∗-algebra.

Recall that for any vector ξ ∈ H we have ‖ξ‖ = sup
‖η‖=1

∣∣(η ξ)∣∣. Now it is clear that for any

a ∈ B(H) we have ‖a∗a‖ ≤ ‖a∗‖‖a‖ = ‖a‖2. On the other hand

‖a‖2 =
(

sup
‖ξ‖=1

‖aξ‖
)2

= sup
‖ξ‖=1

‖aξ‖2

= sup
‖ξ‖=1

(aξ aξ)

= sup
‖ξ‖=1

(ξ a∗a ξ)

≤ sup
‖ξ‖=1

sup
‖η‖=1

∣∣(η a∗a ξ)∣∣
= sup
‖ξ‖=1

‖a∗aξ‖ = ‖a∗a‖.

We have the following facts:
• Any ‖ · ‖-closed ∗-subalgebra of B(H) is a C∗-algebra.
• A particularly important C∗-algebra contained in B(H) is the algebra K(H) consisting of

all compact operators (an operator c ∈ B(H) is compact if it is a limit of a sequence of
operators with finite dimensional ranges).

• Let (eı)ı∈I be an orthonormal basis of H. Let Λ be the set of finite subsets of I ordered
by inclusion. Then Λ is a directed set. For λ ∈ Λ let pλ be the orthogonal projection onto
the subspace spanned by elements of λ. Then for each λ the operator pλ ∈ K(H) and
(pλ)λ∈Λ is an approximate unit for K(H).

• For any C∗-algebra A there exists a Hilbert space H and a linear isomorphism Φ from A
onto a ‖ · ‖-closed ∗-subalgebra of B(H). This isomorphism is multiplicative, ∗-preserving
and isometric. In other words any C∗-algebra can be realized as a C∗-algebra of operators
on a Hilbert space. This result is referred to as the second Gelfand-Naimark theorem.

4.2. Multipliers.

Definition 4.6. Let A be a C∗-algebra. A linear operator m : A→ A is called a multiplier of A
if for any a ∈ A there exists a c ∈ A such th for all b ∈ A we have

a∗mb = c∗b. (4.3)

The set of all multipliers of A is denoted by M(A).

Proposition 4.7. Let A be a C∗-algebra.
(1) M(A) is a unital algebra.
(2) For each m ∈ M(A) and for any a ∈ A the element c ∈ A such that (4.3) holds for all

b ∈ A is unique. Denoting this unique c by m∗a we define an operator m∗ : A→ A. Then
m∗ ∈ M(A) and the map m 7→ m∗ endows M(A) with a ∗-algebra structure.

(3) Each multiplier is a bounded operator on A.
(4) The operator norm turns M(A) into a unital C∗-algebra.
(5) For any a ∈ A the operator La : A 3 b 7→ ab ∈ A belongs to M(A) and the left regular

representation L : A 3 a 7→ La ∈ M(A) is an injective ∗-homomorphism onto a closed
essential ideal.

Proof. It is straightforward to check that a product and sum of multipliers is a multiplier. The
identity map on A is a multiplier. This takes care of (1).

Ad (2). Assume that we have c, d ∈ A such that

c∗b = d∗b
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for all b ∈ A. Then (c−d)∗b = 0 for all b. In particular for b = (c−d) we have (c−d)∗(c−d) = 0.
Thereofore

‖c− d‖2 =
∥∥(c− d)∗(c− d)

∥∥ = ‖0‖ = 0,
so c = d. Thus given a ∈ A the element c such that (4.3) holds for all b ∈ A is unique.

Let m∗ be the map sending a to the unique c satisfying (4.3). Then m∗ is a linear operator on
A and for a, b ∈ A we have

(a∗m∗b)∗ = (m∗b)∗a = b∗ma,

so taking ∗ of both sides of this equation we see that m∗ ∈ M(A) and (m∗)∗ = m. It is easy to
check that ∗ is an involution on M(A).

Ad (3). To see that M(A) ⊂ B(A) it is enough to show that each m ∈ M(A) is a closed map.
Assume that (an) is a sequence in A and an −−−−→

n→∞
a. Assume also that man −−−−→

n→∞
b. Then for

any c ∈ A
c∗man = (m∗c)∗an −−−−→

n→∞
(m∗c)∗a = c∗ma,

but the left hand side converges to c∗b. It follows, as in the reasoning proving Statement (2), that
ma = b. It is also easy to see that the involution m→ m∗ is an isometry for the operator norm.

Ad (4). We must show that the C∗-identity is satisfied and that M(A) is complete. Take
m ∈ M(A) and c ∈ A with ‖a‖ = 1. We have by lemma 4.2

‖mc∗‖2 =
∥∥(mc)∗mc∥∥

= ‖c∗m∗mc‖
≤ sup

b∈B
‖b‖=1

‖b∗m∗mc‖ = ‖m∗mc‖

Taking sup over c with ‖c‖ = 1 we obtain ‖m‖2 ≤ ‖m∗m‖. On the other hand we of course have
‖m∗m‖ ≤ ‖m‖2.

Now let us check completeness of M(A). Let (mn)n∈N be a sequence of multipliers of A which
is Cauchy for the operator norm. Then there exists its limit t ∈ B(A). Since ∗ is isometric, there
also exists a limit s of (m∗

n)n∈N. Let us see that t ∈ M(A). Take a, b ∈ A.

a∗tb = lim
n→∞

a∗mnb = lim
n→∞

(m∗
na)

∗b = (sa)∗b.

It follows that t ∈ M(A) and t∗ = s.
Ad (5). One can check that for any a ∈ A the operator La of left multiplication by a is a

multiplier and that the adjoint of La is La∗ . Moreover the map a 7→ La is linear and multiplicative.
It is also injective because La = 0 implies Laa∗ = 0, so that ‖a‖2 = ‖a∗‖2 = ‖aa∗‖ = ‖Laa∗‖ = 0
and a = 0.

Let m ∈ M(A). We have for any a, b ∈ A
Lamb = amb = (a∗)∗mb = (m∗a∗)∗b = L(m∗a∗)∗b,

so Lam belongs to the image L. Similarly

mLab = mab = Lmab.

It follows that L(A) is an ideal in M(A). Any injective ∗-homomorphism of C∗-algebras is isometric,
but we can also see directly that ‖La‖ = ‖a‖ (cf. Lemma 4.2). Consequently L(A) is closed in
M(A).

Let J be an ideal in M(A). If J ∩L(A) = {0} then J = {0} because if j ∈ J then jLa belongs
to J ∩L(A), so jLa = 0. On the other hand we have already checked that jLa = Lja. If this is 0
for all a ∈ A then ja = 0 for all a and this means that j is the zero operator on A. �

From now on we shall consider any C∗-algebra A as a subset of its multiplier algebra M(A). It
therefore makes sense to consider extending maps defined on A to M(A). The identity map idA
of A onto itself will be denoted by IA whenever it is considered as an element of M(A).

Proposition 4.8. Let A be a C∗-algebra. Consider A as a subset of M(A). Then A = M(A) if
and only if A is unital.
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Proof. A is an ideal in M(A). Therefore if A has a unit I then E = IA − I generates an ideal J
which has zero intersection with A. But A is essential in M(A), so J is {0}. Since E = E IA ∈ J
we have E = 0, i.e. I = IA.

Conversely, if A = M(A), then clearly A has a unit. �

4.2.1. Examples.

Example 4.9. Let X be a locally compact space. The C∗-algebra of multipliers of C∞(X) is the
algebra Cb(X) consisting of all bounded continuous functions X → C. The norm, multiplication
and involution of Cb(X) are given by the same expressions as for elements of C∞(X).

Note that C∞(X) = M
(
C∞(X)

)
if and only if X is a compact space.

The C∗-algebra Cb(X) is unital and commutative. Therefore, by the first Gelfan-Naimark
theorem, there exists a compact space βX such that

Cb(X) = C(βX). (4.4)

This space has been known to topologists since the nineteen thirties. The space βX is called the
Stone-Čech compactification of X. It can be defined as the maximal compactification of X, but
formula (4.4) can just as well serve as the definition of βX.

Lemma 4.10. Let H be a Hilbert space. Let ξ, η ∈ H. Then
∥∥ ξ ) ( η

∥∥ = ‖ξ‖‖η‖.

Proof. ∥∥ ξ ) ( η
∥∥ = sup

‖ζ‖=1

∥∥ ξ ) ( η ζ
∥∥

= sup
‖ζ‖=1

∥∥(η ζ) ξ∥∥
= ‖ξ‖ sup

‖ζ‖=1

∣∣(η ζ)∣∣ = ‖ξ‖‖η‖.

�

Example 4.11. Let H be a Hilbert space. The C∗-algebra of multipliers of K(H) coincides with
B(H). Notice first that any bounded operator m on H defines a multiplier K(H) 3 x 7→ mx ∈
K(H). The adjoint of this multiplier is left multiplication by m∗.

Now let t ∈ M
(
K(H)

)
. Take ξ, η, ζ, ψ ∈ H and let fζ,ηψ,ξ =

(
ζ ) (ψ

)
t
(
ξ ) ( η

)
. Then fζ,ηψ,ξ ∈

K(H). Moreover ran fζ,ηψ,ξ ⊂ Cζ. Since

ζ ) (ψ t ξ ) ( η =
(
ψ ) ( ζ

)∗
t ξ ) ( η =

(
t∗ ψ ) ( ζ

)∗
ξ ) ( η ,

we see that ker fζ,ηψ,ξ ⊃ {η}⊥. It follows that

fζ,ηψ,ξ = λψ,ξ ζ ) ( η .

Clearly λψ,ξ is linear in ξ and antilinear in ψ. The computation

|λψ,ξ|‖ξ‖‖η‖ = |λψ,ξ|
∥∥ ξ ) ( η

∥∥ = ‖fζ,ηψ,ξ‖ ≤
∥∥ ζ ) (ψ

∥∥‖m‖∥∥ ξ ) ( η
∥∥ = ‖ζ‖‖ψ‖‖m‖‖ξ‖‖η‖

shows that the sesquilinear form (ψ, ζ) 7→ λψ,ξ is bounded. Therefore there exists a bounded
operator t◦ on H such that

(ψ t◦ ξ) = λψ,ξ

for all ψ, ξ ∈ H. Moreover the formula

ζ ) (ψ t ξ ) ( η = (ψ t◦ ξ) ζ ) ( η = ζ ) (ψ t◦ ξ) ( η

shows that the action of t coincides with left multiplication by t◦ on a dense set of compact
operators.
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4.3. Morphisms of C∗-algebras.

Notation 4.12. Let B be a C∗-algebra and let X ,Y be subspaces of B. The symbol XY will
denote the linear span of the set {

xy x ∈ X , y ∈ Y
}

Definition 4.13. Let A and B be C∗-algebras. A morphism from A to B is a ∗-homomorphism
Φ : A→ M(B) such that Φ(A)B is dense in B. The set of all morphisms from A to B is denoted
by Mor(A,B).

Proposition 4.14. Let A and B be C∗-algebras and let Φ ∈ Mor(A,B). Then there exists a
unique extension of Φ to a unital ∗-homomorphism from M(A) to M(B). If Φ is injective (as a
map from A to M(B)) then so is its extension to M(A).

Proof. Since Φ is a morphism, we know that Φ(A)B is dense in B. For m ∈ M(A) we will first
define Φ(m) as a linear operator on Φ(A)B by

Φ(m)

(
N∑
k=1

Φ(ak)bk

)
=

N∑
k=1

Φ(mak)bk. (4.5)

We must now check that this operator is well defined and that it is bounded.
Let (eλ)λ∈Λ be an approximate unit for A. Then∥∥∥∥∥

N∑
k=1

Φ(mak)bk

∥∥∥∥∥ = lim
λ∈Λ

∥∥∥∥∥
N∑
k=1

Φ(meλak)bk

∥∥∥∥∥
= lim
λ∈Λ

∥∥∥∥∥Φ(meλ)
N∑
k=1

Φ(ak)bk

∥∥∥∥∥
≤ ‖m‖

∥∥∥∥∥
N∑
k=1

Φ(ak)bk

∥∥∥∥∥
(4.6)

(we used the fact that any ∗-homomorphism of C∗-algebras is norm decreasing). This computation
shows first of all that the definition (4.5) is correct. Indeed, assume that two combinations

N ′∑
p=1

Φ(a′p)b
′
p and

N ′′∑
q=1

Φ(a′′q )b
′′
q (4.7)

are equal. Then we write their difference as
N∑
k=1

Φ(ak)bk and, by (4.6), we get that the result of

applying Φ(m) to both the combinations (4.7) is the same.
Secondly, (4.6) says that Φ(m) is bounded on Φ(A)B and consequently it extends to a bounded

operator on B.
To see that Φ(m) ∈ M(B) take a, a′ ∈ A and b, b′ ∈ B. We have(

Φ(a)b
)∗Φ(m)

(
Φ(a′)b′

)
=
(
Φ(a)b

)∗Φ(ma′)b′

= b∗Φ(a)∗Φ(ma′)b′

= b∗Φ(a∗ma′)b′

= b∗Φ
(
(m∗a)∗a′

)
b′

= b∗Φ(m∗a)∗Φ
(
a′
)
b′

=
(
Φ(m∗a)b

)∗Φ(a′)b′.
Using the fact that Φ(A)B is dense in B we obtain that Φ(m) ∈ M(B) and Φ(m)∗ = Φ(m∗). It
is clear that the extension of Φ we have just defined is a ∗-homomorphism M(A) → M(B). It is
equally clear that the unit of M(A) is mapped to the unit of M(B).
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Uniqueness of extension of Φ is obvious: for any extension Φ̃ of Φ to M(A) and any m ∈ M(A),
a ∈ A, b ∈ B we must have

Φ̃(m)Φ(a)b = Φ̃(m)Φ̃(a)b = Φ̃(ma)b = Φ(ma)b = Φ(m)Φ(a)b

because Φ̃ is a homomorphism coinciding with Φ on A ⊂ M(A). The density of Φ(A)B in B

guarantees that Φ̃ coincides with the extension defined by (4.5).
Now assume that (the original) Φ is an injective map. The kernel of the extension of Φ to M(A)

is an ideal. But A is an essential ideal in M(A) and we know that the intersection of A and the
kernel of extended Φ is {0} (because Φ is injective on A). It follows that the kernel of Φ extended
to M(A) is trivial. �

Existence of canonical extension of a morphism has the following consequences:
• Let A and B be C∗-algebras and let Φ ∈ Mor(A,B). Then for any m ∈ M(A) we can

consider Φ(m) which is a multiplier of B.
• If A,B and C are C∗-algebras and Φ ∈ Mor(A,B), Ψ ∈ Mor(B,C) then, a priori, Φ is a
∗-homomorphism A→ M(B) and Ψ is a ∗-homomorphism B → M(C). Now we can take
the canonical extension of Ψ, i.e. a map M(B) → M(C) and compose it with Φ to obtain
a ∗-homomorphism A→ M(C). It is easy to check that such a composition is a morphism
from A to C: since Φ(A)B = B and Ψ(B)C = C, we have

Ψ
(
Φ(A)

)
C = Ψ

(
Φ(A)

)
Ψ(B)C

= Ψ
(
Φ(A)

)
Ψ(B)C

= Ψ
(
Φ(A)B

)
C

= Ψ
(
Φ(A)B

)
C = Ψ(B)C = C.

So described composition is denoted by Ψ◦Φ. In what follows all compositions of mor-
phisms will be understood precisely in this sense.

A morphism Φ ∈ Mor(A,B) is called an isomorphism if there exists Ψ ∈ Mor(B,A) such that
for any a ∈ A we have Ψ

(
Φ(a)

)
= a and for any b ∈ B we have Φ

(
Ψ(b)

)
= b. Note that in the first

formula Φ(a) is an element of M(B) and we need to use the conical extension of Ψ to make sense
of Ψ

(
Φ(a)

)
. Similarly Ψ(b) ∈ M(A) and Φ

(
Ψ(b)

)
is the result of applying the canonical extension

of Φ to Ψ(b).
This definition of an isomorphism is the usual one known from category theory. Φ ∈ Mor(A,B)

is an isomorphism if there exists Ψ ∈ Mor(B,A) such that Ψ◦Φ = idA and Φ◦Ψ = idB .

Proposition 4.15. Let A and B be C∗-algebras and let Φ ∈ Mor(A,B) be an isomorphism. Then
the image of the ∗-homomorphism Φ coincides with the subset B of M(B) and Φ is a ∗-isomorphism
of A onto B.

Proof. Let Ψ ∈ Mor(B,A) be the morphism related to Φ as in the definition of an isomorphism of
C∗-algebras. Let us denote by Φ̃ : M(A) → M(B) and Ψ̃ : M(B) → M(A) the canonical extensions
of Φ and Ψ to multiplier algebras. Our assumptions are that

Ψ̃
(
Φ(a)

)
= a,

Φ̃
(
Ψ(b)

)
= b

for all a ∈ A and b ∈ B. Take a = Ψ(b0)a0. Then

Φ(a) = Φ̃
(
Ψ(b0)

)
Φ(a0) = b0Φ(a0) ∈ B.

Since elements of the form Ψ(b0)a0 span a dense subspace of A, we have Φ(A) ⊂ B. Similarly
Ψ(B) ⊂ A.

Now if a ∈ A then a = Ψ̃
(
Φ(a)

)
. We have just shown that Φ(a) ∈ B, so a is the image of

an element of B under Ψ̃. This of course means that a is really in the image of Ψ and we get
Ψ(B) = A. Similarly Φ(A) = B.

The fact that Φ is a ∗-isomorphism of A onto B is obvious. �



C∗-ALGEBRAS, GROUP ACTIONS AND CROSSED PRODUCTS (LECTURE NOTES) 13

Example 4.16. Let X and Y be locally compact spaces and let Φ∗ : X → Y be a continuous
map. For any f ∈ C∞(Y ) define the function Φ(f) on X by the formula(

Φ(f)
)
(x) = f

(
Φ∗(x)

)
.

One easily checks that Φ(f) ∈ Cb(X). Moreover the mapping Φ : f 7→ Φ(f) is an element of
Mor

(
C∞(Y ),C∞(X)

)
.

It can be shown that any Ψ ∈ Mor
(
C∞(Y ),C∞(X)

)
is obtained in this way from some (uniquely

determined) continuous map Ψ∗ : X → Y .

4.4. Representations of C∗-algebras. Before continuing with examples of morphisms of C∗-
algebras let us give one more definition.

Definition 4.17. Let A be a C∗-algebra and let H be a Hilbert space. A representation of A on
H is a ∗-homomorphism π : A→ B(H). A representation π is non degenerate if the set{

π(a)ξ a ∈ A, ξ ∈ H
}

(4.8)

is dense in H. We say that a representation π is faithful if π is an injective map.

A representation which fails to be non degenerate is called “degenerate”. The following Lemma
gives an alternative description of the notion of a non degenerate representation.

Lemma 4.18. Let A be a C∗-algebra and let π be a representation of A on a Hilbert space H.
Then π is non degenerate if and only if for any non zero η ∈ H there exists a ∈ A such that
π(a)η 6= 0.

Proof. Assume that π is non degenerate and for some η ∈ H we have π(a∗)η = 0 for all a ∈ A.
Then for any ξ ∈ H

0 = (ξ π(a∗) η) = (π(a)ξ η) ,
so η is orthogonal to a linearly dense set and in conclusion η = 0.

Now let π be any representation of A on H (possibly degenerate) and let K be the closure of{
π(a)ξ a ∈ A, ξ ∈ H

}
. If K 6= H then there is a non zero η ∈ K⊥. Then for all ξ ∈ H and all

a ∈ A we have
0 = (η π(a∗) ξ) = (π(a)η ξ) .

Thus π(a)η is orthogonal to H for any a ∈ A, which means that π(a)η = 0 for all a ∈ A. �

Remark 4.19. It is interesting to note that the, so called, Cohen’s factorization theorem implies
that if the set (4.8) is dense in H then it is, in fact, equal to H. A particularly simple proof of
this for σ-unital C∗-algebras is due to S.L. Woronowicz.

Example 4.20. Let A be a C∗-algebra and let H be a Hilbert space. Then every element
π ∈ Mor

(
A,K(H)

)
defines a non degenerate representation of A on H. Conversely any non

degenerate representation π of A on H is an element of Mor
(
A,K(H)

)
.

The first statement is trivial, since M
(
K(H)

)
= B(H). For the second statement we must

show that if π is a non degenerate representation of A on H then π(A)K(H) is dense in K(H).
This is also clear: take ξ, η ∈ H. It is enough to show that ξ ) ( η is in the closure of the set
π(A)K(H). Now since π is non degenerate, for any ε > 0 there exist ξε ∈ H and aε ∈ A such that∥∥π(aε)ξε − ξ

∥∥ < ε. Therefore ∥∥π(aε) ξε ) ( η − ξ ) ( η
∥∥ < ε‖η‖

which proves that ξ ) ( η is in the closure of π(A)K(H).
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4.5. One more look at multipliers. We have defined multiplier algebras in an abstract setting.
Here we will show how to identify the multiplier algebra of a C∗-algebra represented on a Hilbert
space.

First let us note that if A is a C∗-algebra and π is a non degenerate representation of A on a
Hilbert spaceH then π ∈ Mor

(
A,K(H)

)
. Therefore the map π extends to a (unital) representation

of the C∗-algebra M(A), i.e. a ∗-homomorphism from M(A) to B(H). Furthermore, if π is faithful
then the map M(A) → B(H) is injective. We can therefore identify M(A) with a certain set of
operators acting on H. The next proposition gives a concrete description of this set.

In what follows we shall say that a C∗-algebra B contained in B(H) for some Hilbert space H is
acting non degenerately on H if the inclusion map B ↪→ B(H) is a non degenerate representation
of B.

Proposition 4.21. Let H be a Hilbert space and let B be a C∗-algebra of operators on a Hilbert
space H. Assume that B is acting non degenerately on H. Then

M(B) =
{
m ∈ B(H) mb, bm ∈ A for all b ∈ B

}
.

Proof. Since B is an ideal in M(B), we see that any multiplier m of B must have the property
that mb, bm ∈ B for all b ∈ B. It remains to show that every bounded operator m on H with this
property defines a multiplier of B. This is quite obvious: if mb, bm ∈ B for all b ∈ B then the
map B 3 b 7→ mb is a multiplier of B, since

b∗mb′ = (m∗b)∗b′

for all b, b′ ∈ B. We have already seen that the map from the abstractly defined C∗-algebra M(B)
into B(H) is injective, so this multiplier is realized as left multiplication by a unique operator in
B(H). Therefore this operator must be m. �

Proposition 4.21 provides a method of determining the multiplier algebra of the C∗-algebra
C∞(X) for a locally compact space X (Example 4.9). It is enough to represent C∞(X) faithfully
and non degenerately on a Hilbert space and then M

(
C∞(X)

)
can be easily found. The easiest (but

usually not the most economical) way is to takeH = `2(X) and represent C∞(X) by multiplication
operators.

4.6. Representations of groups in C∗-algebras.

Definition 4.22. Let G be a topological group and let B be a C∗-algebra. A representation of
G in B is a map U : G 3 t 7→ Ut ∈ M(B) such that

(1) Ut is unitary for all t ∈ G,
(2) for any t, s ∈ G we have UtUs = Uts,
(3) for any b ∈ B the map G 3 t 7→ Utb ∈ B is continuous.

The set of all representations of G in B will be denoted by the symbol Rep(G,B).

Proposition 4.23.
(1) Let G be a topological group and let H be a Hilbert space. Then each U ∈ Rep

(
G,K(H)

)
is a strongly continuous unitary representation of G on H.

(2) Conversely, any strongly continuous unitary representation of G on H defines an element
U ∈ Rep

(
G,K(H)

)
.

Proof. Ad (1). Clearly t 7→ Ut is a homomorphism from G into the unitary group of B(H) =
M
(
K(H)

)
. Take x ∈ H. For any y ∈ H the operator x ) ( y belongs to K(H). Therefore if for

t ∈ G we define Tt = Ut◦ x ) ( y − x ) ( y then

‖Tt‖ −−−→
t→e

0. (4.9)

On the other hand

‖Tt‖ = sup
‖z‖=1

‖Ttz‖ = sup
‖z‖=1

∥∥(y z) (Utx− x)
∥∥ = ‖y‖‖Utx− x‖, (4.10)

so by (4.9) we have ‖Utx− x‖ −−−→
t→e

0.
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Ad (2). If for any x ∈ H we have ‖Utx − x‖ −−−→
t→e

0 then the computation (4.10) shows that

we in fact have (4.9) and it remains true when x ) ( y is replaced by any finite rank operator.
Now any compact operator m is a limit of a sequence of finite rank operators. Let ε > 0 be given.
There exists a finite rank operator c such that ‖m− c‖ < ε

3 . We have

‖Utm−m‖ ≤ ‖Utm− Utc‖+ ‖Utc− c‖+ ‖c−m‖ < 2
3ε+ ‖Utc− c‖

which is smaller than ε for t in a sufficiently small neighborhood of e. �

4.7. Group actions on C∗-algebras.

Definition 4.24. Let G be a topological group and let A be a C∗-algebra. A map

α : G 3 t 7→ αt ∈ Aut(A)

is called an action of G on A if
(1) for any t, s ∈ G we have αt◦αs = αts,
(2) for any a ∈ A the map G 3 t 7→ αt(a) ∈ A is continuous.

The set of all actions of G on A will be denoted by the symbol Act(G,A).
When G is a locally compact group and α is an action of G on A then we say that (A,G, α) is

a C∗-dynamical system.

Proposition 4.25. Let G be a topological group and let A be a C∗-algebra. Let U ∈ Rep(G,A).
Define α : G 3 t 7→ αt ∈ Aut(A) by

αt(a) = UtaU
∗
t .

Then α ∈ Act(G,A).

Proof. It is easy to see that t 7→ αt is a homomorphism from G into Aut(B). We must prove that
it is appropriately continuous.

We shall extensively use the fact that for any unitary element u of M(A) and any x ∈ A we
have ‖xu‖ = ‖x‖ = ‖ux‖ (proof uses the C∗-identity). Take t, s ∈ G and b ∈ B.∥∥αt(b)− αs(b)

∥∥ = ‖UtbU∗t − UsbU
∗
s ‖

= ‖UtbUt−1s − Usb‖
≤ ‖UtbUt−1s − UsbUt−1s‖+ ‖UsbUt−1s − Usb‖
= ‖Utb− Usb‖+ ‖bUt−1s − b‖
= ‖Utb− Usb‖+ ‖bUt−1 − bUs−1‖
= ‖Utb− Usb‖+ ‖bU∗t − bU∗s ‖
= ‖Utb− Usb‖+ ‖Utb∗ − Usb

∗‖.
Now since ‖Uty−Usy‖ −−−→

t→s
0 for any y ∈ B (because U ∈ Rep(G,B)) we see that α ∈ Act(G,B).

�

Notation 4.26. Let G be a topological group and let A be a C∗-algebra. Let U ∈ Rep(G,A).
Then the action α ∈ Act(G,A) defined in Proposition 4.25 will be denoted by the symbol AdU .

An automorphism of a C∗-algebra given by conjugation with a unitary multiplier is called inner.
Of course if A is a C∗-algebra, G a topological group and and U ∈ Rep(G,A) then AdU is an
action of G on A by inner automorphisms. Such an action is called an inner action.

Example 4.27. Let X be a locally compact space and let G be a topological group acting on X.
This means that we have a continuous map

G×X 3 (t, x) 7−→ tx ∈ X
such that for each t the map x 7→ tx is a homeomorphism X → X and t(sx) = (ts)x for all
t, s ∈ G, x ∈ X.

There is a naturally associated action α of G on the C∗-algebra C∞(X) defined by(
αt(f)

)
(x) = f(t−1x) (4.11)
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for all f ∈ C∞(X), t ∈ G and x ∈ X. Moreover, any action α of G on C∞(X) arises in this way
from a unique action of G on X.

Notice that any group action on a commutative C∗-algebra is inner if and only if it is trivial.

5. Crossed products

5.1. Definition and uniqueness.

Definition 5.1. Let (A,G, α) be a C∗-dynamical system.
(1) A covariant representation of (A,G, α) in a C∗-algebra B is a pair (π,U), where π ∈

Mor(A,B) and U ∈ Rep(G,B) are such that for any a ∈ A and t ∈ G
π
(
αt(a)

)
= Utπ(a)U∗t .

(2) A crossed product of A by (the action α of) G is a C∗-algebra C with a covariant rep-
resentation (π,U) of (A,G, α) in C such that for any C∗-algebra B and any covariant
representation (ρ, V ) of (A,G, α) in B there exists a unique Φ ∈ Mor(C,B) such that
ρ = Φ◦π and Vt = Φ(Ut) for all t ∈ G.

Proposition 5.2. Let (A,G, α) be a C∗-dynamical system. Then for any two crossed products
(C, π, U) and (C ′, π′, U ′) of A by G there is an isomorphism Ψ ∈ Mor(C,C ′) such that π′ = Ψ◦π
and U ′t = Ψ(Ut) for all t ∈ G.

Proof. By the definition of crossed product there is Ψ ∈ Mor(C,C ′) satisfying the conditions of
the proposition save, perhaps, for being an isomorphism. A corresponding Ψ′ ∈ Mor(C ′, C) also
exists. Moreover their compositions Ψ◦Ψ′ and Ψ′◦Ψ fulfill the conditions for the unique element
of Mor(C ′, C ′) and Mor(C,C) respectively which do not interfere with neither π′ nor U ′ (π and
U respectively). But the identity morphisms on C ′ and C are such morphisms and they are, by
definition of crossed product, unique. It follows that Ψ is an isomorphism. �

Let (A,G, α) be a C∗-dynamical system. Proposition 5.2 shows that a crossed product of A by
G is unique up to isomorphism preserving the covariant representation of (A,G, α) in the crossed
product. We shall denote the crossed product of A by the action α of G by the symbol AoαG.
The associated covariant representation of (A,G, α) in AoαG will be denoted by (π,U).

The property of (AoαG,π,U) that for any C∗-algebra B and any covariant representation of
(A,G, α) in B there exists a unique Φ ∈ Mor(AoαG,B) such that

π = Φ◦π,
Ut = Φ(U t)

(5.1)

for all t ∈ G is called the universal property defining the crossed product.

5.2. Existence. Let (A,G, α) be a C∗-dynamical system. We shall put normed ∗-algebra struc-
ture on the space Cc(G,A) consisting of all continuous functions G → A with compact support.
Let us fix a left Haar measue hL on G and let ∆ be the modular function of G. For F,G ∈ Cc(G,A)
and t ∈ G we set

(F ?G)(t) =
∫
G

F(s)αs
(
G(s−1t)

)
dhL(s),

F∗(t) = ∆(t)−1αt
(
F(t−1)∗

)
,

‖F‖1 =
∫
G

∥∥F(s)
∥∥ dhL(s).


(5.2)

The integrals in these formulas are well defined. In both cases we integrate continuous functions
over compact sets. In the last formula this is obvious. In the first formula the integration is over
t(suppG)−1 ∩ suppF which is compact.

Lemma 5.3. Let (A,G, α) be a C∗-dynamical system. Then (5.2) endows the vector space
Cc(G,A) with a normed ∗-algebra structure. In other words

(1) for any F,G ∈ Cc(G,A) the function F ?G belongs to Cc(G,A),
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(2) for any F ∈ Cc(G,A) the function F∗ belongs to Cc(G,A),
(3) the map Cc(G,A)2 3 (F,G) 7→ F ?G is bilinear,
(4) (F ?G) ? H = F ? (G ? H) for all F,G,H ∈ Cc(G,A),
(5) (F ?G)∗ = F∗ ?G∗ for all F,G ∈ Cc(G,A),
(6) ‖ · ‖1 is a norm on the vector space Cc(G,A),
(7) ‖F ?G‖1 ≤ ‖F‖1‖G‖1 for all F,G ∈ Cc(G,A),
(8) ‖F∗‖1 = ‖F‖1 for all F ∈ Cc(G,A).

Proof. (2), (3) and (6) are obvious. For (8) we use Proposition 3.4 (2).
Ad (1). The integral defining F ? G is non zero only if t(supp F)−1 ∩ supp G 6= ∅. Therefore

for (F ?G)(t) to be non zero it is necessary that t ∈ supp F supp G which is compact (r ∈ suppF
belongs to t(supp G)−1 if and only if there is s ∈ suppG such that ts−1 = r, i.e. t = rs). The
continuity of F ?G follows from the fact that the functions

G 3 s 7→ G(s−1t′) ∈ A
converge uniformly to s 7→ G(s−1t) as t′ → t, i.e. from the uniform continuity of compactly
supported functions (Proposition 3.3).

Ad (4). Here we need to use continuity of α, twice Fubini’s theorem and once the left invariance
of hL: (

(F ?G) ? H
)
(t) =

∫
G

(F ?G)(s)αs
(
H(s−1t)

)
dhl(s)

=
∫
G

∫
G

F(r)αr
(
G(r−1s)

)
dhL(r)

αs
(
H(s−1t)

)
dhL(s)

=
∫

G×G

F(r)αr
(
G(r−1s)

)
αs
(
H(s−1t)

)
d(hL ⊗ hL)(r, s)

=
∫

G×G

F(r)αr
(
G(r−1s)αr−1s

(
H(s−1t)

))
d(hL ⊗ hL)(r, s)

=
∫
G

F(r)αr

∫
G

G(r−1s)αr−1s

(
H(s−1t)

)
dhL(s)

 dhL(r)

=
∫
G

F(r)αr

∫
G

G(s)αs
(
H(s−1r−1t)

)
dhL(s)

 dhL(r)

=
∫
G

F(r)αr
(
(G ? H)(r−1t)

)
dhL(r) =

(
F ? (G ? H)

)
(t).
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Ad (5). Remembering that ∆ is a homomorphism we compute:

(F∗ ?G∗)(t) =
∫
G

F∗(s)αs
(
G∗(s−1t)

)
dhL(s)

=
∫
G

∆(s)−1αs
(
(F(s−1)∗

)
αs

(
∆(s−1t)−1αs−1t

(
G(t−1s)∗

))
dhL(s)

= ∆(t)−1

∫
G

αs
(
F(s−1)∗

)
αt
(
G(t−1s)∗

)
dhL(s)

= ∆(t)−1αt

∫
G

αt−1s

(
F(s−1)

)∗
G(t−1s)∗ dhL(s)


= ∆(t)−1αt

∫
G

G(t−1s)αt−1s

(
F(s−1)

)
dhL(s)

∗
= ∆(t)−1αt

∫
G

G(s)αs
(
F(s−1t−1)

)
dhL(s)

∗
= ∆(t)−1αt

([
(G ? F)(t)

]∗) = (G ? F)∗(t).

Ad (7). Since

‖F ?G‖1 =
∫
G

∥∥∥∥∥∥
∫
G

F(s)αs
(
G(s−1t)

)
dhL(s)

∥∥∥∥∥∥ dhL(t) ≤
∫
G

∫
G

∥∥F(s)
∥∥∥∥G(s−1t)

∥∥ dhL(s) dhL(t),

we see that the desired inequality follows from the classical inequality

‖f ? g‖1 ≤ ‖f‖1‖g‖1,

(with “?” and ‖·‖1 denoting the usual convolution and norm of L1 functions onG) for f(t) =
∥∥F(t)

∥∥
and g(t) =

∥∥G(t)
∥∥ (cf. Lemma 3.5). �

Definition 5.4. Let (A,G, α) be a C∗-dynamical system. The product “?” on Cc(G,A) defined
in (5.2) is called the convolution product. The normed ∗-algebra Cc(G,A) is called the twisted
convolution algebra of the dynamical system (A,G, α).

Remark 5.5. Let (A,G, α) be a C∗-dynamical system. The name “twisted convolution algebra”
is in literature used also for the completion of Cc(G,A) in the norm ‖ · ‖1. The Banach ∗-algebra
obtained this way is denoted by L1(G,A).

Let (A,G, α) be a C∗-dynamical system and let us endow Cc(G,A) with the normed ∗-algebra
structure described by formulas (5.2). The fact that Cc(G,A) is a normed ∗-algebra will not be
essential at all for our purposes. We will only need the obvious fact that for each F ∈ Cc(G,A)
the quantity ‖F‖1 is finite.

Lemma 5.6. Let (A,G, α) be a C∗-dynamical system and let Cc(G,A) be the associated twisted
convolution algebra. Let B be a C∗-algebra and let (π,U) be a covariant representation of (A,G, α).
Then the formula

(πoαU)(F) =
∫
G

π
(
F(t)

)
Ut dh

L(t)

defines a ∗-homomorphism πoαU : Cc(G,A) → M(B) such that
(1) (πoαU)

(
Cc(G,A)

)
B is dense in B,

(2)
∥∥(πoαU)(F)

∥∥ ≤ ‖F‖1.
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Proof. Let us first check that πoαU is a ∗-homomorphism:

(πoαU)(F ?G) =
∫
G

π
(
(F ?G)(t)

)
Ut dh

L(t)

=
∫
G

π

∫
G

F(s)αs
(
G(s−1t)

)Ut dh
L(t)

=
∫

G×G

π
(
F(s)

)
π
(
αs
(
G(s−1t)

))
Ut d(hL ⊗ hL)(t, s)

=
∫

G×G

π
(
F(s)

)
Usπ

(
G(s−1t)

)
Us−1t d(hL ⊗ hL)(t, s)

=
∫
G

π
(
F(s)

)
Us

∫
G

π
(
G(s−1t)

)
Us−1t dh

L(t)

 dhL(s)

=
∫
G

π
(
F(s)

)
Us

∫
G

π
(
G(t)

)
Ut dh

L(t)

 dhL(s)

=
∫
G

π
(
F(s)

)
Us dh

L(s)
∫
G

π
(
G(t)

)
Ut dh

L(t) = (πoαU)(F)(πoαU)(G),

and (
(pioαU)(F)

)∗ =

∫
G

π
(
F(t)

)
Ut dh

L(t)

∗

=
∫
G

U∗t π
(
F(t)∗

)
dhL(t)

=
∫
G

Ut−1π
(
F(t)∗

)
U∗t−1Ut−1 dhL(t)

=
∫
G

π
(
αt−1

(
F(t)∗

))
Ut−1 dhL(t)

=
∫
G

∆(t)−1π
(
αt
(
F(t−1)∗

))
Ut dh

L(t)

=
∫
G

π
(
∆(t)−1αt

(
F(t−1)∗

))
Ut dh

L(t)

=
∫
G

π
(
F∗(t)

)
Ut dh

L(t) = (πoαU)(F∗)

(cf. Proposition 3.4 (2)).
Ad (1). Take a ∈ A and b ∈ B. Since π(A)B is dense in B, it is enough to show that π(a)b is

in the closure of (πoα U)
(
Cc(G,A)

)
B. To that end let (fλ)λ∈Λ be a net of positive continuous

functions on G with compact support and such that supp fλ is a directed descending family with⋂
λ∈Λ supp fλ = {e} and

∫
G

fλ(t) dhL(t) = 1 for all λ ∈ Λ. Let Fλ(t) = fλ(t)αt−1(a). Then (Fλ)λ∈Λ

is a net in Cc(G,A) and

(πoαU)(Fλ) =
∫
G

π
(
F(t)

)
Ut dh

L(t) =
∫
G

Utπ
(
αt
(
F(t)

))
dhL(t) =

∫
G

fλ(t)Ut dhL(t)π(a)b
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which converges to π(a)b.
Statement (2) is immediate. �

In the next proposition we shall use the fact that for any Hilbert space H the Hilbert space
tensor product H ⊗ L2(G) can be identified with the Hilbert space L2(G,H). This last Hilbert
space can be viewed as the completion of the space Cc(G,H) in the norm coming from the scalar
product

(ψ ξ) =
∫
G

(ψ(t) ξ(t)) dhL(t)

for ψ, ξ ∈ Cc(G,H).

Proposition 5.7. Let (A,G, α) be a C∗-dynamical system. Let π0 be a non degenerate represen-
tation of A on a Hilbert space H. Let H = H⊗ L2(G). Define π : A→ B(H) and U : G→ B(H)
by (

π(a)ξ
)
(s) = π0

(
αs−1(a)

)
ξ(s),(

Utξ
)
(s) = ξ(t−1s)

for all s, t ∈ G and all ξ ∈ Cc(G,H). Then
(1) π ∈ Mor

(
A,K(H)

)
,

(2) U ∈ Rep
(
G,K(H)

)
,

(3) (π,U) is a covariant representation of (A,G, α) in K(H),
(4) if π0 is faithful then πoαU is injective.

Proof. Statement (2) is obvious. As for (1) let us see that for any non zero ξ ∈ Cc(G,H) there is
a ∈ A such that π(a)ξ 6= 0. Indeed, if ξ 6= 0 then there is t ∈ G such that ξ(t) 6= 0. Since π0 is
non degenerate, by Lemma 4.18, there is an element b ∈ A such that bξ(t) 6= 0. Now let a = αt(b).
Then

(
π(a)ξ

)
(t) = π0(b)ξ(t) 6= 0 and by continuity this function is non zero in a neighborhood of

t. Therefore if is non zero as an element of H = H⊗ L2(G).
For a general non zero η ∈ H ⊗ L2(G) we approximate η by elements of Cc(G,H) and find

an element a ∈ A such that π(a)η 6= 0. It follows from Lemma 4.18 that π is a non degenerate
representation of A on H. In other words π ∈ Mor

(
A,K(H)

)
.

Ad (3). Take ξ ∈ Cc(G,H), a ∈ A and t ∈ G. Then for any s ∈ G we have(
Utπ(a)U∗t ξ

)
(s) =

(
π(a)Utξ

)
(t−1s)

= π0

(
αs−1t(a)

)(
(U∗t ξ)(t

−1s)
)

= π0

(
αs−1

(
αt(a)

))
ξ(s) =

(
π
(
αt(a)

)
ξ
)
(s).

Ad (4). Let F ∈ Cc(G,A) be non zero. There is r ∈ G such that F(r) 6= 0. Since π0 is injective
there are vectors ξ0, η0 ∈ H such that(

η0 π0

(
F(r)

)
ξ0
)
6= 0. (5.3)

We will produce two vectors ξ, η ∈ H such that∣∣(η (πoαU)(F) ξ)−
(
η0 π0

(
F(r)

)
ξ0
)∣∣ < ∣∣(η0 π0

(
F(r)

)
ξ0
)∣∣.

This means that (η (πoαU)(F) ξ) 6= 0, so (πoαU)(F) 6= 0.
Since (t, s) 7→

(
αs−1

(
F(t)

)
− F(r)

)
is a continuous function, there is a neighborhood V of (r, e)

such that for (t, s) ∈ V we have∥∥∥αs−1

(
F(t)

)
− F(r)

∥∥∥ < ∣∣(η0 π0

(
F(r)

)
ξ0
)∣∣

‖ξ0‖‖η0‖
.

Now let f and g be functions on G such that
• f and g are positive,
• f, g ∈ Cc(G),
• g(s)f(t−1s) 6= 0 ⇒ (t, s) ∈ V,
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•
∫
G

g(s)f(t−1s) d(hL ⊗ hL)(t, s) = 1.

This means that f and g are positive continuous functions with compact s supports such that
supp f is close to {r−1} and supp g is close to {e}, so that the support of the function (t, s) 7→
g(s)f(t−1s) is contained in V. The fourth condition is only matter of normalization.

We let ξ(s) = f(s)ξ0 and η(s) = g(s)η0. Now we will compute the left hand side of (5.3).
Step 1:

[
(πoαU)(F)ξ

]
(s) =

∫
G

π
(
F(t)

)
Ut dh

L(t) ξ

 (s)

=
∫
G

[
π
(
F(t)

)
Utξ
]
(s) dhL(t)

=
∫
G

π0

(
αs−1

(
F(t)

))
(Utξ)(s) dhL(t)

=
∫
G

π0

(
αs−1

(
F(t)

))
ξ(t−1s) dhL(t)

=
∫
G

π0

(
αs−1

(
F(t)

))
ξ0f(t−1s) dhL(t).

Step 2:

(η (πoαU)(F) ξ) =
∫
G

(
η(s)

[
(πoαU)(F)ξ

]
(s)
)
dhL(s)

=
∫
G

η(s) ∫
G

π0

(
αs−1

(
F(t)

))
ξ0f(t−1s) dhL(t)

 dhL(s)

=
∫
G

g(s)η0

∫
G

π0

(
αs−1

(
F(t)

))
ξ0f(t−1s) dhL(t)

 dhL(s)

=
∫

G×G

g(s)
(
η0 π0

(
αs−1

(
F(t)

))
ξ0

)
f(t−1s) d(hL ⊗ hL)(t, s).
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Step 3:∣∣(η (πoαU)(F) ξ)−
(
η0 π0

(
F(r)

)
ξ0
)∣∣

=

∣∣∣∣∣∣
∫

G×G

g(s)
(
η0 π0

(
αs−1

(
F(t)

))
ξ0

)
f(t−1s) d(hL ⊗ hL)(t, s)

−
∫

G×G

g(s)f(t−1s) d(hL ⊗ hL)(t, s)
(
η0 π0

(
F(r)

)
ξ0
)∣∣∣∣∣∣

=

∣∣∣∣∣∣
∫

G×G

g(s)
(
η0 π0

(
αs−1

(
F(t)

))
ξ0

)
f(t−1s) d(hL ⊗ hL)(t, s)

−
∫

G×G

g(s)
(
η0 π0

(
F(r)

)
ξ0
)
f(t−1s) d(hL ⊗ hL)(t, s)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∫

G×G

g(s)
(
η0 π0

(
αs−1

(
F(t)

)
− F(r)

)
ξ0

)
f(t−1s) d(hL ⊗ hL)(t, s)

∣∣∣∣∣∣
≤ ‖ξ0‖‖η0‖

∫
G×G

g(s)f(t−1s)
∥∥αs−1

(
F(t)

)
− F(r)

∥∥ d(hL ⊗ hL)(t, s)

which is strictly smaller than
∣∣(η0 π0

(
F(r)

)
ξ0
)∣∣. �

Definition 5.8. Let (A,G, α) be a C∗-dynamical system and let π0 be a non degenerate repre-
sentation of A on a Hilbert space H. The covariant representation of (A,G, α) in K

(
H⊗ L2(G)

)
described in Proposition 5.7 is called the regular representation of (A,G, α) associated to π0.

Let (A,G, α) be a C∗-dynamical system. The construction of regular representations of (A,G, α)
gives us many covariant representations. In particular, since there always is a faithful representa-
tion π0 of A, we obtain a covariant representation (π,U) with injective πoαU .

Let us also remark that the construction of regular representation of (A,G, α) can be generalized
in a way allowing to obtain representations in much more general C∗-algebras (not only K(H) for
some H). This requires using the language of Hilbert C∗-modules.

Theorem 5.9. Let (A,G, α) be a C∗-dynamical system. Then the crossed product of A by G
exists.

Proof. The proof will be given in several steps:
(1) definition of the C∗-algebra AoαG,
(2) definition of the elements π and U of the universal covariant representation (π,U),
(3) establishing boundedness of π(a) for each a ∈ A,
(4) establishing boundedness of U t for each t ∈ G,
(5) proof that for each a ∈ A we have π(a) ∈ M(AoαG),
(6) proof that for each t ∈ G we have U t ∈ M(AoαG),
(7) proof that π ∈ Mor(A,AoαG),
(8) proof that U ∈ Rep(G,AoαG),
(9) proof that (π,U) is a covariant representation of (A,G, α) in AoαG,

(10) proof of the universal property of (AoαG,π,U).
Ad (1). We shall define a new norm on Cc(G,A). This new norm will be a C∗-norm and so the

completion of Cc(G,A) in this norm will be a C∗-algebra.
For F ∈ Cc(G,A) let

‖F‖ = sup
{∥∥(πoαU)(F)

∥∥ (π,U) is a covariant representation of (A,G, α)
}

(5.4)
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It is not possible to take supremum over a class, but the right hand side of the above equation is
a supremum of a subclass of a set (namely R), so it is a supremum of a subset of R.

Let us note the following facts:
• thanks to Lemma 5.6 (2) we have ‖F‖ < ∞ for all F ∈ Cc(G,A), in fact ‖F‖ ≤ ‖F‖1 for

all F ∈ Cc(G,A),
• (5.4) defines a seminorm on Cc(G,A),
• the seminorm ‖ · ‖ satisfies ‖F∗F‖ = ‖F‖ for all F ∈ Cc(G,A),
• the seminorm ‖ · ‖ is in fact a norm.

The last statement is a direct consequence of the fact that there always exists a covariant repre-
sentation (U, π) of (A,G, α) such that πoαU is injective (cf. paragraph after Definition 5.8).

We let AoαG be the completion of Cc(G,A) with respect to the norm defined by (5.4). As
mentioned in the beginning of the proof, AoαG is a C∗-algebra. Moreover Cc(G,A) is a dense
∗-subalgebra of AoαG.

Ad (2). Let us now define the universal covariant representation (U ,π) of (A,G, α) in AoαG.
For a ∈ A and t ∈ G let (

π(a)F
)
(s) = aF(s)

(U tF)(s) = αt
(
F(t−1s)

)
for any F ∈ Cc(G,A) and any s ∈ G. This defines π(a) and U t as maps Cc(G,A) → Cc(G,A).

Ad (3). The map π(a) extends to continuous a map of AoαG into itself because

∥∥(πoαU)
(
π(a)F

)∥∥ =

∥∥∥∥∥∥
∫
G

π
(
aF(t)

)
Ut dh

L(t)

∥∥∥∥∥∥
≤ ‖a‖

∥∥∥∥∥∥
∫
G

π
(
F(t)

)
Ut dh

L(t)

∥∥∥∥∥∥ = ‖a‖
∥∥(πoαU)

(
F
)∥∥

for any covariant representation (π,U) of (A,G, α). Therefore∥∥π(a)F
∥∥ ≤ ‖a‖‖F‖

for any F ∈ Cc(G,A).
Ad (4). To see that U t is continuous we note that

∥∥(πoαU)
(
U tF

)∥∥ =

∥∥∥∥∥∥
∫
G

π
(
αt
(
F(t−1s)

))
Us dh

L(s)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
G

π
(
αt
(
F(s)

))
Uts dh

L(s)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
G

π
(
αt
(
F(s)

))
UtUs dh

L(s)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
G

Utπ
(
F(s)

)
Us dh

L(s)

∥∥∥∥∥∥
=

∥∥∥∥∥∥Ut
∫
G

π
(
F(s)

)
Us dh

L(s)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∫
G

π
(
F(s)

)
Us dh

L(s)

∥∥∥∥∥∥ =
∥∥(πoαU)(F)

∥∥
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for any covariant representation of (π,U) of (A,G, α), so for each t ∈ G the operator U t is an
isometry of AoαG.

Ad (5). Checking that operators π(a) are multipliers is easy:(
F∗ ? π(a)G

)
(t) =

∫
G

F∗(s)αs
(
aG(s−1t)

)
dhL(s)

=
∫
G

∆(s)−1αs
(
F(s−1)∗

)
αs(a)αs

(
G(s−1t)

)
dhL(s)

=
∫
G

∆(s)−1αs
(
F(s−1)∗a

)
αs
(
G(s−1t)

)
dhL(s)

=
∫
G

∆(s)−1αs
(
a∗F(s−1)

)∗
αs
(
G(s−1t)

)
dhL(s)

=
∫
G

(π(a)F
)∗(s)αs(G(s−1t)

)
dhL(s) =

(
(π(a∗)F)∗ ?G

)
(t).

Since this holds on the dense subspace Cc(G,A), we have that π(a) ∈ M(A oα G). Moreover
π(a)∗ = π(a∗).

Ad (6). Take t ∈ G. We have(
F∗ ?U tG

)
(u) =

∫
G

F∗(s)αs
(
(U tG)(s−1u)

)
dhL(s)

=
∫
G

F∗(s)αs
(
αt
(
G(t−1s−1u)

))
dhL(s)

=
∫
G

∆(s)−1αs
(
F(s−1)∗

)
αs

(
αt
(
G(t−1s−1u)

))
dhL(s)

=
∫
G

αs

(
F(s−1)∗αt

(
G(t−1s−1u)

))
∆(s)−1 dhL(s).

Now recall (Proposition 3.4 (3)) that ∆(s)−1 dhL(s) is a right Haar measure, so(
F∗ ?U tG

)
(u) =

∫
G

αs

(
F(s−1)∗αt

(
G(t−1s−1u)

))
∆(s)−1 dhL(s)

=
∫
G

αst−1

(
F(ts−1)∗αt

(
G(s−1u)

))
∆(s)−1 dhL(s)

=
∫
G

∆(s)−1αst−1

(
F(ts−1)∗

)
αs
(
G(s−1u)

)
dhL(s)

=
∫
G

∆(s)−1αs

(
αt−1

(
F(ts−1)∗

))
αs
(
G(s−1u)

)
dhL(s)

=
∫
G

∆(s)−1αs

((
(U t−1F)(s−1)∗

))
αs
(
G(s−1u)

)
dhL(s)

=
∫
G

(U t−1F)∗(s)αs
(
G(s−1u)

)
dhL(s).

This means that U t ∈ M(AoαG) and U∗
t = U t−1 .

Ad (7). Let (eλ)λ∈Λ be an approximate unit for A. Then for any F ∈ Cc(G,A) we have

π(eλ)F −−−→
λ∈Λ

F
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in the norm ‖ · ‖1. Indeed, given ε > 0 we can first cover suppF with a finite collection of open
sets U1, . . . ,UN with distinguished elements tk ∈ Uk such that∥∥F(t)− F(tk)

∥∥ < ε
3

for all t ∈ Uk (k = 1, . . . , N). Then we note that there is λ0 ∈ Λ such that for any λ ≥ λ0∥∥eλF(tk)− F(tk)
∥∥ < ε

3

for k = 1, . . . , N . Therefore for any t ∈ Uk we have∥∥eλF(t)− F(t)
∥∥ ≤ ∥∥eλF(t)− eλF(tk)

∥∥+
∥∥eλF(tk)− F(tk)

∥∥+
∥∥F(tk)− F(t)

∥∥ < ε
3 + ε

3 + ε
3 = ε

for all λ ≥ λ0. Since U1, . . . ,UN cover suppF we see that for λ ≥ λ0∥∥π(eλ)F− F
∥∥

1
< ε(Haar measure of suppF).

Now we have already seen in the proof of (1) that ‖ · ‖ ≤ ‖ · ‖1, so in fact

π(eλ)F −−−→
λ∈Λ

F

in the C∗-norm ‖ · ‖. In particular π(A)(AoαG) is dense in AoαG.
Ad (8). We shall first show that for any F ∈ Cc(G,A) we have

U tF −−−→
t→e

F (5.5)

in the norm ‖ · ‖1.
Let us then begin with noting that for any F ∈ Cc(G,A) and any s, t ∈ G we have∥∥F(s)− αt

(
F(t−1s)

)∥∥ ≤ ∥∥F(s)− αt
(
F(s)

)∥∥+
∥∥αt(F(s)

)
− αt

(
F(t−1s)

)∥∥
=
∥∥F(s)− αt

(
F(s)

)∥∥+
∥∥F(s)− F(t−1s)

∥∥. (5.6)

Fix ε > 0 and let U1, . . . ,UM be open subsets of G with distinguished elements sk ∈ Uk (k =
1, . . . ,M) such that suppF ⊂ U1 ∪ · · · ∪ UM and for any k we have(

s ∈ Uk
)

=⇒
(∥∥F(s)− F(sk)

∥∥ < ε
6

)
.

We have the following facts:
• since F is uniformly continuous (see Proposition 3.3 in Subsection 3.2), there exists a

neighborhood V1 of e ∈ G such that(
t ∈ V1

)
=⇒

(∥∥F(s)− F(t−1s)
∥∥ < ε

2

)
.

for all s ∈ G,
• since α is continuous, there exists a neighborhood V2 of e ∈ G such that(

t ∈ V2

)
=⇒

(∥∥F(sk)− αt
(
F(sk)

)∥∥ < ε
6

)
.

for k = 1, . . . ,M .
We put V = V1 ∩ V2.

Now for any k and any s ∈ Uk we have∥∥F(s)− αt
(
F(s)

)∥∥ ≤ ∥∥F(s)− F(sk)
∥∥+

∥∥F(sk)− αt
(
F(sk)

)∥∥+
∥∥αt(F(sk)

)
− αt

(
F(s)

)∥∥
=
∥∥F(s)− F(sk)

∥∥+
∥∥F(sk)− αt

(
F(sk)

)∥∥+
∥∥F(sk)− F(s)

∥∥ < ε
2

and ∥∥F(s)− F(t−1s)
∥∥ < ε

2

provided t ∈ V.
Thus if t ∈ V and s ∈ G then s belongs to some Uk and we have by (5.6)∥∥F(s)− αt

(
F(t−1s)

)∥∥ < ε.

Consequently given ε > 0 there exists a neighborhood V of e ∈ G such that for any t ∈ V we have∥∥F−U tF
∥∥

1
=
∫
G

∥∥F(s)− αt
(
F(t−1s)

)∥∥ dhL(s) < ε(Haar measure of suppF)
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which proves (5.5) for the norm ‖ · ‖1.
Since ‖ · ‖ ≤ ‖ · ‖1 we see that (5.5) holds for the C∗-norm ‖ · ‖ on Cc(G,A) ⊂ AoαG.
Let x be an arbitrary element of AoαG. Then for any ε > 0 there is F ∈ Cc(G,A) such that

‖x−F‖ < ε
3 . Also there is a neighborhood V of e ∈ G such that for t ∈ V we have

∥∥F−U tF
∥∥ < ε

3 .
Therefore for t ∈ V ∥∥x−U tx

∥∥ ≤ ∥∥x− F
∥∥+

∥∥F−U tF
∥∥+

∥∥U tF−U tx
∥∥

=
∥∥x− F

∥∥+
∥∥F−U tF

∥∥+
∥∥F− x

∥∥ < ε.

This ends the proof of the fact that U ∈ Rep(G,AoαG).
Ad (9). Take t ∈ G and a ∈ A. For any F ∈ Cc(G,A) we have(

U tπ(a)U∗
tF
)
(s) = αt

((
π(a)U∗

tF
)
(t−1s)

)
= αt

(
a(U∗

tF)(t−1s)
)

= αt

(
aαt−1

(
F(s)

))
= αt(a)F(s) =

[
π
(
αt(a)

)
F
]
(s)

for any s ∈ G, so that U tπ(a)U∗
tF = π

(
αt(a)

)
F for F in a dense subset of AoαG. It follows that

(π,U) is a covariant representation of (A,G, α) in AoαG.
Ad (10). We must show that for any covariant representation (π,U) of (A,G, α) in a C∗-algebra

B there exists a unique Φ ∈ Mor(AoαG,B) such that (5.1) holds.
We shall first address existence of Φ. Lemma 5.6 gives us existence of the ∗-homomorphism

πoαU from Cc(G,A) into M(B). Now this homomorphism is norm decreasing by definition of the
norm on AoαG. Therefore it extends to a ∗-homomorphism Φ from AoαG to M(B). By Lemma
5.6 (1) we have Φ ∈ Mor(AoαG,B).

Let us check that Φ(U t) = Ut for all t ∈ G. First note that if F ∈ Cc(G,A) then
Φ(U tF) = (πoαU)(U tF)

=
∫
G

π
(
(U tF)(s)

)
Us dh

L(s)

=
∫
G

π
(
αt
(
F(t−1s)

))
Us dh

L(s)

=
∫
G

Utπ
(
F(t−1s)

)
Ut−1s dh

L(s)

= Ut

∫
G

π
(
F(t−1s)

)
Ut−1s dh

L(s)

= Ut

∫
G

π
(
F(s)

)
Us dh

L(s)

= Ut(πoαU)(F) = UtΦ(F).

Therefore for any F ∈ Cc(G,A) and b ∈ B we have

Φ(U t)Φ(F)b = Φ(U tF)b = UtΦ(F)b.

Since Φ
(
Cc(G,A)

)
B is dense in B, we obtain Φ(U t) = Ut.
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Similarly if a ∈ A and F ∈ Cc(G,A) then

Φ
(
π(a)F

)
= (πoαU)

(
π(a)F

)
=
∫
G

π
((

π(a)F
)
(s)
)
Us dh

L(s)

=
∫
G

π
(
aF(s)

)
Us dh

L(s)

=
∫
G

π(a)π
(
F(s)

)
Us dh

L(s)

= π(a)
∫
G

π
(
F(s)

)
Us dh

L(s)

= π(a)(πoαU)(F) = π(a)Φ(F)

And we show that π = Φ◦π exactly as in the case of Φ(U t) = Ut. We have proved that Φ defined
as the extension of πoαU defines an element of Mor(AoαG,B) such that (5.1) holds.

To prove the uniqueness of Φ let us first formulate one important lemma. The crucial ingredient
is the fact that (π,U) is a covariant representation of (A,G, α) in AoαG. Therefore, according
to Lemma 5.6, there exists a map πoαU defined on Cc(G,A) into M(AoαG).

Lemma 5.10. The map π oα U from Cc(G,A) to M(A oα G) extends to the identity map
AoαG→ AoαG.

Proof of Lemma 5.10. Let F ∈ Cc(G,A). Since (π oα U)(F) is a multiplier of Aoα G we can
compute (πoαU)(F)G for G ∈ Cc(G,A):

[
(πoαU)(F)G

]
(t) =

∫
G

π
(
F(s)

)
U s dh

L(s)G

 (t)

=
∫
G

[
π
(
F(s)

)
(U sG)

]
(t) dhL(s)

=
∫
G

F(s)(U sG)(t) dhL(s)

=
∫
G

F(s)αs
(
G(s−1t)

)
dhL(s) = (F ?G)(t).

In other words (π oα U)(F)G = F ? G. Since this holds for all G ∈ Cc(G,A) and this space is
dense in AoαG, we see that (πoαU)(F) is the operator of left multiplication by F. This proves
that πoαU is the identity on Cc(G,A), so by continuity we get the desired result. �

It follows from Lemma 5.10 that
∫
G

π
(
F(s)

)
U s dh

L(s) F ∈ Cc(G,A)

 = Cc(G,A), (5.7)

as subsets of M(AoαG) (in particular the left hand side is contained in AoαG).
Now let Φ0 ∈ Mor(AoαG,B) be such that Φ0◦π = π and Φ0(U t) = Ut for all t ∈ G. Then we

can apply Φ0 to elements of the left hand side of (5.7):

Φ0

∫
G

π
(
F(s)

)
U s dh

L(s)

 =
∫
G

π(F(s)
)
Us dh

L(s) = (πoαU)(F) = Φ(F)

so that Φ0 coincides with Φ on a dense set. �
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Let us also note the following corollary of Lemma (5.10):

Corollary 5.11. Let (A,G, , α) be a C∗-dynamical system and let (π,U) be the covariant repre-
sentation of (A,G, α) in AoαG. Then the set

∫
G

π
(
F(s)

)
U s dh

L(s) F ∈ Cc(G,A)


is a dense ∗-subalgebra of AoαG. Consequently the setπ(a)

∫
G

f(s)U s dh
L(s) f ∈ Cc(G)


is a linearly dense subset of AoαG.

Let (A,G, α) be a C∗-dynamical system. By definition of the crossed product any covariant
representation (π,U) of (A,G, α) in a C∗-algebra B there exists a unique Φ ∈ Mor(Aoα G,B)
such that (5.1) holds. The next proposition states the (obvious) converse result.

Proposition 5.12. Let (A,G, α) be a C∗-dynamical system. Let B be a C∗-algebra and let Φ ∈
Mor(AoαG,B). Define π and U by (5.1). Then π ∈ Mor(AoαG,B), U ∈ Rep(G,B) and (π,U) is
a covariant representation of (A,G, α) in B. Moreover the morphism form AoαG to B associated
to this covariant representation is Φ.

5.3. Group C∗-algebras.

Definition 5.13. Let G be a locally compact group and let α be the (necessarily) trivial action
of G on the C∗-algebra C. The crossed product C oαG is called the group C∗-algebra of G and
is denoted by C∗(G). The associated representation U ∈ Rep

(
G,C∗(G)

)
is called the universal

representation of G.

Corollary 5.14. Let G be a locally compact group and let U ∈ Rep
(
G,C∗(G)

)
be the universal

representation of G. Then for any C∗-algebra B and any representation V ∈ Rep(G,B) there
exists a unique Φ ∈ Mor

(
C∗(G), B

)
such that V = Φ◦U .

Remark 5.15. The group C∗-algebra is determined uniquely up to isomorphism by the universal
property described in Corollary 5.14.

Group C∗-algebras are very important for general C∗-algebra theory. However, their primary use
comes from the theory of unitary representations of locally compact groups. If G is a locally com-
pact group then representations of C∗(G) are in bijection with strongly continuous unitary repre-
sentations ofG. More precisely, by Proposition 4.23, for any Hilbert spaceH there is a bijection be-
tween strongly continuous unitary representations of G on H and elements of Mor

(
C∗(G),K(H)

)
.

This correspondence preserves direct sums, equivalence and quasi-equivalence. Any concept of the
theory of representations of locally compact groups can be expressed in terms of group C∗-algebras.
Moreover many such concepts are easily generalized and fruitful in the theory of C∗-algebras.

Let (A,G, α) be a C∗-dynamical sysetm and let (π,U) be the universal covariant reresentation
of (A,G, α) in AoαG. Then U is a representaion of G in AoαG, so it determines uniquely a
morphism ΦU ∈ Mor

(
C∗(G), AoαG

)
. Also π ∈ Mor

(
A,AoαG

)
. By Corollary 5.11 any morphism

from AoαG to a C∗-algebra B is uniquely determined by its compositions with π nd ΦU .
Moreover, it follows from the universal property of group C∗-algebras that for any two locally

compact groups G and G′ and any continuous group homomorphism θ : G→ G′ there is a unique
Θ ∈ Mor

(
C∗(G),C∗(G′)

)
such that if U and U ′ are the universal representations of G and G′

respectively then Θ(U t) = U ′
θ(t) for all t ∈ G.

6. Examples

6.1. Transformation group C∗-algebras. A large class of important C∗-algebras are the trans-
formation group C∗-algebras, i.e. crossed product C∗-algebras arising from C∗-dynamical systems
of the type described in Example 4.27.
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Let X be a locally compact space and let G be a locally compact group acting continuously
on X. Then (4.11) defines an action α : G 3 t 7→ αt ∈ Aut

(
C∞(X)

)
of G on C∞(X) and(

C∞(X), G, α
)

becomes a C∗-dynamical system.
The crossed product C∞(X)oαG is called the transformation group C∗-algebra of the system(

C∞(X), G, α
)
.

We will describe a dense ∗-algebra of C∞(X)oαG. Let us first note that

Cc

(
G,C∞(X)

)
⊃ Cc

(
G,Cc(X)

)
⊃ Cc(G×X)

and each subspace is dense in the larger one (an element F ∈ Cc(G×X) gives rise to the function
G 3 t 7→ F (t, ·) which is an element of Cc

(
G,Cc(X)

)
).

Now the formulas (5.2) give us product and involution on Cc(G×X):

(F ? G)(t, x) =
∫
G

F (s, x)G(s−1t, s−1x) dhL(s),

F ∗(t, x) = ∆(t)−1F (t−1, t−1x)

(note that the involution F 7→ F ∗ is different from the standard involution on Cc(G×X) coming
from C∞(G×X)).

It follows from these formulas that Cc(G ×X) is indeed a ∗-subalgebra of C∞(X)oαG. It is
dense in Cc(G,A) in the norm ‖ · ‖1, and so it is dense in the crossed product by Lemma 5.6 (2)
(and the construction of the norm on C∞(X)oαG).

Transformation group C∗-algebras are objects encoding all information about the dynamical
system (X,G). Moreover they are very useful in constructing examples of C∗-algebras.

6.2. Crossed product by a finite cyclic group. In this subsection we let G = ZN . A C∗-
dynamical system (A,G, α) is given by specifying an automorphism of A (which we will also call
α) whose N th power is the identity automorphism. We shall describe the crossed product AoαG
completely.

Let us begin by noticing that if we map A into MN (A) via the injective ∗-homomorphism

A 3 a 7−→ π(a)



a
α(a)

α2(a)
α3(a)

. . .
αN−1(a)


∈MN (A)

then the automorphism α will be implemented by conjugation with

U =



0 I
0 I

0 I
0 I

. . . . . .
0 I

I 0


Thus (π,U) is a covariant representation of (A,G, α) in MN (A).

Now let F ∈ Cc(G,A). Clearly F is simply an ordered collection (al)N−1
l=0 of elements of A.
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It is easy to see that (πoαU)(F) is equal to the matrix

a0 a1 a2 · · · aN−3 aN−2 aN−1

α(aN−1) α(a0) α(a1) · · · α(aN−4) α(aN−3) α(aN−2)
α2(aN−2) α2(aN−1) α2(a0) · · · α2(aN−5) α2(aN−4) α2(aN−3)

...
...

...
. . .

...
...

...
αN−3(a3) αN−3(a4) αN−3(a5) · · · αN−3(a0) αN−3(a1) αN−3(a2)
αN−2(a2) αN−2(a3) αN−2(a4) · · · αN−2(aN−1) αN−2(a0) αN−2(a1)
αN−1(a1) αN−1(a2) αN−1(a3) · · · αN−1(aN−2) αN−1(aN−1) αN−1(a0)


.

Moreover πoαU is injective. On the other hand the set of matrices of the form (πoαU)(F) is a
∗-subalgebra of MN (A) which is closed in norm of MN (A). Thus we see that Cc(G,A) carries a
C∗-norm in which it is already complete. Since the norm is unique on a C∗-algebra (a standard
fact proven using the notion of the spectral radius) there can be no other C∗-norm on Cc(G,A)
and so we have Cc(G,A) = AoαG. Moreover (π,U) = (π,U) is the universal representation of
(A,G, α) in AoαG.

6.3. Crossed product by a finite group acting on itself. Let G be a group. Then there
is always an action on G on itself by left multiplication. This action can be transferred to the
space of functions defined on G. In particular, if G is a locally compact group then G 3 t 7→ αt ∈
Aut

(
C∞(G)

)
with

(
αt(f)

)
(s) = f(t−1s) is an action of G on C∞(G). In this subsection we shall

describe the C∗-algebra C∞(G)oαG for a finite group G. In what follows we shall use the symbol
Fun(G) to denote the algebra of all functions from G to C (it coincides with C(G), C∞(G) and
Cc(G) and saves the reader a lot of confusion).

Let π be the representation of Fun(G) in L2(G) as multiplication operators: for f ∈ Fun(G)
and ψ ∈ L2(G) (

π(f)ψ
)
(t) = f(t)ψ(t)

for all t ∈ G. Also let U be the left regular representation of G in L2(G): for ψ ∈ L2(G) and s ∈ G
(Usψ)(t) = ψ(s−1t)

for all t ∈ G. First let us note that for any g ∈ Fun(G) the operator∫
G

g(s)Us dhL(s) =
∑
s∈G

g(s)Us

is the operator of convolution with the function g: for any ψ ∈ L2(G) we have(∑
s∈G

g(s)Usψ

)
(t) =

∑
s∈G

g(s)ψ(s−1t) = (g ? ψ)(t)

for all t ∈ G .
Recall that in case of a general C∗-dynamical system (A,G, α) the ∗-algebra Cc(G,A) is dense

in AoαG. Now in our case Cc(G,A) is the set Fun
(
G,Fun(G)

)
of all functions from G to Fun(G).

Therefore it is a finite dimensional algebra. Since finite dimensional spaces are complete in all
norms, and norm on a C∗-algebra is unique, it is enough to exhibit one C∗-norm on Fun

(
G,Fun(G)

)
and this must be the norm coming from the construction of the crossed product. The easiest
candidate is the norm inherited from B

(
L2(G)

)
.

In conclusion we find that for a finite group G the crossed product C∞(G)oαG is isomorphic
to the C∗-algebra of operators on L2(G) of the form∑

s∈G
π
(
F(s)

)
Us,

where F ∈ Fun
(
G,Fun(G)

)
(cf. Corollary 5.11). We shall now prove that this C∗-algebra is

isomorphic to MN , where N is the order of G.
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Quite obviously Fun
(
G,Fun(G)

)
is isomorphic as a vector space to the algebra Fun(G×G) of

all functions on G×G. The product and involution on this algebra is given by

(F ? F ′)(t, s) =
∑
u∈G

F (u, s)F ′(u−1t, u−1s),

F ∗(t, s) = F (t−1, t−1s)

for all F, F ′ ∈ Fun(G×G) and all t, s ∈ G (cf. Subsection 6.1).
Let us label the elements of G:

G =
{
s1, . . . , sN

}
Now to any function F ∈ Fun(G×G) we can assign a matrix m(F ) by setting[

m(F )
]
k,l

= F (sks−1
l , sk)

for k, l = 1, . . . , N .
It is easy to see that the map F 7→ m(F ) sets up a ∗-isomorphism of algebra Fun(G×G) with

the algebra MN . Indeed, let F,G ∈ Fun(G×G). Then[
m(F )m(G)

]
k,l

=
N∑
r=1

[
m(F )

]
kr

[
m(G)

]
rl

=
N∑
r=1

F (sks−1
r , sk)G(srs−1

l , sr)

=
∑
u∈G

F (u, sk)G(u−1sks
−1
l , u−1sk)

= (F ? G)(sks−1
l , sk) =

[
m(F ? G)

]
kl
.

Similarly [
m(F ∗)

]
kl

= F ∗(sks−1
l , sk) = F (sls−1

k , sl) ==
[
m(F )

]
lk

=
(
m(F )∗

)
kl
.

As the map F 7→ m(F ) is clearly surjective and dim Fun(G×G) = N2, it follows that we have
C∞(G)oαG ∼= MN .

Remark 6.1. It is a fact that for any locally compact group G the crossed product of C∞(G) by
the action α of left translation by elements of G is always isomorphic to the algebra K

(
L2(G)

)
:

C∞(G)oαG ∼= K
(
L2(G)

)
.

6.4. C∗-algebra of a semidirect product of groups. In this subsection we shall present a
construction which gave birth to the notion of a crossed product.

Let N and P be locally compact groups and let α : P 3 p 7→ αp ∈ Aut(N) be a homomorphism
such that for each n ∈ N the map P 3 p 7→ αp(n) ∈ N is continuous. Then the locally compact
space N × P can be made into a locally compact group with the multiplication

(n, p)(m, q) = (nαp(m), pq).

The neutral element for this multiplication is, of course (eN , eP ) and the inverse operation is given
by

(n, p)−1 =
(
αp−1(n−1), p−1

)
.

The group so obtained is called the semidirect product of N by the action α of P and is denoted
by NoαP . The groups N and P can be identified with closed subgroups of NoαP via

ıN :N 3 n 7−→ (n, eP ),

ıP :P 3 p 7−→ (eN , p).

It is easy to see that ıN (N) is a normal subgroup of NoαP and that we have

ıP (p)ıN (n)ıP (p)−1 = ıN
(
αp(n)

)
.
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Recall that with any (continuous) group homomorphism there is an associated morphism between
the corresponding group C∗-algebras. Let us denote the morphisms arising from ıN and ıP by the
same symbols:

ıN ∈ Mor
(
C∗(N),C∗(NoαP )

)
, ıP ∈ Mor

(
C∗(P ),C∗(NoαP )

)
.

Also, for each p ∈ P the automorphism αp of N induces an automorphism of C∗(N) (which we
shall denote by the same symbol). This way we get a C∗-dynamical system

(
C∗(N), P, α

)
.

Proposition 6.2. We have C∗(NoαP ) = C∗(N)oαP .

Proof. We will show that C∗(N)oαP is isomorphic to C∗(NoαP ) by exhibiting a representation
UNoαP of N oα P in C∗(N) oα P and proving that it has the universal property of the group
C∗-algebra of NoαP (cf. Corollary 5.14).

Let us first introduce some notation. The universal representations of N and P in C∗(N) and
C∗(P ) will be denoted respectively by UN and UP . Further let (π,U) be the universal covariant
representation of the C∗-dynamical system

(
C∗(N), P, α

)
in C∗(N)oαP .

For (n, p) ∈ NoαP let
UNoαP

(n,p) = π(UN
n )Up. (6.1)

We have UNoαP ∈ Rep
(
NoαP,C∗(N)oαP

)
.

Now let B be a C∗-algebra and let U ∈ Rep(NoαP,B). We have representations
N 3 n 7−→ UıN (n) ∈ M(B),

P 3 p 7−→ UıP (p) ∈ M(B)

which give rise to unique morphisms πN ∈ Mor
(
C∗(N), B

)
and πP ∈ Mor

(
C∗(P ), B

)
such that

πN (UN
n ) = UıN (n),

πP (UP
p ) = UıP (p)

(6.2)

for all n ∈ N and p ∈ P . Let us also denote the restriction of U to P by UP : UPp = UıP (p) for all
p ∈ P .

Now we note that (πN , UP ) is a covariant representation of
(
C∗(N), P, α

)
in B. Therefore there

exists a unique Φ ∈ Mor
(
C∗(N)oαP,B

)
such that

Φ◦π = πN ,

Φ(Up) = UPp
(6.3)

for all p ∈ P .
We have by (6.1), (6.3), (6.2) and the definition of UP :

Φ(UNoαP
(n,p) ) = Φ

(
π(UN

n )
)
Φ(Up) = πN (UN

n )UPp = UıN (n)UıP (p) = U(n,p)

for all (n, p) ∈ N oαP . Clearly this property is equivalent to (6.3), so that Φ with this property
is also unique.

We have thus shown that the pair
(
C∗(N)oαP,U

NoαP
)

has the universal property of the croup
C∗-algebra of NoαP . �

6.5. C∗(Z2 ∗ Z2). The C∗-algebra in the title of this subsection is very interesting and it is an
example of three different constructions presented so far. Namely it is a group C∗-algebra, but it
can also be viewed as a crossed product which is, in fact, a transformation group C∗-algebra. There
is yet anther interpretation for this C∗-algebra. It can be shown to be the universal C∗-algebra
generated by two projections. However, we shall not address this point here.

Let us begin by showing that Z2∗Z2 is isomorphic to ZoαZ2, where the period two automorphism
α of Z is given by α(n) = −n (of course, it is the only non trivial such automorphism).

The group Z2 ∗ Z2 consists of the following elements{
E , x, y, xy, yx, xyx, yxy, xyxy, yxyx, . . .}
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where by E we denoted the empty word (neutral element of the free product) and x and y are the
non trivial elements of the two copies of Z2 sitting inside Z2 ∗ Z2. Clearly {E , x} is a subgroup
isomorphic to Z2, while {

E , xy, yx, xyxy, yxyx, . . .
}

(words with even number of letters) is a normal subgroup isomorphic to Z. The isomorphism is
given by xy 7→ 1. It is trivial to see that conjugation by x implements the automorphism α. All
this shows that we indeed have Z2 ∗ Z2

∼= ZoαZ2. In particular, by the results of Subsection 6.4,
we have

C∗(Z2 ∗ Z2) ∼= C∗(ZoαZ2) ∼= C∗(Z)oαZ2

To procede with the analysis of C∗(Z2 ∗ Z2) we must make use of the result identifying the
group C∗-algebra of an Abelian group with the C∗-algebra of continuous functions vanishing at
infinity on the dual group (Subsection 7.2). In our case this means that

C∗(Z) ∼= C(T).

Moreover the automorphism α becomes the map

C(T) 3 f 7−→ α(f) ∈ C(T),

where α(f)
(
e2πit

)
= f

(
e2πi(1−t)) for all t ∈ [0, 1]. We have so far reached the conclusion that

C∗(Z2 ∗ Z2) ∼= C(T)oαZ2.

Now the C∗-algebra on the right hand side is a crossed product by an action of a finite cyclic
group which we analyzed in Subsection 6.2.

We know that C(T)oαZ2 is isomorphic to the subalgebra of M2

(
C(T)

)
consisting of elements{(

f g
α(g) α(f)

)
f, g ∈ C(T)

}
.

We obtain an isomorphic C∗-algebra if we conjugate these matrices by
1√
2

(
1 −1
1 1

)
which yields {((

f + α(f)
)
−
(
g + α(g)

) (
f − α(f)

)
+
(
g − α(g)

)(
f − α(f)

)
−
(
g − α(g)

) (
f + α(f)

)
+
(
g + α(g)

)) f, g ∈ C(T)

}
. (6.4)

Note that the off diagonal entries vanish at the points {1,−1} ⊂ T. Moreover the diagonal entries
of the matrix are invariant and the off-diagonal change sign under α. This means that it is enough
to consider e2πit for t ∈ [0, 1

2 ] (each element of (6.4) is determined by its values on half of the
circle T). All this shows that C(T)oαZ2 is ismorphic to the C∗-algebra of M2 valued continuous
functions on an interval such whose values at the endpoints are diagonal:{(

f11 f12

f21 f22

)
f11, f12, f21, f22 ∈ C([0, 1]), f12(0) = f21(0) = f12(1) = f21(1) = 0

}
.

6.6. Reduced crossed products. Let (A,G, α) be a C∗-dynamical system. Let π0 be a faithful
and non degenerate representation of A on a Hilbert space H. As in Proposition 5.7 we can con-
struct a covariant representation (π,U) of (A,G, α) in K(H), where H = H⊗L2(G). Proposition
5.7 (4) asserts that in this case πoαU is injective. Let Λ ∈ Mor

(
AoαG,K(H)

)
be the corresponding

morphism (extension of πoαU from Cc(G,A) to the whole of AoαG). One might ask two important
questions:

• Does the C∗-algebra of Λ(AoαG) ⊂ B(H) depend on the choice of π0?
• Is Λ an injective map?
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The answer to the first question is quite satisfactory: the C∗-algebra Λ(AoαG) ⊂ B(H) does not
depend on the representation π0 of A. The proof (which falls beyond the scope of these notes)
may be found in [3, Theorem 7.7.5].

The answer to the second question is more complicated. There is no general statement, but we
have many partial results. The most important is that if G is amenable then Λ is injective and so
the image of Λ is isomorphic to AoαG. Amenability is a property of (topological) groups which
will be explained in more detail in Subsection 7.5. We shall, however, refrain from developing the
necessary harmonic analysis to prove any of the statements concerning amenability. There is ample
literature on this subject and the book [1] is strongly suggested as one of the best expositions of
the theory.

All Abelian groups are amenable and so are all compact (in particular finite) groups. Any
closed subgroup of an amenable groups is amenable. Moreover if a group has a amenable normal
subgroup such that the quotient is amenable then the original group is amenable. Solvable groups
are amenable.

On the other hand semisimple Lie groups are not amenable (unless they are compact). The free
group on two generators is not amenable. It is important to note that amenability is not a purely
group theoretical concept. It depends on the topology of the considered group. For example SO(3)
is a compact group (hence amenable), but it contains the free group on two generators which fails
to be amenable. Therefore SO(3) with discrete topology is not amenable.

The injectivity of Λ depends also on the action α of G on A. It can happen that a non amenable
group acts in such a way that Λ is an isomorphism.

Definition 6.3. Let (A,G, α) be a C∗-dynamical system. The image of AoαG under the map Λ
corresponding to any faithful representation π0 of A is called the reduced crossed product of A by
the action α of G. It is denoted by Aoα,rG.

In case of A = C we obtain the image of C∗(G) under the left regular representation in L2(G).
This C∗-algebra is called the reduced group C∗-algebra of G and is denoted by C∗r(G).

7. Advanced theory

7.1. Pontriagin duality for Abelian locally compact groups. Let G be an Abelian topo-
logical group. A character of G is a continuous homomorphism G→ T. It is easy to see that the
set Ĝ of all characters of G is a group under pointwise multiplication. Moreover the topology on
G makes it possible to make Ĝ into a toplogical group.

The topology on Ĝ is the well known compact-open topology. In this topology a base of
neighborhoods of x ∈ Ĝ is given by the collection

(
UK,U

)
where K is a compact subset of G and

U is an open subset of T and
UK,U =

{
y ∈ Ĝ y(K) ⊂ U

}
.

Since T is a metric space, there is a well defined notion of uniform convergence of functions with
values in T. The compact-open topology on Ĝ is precisely the topology of uniform convergence
on compact subsets of G.

Definition 7.1. Let G be an Abelian topological group. The group Ĝ of all characters of G with
compact-open topology is called the Pontiagin dual of G. The value of x ∈ Ĝ on t ∈ G is denoted
by 〈x, t〉 and the map

Ĝ×G 3 (x, t) 7−→ 〈x, t〉 ∈ T
is called the pairing between G and Ĝ.

The next theorem is called the duality theorem.

Theorem 7.2. Let G be an Abelian locally compact group and let Ĝ be the Pontriagin dual of G.
Then

(1) Ĝ is a locally compact Abelian group,
(2) for any t ∈ G the function Ĝ 3 x 7→ 〈x, t〉 ∈ T is a character of Ĝ,

(3) the map G 3 t 7→ 〈·, t〉 ∈ ̂̂G is an isomorphism of topological groups.
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Here are some of the important facts concerning duality of locally compact Abelian groups:
• The dual of R is R, the dual of Z is T and the dual of ZN is ZN .
• The dual of a compact group is discrete (and hence the dual of a discrete group is compact).
• The dual of a topological vector space X can be identified with X∗ via

X∗ × X 3 (ϕ, x) 7−→ 〈ϕ, x〉 = eiϕ(x) ∈ T.
This shows that without the assumption of local compactness the duality theorem fails.

• The passage from G to Ĝ is a functor: given a continuous homomorphism of locally
compact Abelian groups θ : G → G′ there is a continuous homomorphism θ̂ : Ĝ′ → Ĝ
determined by

〈z, θt〉 =
〈
θ̂(z), t

〉
for all z ∈ Ĝ′, t ∈ G (in other words θ̂(z) = z◦θ). We have îdG = id bG for any G and
θ̂1◦θ2 = θ̂2◦θ̂1 whenever θ1 and θ2 can be composed.

• The duality functor commutes with finite Cartesian products. (This follows from the fact
that in the category of Abelian groups we have both the operation of Cartesian product
and the operation of direct sum and they coincide.) In case of an infinite product or sum,
direct products are transformed into direct sums and vice versa.

• If G is an Abelian topological group then so is dG – the group G with discrete topology.
The dual d̂G of dG is a compact Abelian group containing Ĝ (it is the group of all
homomorphisms G → T , not just the continuous ones). Applying this procedure to Ĝ

instead of G we obtain a compact abelian group d̂Ĝ containing G. This compact group is
called the Bohr compactification of G and is denoted by bG. It is relevant for the theory
of almost periodic functions.

7.2. C∗-algebra of an Abelian locally compact group. In this section we shall state a theorem
which gives a very convenient description of C∗(G) for an Abelian locally compact group G.

Let G be an Abelian locally compact group and let Ĝ be the dual group of G. The duality
between G and Ĝ is described by the pairing

Ĝ×G 3 (x, t) 7−→ 〈x, t〉.
Let U be the universal representation of G in C∗(G). We also have a representation V ∈

Rep
(
G,C∞

(
Ĝ
))

given by
(V tf)(x) = 〈x, t〉f(x)

for all f ∈ C∞
(
Ĝ
)
, x ∈ Ĝ, t ∈ G. By the universal property of C∗(G) there is a unique

Φ ∈ Mor
(
C∗(G),C∞

(
Ĝ
))

such that for all t ∈ G
Φ(U t) = V t.

Let us take an element f of C∗(G) from the dense ∗-subalgebra Cc(G) identified with
∫
G

f(s)U s dh(s) f ∈ Cc(G)


(cf. Corollary 5.11). Then Φ(f) is a bounded continuous function on Ĝ. For x ∈ Ĝ we have(

Φ(f)
)
(x) =

∫
G

f(s)〈x, s〉 dh(s). (7.1)

The reader will have recognized in (7.1) the classical Fourier transform.

Theorem 7.3. The map (7.1) extends to an isomorphism of C∗(G) onto C∞
(
Ĝ
)
.
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Sketch of proof. Probably the best way to approach this problem is to use Gelfand’s theory of
commutative C∗-algebras (see [4, Chapter 4]). First we identify Ĝ with the spectrum of the
commutative C∗-algebra C∗(G), i.e. the set Mor

(
C∗(G),C

)
. This identification is practically

obvious given the connection between representations of G and those of C∗(G). It is also a
simple matter to see that the compact-open topology on Ĝ coincides with the weak∗ topology
Mor

(
C∗(G),C

)
inherits from the dual space of C∗(G).

Next we note that (7.1) is nothing else, but the Gelfand transform applied to an element
f ∈ Cc(G) seen as a subset of C∗(G). It is known that the Gelfand transform is an isomorphism
for commutative C∗-algebras and its image is the algebra of all continuous functions vanishing at
infinity on the spectrum. �

7.3. Landstad’s theorem. In this subsection we want to state the theorem of M. Landstad which
gives a precise description of those C∗-algebras B for which there exists a C∗-dynamical system
(A,G, α) with Abelian G such that B ∼= AoαG. It turns out a C∗-algebra B is a crossed product
of some C∗-algebra by an action of a commutative group G if and only if B has the structure of
a G-product.

Definition 7.4. Let G be an Abelian locally compact group and let B be a C∗-algebra. We say
that B is a G-product if there exist

• U ∈ Rep(G,B),
• α̂ ∈ Act

(
Ĝ, B

)
such that for any t ∈ G and x ∈ Ĝ we have

α̂x(Ut) = 〈x, t〉Ut.

Definition 7.5. Let G be an Abelian locally compact group and let B be a G-product with
U ∈ Rep(G,B) and α̂ ∈ Act

(
Ĝ, B

)
as in Definition 7.4. An element b ∈ M(B) satisfies Landstad’s

conditions if
(1) α̂x(b) = b for all x ∈ Ĝ,
(2) b

∫
G

f(s)Us dh(s) ∈ B for all f ∈ Cc(G),

(3) the map G 3 t 7→ UtbU
∗
t ∈ M(B) is continuous (in the norm topology).

Remark 7.6. In literature (e.g. [3, Section 7.8.2]) condition (2) is written as

b

∫
G

f(s)Us dh(s),
∫
G

f(s)Us dh(s) b ∈ B,

but the combination of (1) and (3) can be used to show that once b
∫
G

f(s)Us dh(s) is an element

of B, the product
∫
G

f(s)Us dh(s) b must also lie in B.

Theorem 7.7 (Landstad). Let G be an Abelian locally compact group and let B be a G-product
with U ∈ Rep(G,B) and α̂ ∈ Act

(
Ĝ, B

)
as in Definition 7.4. Let A be the set of all elements of

M(B) satisfying Landstad’s conditions. Then
(1) A is a C∗-algebra,
(2) for any t ∈ G the map αt : A 3 a 7→ UtaU

∗
t ∈ A is an automorphism of A and the mapping

α : G 3 t 7→ αt is an action of G on A,
(3) B ∼= AoαG,
(4) any C∗-dynamical system (C,G, β) such that B ∼= C oβ G is covariantly isomorphic to

(A,G, α).

Let us see that, conversely, for any C∗-dynamical system (A,G, α) with Abelian G the crossed
product AoαG carries a natural structure of a G-product. Let (π,U) be the universal covariant
representation of (A,G, α) in Aoα G. Then we already have a representation of G in Aoα G,
namely U .
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For each x ∈ Ĝ let Ux be the representation of G in AoαG given by

Ux
t = 〈x, t〉U t

for all t ∈ G. Then (π,Ux) is a covariant representation of (A,G, α) in AoαG, and so there exists
a unique α̂x ∈ Mor(AoαG,AoαG) such that

α̂x◦π = π,

α̂x(U t) = Ux
t = 〈x, t〉U t.

(7.2)

It is easy to see (by considering α̂x−1) that α̂x is an automorphism of AoαG for each x ∈ Ĝ. To
see that α̂ : Ĝ 3 x 7→ α̂x is an action of Ĝ on AoαG we must check that for each c ∈ AoαG the
map x 7→ α̂x(c) is continuous. For this it is enough to consider first c from the dense ∗-subalgebra
Cc(G,A), i.e. c of the form

c =
∫
G

π
(
F(s)

)
U s dh(s)

(cf. Lemma 5.10 and Corollary 5.11). Then α̂x(c) ∈ Cc(G,A) and

∥∥c− α̂x(c)
∥∥

1
=

∥∥∥∥∥∥
∫
G

π
(
F(s)

)
U s dh(s)−

∫
G

π
(
F(s)

)
〈x, s〉U s dh(s)

∥∥∥∥∥∥
1

=

∥∥∥∥∥∥
∫
G

π
(
F(s)

)(
1− 〈x, s〉

)
U s dh(s)

∥∥∥∥∥∥
1

≤ sup
s∈supp F

∣∣1− 〈x, s〉
∣∣ ‖c‖1

Now recall from Subsection 7.1 that the topology on Ĝ is precisely such that the above quantity
goes to 0 as x→ e ∈ Ĝ. In other words∥∥c− α̂x(c)

∥∥
1
−−−−−→
x→e∈ bG 0.

Since the C∗-norm ‖ · ‖ on AoαG is smaller than ‖ · ‖1, we see that also∥∥c− α̂x(c)
∥∥ −−−−−→

x→e∈ bG 0.

Now all we need to do is use the standard ε
3 trick (as e.g. in the proof of Theorem 5.9 (7)) to get

continuity of x 7→ α̂x(c) for any c ∈ AoαG.
We have thus constructed an action α̂ of Ĝ on AoαG. Together with U ∈ Rep(G,AoαG) it

endows AoαG with structure of a G-product (by the second line of (7.2)).

Definition 7.8. The action α̂ of Ĝ on AoαG constructed above is called the dual of α or simply
the dual action.

It is not so hard to see that Landstad’s conditions applied to the canonical structure of a G-
product on AoαG coming from the dual action select precisely the image π(A) of A in M(AoαG).

7.4. Takai’s duality for crossed products. Let G be an Abelian locally compact group and let
α be an action of G on a C∗-algebra A. We have already seen in the final paragraphs of Subsection
7.3 that there is an action of Ĝ on AoαG. It is interesting to see what happens if we take the
crossed product by this action.

In the formulation of the next theorem we shall use the right regular representation ρ of G on
L2(G). It is given by

(ρtψ)(s) = ∆(s)
1
2ψ(st)

for all s, t ∈ G and ψ ∈ L2(G). Here ∆ is the modular function of G. Of course, for Abelian G we
have ∆ ≡ 1.

Theorem 7.9 (Takai). Let (A,G, α) be a C∗-dynamical system with G Abelian. Let α̂ be the dual
action of Ĝ on AoαG.
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(1) the C∗-algebra (AoαG)obα Ĝ is isomorphic to A⊗K
(
L2(G)

)
,

(2) the action ̂̂α dual to α̂ on A ⊗ K
(
L2(G)

)
is α ⊗ Adρ, where ρ is the right regular repre-

sentation of G on L2(G), i.e. for any a ∈ A, and c ∈ K
(
L2(G)

)
we havê̂αt(a⊗ c) = αt(a)⊗ ρtcρ

∗
t

for all t ∈ G.

Taking in Theorem 7.9 A = C we obtain the generalization of the result given in Subsection
6.2 to all locally compact Abelian groups. The proof of Takai’s theorem is quite complicated and
all details can be found in [3, Section 7.9]. A corresponding result for crossed products of von
Neumann algebras was proved a few years before Takai’s paper by M. Takesaki.

7.5. Amenable groups. In this section we will try to shed some light on the concept of amenabil-
ity of locally compact groups (which we brushed on in Subsection 6.6). A very good reference on
this subject is the book [1].

Definition 7.10. Let G be a group and let F be a vector space of functions G → C containing
the constant functions and invariant under left translations, i.e. if f ∈ F then for any t ∈ G the
function

ft : G 3 s 7−→ f(t−1s) ∈ C
also belongs to F . A linear functional m on F is called left invariant mean on F if

• m(ft) = m(f) for all t ∈ G,
• m(f) ≥ 0 if f is a non negative function,
• m(I) = 1, where I is the constant function equal to 1.

Of course, there is a corresponding notion of a right invariant mean.

Definition 7.11.
(1) A group G is called amenable if there is a left invariant mean on `∞(G).
(2) A locally compact group G is called amenable if there is a left invariant mean on Cb(G).

It is somewhat misleading that the two notions defined above are referred to by the same word.
There are simple examples of groups which are amenable as locally compact groups, but are not
amenable as groups without topology.

We have already given a short list of Amenable groups in Subsection 6.6. Let us now prove
that the free group on two generators F2 is not amenable.

To see this note that if m is a left invariant mean on a discrete group G then the map

µ : 2G 3 Ω 7−→ m(χΩ)

is a finitely additive, left invariant measure defined on 2G (the power set of G). Note that we have
µ(G) = 1.

Now let a and b be generators of F2. Elements of F2 are words on the two letters a and b and
we can always write such words in a reduced form. This means that each x ∈ F2 can be written
as a finite product

x = ap1bp2ap3 · · ·
where either all indices p2, p3, . . . are different from 0 or they are all equal to 0 (and in this case
x = ap1). For n ∈ Z let S(n) be the subset of F2 sonsisting of reduced words beginning with an.
In particular S(0) is set of words beginning with a non zero power of b and the empty word. For
different n,m ∈ Z the sets S(n) and S(m) are disjoint.

We have the following facts:
• the left translation x 7→ ax maps S(n) onto S(n+ 1) for all n ∈ Z,
• the left translation x 7→ bx maps S(n) with n 6= 0 into S(0).

The first fact implies that the measure µ must assign to each S(n) the same number. On the
other hand all the sets S(n) are disjoint and they are all contained in F2 whose measure is 1. Thus

µ
(
S(n)

)
= 0 (7.3)
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forall n ∈ Z.
Now the second fact above says that µ

(
S(0)

)
is greater or equal to

µ

⋃
n 6=0

S(n)


because the set

⋃
n 6=0

S(n) is mapped onto a subset of S(0) by the map x 7→ bx. In view of (7.3),

this means that

µ

⋃
n 6=0

S(n)

 = 0.

On the other hand we have ⋃
n 6=0

S(n) ∪ S(0) = F2

so

µ

⋃
n 6=0

S(n)

+ µ
(
S(0)

)
= 1

which is a contradiction.
Now it is amusing to note that the two matrices(

1 2
0 1

)
and

(
1 0
2 1

)
generate a free subgroup in any of the matrix groups that contain them (e.g. SL(2,Z) or SL(2,C)).

The next theorem gives a profound interpretation of amenability of locally compact groups.
The proof may be found in [3, Section 7.3].

Theorem 7.12. Let G be a locally compact group and let λ ∈ Mor
(
C∗(G),C∗r(G)

)
be the morphism

associated to the left regular representation of G on L2(G). Then G is amenable if and only if λ
is an isomorphism.

References

[1] F. Greenleaf: Invariant means on topological groups. Mathematical Studies No. 16, Van Nostrad–Reinhold

1969.

[2] L.H. Loomis: Introduction to abstract harmonic analysis. Van Nostrad 1953.
[3] G.K. Pedersen: C∗-algebras and their automorphism groups. Academic Press 1979.

[4] G.K. Pedersen: Analysis now. Graduate texts in Math. No. 118, Springer 1995.

Department of Mathematical Methods in Physics, Faculty of Physics, Warsaw University
E-mail address: piotr.soltan@fuw.edu.pl


