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It was interesting to see that the use of
Jacobians in thermodynamics was demonstrated in a
recent issue of THIS JOURNAL (/) without having toresort
to the Shaw (2) procedure. Shortly thereafter another
article (3) appeared suggesting that the student could
be relieved of any knowledge of Jacobians by using a
procedure described by Tobolsky some years ago. As
one who recommended the Tobolsky procedure with
some minor modifications in THIS JOURNAL (4) and has
used it in the classroom for a number of years I would
like to suggest that a few general properties of Jacobians
and some features of the Tobolsky method may be com-
bined in thermodynamic derivations to yield a direct,
simple, and rapid method. Having used this combina-
tion in elementary thermodynamics, our experience has
been that the students soon take to the use of Jacobians
as ducks to water. A desecription of this procedure may
encourage more widespread use of that extremely useful
mathematical tool. The few rules required for the
manipulation of Jacobians in the method discussed here
are almost trivial.

The serious student will find the use of functional
determinants advantageous in wading through mathe-
matical hardware not only in relationships among the
usual thermodynamic first partials for simple systems
but also for systems where more than two independent
variables are required. Jacobians may be used to great
advantage in examining the higher order terms involved
in equilibria (5); and of course there are many instances
where Jacobians are used in allied branches of physical
chemistry.

There is general agreement that a procedure for deriv-
ing relations among the thermodynamic derivatives
without resorting to the Bridgman tables is highly
desirable. The use of Jacobians makes for directness
and speed. The work of Crawford (6) has done much
to clarify and simplify the use of Jacobians in thermo-
dynamics. ‘The procedure based on the Tobolsky
method can be made considerably less tedious. A few
of the most common Jacobian properties are the only
additional requirements.

The fundamental equations for the differential ex-
pressions of the so-called secondary variables (i.e., dF,
dH, dA and d@) are still required, as well as the expres-
sions for €', and (',. For a simple system four Maxwell
equations are needed. The recommended procedure
for obtaining the relation for a first partial in terms of a
set of selected independent variables consists of the
following three steps:

Step 1. Write the given partial immediately in terms of the
selected independent variables.

Step 2. Replace the partials containing secondary variable
by means of equations (1) through (4):
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dE = TdS — PdV (1)
dH = TdS + VdP (2)
dA = —8dT — PdV (3)
dG = —8dT + VdP (4)

Siep 3. Replace the partials containing the entropy variable
by means of the Maxwell equations (which now may be written
in Jacobian form as a single equation 5),

J(T,8) = J(P,V) (5)

C
and also ; ( ) (6a)
Cs
- (3),
Step 1: The expansion of a partial in terms of a set of

selected independent variables.

It has been repeatedly shown (7) that a thermody-
namic partial derivative may be written as a Jacobian,

e.g.,

It should be noted that this is a reversible procedure; a
Jacobian having a common variable in the numerator
and denominator may be written as a simple partial
derivative. When a common variable does not appear
directly over itself the determinantal property of a
Jacobian requires a change of sign, i.e.,

58 - -G,

Now if a change to a new set of independent variables
(z,y) is desired, then these may be introduced into a
Jacobian as follows:

e(1,H)
oT,H) _ b(x_ )
a(P,Hj o(P,H)

o(w,y)

where, e.g., the numerator
orT OH
ATH) _ (*) (

oayy) (aT | a_H

We thus express a Jacobian as a ratio of two Jacobians
in the transformation to a new set of independent vari-
ables. Consider an actual problem: the transforma-
tion of the Joule-Thomson coefficient, (07 /dP)x to the
independent variables T and P. We write

T,H) (gf

(gg) a(PH ?n,§;= ~ /oH :
arw (31,




Whereas in the earlier procedure (4) one expressed a
partial derivative in the form of a differential equation,
the partial derivative in question is now expanded into
a functional determinant and the selected independent
variables are immediately introduced—yielding in gen-
eral a ratio of two Jacobians. Were it not for the
desirability of ridding the final expression of the so-
called secondary variables, ®, H, A, (7 and the entropy
variable, the sought result would be contained in the
very first step.

Step 2: The elimination of secondary variables, I, H,
A, d.
This can be done on sight using the set of equations
(1-4). We proceed with the problem of the Joule-
Thomson coefficient and substitute the following in the

last equation.
oH oS
Pl ™ T(SI‘))T ¥

oy (28
oT e — ol /p

These expressions of course are directly obtainable from
equation (2) and obviously should be modified in ac-
cordance with Step 3 before they are substituted in the
main equation.

Step 3: The elimination of the entropy variable.

This step will be recognized as one that is precisely
the same as in the previous method (4) except that the
procedure now can be somewhat more elegant. To con-
tinue with the Joule-Thomson example we use equation
(5) and write immediately the desired Maxwell equa-
tion.

oT,S) _ a(RT)
o7, Py  olT,

28\ _ (o

5). = ~(5r),
Note that the order of the selected independent vari-
ables must be preserved. Substitution of the latter
equation and the expression for (9S/07), using equa-
tion (6b) leads to the well known equation for the Joule-

Thomson coefficient in terms of the independent vari-
ables, T and P:

(5#)u = & [ (), = 7]

Many times students will recognize certain partials
and use shortcuts; in the above example (0H/07T),
would be recognized as C,. However the three-step
procedure is direct and systematic.

As another example for using this procedure, we take
the one illustrated by both Hakala and Breen: the
equation for (OE/dV)yin terms of the independent vari-
ables T and P. We have:

T e en e @ (@
-5 6 = Ch G,

Step 2. 'We need expressions for the following:

a8 AV
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Step 3. We also need the following expressions in view of the
entropy partials in Step 2.

oT,8) _ o(P,V) ) (@ _ _(LV
oAT,P) ~ o(T,P) ' \oP/)r oT /p
Also from equation (6b)

28
7 (37), -
Direct substitution of the required partials in the equation for
Step (1) yields

(DE —VC,
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Systems With More Than Two Independent Variables

The greatest advantage in the use of Jacobians in
thermodynamies is the derivation of relations where
systems require more than two independent variables.
The transition mathematically, thanks to Crawford,
requires very little additional know-how beyond that
needed for the manipulation of determinants of order
greater than two. The Crawford paper (6b) is highly
recommended for the detailed treatment of the general
n-variables case; some elements of this case will be
given here.

In setting up a problem for a system which requires
more than two independent variables, for example the
temperature change accompanying the sudden or adia-
batic stretching of a metal bar, the fundamental equa-
tion for dE should be considered in the beginning. Thus
in this particular system, if the metal is isofropic we
have

dE = TdS — PdV + rdL (7)

where r = tension and dL = increment in length.
Equation (7) would replace equation (1).

The dozen Maxwell relations between the six primary
variables would begin to present a serious problem in
bookkeeping whereas in terms of Jacobian notation
there are only three Maxwell equations to keep track of.
By means of Jacobians it is not too difficult for the
student to venture into even more complex systems.

In general for a system that requires n independent,
variables for its description, dff may be written in the
form of so-called conjugate forces, ¢, and displacements,
Ayt

n
dE = TdS + 3 ¢idh (8)

i=2
Experiment or theory establishes the relation
between a force and its conjugate displacement. The
thermodynamic requirement for the validity of (7) or
(8) is the absence of hysteresis effects, i.e., that A; be a
unique function of ¢;. Equation (8) leads to corre-
sponding equations for the remaining secondary vari-

ables, H, A, and G.
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n T
H=E =% ¢\ dH = TdS — 3 Ndeps (9)
i=2 i=2
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—8dT + 3 ¢ulrs (10)
=2

G=E—T8— 3 ¢ dG = —8dT — Y depi (11)
1=2 1=2

Two matters have to be considered at this point: one
is the manipulation of higher order functional determi-
nants; the other is the establishment of the many
Maxwell relations in Jacobian form. The manipu-
lation of higher order determinants for thermo-
dynamics centers about the rule of signs and follows the
rule that the sign of the Jacobian is changed when a
netghboring pair of variables either in the numerator or
denominator is interchanged. Cancellation of a com-
mon variable in the numerator and denominator follows
the same procedure as that used previously; ie., a
cancelled variable causes a reduction of the order of the
Jacobian and the cancelled variable appears outside the
partial. For example, for the Jacobian

(& )
_ 9(‘;”1, b2y A3) _ O/ Mads OM / hang

PO, Ay Ne) %) (a@)
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In all this it is being assumed: that a given partial deriva-
tive, (9z/0y1)s...yn, May be written as the Jacobian

a(zi Y2y o0y yﬂ)
a(yls Yoye ey yﬂ)

As for the Maxwell equations, Crawford (6b) has
shown that for a system of n independent variables
where we write equation (8) in general form

dE = qbld?\] - ¢2d?\2 + qﬁgdl.'; + ... (]2)
it follows that
J(‘ﬁh )\1)13-.-1’11 + J(‘ﬁa; )\z)ra-..rn + J(ﬁﬁzn ?‘S)wr--xn + ... = 0
(13)

Here the conjugate pair, (T,8) has been considered as
one of the members of equation (13) and the x, are the
selected independent variables of the 2n primary set of
variables. The important point for present purposes is
that if the independent variables are chosen so that
there is one from each conjugate set, then equation (13)
yields n(n — 1)/2 Maxwell equations, these being, of
course, in Jacobian form. This may be summarized in
general terms

a{¢jr 7\5)

ey M) _
oz, Tr)ziv.. e 2 (14)

o, Tr)rinn

wherej = 1,2,...n; j # k; 7 takes on all values except
jand k, and (z;...2,) are non-conjugate primary vari-
ables.

To illustrate the applicability of the above we will
consider a few simple examples involving third order
determinants. Returning to the case of the adiabatic
extension of a metal bar under constant pressure, we
consider finding a relationship for (97/97)s,, selecting
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as our set of independent variables T, P, and 7, i.e.,
members of the ¢ or “force” set. As may be seen from
equation (7) we write

Step 1.

o(1,8,P) 28
al’) _ATSP) _ T Pr) _ _ (E’)T‘P
or Jop  OAmSP)  AnSF) (@)

a(T,% 3T )p.r

Step 2. No secondary variables to be removed.
Step 3. Required Maxwell equation:

2a1,8) | AxL) _
a(%,r)p e~ °

—~

or
(&), - (&
or Jrp  \OT/7p
Also
o8
Cpr =T 3T ) or

Substitution in Step 1 yields

or -

oL
91’) T (Fq’)rp
SP Cpr

Since metals possess positive values for (OL/37).» we
expect a cooling effect in stretching the bar. The op-
posite effect would be expected for rubber where
(OL/0T)rr is known to be negative.

Finally we consider the problem of obtaining an
expression for the difference in heat capacity (€’ —
Cpy), for an isotropie substance in a magnetic field, %,
where ¢ is the intensity of magnetization. The equa-
tion for dE may be written as

dE = TdS — PdV + iCdg
Clearly an expression for both ('3 and Cp4 in terms of
the same set of independent variables is called for.

Suppose one selects a mixed set, T, P, and 4, then
taking Cpye which is equivalent to

o8
Crae = T(ﬁ)n’ic

we write
(S8, 1,%)
T ('Oj _ 8P p o(T,P,4)
o1 /) psp  ~ O(T,P,iC) o(T,R,3¢)
o(T,R,9)
or
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Noting that the appropriate Maxwell equation is

o) | aed)
ahor a(T,j)p =

or
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od Jpr oT Jpg
and that
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one can readily obtain the expression

~ () ] (2
Cpag — Cpy =1 aT)Pg/ (bg -

While these examples may still be managed without
the use of Jacobians it should not be difficult to realize
their great usefulness if terms had been involved which
considered the system anisotropic and/or where the so-
called work terms were combined (e.g., rdl, + 3JCdd,
ete.). These more complex systems involving many
Maxwell relations or so-called cross effects are sysiems
that have been of continued interest in the study of the
properties of substances, particularly in the solid state.
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