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Introduction

Sources of quantum algorithms:
Search algorithms — e.g., Grover’s algorithm
Fourier-Transform-Based algorithms — e.g., Shor’s algorithm,
Quantum Phase Estimation
Simulation algorithms — e.g., quantum simulation of physical
systems
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Classical circuits

Turing machine is equivalent to some digital circuit (with memory)
classcial digital circuit consists of: wires, connectors, ancillas,
logic gates (NOT, OR, AND, XOR)
NAND gate is universal, but not reversible
CNOT gate is reversible, but not universal
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Classical reversible circuits

every classical digital circuit can be run as a reversible circuit (with
ancillas)
universal reversible computation needs: reversible NAND, FANOUT
Toffoli gate is universal
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Quantum Toffoli gate

classical C-NOT gate has a quantum counterpart CX ;
CC-NOT (Toffoli) is quantum CCX
CCX is a complex gate (provided by Qiskit)
quantum Toffoli can be build with CX gates, which is not possible
classically (derivation in Nielsen & Chaung chap. II.4.3)
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Quantum parallel computation

Let Uf |x⟩|y⟩ = |x⟩|y ⊕ f (x)⟩, we can achieve quantum parallelism:
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Database search

N = 2n objects, labeled x ∈ {0,1,2, . . . ,2n − 1};
one marked item w (the winner)
the oracle: black box function

f (x) = 0 for x ̸= w
f (w) = 1

“inverting a function”: find a unque input that satisfies the constrain

Classical complexity: “brute force” search in O(N) time
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Quantum oracle

All operations: ∗ are unitary ∗ performed on a quantum register |x⟩
imagine we have Uw , which implements our f (x)

Uw |x⟩ = − |x⟩ for x = w
Uw |x⟩ = |x⟩ for x ̸= w

construction... check it works(!)

Uw = I− 2 |w⟩ ⟨w |

time of computation: number of Uw operations
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Grover operator

amplitude amplification operator – useful trick
”most democratic” state |s⟩ = 1√

N

∑
x |x⟩

unitary Grover operator

Us = 2 |s⟩ ⟨s| − I

simple calculation gives | ⟨w |s⟩ |2 = 1
N , | ⟨w |UsUw |s⟩ |2 = 1

N (3 − 4
N )2

with more tricky algebra

| ⟨w | (UsUw )
t |s⟩ |2 = sin2((2t + 1)θ),

where θ = arcsin 1√
N

.
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Derivation
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Derivation continued
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Geometric interpretation
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Grover’s algorithm (1997)

maximal overalp is attained for t∗ ∝ π
√

N/4
quadratic speedup from quantum computation: O(

√
N) versus

O(N)

Grover’s algorithm is optimal (no more speedup possible)
no new complexity classification, no solution to NP-complete
problems

Final remarks:
“Is quantum search practical?” explains misunderstandings and perspectives
https://arxiv.org/abs/quant-ph/0405001

also good textbook reference: Nielsen & Chuang chap. II.6
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Building circuit for Grover’s search

Oracle
we need Vw = X 1−w0 ⊗ . . .⊗ X 1−wN−1 , which flips a qubit only
when wi = 0
[CCZ ] gate flips the sign for w = [1,1,1] (all qubits are 1)
the oracle is then Uw = Vw [CCZ ]Vw

Grover operator
same for X (n) [CCZ ]X (n) – flips sign only for |0⟩
we express X (n) [CCZ ]X (n) = I− 2 |0⟩ ⟨0|
finally: H(n)X (n) [CCZ ]X (n)H(n) = I− 2 |s⟩ ⟨s| = −Us
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Final diagram

n = 3 qubits, marked state w = [0,0,1]
one iteration: initialization, oracle, Grover operator (diffusor D)
note that the core of calculation is done by Toffoli gate
measurement in computational basis
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Historic data

Grover’s search algorithm run on IBM quantum devices back in 2019
(by Alicja Dutkiewicz)
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