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optical resonators, optical cavities
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a reminder — ABCD matrices in geometrical optics

to describe an optical ray in our system in any given plane

perpendicular to the axis of the system we need two parameters:

» its distance from the optic axis r (real value)

» the angle between the ray and axis O (real value)

for paraxial systems:
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some ABCD matrices
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multiplication of ABCD matrices
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optical resonators in the geometrical optics approximation

an example: a two-mirror resonator

fi =Ry/2 fa =Rz/2 Ji /

elementary cell

geometrical optics: the resonator is stable when the ray is trapped inside it.

for our example the ABCD matrix of the elementary cell is
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optical resonators in the geometrical ..., 2
Thez —(A+D)ryy1 +75, =0

' ,ATD
we search for oscillating solutions: 7, = roe™® ‘ o in® l(em@) oin® 4 1]
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guadratic equation x = pin®
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x iscomplexonlyforA< 0 —2<A+D <2
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stability condition

solution:
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optical resonators in the geometrical ..., 3
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optical resonators Bible
Laser Beams and Resonators

H. KOGELNIK anp T. LI
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Abstract—This paper is a review of the theory-of laser beams and
resonators. It is meant to be tutorial in nature and useful in scope. No
attempt is made to be exhauvstive in the treatment, Rather, emphasis is
placed on formulations and derivations which lead to basie understand-
ing and on results which bear practical significance.
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Formuras For THE CONFOCAL PARAMETER AND THE LOCATION oF
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Gaussian beam

paraxial approximation: E(x,v,2) = Y(x,y,2)e *?
- ) — _10(,2
Helmholtz equation: AY —2ikyp =0 A= e (r ar)
, kr?2
Trial solution: Y = ¢Oe_l[P(Z)+2q(z)
algebra ...
q(z) =izo+2z=2zo(i + () { =7%/z
e~iP(2) — 1 pitan™ ¢
Nre

the final result:

Vo ik(x2+y2)
T -1 —_]—
E(x,y,z) = etl—kz+tan™'¢] , 7" 2¢(2)
1+
L )
Y
amplitude
plane wave
phase G
uoy phase front
phase +

Intensity distribution
the beam is defined by two real parameters: z; and 4



Gaussian beam, 2
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the physical interpretation of the g parameter:
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Gaussian beam, 3 2 2
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Rayleigh range: 22, w(zy) = V2z,



Gaussian beam, 4
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Gauss-Hermite beams

In Cartesian coordinate system:

2y wy -
X,V,2) = - H : e WD) . e
which are called TEM_,, beams.
Hermite polynomial:
dn
Hy(x) = (- ——e™
and some low order Hermite polynomials:
Ho(.X) == 1
Hi(x) =x
Hy(x) =x%2-1

Hsy(x) = x3 — 3x

""" TEM, , beams are ortho-
normal and form a complete
basis for paraxial beam

2
_izéﬂﬁ . ei[—kz+(1+m+n)tan_1f]

TEM 5 TEM 4

TEM 4, TEM ,,
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Gauss-Laguerre beams

Cylindrical symmetry; 7, ¢, z coordiantes

2 7,.2

E ety \" Lo BN Gy iRy . gil-kermentan (75,)]

L,,"- Laguerre polynomial

Laguerre polynomial:

x eX M
Lmn(x) — m' dx_m (e—xxn+m)

and a few of them:

Lo'(x) =1
Li'G)=1+1—x

L1 1,
L, =E(l+1)(l+2)—(l+2)x+§x

Gauss-Laguerre beams are
ortho-normal and form a

complete basis for paraxial
beam

non-zero orbital momentum
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Gauss-Ince beams

Ince-Gaussian beams

Miguel A. Bandres and Julio C. Gutiérrez-Vega
Photonics and Mathematical Opiics Group, Tecnoldgice de Monterrey, Monterrey, N.L., 64849, Mexico

Received July 7, 2003
We demonstrate the existence of the Ince—Gaussian beams that constitute the third complete family of exact
and orthogonal solutions of the paraxial wave equation. Their transverse structure is described by the Ince
poelynomials and has an inherent elliptical symmetry. Ince—Gaussian beams constitute the exact and con-
tinuous transition modes between Laguerre and Hermite—Gaussian beams. The propagating characteristics
are discussed as well. © 2004 Optical Society of America
OCIS codes: 26001960, 2505500, 140.3200, 050.1960, 140.3410.
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Gauss-* beams in

optical resonators Ag, + B
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Gaussian beam propagation zZ z
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The beam can be a mode of the resonator if:

_AatB g 12+(A Mi_c=o

q_Cq+D q q B
A + D\?

1 A-D 1—(7) 1 A

q 2B l B "R ‘aw?

at the beginning of the elementary cell

ABCD
elementary cell

Ge procedure for transverse mode caIcuIation:\

* select the elementary cell

* calculate ABCD matrix of the elementary cell
* check for stability: =2 < A+ D < 2

* calculate 1/4 at the beginning of elem. cell

* propagatel/, to obtain beam parameters at

\ any plane inside the resonator )

Transverse mode
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mode frequencies for an open resonator

an example: TEM, A modes

E€ mn(x y,z) =

r2 2
i \/_y Y e e W) e_lzgﬁ . ei[_kZ+(1+m+n)tan‘1(]
W<Z> w(@)| 7° w(z)

for the beam to be a mode of the resonator we need the round-trip phase to be a multiple of 2mr:

kL — (1 +m +n)tan~1(L/;) = Im, [ — natural number indexing longitudinal modes

c 1 _
Vimn = 57 ll + = (1 +m+njtan 1(L/ZO)] (the procedure for any stable resonator:

* select the elementary cell

e calculate ABCD matrix of the elementary cell
» check for stabilityc—2 <A+ D < 2

* calculate z,

e from the equation on the left calculate frequenciesj

typical structure: tranverse and longitudinal modes

v

Vioo Viio Vioz Vio3 Y
[-1 Vio1 Vizo Vi3zo [+ 1
Vi1 Vi



mode frequencies for an open resonator, 2

an example: two-mirror F-P resonator

1
Vimn = i [+ - (1+m+ n)tan_l(L/ZO)l =

Cc

Vimn = 57 [l + % (1+m+ n)cos‘l\/(l ~L/p, ) (2~ L/Rz)]

Specific cases

* plane-parrallel Fabry-Perot R, = R, = oo, Vimn lz_CL
* confocal symmetric Ri =R, =1L Vimn = l4—cL
* spherical symmetric Ri=R,=1L/2 Vimn = [—



open resonators with diffraction losses Laser Beams and Resonators
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Fig. 16. Geometry of a spherical-mirror resonator with finite
mirror apertures and the equivalent sequence of lenses set in
opaque absorbing screens.
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Fig. 22. Diffraction loss per transit (in decibels) for the TEMu  gjg 23, Diffraction loss per transit (in decibels) for the TEMy
mode of a stable resonator with circular mirrors. mode of a stable resonator with circular mirrors.

Fig. 21. Relative field distributions of four of the low order modes
of a Fabry-Perot resonator with (parallel-plane) cireular mirrors

TEM,, mode selection (N=10).



open resonators with diffraction losses, 2
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astable resonators

G =299, -1
stable resonators : o<|Gl <1
resonators on the stability limits : iGl=1
unstable resonators : |Gl > 1

T T ———l 1 ; I N
e Y= e L
1 — H i FE—

a) b)
Fig. 7.7 Beam propagation in confocal unstable resonators with magnification [M|=2. a) positive
branch, b) negative branch.



optical wave-guides

different geometries:

v flat, one-dimensional — a sheet

v’ flat 2D — a rectangle

v round standard (telecommunications)

v photonic

The light propagates along z. The field is given by E (x,y,z) = A,,(x, y)eiﬁnz with n refractive index (a
set of indices). Always, discrete solutions polarization-dependent
Rough classification: single-mode vs multimode

X
a) 1 b)
n,<n, 1y
C EV\
E, b—> o
. z H
H
1
n,<n,




optical wave-guides, 2
example 1: flat symmetrical waveguide (1D), two families of solutions: TE and TM. An important

parameter numerical aperture of the waveguide; NA = /n,1 — n,?

X
a) 1 b)
n1<n2 1 d
2 F Ex
L —> >
. “ H
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1 4
n;<n,
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1,505

V =NA2zdA4
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optical wave-guides, 2

example 2: cylindrical optical fiber
with a step index

1.4628

Resp

1.4600
0

Loss {dB/km)

0.1
0.05

0.0t

| T | T T T T N
Single-mode fiber =
GeO,-doped, An =0.0028, 2a=94 um _
Experimental ]
Infrared 7
| absorption M
- Rayleigh —
ﬁ scattering .

N
N Ultraviolet —— _‘Z 7]
. ]
| absorption . ey S |
-~ Waveguide -
- \__.‘ imperfections \- / -
| | | 1 | I i, S I
0.8 1.0 1.2 1.4 1.6 1.8

Wavelength (um)



photonic fibers

Example 3: a fiber with double clad and doped core

(a) (b)

Schematic of the fiber geometry show-
ing the bow-tie configured stress ele-
ments and the step index core.

Optical properties

Signal core
Maode field diameter 76 %5 Um
Mode field area 4500+ 200 Pm?
NA @ 1060 nm ~0.02 Physical properties

Core material Yb-doped silica
Multimode pump core Outer cladding diameter 1.7+0.1mm
Numerical aperture @ g50 nm 0.6 + 0.05 Coating None
Pump absorption 20 nm ~10dB/m = =
Pumg absmgtiun g 3?6 nm ~30dB/m Sl core (-jlam(.eter e
Slope efficiency —60% Pump-cladding diameter 28510 um

Pump-cladding shape Circular



wave-guide micro-resonators
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Fiber/waveguide optical resonators

* transverse mode = mode of the fiber
* standing wave condition for a mode with index n: §,,L = It (L is a natural

number) is used to find the frequencies of (longitudinal modes).

* numerical calculations.



