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Phenomenology
QCD framework

Fenomenology

Initial and final state (hadrons) are colorless!
q → h + X :

Dhj (z ,Q
2) – probability density that parton j fragments into

hadron h where
Q2 – energy scale of the particular process
z – fraction of energy of intermidiate boson carried by final hadron
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Phenomenology
QCD framework

Evolution of FF in QCD framework

DGLAP

d
dlnQ2

~Dh(z ,Q2) = [~P(T ) ⊗ ~Dh](z ,Q2)

where
~Dh =

(
DhΣ
Dhg

)
, DhΣ =

∑
(Dhq + Dhq̄ )

~P =

(
Pqq 2nf Pgq
Pqg
2nf

Pgg

)
split functions Pij have perturbative expansion of the form:

Pij(z ,Q2) = αs(Q2)
2π P

(0)
ij (z) +

(
αs(Q2)
2π

)2
P(1)
ij (z) + . . .

⊗ denoting convolution
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Limitaton

Range of applicability for fragmentation function as defined
previously is limited to medium-to-large values of z.

In NLO Pgq(z) ≈ ln2z/z .
z � 1⇒ Dhi < 0 through Q2 evolution and dσ < 0.

Massless approximation:
finite mass correction ∝ Mh/(sz)2 � 0 at low z .

Energy conservation∑
h

∫ 1
0
dzzDhi (z ,Q

2) = 1

but since small z are problematic only truncated moments are
meaningful

∫ 1
zmin
dzzDhi (z ,Q

2) so the energy conservation cannot
be used as a constraint.
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

e+e− → (γ,Z ) → h + X

Cross-section in NLO accuracy

dσh

dzh
= σtot

σ0∑
q
e2q

[
2(F h1 (z ,Q

2)) + F hL (z ,Q
2)
]

where

σtot =
X
q

e2qσ0

»
1+

αs(Q2)
π

–
, σ0 =

4πα2(Q2)
s

,

z =
2Eh√
s

,
√
s = Q,

Q – momentum of the intermediate boson (γ,Z )

Eh – energy of observed hadron
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e+e− → (γ,Z ) → h + X

structure functions

F h1 (z ,Q
2) =

1
2

∑
q

e2q
{ [
Dhq (z ,Q

2) + Dhq̄ (z ,Q
2)
]
+

+
αs(Q2)
2π

[
C 1q ⊗

(
Dhq + Dhq̄

)
+ C 1g ⊗ Dhg

]
(z ,Q2)

}
F hL (z ,Q

2) =
1
2

αs(Q2)
2π

∑
q

e2q
[
CLq ⊗

(
Dhq + Dhq̄

)
+ CLg ⊗ Dhg

]
(z ,Q2)

where
Dq,g – quark (gluon) fragmentation functions
C 1,Lq,g – coefficient functions calculated in NLO
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

advantages

General: no cross section dependence on parton density
function

Practical: very high statistics recorded in experiments (CERN:
LEP; SLAC: TPC, SLD)

disadvantages

no q-q̄ separation

at scale of MZ electroweak couplings roughly the same ⇒
only flavor siglet combination can be determined

gluon FF available only at NLO

lack of accurate data at low scales and at large hadron energy
fraction
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
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Experimental data

lN → l ′h + X

Cross-section

dσh

dxdQ2dzh
=
2πα2

Q2

»
(1+ (1− y)2)

y
2F h1 (x ,Q

2, zh) +
2(1− y)
y
F hL (x ,Q

2, zh)
–

where

x =
Q2

2pN · q
, Q2 = −q2 = −(k − k ′)2, Q2 = sxy

y =
pN · q
pN · k

, zh =
Eh

El − El′

k, k ′, pN – four-momentum of incoming lepton, outcoming lepton
and nucleon
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SIDIS: lN → l′h + X
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Experimental data

lN → l ′h + X

Assuming factorization:

Structure functions

F h1 (z, x ,Q
2) =

1

2

X
q,q′
e2q

n
q(x ,Q2)Dhq (z,Q

2)+

+
αs(Q2)

2π

h
q ⊗ C1qq ⊗ Dhq + q ⊗ C1gq ⊗ Dhg + q ⊗ C1qg ⊗ Dhq

i
(x ,Q2, z)

o
F hL (z, x ,Q

2) =
1

2

αs(Q2)

2π

X
q,q′
e2q

h
q ⊗ C1qq ⊗ Dhq + q ⊗ C1gq ⊗ Dhg + q ⊗ C1qg ⊗ Dhq

i
(x ,Q2, z)

where
q(x ,Q2) – probability that the quarks of paricular flavor carry a
fraction x of proton momentum (PDF)
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

lN → l ′h + X

advantages

practical: experiments probe fragmentation in energy regime
complementary to e+e−

general: sensitivity to FF of individual quark and anti-quark
flavors

disadvantages

one has to assume x vs. z factorization

non-trivial dependence of cross sections on PDF of the
nucleon

different parametrizations of PDF brings addtional
uncertainties
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
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Experimental data

pp → h + X

Cross section

Eh
d2σ
d3ph

=
∑
a,b,c

(
qa ⊗ qb ⊗ dσab→c ⊗ Dhc

)
(s, pT , z)

the sum is over all contributing partonic channels
a+ b → c + X with dσab→c the assoctiated partonic cross
section

dσab→c can be expanded as a power series in the strong
coupling of αs (NLO corrections are available)
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

pp → h + X

advantages

quarks and gluons come at the same order

sensitive to gluon FF through dominance of gg→gX processes
at low pT (gluons are on average softer than quarks)

sensitive to fragmentation at high z

disadvantages

large uncertainties (2 PDFs and 3 convolutions)

NLO corrections are very important because of large
contributions from elementary subprocesses involving gluons
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

Data sets: e+e−

Fully inclusive charged pion and kaon production in e+e−:

Torino, 31 Mar. - 2 Apr. 2008

• Fully inclusive charged pion and kaon production in e+e−:

Pion data
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SLD(SLAC),ALEPH,DELPHI,OPAL(CERN);

TOPAZ(KEK)

TASSO(DESY),

TPC, HRS(SLAC)

- Access to flavor singlet at Q = MZ : high statistics LEP/SLDdata ANDê2
u ' ê2

d.

Small z region cut at zm in = 0.05 (0.1) for all pion (kaon) data sets.

•“flavor tagged”data fromALEPH, DELPHI, and TPC:

light quarks (sumofu , d ,s) separated fromheavy quark events.

NOTmeasured directly nor clearly calculable in pQCD(Monte-Carlo simulations)

IWHSS08 Status of fragmentation functions 13

Access to flavor singlet at Q = MZ
small z region cut at zmin = 0.05(0.1) for all pion (kaon) data
sets.
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

Data sets: e+e−

“flavor tagged” data from ALEPH, DELPHI and TPC:
Light quarks separated from heavy quarks
Not measured directly nor clearly calculable in QCD (MC
dependence)

fully flavor separated data from OPAL:
probabilities ηhi (zp) for a quark flavor i = q + q̄ to produce a
jet containing the hadron h with z larger than zp. At LO
ηhi (zp) =

∫ 1
zp
dzzDhi (z); problems for pQCD at NLO.

Other e+e− data:
-three jet events: qq̄g at LO - gluon FF, but not clear at NLO
-unidentified hadrons: dominant by π, K
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Anihilation e+e− → h + X
SIDIS: lN → l′h + X
pp → h + X
Experimental data

Data sets: lN → l ′h + X , pp → h + X

SIDIS (HERMES)
- charged pions and kaon multiplicities - flavor separation
- measurement at scales µ ≈ Q = 2GeV � MZ
hadronic collision (RHIC)
- neutral pions at central (|η| < 0.35) and forward (〈η〉 ≈ 3.5)
rapidities (PHENIX and STAR)
- charged pions and kaons at forward rapidities (〈η〉 ≈ 3,
BRAHMS)
- K 0S production at |η| < 0.5 (STAR)
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Fits to inclusive e+e−

[KKP] Kniehl, Kramer, Potter (NPB 582, 2000)

[KRE] Kretzer (PRD 62, 2000)

[AKK] Albino, Kniehl, Kramer (NPB 725, 2005)

[HKNS] Hirai, Kumano, Nagai, Sudoh (PRD 75, 2007)
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Fits to inclusive e+e− + other processes

[KLC] Kretzer, Leader, Christova (EPJ C 22, 2001)
- LO analysis of charged pion in SIDIS (fair agreement with
previous Kretzer set)

[DSS] De Florian, Sassot, Stratmann (PRD 75, 2007)
- LO and NLO anlysis. SIDIS and pp data included
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Parametrizations

History...

Dhi (z , µ0) = Nizαi (1− z)βi

Dhi (z , µ0) = Nizαi (1− z)βi
[
1+ γi (1− z)δi

]
Dhi (z , µ0) =

Nizαi (1− z)βi
[
1+ γi (1− z)δi

]
B(2+ αi , βi + 1) + γiB(2+ αi , βi + δi + 1)

where

B() is a Euler beta function: B(x , y) =
∫ 1
0 t
x−1(1− t)y−1dt

The normalization N, and the parameters α, β, γ, δ in general
depend on the energy scale µ0.
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Pions

Charged hadron fragmentation function

Dh
+

i = Dπ+
i + DK

+

i + Dpi + Dres
+

i

Symmetry assumption for π+ FF:

Dπ+

ū = Dπ+

d (izospin symmetry in sea)

Dπ+

d+d̄
= NDπ+

u+ū (DSS only, N = N ′ = 1 for other groups)

Dπ+

s = N ′Dπ+

ū (DSS only, N = N ′ = 1 for other groups)

Dπ+

c = Dπ+

c̄ (only e
+e− contribute)

Dπ+

b = Dπ+

b̄
(only e+e− contribute)

γ = 0 for heavy quarks
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Kaons

Symmetry assumption for K+ FF:

DK
+

ū = DK+
d = DK

+

d̄
= DK

+

s

DK
+

c = DK
+

c̄ (only e
+e− contribute)

DK
+

b = DK
+

b̄
(only e+e− contribute)

γ = 0 for gluons

γ = 0 for heavy quarks

DK
+

u 6= DK+

s̄ (favored fragmentations are not equal in DSS)
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Protons

Symmetry assumption for proton FF:

Dpu = NDpd (izospin symmetry for favored fragmentation)

Dpū = NDp
d̄
(izospin symmetry for unfavored fragmentation)

2Dpū = (1− z)βDpu+ū with β > 0

2Dp
d̄

= (1− z)βDp
d+d̄
with β > 0

Dps = Dps̄ = N ′Dpū
Dpc = Dpc̄ (only e

+e− contribute)

Dpb = Dp
b̄
(only e+e− contribute)

γ = 0 for gluons

γ = 0 for heavy quarks
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Rest of hadrons

Symmetry assumption for the rest of hadrons:

Dres
+

u = Dres
+

d = Dres
+

s (SU(3) flavor symetry for quarks)

Dres
+

ū = Dres
+

d̄
= Dres

+

s̄ (SU(3) flavor symetry for antiquarks)

2Dres
+

ū = (1− z)βDres
+

u+ū with β > 0

2Dres
+

d̄
= (1− z)βDres

+

d+d̄
with β > 0

γ = 0 for heavy quarks
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Other possible assumptions

Dπ0

i =

“
Dπ+

i +Dπ−
i

”
2 , for all flavors

DK
0

i =

“
DK

+

i +DK
−
i

”
2 , with u → K+ and d → K+ FF

interchanged

Charge conjugation assumed to obtain FF for h−

Dhq = D h̄q̄
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Minimization technichque

Definition of χ2

χ2 =
N∑
i=1

(Ti − Ei )2

δE 2i

where
Ei – measured value of a given observable

δEi – error associeted with this measurement (Ei =
√
E 2istat + E

2
isyst )

Ti – theoretical estimate for a given set of parameters (α, β, γ, δ)
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Mellin transformation

The Mellin moments

Dhi (n,Q
2) =

∫ 1
0
zn−1Dhi (z ,Q

2)dz

Inverse Mellin transform

Dhi (z ,Q
2) =

1
2πi

∫
Cn
z−nDhi (n,Q

2)dn

very fast procedure – 103 faster than direct minimization
about 100 first moments calculated (DSS) to reproduce the
cross section to an accuracy of better than 1% for all data
points
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Comparision of chargd pion production pp → π±X from BRAHMS
with DSS and KRE parametrization

Torino, 31 Mar. - 2 Apr. 2008

DDS analysis: comparison withdata andsets (KRE, AKK)
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Comparision of charged pion multiplicities from HERMES with
DSS and KRE parametrization

Torino, 31 Mar. - 2 Apr. 2008

DDS analysis: comparison withdata andsets (KRE, AKK)
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Pion FF

Comparision of pion FF determined by three different groups: DSS,
HKNS and KRE

Torino, 31 Mar. - 2 Apr. 2008
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Kaon FF

Comparision of kaon FF determined by three different groups:
DSS, HKNS and KRE

Torino, 31 Mar. - 2 Apr. 2008
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Results - numbers LO

Fitting parameters for fragmentation function Dπ+

i (z , µ) at scale
µ0 = 1GeV in LO
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FIG. 9: Transverse momentum distributions for neutral pions
obtained by H1 [46] in deep-inelastic e+p collisions compared
to a NLO prediction using our new set of pion fragmentation
functions. Also shown are the results obtained with the KRE
[7] and KKP [8] parameterizations.

d a ta . S in c e th e K R E , K K P , a n d A K K se ts a re b a se d
o n th e a n a ly sis o f ro u g h ly th e sa m e S IA d a ta , th e h u g e
d iff e re n c e b e tw e e n th e o b ta in e d g lu o n d istrib u tio n s o n ly
d e m o n stra te s a g a in th a t a g lo b a l a n a ly sis is im p e ra tiv e
in o b ta in in g re lia b le fra g m e n ta tio n fu n c tio n s. W e w ill
d isc u ss th e in d iv id u a l fra g m e n ta tio n fu n c tio n s a n d th e ir
u n c e rta in tie s in so m e d e ta il in S e c s. IV E a n d IV F , re -
sp e c tiv e ly . W e a lre a d y n o te h e re , th a t, su rp risin g ly , th e
g lu o n fra g m e n ta tio n fu n c tio n o b ta in e d in o u r c o m b in e d
fi t tu rn s o u t to b e sm a lle r th a n in A K K a t in te rm e d ia te z,
0.2 . z . 0.5, a n d o n ly b e c o m e s la rg e r a t z & 0.6 . T h is
is in d ic a tiv e o f th e c o m p le x in te rp la y o f th e in fo rm a tio n
p ro v id e d b y th e d iff e re n t d a ta se ts in a g lo b a l a n a ly sis.

T h e re m a in in g d a ta se t u se d to c o n stra in th e p io n fra g -
m e n ta tio n fu n c tio n s a re th e O P A L “ ta g g in g p ro b a b ili-
tie s” [14 ] a s d e fi n e d in E q . (22). A s c a n b e in fe rre d fro m
F ig . 8 , a ll se ts re p ro d u c e n ic e ly th e “ d a ta ” fo r u p a n d
d o w n fl a v o rs, w h ich in d ic a te s th a t th e y a re a lre a d y e sse n -
tia lly fi x e d b y S IA d a ta . F o r stra n g e n e ss fra g m e n ta tio n ,
h o w e v e r, th e se ts d iff e r c o n sid e ra b ly . In th e K R E a n a l-
y sis [7 ], Dπ

s
is c o m p le te ly fi x e d b y a ssu m in g N ′ = 1 in

E q . (18 ), w h ich o v e rsh o o ts sig n ifi c a n tly th e O P A L re su lt
fo r ηπ

s
. F o r h e a v y fl a v o rs, in p a rtic u la r fo r ch a rm , th e

a g re e m e n t is le ss fa v o ra b le fo r a ll se ts. T h e re su lts fo r
ηπ

c
fro m O P A L a re c le a rly a t o d d s w ith th e ta g g e d S IA

d a ta fro m T P C a n d S L D sh o w n in F ig . 3 . H o w e v e r, a s
e x p la in e d in S e c . III B , th e in te rp re ta tio n o f th e O P A L
re su lts b e y o n d th e L O sh o u ld b e ta k e n w ith a g ra in o f
sa lt. S o is n o t su rp risin g to fi n d so m e d isc re p a n c y in
o u r fi t w h e re , c o n tra ry to A K K [9 ], th e fl a v o r se p a ra tio n
c o m e s n o t o n ly fro m th e O P A L re su lts b u t a lso fro m
th e in te rp la y o f o th e r d a ta se ts, w h ich h a v e a stra ig h t-

fo rw a rd a n d re lia b le in te rp re ta tio n in p Q C D . T h e fa irly
la rg e χ2 v a lu e s w e o b ta in fo r ηπ

s , ηπ
c , a n d ηπ

b
a re th e re fo re

n o t a la rm in g a n d p e rh a p s e v e n e x p e c te d . N e v e rth e le ss,
it is e n c o u ra g in g th a t th e g e n e ra l tre n d o f th e d a ta is
ro u g h ly re p ro d u c e d b y o u r c o m b in e d g lo b a l fi t. W e h a v e
a lso ch e ck e d , th a t th e o u tc o m e o f o u r a n a ly sis d o e s n o t
ch a n g e , if w e e x c lu d e d th e O P A L re su lts fro m o u t fi t.

O u r n e w ly o b ta in e d N L O p io n fra g m e n ta tio n fu n c tio n s
a re b e st te ste d in p re d ic tio n s fo r c ro ss se c tio n s not in -
c lu d e d in th e g lo b a l a n a ly sis. A s a fi n a l c ro ss ch e ck w e
th e re fo re c o m p a re in F ig . 9 m e a su re m e n ts b y th e H 1 c o l-
la b o ra tio n [4 6 ] o f fo rw a rd n e u tra l p io n s in d e e p -in e la stic
p o sitro n -p ro to n c o llisio n s a t

√
s ' 3 00 G e V w ith N L O

p re d ic tio n s b a se d o n o u r n e w se t o f fra g m e n ta tio n fu n c -
tio n s. T h e p io n s a re re q u ire d to b e p ro d u c e d w ith in a
sm a ll a n g le θπ ∈ [5◦, 25o] fro m th e d ire c tio n o f th e p ro -
to n b e a m in th e la b o ra to ry fra m e , w ith a n e n e rg y fra c -
tio n xπ = Eπ/ EP > 0.01 a n d tra n sv e rse m o m e n ta in
th e ra n g e 2.5 < p T < 15 G e V . T h e o b se rv a b le h a s b e e n
sh o w n to b e c ru c ia lly d e p e n d e n t o n N L O c o n trib u tio n s
a sso c ia te d to th e g lu o n fra g m e n ta tio n fu n c tio n [4 7 ]. T h e
n ic e a g re e m e n t b e tw e e n th e d a ta a n d th e N L O re su lts
b a se d o n o u r n e w se t o f p io n fra g m e n ta tio n fu n c tio n s is
re a ssu rin g .

B. LO analysis of pion fragmentation functions

F o r c o m p le te n e ss, w e h a v e a lso p e rfo rm e d a g lo b a l
a n a ly sis o f th e sa m e se t o f d a ta g iv e n in T a b . II w h e re a ll
o b se rv a b le s, αs, a n d th e sc a le e v o lu tio n o f th e fra g m e n -
ta tio n fu n c tio n s a re c o m p u te d a t L O a c c u ra c y . W e u se
th e sa m e p a ra m e triz a tio n (15) a n d fi ttin g p ro c e d u re a s
in th e N L O c a se a n d o u tlin e d in S e c . III. T h e p a ra m e te rs
o f th e o p tim u m L O fi t a re g iv e n in T a b . III.

A s it c a n b e im m e d ia te ly se e n fro m T a b . IV , th e q u a l-
ity o f th e L O fi t is sig n ifi c a n tly w o rse th a n th e N L O o n e ,
re su ltin g in a 25% in c re a se in th e to ta l χ2. A lth o u g h a ll
in d iv id u a l o b se rv a b le s sh o w a n in c re a se in χ2, it is so m e -
w h a t m o re n o tic e a b le fo r p ro to n -p ro to n c o llisio n d a ta .
T h is is a se n sib le a n d e x p e c te d re su lt a s th e N L O c o rre c -
tio n s a re k n o w n to b e fa irly la rg e a n d im p o rta n t [25, 3 3 ].
T o m a k e u p fo r th e sm a lle r L O p a rto n ic sc a tte rin g c ro ss

TAB LE III: As in Tab. I but now describing the LO fragmen-

tation functions for positively charged pions, Dπ
+

i (z , µ 0).

fl avor i N i αi βi γi δi

u + u 0 .3 67 -0 .2 2 8 1.2 0 5 .2 9 4.5 1

d + d 0 .40 4 -0 .2 2 8 1.2 0 5 .2 9 4.5 1

u = d 0 .117 0 .12 3 2 .19 7.80 6.80

s + s 0 .197 0 .12 3 2 .19 7.80 6.80

c + c 0 .2 5 6 -0 .3 10 4.89 0 .0 0 0 .0 0

b + b 0 .469 -1.10 8 6.45 0 .0 0 0 .0 0

g 0 .493 1.179 2 .83 -1.0 0 6.76
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TABLE I: Parameters describing the NLO fragmentation

functions for positively charged pions, Dπ
+

i (z, µ0), in Eq. (15)
at the input scale µ0 = 1 GeV. Inputs for the charm and bot-
tom fragmentation functions refer to µ0 = mc = 1.43 GeV
and µ0 = mb = 4.3 GeV, respectively.

fl avor i N i αi βi γi δi

u + u 0 .345 -0 .0 15 1.2 0 11.0 6 4.2 3

d + d 0 .38 0 -0 .0 15 1.2 0 11.0 6 4.2 3

u = d 0 .115 0 .52 0 3.2 7 16 .2 6 8 .46

s + s 0 .19 0 0 .52 0 3.2 7 16 .2 6 8 .46

c + c 0 .2 7 1 -0 .9 0 5 3.2 3 0 .0 0 0 .0 0

b + b 0 .50 1 -1.30 5 5.6 7 0 .0 0 0 .0 0

g 0 .2 7 9 0 .8 9 9 1.57 2 0 .0 0 4.9 1

fl e x ib ility o f th e in itia l lig h t q u a rk a n d g lu o n fra g m e n -
ta tio n fu n c tio n s a s a fu n c tio n o f z in E q . (15 ) a s c o m -
p a re d to th e sta n d a rd th re e p a ra m e te r fo rm u se d so fa r
[7 , 8 , 9 , 10]. T h is is n o t o n ly in d isp e n sa b le to a c c o m m o -
d a te S ID IS a n d h a d ro n -h a d ro n sc a tte rin g d a ta b u t e v e n
so m e w h a t im p ro v e s th e q u a lity o f th e fi t to th e S IA d a ta .
In d e e d , u p o n c lo se r e x a m in a tio n o f F ig s. 1-3 , in p a rtic -
u la r th e “ (d a ta -th e o ry )/ th e o ry ” in se ts fo r e a ch d a ta se t
o n th e rig h t-h a n d sid e (r.h .s.) o f e a ch p lo t, o n e fi n d s a
slig h tly im p ro v e d o v e ra ll a g re e m e n t w ith d a ta a s c o m -
p a re d to th e , still e x c e lle n t, o n e fo r K R E a n d A K K ; se e ,
fo r in sta n c e , th e T P C o r A L E P H d a ta in F ig . 1.

N o tic e a b le is a lso th a t o u r fi t fo llo w s th e tre n d o f th e
d a ta e v e n b e lo w th e z v a lu e s in c lu d e d in th e a n a ly sis. A s
fo r K R E [7 ], a ll d a ta b e lo w zmin = 0.05 a re n o t ta k e n
in to a c c o u n t in th e χ2 m in im iz a tio n to e n su re th a t th e
p o ssib le im p a c t o f sm a ll-z re su m m a tio n s o r h a d ro n m a ss
e ff e c ts, se e S e c . II A , is n e g lig ib le . In c o n tra st, th e a g re e -
m e n t w ith d a ta ra p id ly d e te rio ra te s fo r A K K [9 ] im m e -
d ia te ly b e lo w z = 0.1, fro m w h ich th e y ch o o se to e x c lu d e
d a ta fro m th e fi t. T h is m ig h t b e lin k e d w ith th e le ss
fl e x ib le fu n c tio n a l fo rm fo r th e fra g m e n ta tio n fu n c tio n s.

In T a b . II w e list a ll d a ta se ts in c lu d e d in o u r g lo b a l
a n a ly sis a s d isc u sse d in S e c . III B a n d g iv e th e in d iv id u a l
χ2 v a lu e s fo r e a ch se t. W e n o te th a t q u o te d χ2 v a lu e s a re
b a se d o n ly o n fi tte d d a ta p o in ts, i.e ., z > 0.05 fo r S IA ,
a n d in c lu d e n o rm a liz a tio n u n c e rta in tie s d e te rm in e d fo r
e a ch e x p e rim e n t in th e fi t. A llo w in g fo r re la tiv e n o rm a l-
iz a tio n s in a g lo b a l a n a ly sis w ith in th e ra n g e q u o te d b y
e a ch e x p e rim e n t is a c o m m o n to o l to e a se p o ssib le te n -
sio n s b e tw e e n c e rta in d a ta se ts. In d e e d w e fi n d th a t th e
g lo b a l fi t c o n sid e ra b ly im p ro v e s a fte r ta k in g in to a c c o u n t
n o rm a liz a tio n “ sh ifts” .

In sp ite o f th e n ic e “ v isu a l” a g re e m e n t b e tw e e n th e fi t
a n d d a ta fo u n d in F ig s. 1-8 , th e to ta l χ2 o f 8 4 3 .7 u n its in
T a b . II a p p e a rs to b e fa irly la rg e in v ie w o f th e ro u g h ly
4 00 d a ta p o in ts fi tte d . F o r th e S IA d a ta , th e la rg e χ2

c a n b e p in p o in te d to o n ly v e ry fe w d a ta p o in ts. D u e to
e x tre m e ly h ig h p re c isio n o f th e d a ta o n th e Z-re so n a n c e ,
a n y d e v ia tio n b e tw e e n d a ta a n d th e o ry is stro n g ly p e -
n a liz e d in th e χ2 e v a lu a tio n a n d re su lts in a n o v e ra ll χ2

TABLE II: D ata used in the NLO global analysis of pion
fragmentation functions, the individual χ2 values for each set,
the fi tted normalizations, and the total χ2 of the fi t.

ex periment data rel. norm. data points χ2

type in fi t fi tted

TPC [15] incl. 0 .9 4 17 18 .5

“uds tag” 0 .9 4 9 1.9

“c tag” 0 .9 4 9 5.7

“b tag” 0 .9 4 9 7 .4

TAS S O [17 ] incl. (34 GeV) 0 .9 4 11 30 .1

incl. (44 GeV) 0 .9 4 7 2 0 .5

S LD [16 ] incl. 1.0 0 8 2 8 14.0

“uds tag” 1.0 0 8 17 11.6

“c tag” 1.0 0 8 17 11.1

“b tag” 1.0 0 8 17 33.2

ALEPH [11] incl. 0 .9 7 2 2 38 .3

D ELPH I [12 ] incl. 1.0 17 42 .3

“uds tag” 1.0 17 2 6 .4

“b tag” 1.0 17 42 .8

OPAL [13, 14] incl. 1.0 2 1 9 .2

“u tag” 1.10 5 11.8

“d tag” 1.10 5 9 .0

“s tag” 1.10 5 49 .8

“c tag” 1.10 5 38 .3

“b tag” 1.10 5 7 3.0

H ER M ES [18 ] π+ 1.0 3 32 6 7 .4

π− 1.0 3 32 12 0 .8

PH ENIX [19 ] π0 1.0 9 2 3 7 6 .4

S TAR [2 2 ] π0, 〈η〉 = 3.3 1.0 5 4 3.4

π0, 〈η〉 = 3.7 1.0 5 5 9 .8

BR AH M S [2 1] π+, 〈η〉 = 2 .9 5 1.0 18 2 8 .2

π−, 〈η〉 = 2 .9 5 1.0 18 43.0

TOTAL: 39 2 8 43.7

p e r d e g re e o f fre e d o m w h ich is ra th e r la rg e . T h is is a
c o m m o n “ ch a ra c te ristic ” o f a ll e x tra c tio n s o f fra g m e n -
ta tio n fu n c tio n m a d e so fa r [7 , 8 , 9 , 10]. W e a lso w ish
to p o in t o u t, th a t th e re is a te n sio n b e tw e e n th e b e h a v -
io r o f th e D E L P H I d a ta a t la rg e z a n d th o se o f a ll th e
o th e r d a ta se ts a t Q = MZ w h ich c a n n o t b e re so lv e d b y
th e fi t, se e F ig s. 1-3 . T h e in g e n e ra l la rg e r χ2 v a lu e s o f
th e h e a v y fl a v o r, in p a rtic u la r b o tto m q u a rk , ta g g e d S IA
c ro ss se c tio n s in F ig . 3 m ig h t b e re la te d to so m e e x te n t
to c o n ta m in a tio n s fro m w e a k d e c a y s.

W e w ill fu rth e r sc ru tin iz e th e q u a lity o f th e fi t to
th e S ID IS a n d h a d ro n ic d a ta in th e fo llo w in g . A s illu s-
tra te d in F ig . 4 , th e a g re e m e n t b e tw e e n th e (p re lim in a ry )
ch a rg e d p io n m u ltip lic itie s in S ID IS fro m th e H E R M E S
e x p e rim e n t [18 ] a n d th e re su lts o f o u r fi t is re m a rk a b ly
g o o d . T h e th e o re tic a l e stim a te s fo r th e m u ltip lic itie s a re
c o m p u te d u sin g P D F s fro m R e f. [3 6 ] a s in p u t in E q . (12 ),
a lth o u g h n o sig n ifi c a n t d iff e re n c e s a re fo u n d u sin g o th e r
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Summary

FFs determined by several groups.

Most recent analysis by DSS is the most complete one:
- all data sets from e+e−, pp and SIDIS taken into account
- analyses done in NLO
- weaker assumptions on relations between FFs
- more flexible parametrization of FFs

Improvements (in terms of agreement with data) found wrt
earlier analyses (e.g. Kretzer)

Uncertainties of FF are at level of 2-5% (non-strange quarks)
and above 10% (for strange quarks)

All analyses determined so far only spin-idenpendent FFs.

Rafał Gazda Overview of quark fragmentation functions
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Error estimation

Theoretical errors estimated using Lagrange multipliers:

Lagrange technique

Φ(λi , {aj}) = χ2({aj}) +
∑
i

λiOi ({aj})

where
λi – Lagrange multipliers related to Oi
Oi – observable depending on {aj}
{aj} – set of parameters descibing PDF for fixed value of λi

Estimated errors

σ(Du,Dd) ≈ 2− 5%
σ(Ds) ≈ 10%

Rafał Gazda Overview of quark fragmentation functions
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