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Abstract

A large class of representations of the quantum Lorentz group QLG (the one admitting
Iwasawa decomposition) is found and described in detail. In a sense the class contains all
irreducible unitary representations of QLG.

Parabolic subgroup P of the group QLG is introduced. It is a smooth deformation of
the subgroup of SL(2,C) consisting of the upper-triangular matrices. A description of
the set of all 1-dimensional representations (the characters) of P is given. It turns out
that the topological structure of this set is not the same as for the parabolic subgroup of
the classical Lorentz group.

The class of (in general non-unitary) representations of QLG induced by characters of
its parabolic subgroup P is investigated. Representations act on spaces of smooth sections
of (quantum) line boundles over the homogeneous space P\ QLG (Gelfand spaces) as in
the classical case. For any pair of Gelfand spaces the set of all non-zero invariant bilinear
forms is described. This set is not empty only for certain pairs. We give a complete list of
such pairs. Using this list we solve the problems of equivalence and irreducibility of the
representations. We distinguish a class of Gelfand spaces carrying unitary representations

of QLG.
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0 Introduction

The paper contains a systematic study of the representation theory of the quantum Lorentz
group. The main results were announced in [12]. The classical SL(2,C) group of unimodu-
lar matrices is a very interesting object of the theory of complex semisimple Lie groups. It
is the simplest example of a noncommutative and noncompact group of this kind. On the
other hand it appears as symmetry group of many important spaces. Among them we have
the Riemann sphere (compactified complex plane), 3-dimensional Lobaczewski space and 4-
dimensional vector Minkowski space. The last example is important for relativistic physics.
For this reason SL(2,C) is often called the Lorentz group. Due to these facts the study of
the representation theory of SL(2,C) is of great importance.

In the group representation theory one may distinguish two approaches, the local and
the global one. In the local approach at first one studies the representations of infinitesimal
operators (the Lie algebra representation theory). Next one investigates the problem of inte-
grability using for example the Nelson theorem. In particular this method is very fruitful in
the study of unitary representations. To illustrate the power of this approach in the context
of the classical Lorentz group we mention the beautiful book of Naimark [8].

The global approach is based on the theory of induced representations. It uses homoge-
neous spaces, sections of vector boundles etc. The method is very effective also in the case
when one deals with not necessarily unitary representations. In an excellent book of Gelfand,
Graev and Vilenkin (cf.[3]) such a method was developed to describe and investigate a large
class of representations of SL(2,C).

The quantum Lorentz group considered in the paper is the quantum deformation of the
Lorentz group described in [10]. It is obtained as the result of double group construction
applied to quantum SU(2) group corresponding to a fixed value of the deformation parameter
= q €]0,1[. The group will be denoted by QLG. For the convenience of the reader the basic
facts concernig the S,U(2) group, its representation theory and Pontryagin dual Sqff\(Q) group
are collected in Appendix B. Appendix C contains the basic information concerning QLG.

As in the classical case one may study the representation theory of QLG. In [11] the local
method corresponding to the one of Naimark was developed to describe unitary representa-
tions of QLG. As the result of this approach the complete classification of irreducible unitary
representations of QLG was obtained. In some sense the results of [11] were suprising. The
structure of the set of irreducible unitary representations of QLG turned out to be essen-
tially different from that of the classical Lorentz group. In both cases we have principal and
supplementary series of representations. Representations of principal series are labeled by dis-
crete (minimal spin) and coninuous parameter. In the classical case the continuous parameter
runs over R, whereas for QLG it belongs to S = R/ »x ,. QLG has two (instead of one)
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supplementary series of representations. Moreover for QLG we have a new one-dimensional
(nontrivial) unitary representation which does not exist in classical case (cf. Theorem 6.1 in
Section 6).
The aim of the present paper is to explain this sudden change of the representation theory.
Inspired by the classsical results presented in [3] we tried to use the global approach.
In this framework we investigate a large family of ( not necessarily unitary) representations



of QLG induced by 1-dimensional representations of the quantum parabolic subgroup P of
QLG. The representations act on spaces of smooth sections of (quantum) line boundles over
the homogeneous space p \?*“ . Such spaces denoted by D, (where x runs over the set of
1-dimensional representations of P) play the fundamental role in [3]. We call them Gelfand
spaces.

A deeper investigation (with the technique of invariant bilinear forms) of D, shows that
in principle all results concerning the classical Lorentz group contained in Chapter 3 of [3]
remains are valid in the quantum case. In particular the conditions distinguishing unitary
representations are of the same form and lead in a natural way to principal and supplementary
series.

The difference between the classical and quantum case consists in a slightly different topo-
logical structure of the set of 1-dimensional representations (characters) of the group P. In
the classical case those representations are labeled by pairs (n1,ng) where nj,ne € C with
n1 —ng € Z and the different pairs correspond to the different representations.

In the quantum case the correspondence between the pairs (nj,n2) and the representa-
tions of P is no longer one-to-one: the pairs (ni,n2) and (ng + ligiq, ng + ligf]) give rise to
the same representations of P.

The above difference between the classical and the quantum case explains in a simple way
all the suprising features of the theory of unitary representations of the quantum Lorentz group
such as the new topological structure of the principal series, the existence of two (instead of
one) supplementary series and the existence of non-trivial 1-dimensional representation.

We shall use the following notation.

For a C*-algebra A, M(A) denotes its multiplier algebra i.e. the largest C*-algebra
containing A as an essential ideal. This assignment is functorial and M(A) = A if and
only if A is unital. The multiplier functor M is an algebraic counterpart of the Cech-Stone
compactification of a locally compact space.

We shall also consider elements affiliated with A. They should be regarded as unbounded
multipliers acting on A. For a precise definition of the affiliation relation we refer to [17]. This
relation is denoted by n and A" is the set of all affiliated elements: an A < a € A". In general
A" is not even a vector space but for the C*-algebra A related to QLG, A" is a *-algebra. In
any case A" O M(A). Moreover A" = A if and only if A is unital.

For C*-algebras A and B a morphism ® from A to B is a non-degenerate *-algebra
homomorphism ® : A — M (B) (non-degeneracy means that ®(A)B is dense in B). This
notion of morphism corresponds to that of a continuous map between locally compact spaces
in the category of commutative C*-algebras. The set of morphism is denoted by Mor(A, B).
In particular if B = CB(H) is the algebra of compact operators acting on the Hilbert space
H then Mor(A,CB(H)) = Rep(A, H) where Rep(A4, H) is the set of all non-degenerate
representations of A in H. If G = (A,A) is a quantum group then the comultiplication
A € Mor(A,A® A). In this definition A is the (non-commutaive) C*-algebra of “continuous
functions vanishing at infinity” on G and the comultiplication encodes the group structure on
it.

It is known that any ® € Mor(A, B) has the canonical extension to A”. It maps A" into
B and M(A) into M (B). & restricted to M(A) ia a *-algebra homomorphism.

The basic notion used in the paper is that of representation (an action of a quantum



group on a vector space). At first we recall (e.g.[14], [19], [11]) that a unitary representation
of a quantum group G acting on the Hilbert space H is by definition a unitary element
u € M(CB(H) ® A) satisfying the equality

(id ® A)u = uraug3. (0.1)

For our purposes this definition is too restrictive since we would like to deal also with
non unitary representations of the quantum Lorentz group acting on vector spaces with no
scalar product structure. We shall consider representations acting on smooth vector spaces.
By definition a smooth vector space is a countable Cartesian product of at most countable
dimensional vector spaces endowed with natural topology. The basic facts concerning this
class of vector spaces are collected in Appendix A.

To define a larger class of representations of QLG we introduce a *-subalgebra A C A".
It is a smooth vector space and A is called the algebra of “smooth continuous functions” on
QLG (cf. Appendix C). We show that A is invariant under the left action of QLG on A" (cf.
(C.7) of Appendix C):

A A— ABA, (0.2)
where & is a projective tensor product of topological locally convex vector spaces. The counit e
related to QLG belongs to Mor(A, C). Its natural extension is a multiplicative linear functional
on A. Clearly (id4 ® e)A(a) = (e ® id4)A(a) = a for any a € A. We call (0.2) the smooth
regular action of QLG.

More generally, let D be a smooth vector space and

v :D — DA

be a continuous linear map. We say that v is a smooth representation of QLG acting on D
whenever (idp ® e)v = idp and the diagram

v
D - D& A
v v ®idy (0.3)
idp ® A

D®A DRARA

is commutative. This condition replaces (0.1). Let us note that if the classical group G acts
on the vector space D by linear operators vy (¢ € G) then the commutativity of the diagram
(0.3) means that vy, (vg,x) = vg,4,x for any z € D and g¢1,92 € G.

A very interesting example of such situation arises when D is a closed invariant subspace

of Ai.e.

A(D) C D®A.

Then v = A |p makes the diagram (0.3) commutative by the co-associativity of A. In partic-
ular all Gelfand spaces are countable dimensional invariant subspaces of A.
Let A’ be the space of all continuous linear functionals on A. For any 1 € A" we set

vy = (idp ® ¥)v.



Then vy, is a linear continuous operator on D and linearly depends on 1. Using the convolution
product of functionals (cf.e.g.[16] p.626)

1 x P 1= (1 ® P2)A

for any 11,1 € A" one can immediately check that 11 x 1)y € A’ and by commutativity of
the diagram (0.3) that

Up1Uhy = Utpyxaa - (0.4)
Therefore the map 1) — v, is a homomorpsim of the convolution algebra A’ into the algebra
of continuous operators on D. We say that vy (¢ € A’) are operators of the representation v.

If ¥ € A’ is in the convolution center of A’ then vy commutes with all operators of v. In
this case we say that vy is a Casimir operator.

We shall briefly describe the content of the paper.

Section 1 is devoted to the parabolic subgroup P of the Lorentz group. At first we de-
scribe quantum version of P (on Hopf *-algebra level and C*-algebra level). Next by natural
embeding we identify P with a subgroup of QLG. An important result of the Section is the
description of the set of all characters (i.e. 1-dimensional representations) of P.

In Section 2 we investigate representations of QLG induced by characters of P. For any
character x of P the corresponding representation v, of QLG acts on the Gelfand space D,.
This space is realized as a countable dimensional subspace of the algebra A of “smooth func-
tions” on QLG and vy, = A|p, . The invariants of v, such as spin spectrum and Casimir
operators are computed (cf.Theorem 2.4). It turns out that the spin spectrum of v, is simple
and Casimir operators are multiples of the identity.

The basic computational tools used in the paper are developed in Section 3 and 4. For
any pair (x,x’) of characters of the parabolic group P we investigate the set of all Lorentz
invariant bilinear functionals on D, x D,.. If the set contains non-zero functionals then the
pair (x,x’) is called admissible. In Section 3 we analyze the general form of such functionals.
The Lorentz invariance is equivalent to S,U (2)-invariance and Sqif\(Q)—invariance. It turns out
that any Lorentz invariant bilinear functional f on the pair D, X D;( of Gelfand spaces may
be expressed in terms of the Haar measure h on S,U(2) and some special functional ) on the
algebra of smooth functions on S,U(2). The functional ¢ satisfies certain equality (involving
x and x'). It is called a (x, x’)-spherical functional (cf.Definition 3.4). Therefore the admis-
sibility is equivalent to the existence of non-zero (x, x’)-spherical functional (cf.Theorem 3.5
and Proposition 3.2). In Section 4 the (, x')-spherical functionals are studied in more detail.
As a result the complete list of admissible pairs is obtained. It is shown that for any admissi-
ble pair (x, x’) the space of (x, x')-spherical functionals is one dimensional (cf. Theorem 4.9).
Moreover we give explicite formulae for these functionals.

These results are used in Section 5 to consider the equivalence and irreducibility of repre-
sentations of QLG on Gelfand spaces. We proceed in the same way as in the classical approach
of [3]. For any pair of characters (x, x’) we consider a space Mor(x, x’) of all linear operators
T : Dy — D,/ intertwining the representations v, and v,,. The main result of this Sec-
tion is formulated in Theorem 5.7. It shows that dim Mor(x,x’) < 1. In particular any v,
is irreducible i.e. v, does not split into the direct sum of two nontrivial subrepresentations.
Moreover Theorem 5.7 reveals also the role of positive integer points (cf.Definition 5.3). If



neither x nor —x is a positive integer point then v, is equivalent to v,/ (i.e. Mor(x,x’) con-
tains a bijection) iff x' = x or X’ = —x.

In Section 6 we select all characters x such that D, admits v,-invariant scalar product.
Such scalar product is unique up to a positive factor. Applying completion procedure based
on the theory of Hilbert C*-modules we show that v, gives rise to the unitary representa-
tion of QLG acting on the Hilbert space H, obtained by the standard completion of D,.
Comparing this result with Theorem 6.1 (proved in [11]) we see that all infinite-dimensional
representations of QLG may be obtained in this way.

We belive that the methods developed in this paper will be also useful in the representation
theory of other quantum deformations of the Lorentz group. In particular in a forthcoming
paper we shall investigate representations of the quantum Lorentz group having Gauss de-
composition property.

1 Parabolic subgroup and its characters

The parabolic subgroup P of the classical Lorentz group G = SL(2, C) consists of all upper-

triangular matrices
_ a p oy
P = { (7’ s ) € SL(2,C) : v=0 }

The algebra Poly (P) of polynomial functions on P coincides with Poly (SL(2,C))/I, where
I, is the ideal generated by the relation v = 0. We follow this idea in the quantum case.

The Hopf *-algebra Ap of polynomials on the parabolic subgroup of the quantum Lorentz
group is generated by three elements ¢, 3,0 subject to relations

GFa = G, 56* = 6%4,

a5 = qfi, gt =g i,

B6 = qdp3, Sa* = &*é, (1.6)
ad = I = b, 63" = qB*0,

BO* = 56+ (1 - ¢*)(6%6 — a*av).

These are the Podles relations (cf.[10] eq.(1.9)-(1.25)) supplemented by the relation 4 = 0.
The group structure of P is imposed by the requirement that

&,
_ v 1.7
up < 0 5 ) (1.7)
should be the fundamental representation of P. The comultiplication Ap : Ap — Ap @ Ap
is uniquely defined by its values on the generators:

Ap(d) = 4 ® d, Ap(B)=d®B+B®0,

Ap(S) = § 54 (18)



On the C*-level the generators @, (3 and § are unbounded elements affiliated to a C*-
algebra Ap of “continuous functions vanishing at infinity on P.” To construct this algebra
we use the method which is a quantum version of semi-direct product construction known
in group theory. Such a method was used in [10] to introduce the quantum double group
construction.

Let w be a 2 x 2 - matrix with entries being bounded operators acting on the Hilbert space
H: we My(B(H)). We say that w is a P—matrix if w is of the form (1.7) and its matrix
elements satisfy the P—relations (1.6). If in addition & is positive then matrix elements of

—

w satisfy the relations corresponding to S,U(2)—group. We refer to this particular case by

—

saying that w is a S,U(2)—matrix. A P—matrix w is unitary if and only if & is unitary,
B =0 and § = &*. We shall refer to such situation by saying that w is a S'—matrix.

Matrix elements of any P—matrix w satisfy also the relations for the quantum Lorentz
group. Therefore the Iwasawa decomposition for quantum Lorentz group-matrices ([10] The-
orem 1.3) holds for P—matrices:

Proposition 1.1
Let w € My(B(H)) be a P—matriz. Then there exist the unique matrices wg, wgr €
Ms(B(H)) such that

w = wqwgi,

—

where wq is a S,U(2)—matriz and wg1 is S*'—matriz. Matriz elements of wq commute with
matriz elements of wgi. Moreover the C*— subalgebra of B(H) generated by matriz elements
of w contains the matriz elements of wy and wgn.

—

This shows that the quantum space P is homeomorphic to the Cartesian product S,U(2) x S L
In other words the C*—algebra of functions on P is the tensor product of the corresponding
C*—algebras:

Ap = Ag®C(SY).

—

The group structure of P is related to that of S,U(2) and S! in a nontrivial manner. Neverthe-
less it is possible to give a description of the group structure of P using the group structures
of S,U(2) and S'. As in the case of the quantum double construction desription involves a

—

canonical bicharacter  defined on S,U(2)xS*.

Let
0 = (I ® 2)?3®s (1.9)
Then @ is a unitary element of M (Ay ® C(S1)) and
(Ad ®idg1)t = o313, (idd ®Agi)u = Uj2ti3 (1.10)
(ed &® idsl)d = Igq, (idd & 651)21 = I .

It means that 7 is a bicharacter. Now for any f € C(S?) and z € Ay we set
o(fex) = wlx® f)u*. (1.11)
Then ¢ € Mor(C(S') ® Aq, Ag @ C(S')). Moreover

(6d®id51)0& = idg1 ® eq, (idd®651)06 = eq1 ®idy. (1.12)



By definition the comultiplication
Ap = (dg® 6t @idg1) (Ag @ Agr). (1.13)

Clearly Ap € Mor(Ap, Ap® Ap) and one can show (cf.the proof of Theorem 4.1 of [10]) that
Ap Is coassociative:
(idp & AP) Ap = (AP () ldp) Ap.

Therefore Ap defines the group structure on P. The counit is
ep ‘= e4®egt.

The formula for the coinverse can be also presented as in [10] but is omitted since it will not
be used. -

S,U(2) and S! are subgroups of P. The embedings S,U(2) — P and S! < P are related
to the morphisms

Pg=1idg®eq1 € MOI“(AP, Ad),
Ps1 = eq ®idg1 € MOI‘(AP,C(Sl)).

One can easily verify that

Agpg = (Pa®pa)Ap, Agipsr = (ps1 @ pg1)Ap
€dpd = €p, esipst = €ep.

This means that group structures on Sq/U\(2) and S! are restrictions of that on P.
Now remembering that the set of affiliated elements (44 ® C(S'))" is a *-algebra we are

able to connect our construction with relations (1.6) - (1.8) (cf.Theorem 5.4 of [10]).

Theorem 1.2
Let &, 3 and & be elements affiliated with Ap = Aq ® C(S') introduced by

a=qB®z, 3:=(1—q¢>qg2J, @2
q ﬂ (I—q*)q/*Jy (1.14)
S =q¢ Bz
and ) ; ,
_ d7 ﬂ q 37 (1 - q2)q71 2J+ z, 0
I G A P N
Then

1° &, B, & satisfy relations (1.6)
2° up is a representation of P i.e.

Ap(d) = a® d, Ap(B)=a@ B+ 519, 116)
Ap(8) =6 ® 4. '

3° (&, B, 6) generate C*—algebra Ap in the sense of Definition 3.1 of [18] (cf.[18] Examples
8-10 p.500).



Let us note that ¢ is an invertible element affiliated with Ap, 6*6 = ¢~ 231 g1. Therefore
Spd*d = ¢%2u{0} (1.17)

and this was not apparent from the commutation relations (1.6).

The quantum group P may be realized as a subgroup of the quantum Lorentz group QLG.
At first let us recall that the commutation relations for ¢, § and § were obtained by adding
the relation “y = 0” to Podles relations for the quantum Lorentz group. Therefore it seems

very natural to define Ap as
Ap = A/L,,

where I, is the closed two sided ideal of A “generated by ~.” Unfortunately ~ is the un-
bounded operator which does not belong to A and the rigorous meaning of the phrase inserted
in quotation marks is not clear. On the other hand according to the Iwasawa decomposition
v =¢q"®~. (cf.(5.15) in [10]). Since ¢’ is ivertible the relation v = 0 is equivalent to 7. = 0.
Therefore the ideal I, may be replaced by the ideal generated by I3 ® v.. We shall follow this
idea.

Let I,, be the ideal in A, generated (in the usual sense) by 7. and 7. be the canonical
epimorphism 7. : A. — A./L,.. Then clearly the C*—algebra A./I,, is isomorphic to C(S*)
since 7.(7.) = 0 and 7.(a}) may be identified with the unitary generator z of C(S1) :
7ie(a*) = z where z € C(SY), 2(¢) = ¢ for any ¢ € S*. Clearly 7. € Mor(4.,C(S!)) and
for a matrix element uj; (k,l = —s,—s+1,...,s) of the unitary representation u® of S,U(2)
with spin s (cf. (B.19) ) we obtain

fre(ufy) = 62" (1.18)
Moreover
Te @ ) Ao = A g1 07, €1y = €.
( ) S ) S

It shows that 7. describes an embedding S* — S,U(2) preserving the group structures.
Let

T = idg® .

Then 7 € Mor(A, Ap) and

L1 . . ey, —qE z, 0
7(uz) = (idg® 770)(70, (z; > = (O, z>'

Taking this into account and comparing the Iwasawa decomposition for P and that for QLG
we get
() = @, ©(B) = B, 7(y) =0, 7(9) = 0.

Due to (1.18) #(u®) = z%/3. Therefore for the canonical bicharacter u = -2 cu® € M(A4) =
M(Ag ® A.) we obtain

w(u) = (dg@w)u = (I;® 2)?B®s1 = 4, (1.19)



where @ is the bicharacter (1.9).
Now one can check that the diagram

g
Ad (%) Ac - AC X Ad
idg ® 7¢ e ® idy (120)
dfl

A0CSY) . C(SYHY® A,

is commutative.

Using this we have

Apr = (idd®0"71®idsl)(Ad®Asl)7'T
= (idg ® 6! ®idgi)(Ag ® Agr o 7.)
= (idg® o1 ®idg1)(idg ® idg ® e @ 7e) (Ag @ A)

= (idg ® 7 ® idg ®@ 770)(idg ® 07! ®ide)(Ag ® Ae) = (7 @ T)A

and similarly e = ep o 7. It shows that 7 describes an embedding P — QLG preserving the
group structures.

Now we shall describe characters of P i.e. 1-dimensional representations of P. We shall
consider this in full generality not assuming unitarity or even boundedness. By definition a
character of P is an invertible element y affiliated with Ap such that

Apx =Xx® X.

According to (1.8) 4 is a character. So is * or more generally 6™ ~1(§*)">~! where ni,ns are

integers. (We inserted —1 in the exponents to have better correspondence with the Gelfand
notation [3]). Using (1.14) we obtain

5n1—1(5*)n2—1 _ q—(n1+n2—2)J3 ® MmNz,

The reader should notice that the right hand side is well defined for any ni,ne € C provided
n1 — ng is an integer.
Let
X = q—(n1+n2—2)J3 ®Zn1_n2 — t2J3 ®Zn, (121)

where t = qfé(”ﬁm*?) and n = n; — ng. We shall prove (cf.Theorem 1.4) that (1.21) is a

character of P and that any character of P is of that form.

To abbreviate the notation we shall write x = (n1,n2). Let us note that due to the spectral

condition (1.17) two pairs (n1,n2), (n},nf) give rise to the same character if and only if
2kmi

ny—njy = ng—nh = logq for some k € Z.




In such a case we write (ni,ng2) = (nf, nb).

Clearly any character of the (quantum) group restricted to its subgroup is a character of
this subgroup. Our result says that any character of the parabolic group P is a product of
the characters of its subgroups: S,U(2) and S! and vice versa.

—

At first we describe non trivial characters of the quantum S,U(2)-group.

Proposition 1.3
Let x4 be a non-zero element of All. Then the following conditins are equivalent:

i) AaXd = Xa® Xd
ii) xa = (idg ® ¢)u for some nontrivial linear multiplicative functional ¢ : A. —C
i) xq = t>’3 for some non-zero complexr number t

Proof. i)= ii). Let x4 € A]. Then xq = (XJ)s=0,1/2,1... Where x§; € B(H®). Since the matrix
elements of u = (u*®)s—g /2,1... form a linear basis of A. there exists a linear functional ¢ on
A¢ such that for any s: (id ® ¢)u® = x3. This means that any xq € A} is of the form

xa = (idg ® @)u.
For x4 satisfying the character equation we get
(idg ® idg ® @)ugzuiz = (idg ® idg ® ¢)(Ag ® ide)u
= Ag(idg®P)u = Aaxa = Xd ® Xd
= (idg ® ¢)u ® (idg ® ¢)u.
Rewriting this equation in terms of matrix elements we have
Plugiups,) = o(ug,)d(ug)-

It shows that ¢ is multiplicative.

ii)= iii). We have to find all nontrivial linear multiplicative functionals on A..

Obviously ¢(1.) = 1. Applying ¢ to both sides of the relation [a, o] = (1 — %)V . we get
d(ve)p(7ZE) = 0. Therefore ¢(ac)p(af) = 1. Let ¢ := ¢(a). Then t is a non-zero complex
number. Now using the relations acye = ¢Vee, acv) = qyiae. we get ¢(v.) = 0 = ¢(7)).
Then by (B.19) ¢(u;) = 6t?* and

Xa = (idg® gp)u= 1>

iii)= i) This implication follows immediately from the formula AyJs = Js @ Iy + I3 ® Js.

Now we can prove the main result of this section.
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Theorem 1.4
Let x be a non-zero element of A',. Then

( Ap(x) = x®x> — where
teC,t#0and ne€Z
Proof. <= Let x = t*/3 ® 2" then
Apxy = (idg®6 ' ®idg1)(Ag® Ag)(t?B @ 2") = t*B e (t*B@2)® 2

= 2?25 @[(z@ 1) OB (2@ *) (2@ 1)1 9?0z = Phezet* ez

= X®X

since operators (z ® I)!s1®2%s and 2z ® 23 commute.
= We shall use the leg numbering notation. Applying idq ® & ® idg1 to both sides of the
character equation x ® x = Ap(x) we get:

Uog X13 X24 Us3 = (Ag® Agi)x. (1.22)

Let
Xa = (idg®eg1)x and xg1 = (eq ®idg1)x

—

be the restrictions of x to the subgroups S,U(2) and St Applying idy ® idg ® eg1 ® eg
and eg®eq®idg1 ®idgr to both sides of (1.22) we get

Agxa = xa®xqa and Agixgr = xg1 @ xg1-

This means that x4 and yg1 are characters of the corresponding subgroups. On the other
hand applying idg ® eq ® eg1 ® idg1 to (1.22) we get that

X = Xd® Xst-

Any character xg1 of S' is of the form y = z". By Proposition1.3 xq = t>/3 and the

Statement follows.
O

2 Gelfand spaces

In this section we consider the representations of QLG induced by 1-dimensional representa-
tions (characters) of its parabolic subgroup P described in the previous section. They act
on spaces of “smooth functions” on QL(G. For the convenience of the reader these spaces are
discussed in more detail in Appendix A.

An element a, affiliated with A = A; ® A, is said to be smooth if for any s =0,1/2,1,...:

(r* ®id.)a € B(H®) ® A..
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The set of smooth elements will be denoted by A. It is clear that A is a *-subalgebra of A".

For any character x of P the representation of QLG induced by x acts by right shifts on
the space D, of smooth elements which transform under the left action of P according to the
representation x :

D, = {ac A: (7®id)Aa=x®a }. (2.1)

Let us note that the equation

(T ®id)Aa=x®a (2.2)
coincides in the classical case with a(pg) = x(p)a(g) for all p € P and g € G (cf.[1] p.473,
formula (1)).
Solving this equation we shall give very explicit description of the spaces D, (cf.Theorem
2.2). As we know by Theorem 1.4 any character of P is of the form y = /3 ® 2" where
t € C\ {0} and n € Z. It turns out that the elements of Dys5.n are of the form t** @ a
where a. are elements of A, satisfying the equation

(e ® ide)Acae = 2" @ ae . (2.3)

The space of solutions of this equation is the carrier space of the representation of S,U(2)
induced by 2" (from the subgroup S! C S,U(2)). For reasons that will be clear later we shall
consider (2.3) in a more general setting.

Proposition 2.1
Let B be a smooth vector space. Then

{b. € A:®B: (7. ®id. ®idp)(A. ® idp)b. = 2" @b, } = Z,B

where

. |7’L| |TL‘ |TL| linear span
=554+, 5042,
Z, = s,: ST 22T hy TS . 2.4

" {u2’k k=—-—s,—s+1,...s } (2:4)

In particular the set of solutions of (2.3) coincides with (2.4).

Proof. We have

S
(e @ide)Actil ), = (Fe®ide) Y uh; @ujy =2 @us (2.5)

l=—s

by (1.18). This implies that for any b € B, b, := us%k ® b is a solution of

(e ®1id, ® idp) (A, ® idp)b. = 2" ® be. (2.6)

On the other hand remembering that the set of all matrix elements Up . (s € S, pk =

—s,—5+1,...5) is a linear basis in A, we see (cf.(A.1)) that any element b. € A.%B has the

unique decomposition of the form be =32, , up , ® by . where the series is convergent in the

topology of A.®B and the coefficients b, r € B are uniqely defined by bc. If b, satisfies (2.6)
n

then (2.5) shows that only the elements up, j, with p = 5 may enter the decomposition with

non-zero coefficients. Therefore b, € Z,&B. .

12



For a representation v, of S,U(2) the spin spectrum of v, is the set Spv. C S of all s € S
such that u® is contained in v.. We say that the spin spectrum is simple (multiplicity free) if
each u® appears in v. at most once.

Let n be an integer and

_ [Inl In] |7 | }
Sn_{2 _— +1, 5 +2,... 7.

For any s € S,, we set

linear span

Z5 = { uh o k=—s,—s+1,...5 }
Then dimZ; = 2s + 1. Since
S
Acuhp = lz un @ up
=—s

we see that
A(Z)) C 20 A

and
AZ,) CZ, 0 A = Z,BA.

ie. Z,, Z; (s€S,) are S,U(2)-invariant subspaces of A, and Z;, is the carrier space for the
irreducible representation of SyU(2) corresponding to the spin s. Clearly Z, = Ziee s, Zn-
This decomposition corresponds to the decomposition of the representation v, := A.|z, of
SeU(2) on Z, into irreducible components. Therefore the spin spectrum of v, is simple and

Spve = Sp. (2.7)

Now we shall describe the Gelfand spaces.

Theorem 2.2
Let x = 3@ 2™ (t is a complex non-zero number and n € Z) be a character of P and B
be a smooth vector space. Then

{be ASB: (7 ®idaq®idg)(A®idg)b=x®b } =t*" ® Z,&B.

In particular
D, = t*3 %2,

Proof. At first we notice that the equation
(7 ®ida ®idp)(A®idg)b=x®b (2.8)
is equivalent to

[Ag ® (7. @ ide) A @idp]b = 127 @ [(6 @ id. ® idg)(2" @ b)]. (2.9)
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Indeed using the commutativity of (1.20) we obtain
(7 ®ida ® idp)(A @ idp)b

= (idg ® 7, ® idg ® id. ® idg)(idg ® 07! ®id, ® idB)(Ag ® A, ® idp)b
(2.10)
= (idg® 6! ®id, ®idp)(idg ® idg ® 7. @ id, ® idp)(Ag ® A, @ idg)b

= (idg® ' ®id. ®idp) [Ag ® (7. @ id.) A, @ idp] b.

Inserting this result into (2.8) and applying to the both sides idy ® 6 ® id. ®idp we get (2.9).
Equivalence of (2.8) and (2.9) follows from invertibility of &.

Let b € A®B satisfy (2.8). Applying idgy ® eq ® idg1 ® id. ® idp to both sides of (2.9) and
using (1.12) we obtain

[idg ® (7 @ ide)Ae @ idp]b = 127 @ 2" ® (eq ® id. @ idp)b.

Remembering that (7. ® id.)A. has a trivial kernel we conclude that b is of the form b =
23 @b,., where b, € A.®B and (7. ®id. ®idg)(A. ®@idp)b. = 2" @ (eq®@id. ®idp)b = 2" @ b,..
Proposition 2.1 shows now that that b. € Z,®B. Conversely if b = t*/2 ®b,., where b, € Z,&B
then (7. ®id. ®idp)(A,®idp)b. = 2™ ® b. by Proposition 2.1. The reader should notice that
0= (I;® 2)*3®lst commute with t2/2 ® 2™. Therefore

t2j3 ® P O-.(Z’rl ®t2j3)

and remembering that t>/3 is a character of Sqff\(2) one can easily verify that (2.9) holds.
O

The Gelfand spaces are a right invariant subspaces of A.

Theorem 2.3
Let x be a character of P. Then

A(Dy) C Dy®A.

Proof. Let a € D,. Then a satisfies (2.2). Using coassociativity of A one immediately
checks that b := Aa € A®A satisfies (2.8) with B replaced by A and by Theorem 2.2
Aa € Dy®A.

O
Let vy := A[p . Then )
vy : Dy — Dy®A
is a smooth representation of QLG. This is the representation induced by x. The space D,
(denoted by Dy, n,) in the classical setting appeared for the first time in the monograph [3]

by Gelfand and collaborators. To commemorate this fact we call the spaces D, the Gelfand
spaces.
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Remark. Let us note that the set of all characters of the parabolic group P is an abelian
group with involution. Indeed, if y is a character of P then y = t*2®2" and x* := PP
is a conjugate character. If ¥’ = (#')2%3 ® 2" is another character then yy' = (/)23 @ 2"
is again a character and clearly x'x = xx’. One can easily show that for € Dy, 2’ € D,
we have z* € Dy», xza’ € D,.,» and this structure on the set of Gelfand spaces reflects the
structure of the set of all characters. Moreover remembering that the comultiplcation A is a
*-homomorphism one can check that the conjugation * : D, — D,~ and the multiplication
m: Dy, ® D,y — D, are intertwining maps.

At the end of this section we compute the invariants of v, such as spin spectrum and the
values of the Casimir operators. We shall use Casimir operators of the form (C.16). The
corresponding Casimir operators for the representation v, are obtained by restriction to the
Gelfand space D, and will be denoted by

(o) = (1@ W)(Alp),  C'(vy) = (id® ¥)(Alp)). (2.11)

Any representation v of QLG may be restricted to S,U(2). We shall use the shortened
notation:

Spv = Sp (v|s,u(2)) (2.12)

for the spin spectrum of the restricted representation.

Theorem 2.4

Let x = ¢~ mtm2=2Js @ ;0 () ny € C, n=ny —ny € Z) be the character of the
parabolic subgroup P and v, be the induced representation of QLG acting on the Gelfand
space D,. Then

1. The spin spectrum of vy is simple and coincides with Sy,.
2. The Casimir operators are multiples of the identity
Clvy) = cidp,,  C'(vy) = ¢ idp, (2.13)
and ¢y = —(q™ + ¢ "), g =—(¢" + ¢ ).

Proof. The representation v, restricted to S,U(2) is equivalent to v, = A|z, and the
Statement 1 follows immediately from (2.7).
To compute the Casimir operator C(vy) (cf.(2.11) and (C.15)) we calculate C(vy)a := (id ®
V)vy(a) for a € D, C A. Remembering that the functional ¥ is in the convolution center of
the algebra A" and using Proposition C.1 we get C(vy)a = (VY ®id)v,(a). Since vy (a) € D, ®A
we have to find ¥|p, .

Let a = ¢ ® a., where a. € Z, and X\ = ny + ny — 2. Using (B.22) we get

wo’Zn - qgec and ’(/_JO‘Zn = q_%ec_
By (B.27)

A A
2 2

Valg ) =q72, Yar(g™) =q2, ¥y(a) =0=1(¢7")



and it means that these functionals restricted to the one-dimensional subspace of AZ spanned

by ¢~*/3 are multiples of the functional eq : 1, = q_% €d, Yar = q% ed, Py = Yy = 0.

Therefore ) L _
\II|DX = [(1_(1 )¢w®¢+—Q¢a*®¢o—q’ w"‘®w"}Dx
= (T T e @ec = e
and

C(vy)a = cy(e ®id)Aa = ¢y a.

In the same manner one shows that

\II/|DX = [(1 - q2)w7* QY — qhar ® 'LLO - q_lwa ® o D. Clxed @ ec = Cgce

X

and C'(vy)a = ¢, (e ® id)Aa = ¢, a. The Statement 2 is proven. o

Remark. Let us remind that * - operation is an involutive intertwining map on the set
of Gelfand spaces corresponding to the conjugation of the characters (D,)* = D,«. One can
easily check that for x = (n1,n2) it is given by

(n1,m2)" = (n2,m). (2.14)

I /=
Therefore we have ¢« = A\ and Cyr = Cxe

3 Invariant bilinear functionals on Gelfand spaces

We shall consider bilinear functionals on pairs of Gelfand spaces. Since the spaces carry the
representations of the quantum Lorentz group, the subset of invariant bilinear functionals is
distinguished. It turns out that for a given pair of spaces there exists at most one (up to a
scalar multiple) invariant functional. Moreover a non-zero invariant bilinear functional exists
only for special pairs of Gelfand spaces (cf. Theorem 4.9 and Definition 3.4).

We shall use the following notation. For a given character x, (ni,n2) will denote the pair
of complex numbers related to x via (1.21):

X = q—(n1+n2—2)J3 ® Zune — q—)\Jg ® 2",

where
A= ni+n—2 and n = n; —ns.

The difference n must be real integer. Therefore the imaginary parts of ny and no are
the same. They are defined mod(%) and we fix (n1,ng) assuming that

(3.1)

Sny =Sng € [0, —
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The reader should notice that ¢ < 1.
The corresponding Gelfand space is D, = ¢ ® 2, (cf. Theorem 2.2) and the induced
action vy = A|p, of the quantum Lorentz group is

v(gM@ac) = (idg@o ' @ide) (Aa@A) (g M @a,) = ¢ M e|(07 @id) (¢ @ Aca)] -

To abbreviate the notation the standard first factor ¢~ */3 will often be omitted: Z, carries
the quantum Lorentz group representation

vMae) = (o' @id.) (g M? ® Aca) (3.2)
and the isomorphism
Z,3a — ¢ ®a.€ D,
intertwines v with vy. To pay attention to this omition we shall speak about truncated no-

tation. In this sense v action on Z,, is the truncated version of vy action on D,.

Let x and x’ be characters of P. We shall use “prime” to denote the parameters related
tox : Ni=nj+nh—2 n =n,—nb ¥ =g B

Gelfand spaces are countable dimensional. Therefore the projective tensor product coin-
cides with the algebraic one: Dx®Dx’ =Dy, ® D,,. Dy,® D, is subject to tensor product
action v,/ :

Uy = Uy DUy = m(vy @ vyr),
where m is the multiplication map
m : Dy®A®Dy&®A — (D) ® Dy )RA.
This is the continuous linear mapping such that

mrxRaeRyRb) = Ry ab

for any = € D,, y € Dy, a, b € A. With leg numbering notation v,,, = (vy)13 (vy/)23-
Passing to level of Z,, spaces we obtain the truncated version of the action oM Zn ®
Zp — (2, X Z)®A, where

/

M = PO = ()13 (v )as. (3.3)

We may identify bilinear functionals f on D, x D,, with linear functionals on D, ® D,
and (using the truncated notation) with linear functionals on Z,, ® Z,

fla™ @a, ¢ ®a) = flgM @a0q¢ ¥ ®d) = flac®a)

for any a. € Z,,al. € Z,.
Let f be a linear functional on 2, ® Z,,. We say that f is a v -invariant functional if

(f@id)v (z®y) = flz®y)la (3.4)
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for any =z € Z,, y € Z,/. Equivalently one can say that f intertwines the quantum Lorentz
group action o™ on Z, ® Z, and the trivial action on C.

A\ —

Let o), v} be the restrictions of ¥»* to the subgroups S,U(2) and S,U(2) :

oM = (1d @ (eq @ id)) o™, )N = (id ® (idq ® ee))o™M. (3.5)

Clearly f is an QLG-invariant functional if and only if it is vg‘x and vc)l‘/\/—invariant. Due to

this fact the problem of finding of all QLG-invariant functionals can be solved in two steps.

At the first step we consider S,U(2)-invariance.
Applying id ® (eq ® id.) to both sides of (3.2) we see that for any a € Z,
vMa) = Aca

c

i.e. v) = A, |z, . Therefore v)*" is the natural action of S,U(2) on a tensor product Z,® Z,,.

Using the leg numbering notation we have (cf.(3.3))
N (z@y) = Ac(@)138c(y)23
for any « € Z,, y € Z,,. A linear functional f on Z, ® 2,/ is S,U(2)-invariant if
(f @ide)(Ac(2)130c(y)23) = [z @y)le. (3.6)

To describe S,U (2)-invariant functionals on Z,, ® Z,, we recall the basic concepts concerning
SqU(2) group.
For any a € A., ¢, ¢’ € AL we set (cf. e.g. [15] p.129-130; [16] p.626)

¢ xa = (ide® ¢')Ac(a),
axd = (p®idc)Ac(a), (3.7)
pxd' = (9®¢)A.
Then ¢ xa, a* ¢ € A, ¢*¢ € A, and
(¢'xd)(a) = plax¢) = ¢(dx*a) (3.8)
If & is the Haar measure on S,U(2) then
hxa = axh = h(a)l, (3.9)

for any a € A..

We briefly describe the graded structure of the algebra A..
Let k,l € $Z be any half-integers and (f.).cc be the family of multiplicative functionals in
A! defined in [16], Theorem 5.6. We say that a € A, is a left-homogeneous element of degree
k if
axf. = ¢**a (3.10)
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and a € A, is a right-homogeneous element of degree 1 if
f.xa = ¢**a. (3.11)

Clearly the set of left(right)-homogeneous elements of a given degree is a vector space. More-
over by Theorem 5.6,4° of [16] one can easily check that if a is a left(right)-homogeneous
element of the degree k (I respectively) then a* is a left(right)-homogeneous element of the
degree (-k) ((-1) respectively).

We say that a € A, is a homogeneous element of the degree (k,I) if it is a left-homogeneous
element of the degree k£ and a right-homogeneous element of the degree I. We denote by Jj;
the vector space of homegeneous elements of degree (k,). Then Ji;* = J_;, _; and from mul-
tiplicativity of f, it follows that Jk,l . Jk/J/ C Jk+k’,l+l’-

It is known (cf.Appendix B) that any matrix element uj; is a homogeneous element of
degree (k,1). These elements form a linear basis of A.. Therefore

(Jry #{0}) <= (k—-1€Z).
Let k,l € 3Z, k—1 € Z and
s(k,l) :=max{| k|, | [ |} (3.12)

Then .
Jeg = A{ugy s =s(k, 1), s(k,1)+1, s(k,l) +2, ...}hnear span, (3.13)

Moreover Z,, = Zl@ J s the space of all left-homegeneous elements of the degree 5 (cf.Proposition
2.1) and A, = Z% k-

By Theorem 1.2 of [15] the elements of the form

Qpnm = (ac)p(FYC)n(’YCfY:)m?

where p,n € Z, m = 0,1,2,... ((a.)p, denotes af for p = 0,1,2,3,... and («})"P for
p = —1,—2,.... The same rule applies to (7.),.) also form a linear basis of A, consisting
of homogeneous elements since they are products of the matrix elements of the fundamental
representation. It is clear that aym,, is of degree (1(—p +m), £(—p —m)).
For k,[ € %Z, k—1l€Z and m=0,1,2... we set
Ty = oy 3.14
Top o = ()~ (k1) (Ve k-1 (Ve ve) ™ (3.14)
Then
_ (m) . _ linear span
Jeg ={asiy s m=0,1,2,..} : (3.15)
Let ¢ € Al.. We say that 1 is supported by Jy; if ¢ vanishes on Jy, p 1 Jpmyn C keryp for
all (m,n) # (k,1). For example the Haar functional h is supported by Jy o because

*\1M 1-— q2
h ((ae)p(Ye)n(7e72)™) = dpo 5n0m, (3.16)

(cf.[16, page 660]).
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We shall use the bimodule structure of A.. For any a, b € A. and ¢ € A, bpa is the
linear functional such that

(bpa)(x) := ¢(axd)

for any x € A..
One can easily prove

Lemma 3.1

J, _w for n=n'(mod2)

{ (bh)*a: a€ Z,, be £, Ymearspan _ 22 : (3.17)
{0}  for n # n/(mod2)

Proof. Indeed setting a = u (s €Sp, j=-s8,..s) and b= usﬂ/,l (s €Sy, l=—¢,..5) we
2 2
get

(bh)xa = (ide ® h)Ac(a)(I@b) = Y u‘%ph(u;ju%/,l).

p=—s

Using the orthogonality relations [16, Theorem 5.7] and (B.21) we have

l—q2

h(ugugy) = 6%6; x8; 1 (=1)F g D g 1— 2@+D)

Therefore )
/ n/t n/ ]_ -_—
— N e C P B
(bh) xa =66 4(=1)2 "¢~ 'z "Vg™® 1— g2Cs+D) US%

_n/
2

and the result follows by (2.4) and (3.13).

O
We shall formulate the main result concerning the S,U(2)-invariant functionals.
Proposition 3.2
Let n,n' € Z and f be a S,U(2) invariant functional on Z, @ Z,,.
Then there exists the unique linear functional ¢ € Al supported by J,, . such that
27 2
fla®b) = ¥((bh) *a) (3.18)

foranya e Z,, be Z,.
Conversely for any linear functional ¢ € Al, formula (3.18) defines a S,U(2)-invariant
functional on Z, ® Z,.

Remark 1. Equivalently the right hand side of (3.18) may be written as h((a *1)b).
Remark 2. Any S,U(2)-invariant linear functional on A. ® A, defines by restriction an
invariant functional on Z,, ® Z,,. Conversely the right-hand side of (3.18) is meaningfull for
any a,b € A, and gives the extension of f to the (A.QA.)-invariant functional on the whole
A ® A.. If 9 is supported by JE’_M then the extension restricted to Z,, ® Z,, vanishes for
(m,m’) # (n,n’). v
On the other hand for any m,m’ the space Z,, ® Z,, is SoU(2)-invariant and A. ® A, =
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S Zm @ Z,y. Putting f(a ® b) = 0 whenever a € Z,,, b € Z,y and (m,m/) # (n,n’) we
extend the left-hand side of (3.18) to the S,U(2)-invariant functional on the whole A.®.A.. We
call this extension the natural one and denote it by the same letter. Therefore the support
property of 1 ensures that both extensions coincide and the formula (3.18) holds for any
a,be A

Proof: The uniqueness of the functional ¢ follows immediately from (3.17).
For any z,y € A. we set

Wy = Adx)(I.®y) (3.19)

By [16, Theorem 4.9] W : A, ® A. — A. ® A. is a bijective linear map (denoted by s’ in
[16]).

Let i, denote the trivial action of S,U(2) on A, : i.(z) = 2 ® I, for any z € A.. Using
the coassociativity of A, one can easily check that

(W ®ide)(AcDA:) = (ic QAW (3.20)

i.e. W is an intertwining map for the A, @A, and i. @A, actions of S,U(2) on A, ® A..

Assume that f is a S,U(2) invariant functional on Z,, ® Z,/. Denoting by the same letter
its natural extension to a (A, A.)-invariant functional on A. ® A. we see that fo W~ is
the (i. @ A.)-invariant functional on A, ® A. and for any a € A. the linear functional

A:2b — foW Ha®b) e C (3.21)
is Ac-invariant. Therefore it is a multiple of the Haar functional h :
foW Ha®b) = (a)h(b) (3.22)

where the coefficient 1(a) depends linearly on a € A.: 1 € A.. We have foW ! =y ®@h
and

Now (3.18) follows easily: for any a € Z,, and b € Z,; we have
fla@b) = (@)W (a®b) = (Y @h)(Ac(a)[lc @b]) = h((a*)b).
We have to find the support of the functional ¢). Inserting in (3.22) b = I. we get
Y(a) = foW ' (a®L).
Taking into account the formula (4.36) of [16] we get
Y(a) = fo(ide ® Ke) 0 Ac(a),
where k. is the co-inverse related to S,U(2).

If a=ws, |, then using (5.5) of [16] we obtain
PRy

20

(ide ® ke)Ac(a) = Z u%’p®(us_%/ )"

p—s P
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It shows that (ide ® Ke)Ac(a) € Zm @ Zpy. If (m,m') # (n,n') then f|z,0z , = 0 and
¥(a) = 0. It means that ¢ is supported by J,, ..

Now let ¢ € AL. Then ¥ ® h intertwines (22c @QAC)—action on A.® A, with the trivial action
of S,U(2) on C. Consequently (¢ ® h) o W intertwines (A, @ A.)-action on A, ® A, with the
trivial action on C. In other words (1) ® h) o W is a S,U(2)- invariant functional on A, ® A..
A simple computation shows that (1) ® h) o W restricted to Z,, ® 2,/ coincides with (3.18):

Y @hW(aob) = (¥ ®h)(Ada)(le®b)) = (Y ©b-h)Aca = h((a*p)b)

for any a € Z, and b € Z,.

—

Now we investigate the S,U(2)-invariance.
We know that U&\X is a linear map

/ ~ (&)
N 2@ 2y — (2,0 20)0A) = Y2, ® 2y @ B(H®).
seS

Therefore v} is a collection of maps {(v)*)* : s € S} where (V)N)* : Z, ® Z,y —
Z, ® Z, @ B(H?®) is the s-component of vfl"\l. Using the canonical basis of B(H?®) one may
identify elements of B(H?®) with (254 1) x (2s 4 1) matrices with complex entries. Therefore

AN AN\
()" = ((«2) ,
ab/ a,b=—s,—s+1,...s

S
where (v(’i\x> , are linear maps acting on Z, ® 2.
a

Clearly
(v2V), = Gd@gy)r, (3.24)

where £, are linear functionals on AZ considered in Appendix B.
A linear functional f: 2, ® Z,, — C is vfl"\/—invariant if and only if

(f@id)u)N (z®y) = fle@y)ly (3.25)
It means that /
(fo&vN(@ey) = flz@y)El) (3.26)

for all € € (A]})'. Remembering that vé‘x is a representation one can easily show that the set
of functionals ¢ satisfying (3.26) is closed under convolution product. Therefore it is enough
1

to verify it for functionals £ = &2, (a,b = :t%) (cf. Appendix B). It shows that (3.25) is
equivalent to

Fo) @oy) = faoyell). (3.27)

1
Clearly £2,(14) = dap. Formula (3.24) shows that

o = fowi)i,
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Combining this result with (3.27) we see that f is Sq/U\(Q) invariant if and only if

FoWP)Z, = 6w f (3.28)

for any a,b = :l:%.
Now we look at vé‘x in more detail.
Applying id ® (idg ® e.) to both sides of (3.2) we get

vila) = o7 g M @a) = T[u* (¢ @ x)u]
for any x € Z,,. A similar formula holds for vd Therefore using (3.3)

ey = {rlu (@ @2)u] hel{rlu (¢ @ y)u] s

forany z € Z,,, y € Z,» and

W) @@y) = {r[(@) (¢ @)u’ ha{r () (¢ @ y)u] Jas.

Inserting s = % and rewriting the formula in terms of matrix elements we get

1 1

1 1
W) oy) = S a W (u,aug, © (uf, )y, (3.29)
mkl

, 1
Remembering that (vé‘/\ )op is a linear mapping acting on Z, ® 2, we conclude that
1

;1 1 1 1
S @ AN (R ) au?, @ (uR))yup € 2, ® 2,y for any x € Z, and y € Z,,. Comparing

(3.28) with (3.29) we obtain the following result

Proposition 3.3
Let f be a functional on Z, ® Z,. [ is UM -tnwariant if and only if

1 1

ST f((ud ) aud,, © (ud,)Vyul) = £z 1Y) (3.30)
mkl

foranyx e Z,,y € Z,y anda,b= :l:%. The summation is over all m, k,l € {%, —%}

Let f be v -invariant functional on Z, ® Z,,. Then f satisfies (3.30) and is of the form
(3.18) where 9 is a linear functional supported by J,, /. Then for any z,y € A,
2 )

2

1 1

¢<£¢W“’ ((ulmwulbh)((uk)xukm)) = (k) * ) (331)

1

1 1 1

Indeed if x € Z, and y € Z,, then (u},)*zu;,, € Zp, (u;,)* yulb € Zy and by (3.17) the
arguments of 1 in (3.31) belong to J, . If (p,p’) # (n,n’) then both sades of (3.31) vanish
2,

b
2
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due to the support property of . If (p,p’) = (n,n’) then (3.31) follows immediately from
(3.18). Conversely if v is a linear functional on A, supported by J, , and satisfies (3.31)
27 2

then the functional f on Z, ® 2, inntroduced by (3.18) is v)* -invariant.
We shall use Sweedler notation A.x = (1) ® (2), yh * x = x(1) h(7(2)y). We know that

1 . . l l . . .
w2 is unitary: Zuﬁm(ufm)* = 0y .. Using this relation we compute

1 1 1 1 1 1 1 1 1
S (kv )« (d) ot ) = S wh) syt b ((wh) s u,) v )
m mrp
1 1 1
= S ey h ((wh) o
and =V (3 3 3 \k 3
Zq ( o)y, - h) * ((uza) xu,ﬁm> = Qup(r1) @ T(2)Y), (3.32)
kim

where Qg : A ® A, — A, is the linear map such that

’ 1 1 " 1
Qup(r @ Y) Zq_k)‘ Ny ug,)” xuklh ((uﬁa) yufb). (3.33)
klr

Therefore (3.31) is equivalent to

Y (Qab(l‘u) ® $(2)y)) = ((id ® h)(zq) ® 56(2)3/)) Sab- (3.34)

According to (3.19), z(1)®x(2)y = W (z®y). Remembering that W maps A.®A. onto A.® A,
we see that (3.34) is equivalent to

Y (Qap(r @ y)) = (¥ @ h) (T ® y)dab-

This equation combined with (3.33) leads to the following definition

Definition 3.4
Any functional ¢ € Al supported by J, . and such that
2 b

2

S (ko) (ko) = 6 )b (3.35)

klr

for any x,y € A. and any a,b = j:% is called a (x, x')-spherical functional.
We say that a pair (x,X') of characters is admissible whenever there exists a non-zero (x, x’')-
spherical functional.

Therefore we have proved (in the complete notation)

24



Theorem 3.5
The linear functional f on Dy ® Dy is vy, -invariant if and only if there exists a (x,x')-
spherical functional ¢ € Al such that

fleM@a® ¢ @b) = ((bh) xa)
= h((a*1)b)

foranya € Z, and b € Z,,. In particular D, x D, carries a non-zero invariant bilinear form
if and only if the pair (x,x’) is admissible.

The equation (3.35) characterizing (x, x’)-spherical functionals is still very complicated.
It involves two variables a, b running over A.. The following Lemma introduces some simpli-
fication.

Lemma 3.6
Let i € A.. Then the following conditions are equivalent
i) 1 satisfies the equations (3.35),

i)

Y(aerye) = (J”W(’chc)
(viwal) = ¢ Mp(aiay)
/ (3.36)
b atzae + i) = q%“‘”‘%(ﬂf)
1
¥(g~ )\O‘cxa +q ’ch'Yc) = 5 +2w( )
for any x € A..
Proof: To make the notation shorter we replace the indices —3, 5 by —, + respectively.
For any a, b, I, r € {—, +} and z,y € A, we set
, 3 1 1
Lu(z) = ¢ ™o | 3 ¢ g, zuy | (3.37)
k=41

1 1
Then L, and hprq = ugj - h - (ufe)* are linear functionals on A.. Equations (3.35) take the
form

ZLrl ) hipra(y) = Sap () h(y). (3.38)
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All summands are presented in Table 1.

Table 1
1 1 1 1

lbra UZQb Ura hivra Ly l[bra ul2b Ura hibra Ly
—— | @ |a| ach-ai[L_ [ —+—+[-a |-l P hore| L
- — +— Q¢ Ve Qe+ h - ’YZ L+— — 4+ _qf)/: CK: —Q’Y;k -h Qe L+—
= Ve | Yerh-op | Loy || ++—+ | or | —qve | —qac-h-ve| Ly
Tt % | % Ve h-ve [ Ly [+H++] ap | o ac-h-ac| Liy
— o | —qvehoal | L || ———+ | ac | —qve | —qc-h-ye | L
— A= v | e | e he vl [ L || - — 4| e | og ac-h-oe | Ly
4+ @ | ag-h-of | Loy [ +——+| Y | —qv | —qVc-h-ve| L+
+++-] ol | % g by | Loy |+ =4+ e | og Yo h-ac| Ly

At first we shall show that equations (3.38) imply that
L . =0=1L,_. (3.39)

Indeed taking (a,b) = (+,—) in (3.38) we get
Lo (x)h-—s(y) + Lyg (@) hy—y s (y) + Ly (@) hy 1 (y) + Ly () ho 11 (y) = 0.
Putting y = (7})? and using (3.16) we get
hee ()% = ha—si(00)?) = ho—si(00)?) = 0,

hio—((72)?) = —q(1=¢*)(1—¢% "1 #£ 0.

*

)2 we get in the same manner that the only nonzero

Therefore L_; = 0. Putting y = («
coefficient is

he—i4((ag)?) = hlacagagac) = h((Ie = @y Le = i) = (1= ¢*)(1—¢%) 7!

and L+_ =0.
Due to (3.39), the sum on the left hand side of (3.38) reduces to two terms. This way we
showed that the equations (3.38) are equivalent to

Ly =0=L_4,
Lo @hoyoo + Lyt ®hypye =0,
Lo @ho——y + Loy ®hsy = 0, (3.40)
L ®h 4+ L ®hy  —tp®@h =0,

Lo_®h—yt + Liy @hgyiy —p®@h =0.
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Now using the fact that h(ab) = h(b(f1 *a * f1)) (cf. e.g. [16], (5.20) or [19], (2.21)) and
frxul, * fi = FHDug, (uf) is a homogeneous element of degree (k,1)) we obtain

h-ae=q 2ac-h, h-af=q¢*} -h, h-ve=9-h, h-y =~ h
Then
hesoe = —qui-h-a} = =¢*yal-h = =gyl -h = —g*(a} - h-7%) = —¢*hypi.

In the same manner we get
he——f = —qac-h-ve = —qoeye-h = —¢*veac-h=—¢*(ve - h-ac) = —q*hy_4
and
heo— = ac-h-af = o - h = ¢(Ie. — *veyf) - h = ¢*h — ¢*hy 1,
hitit = ai-h-ac = g ?atac-h = ¢ (L —7e7:) - h=qh — ¢ *hoys.
Therefore the last four equations in (3.40) take the form
(Liy = ¢*' L)@ hyqq =0,

(Lit = ¢* L) @ hy—iq =0,
(Lt = ¢" L) @hy—y + (°L— — )@ h =0,

(L = ¢ L) @by + (¢ Lyr — ) @D = 0.
Having in mind that A4 44—, h4_ 44 are non-zero functionals we see that equations (3.35) are
equivalent to
Li. =0= L_,,
(3.41)
L = q %), L+ = ¢*.
In particular L, = ¢*L__.
The values of L, (cf.(3.37)) corresponding to all possible choices 7,1 = +3 are presented in
Table 2.

Table 2

1
371 Lrl(w)

-+ =
T~

1
3
rljut, |u

1y/ _1 1
=1 ok | v | =] ae | ¢@Mv(g 2 racrye — ¢ T2 Myeral)

(3.42)

*

_ 1y _1 1
—+ | e | | ae | = | a2 Y(g Mt mal — ¢ TR akay))

1y/ _1 1
- Ye Ve (0% (0% qi)‘ 1/}((] 2/\’7:1'70 + QQAO‘:'%'O‘C)

1 1
Aacral + ¢? 2 M ewyk)

_ 1y _1
++ | ar | o | —a | el | a2 e(g e

*
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Now we see that the equations (3.41) coincide with (3.36). Therefore (3.35) and (3.36) are

equivalent and this ends the proof.
O

Now we are ready to formulate the result which allows to select the pairs of Gelfand spaces
with non-zero Lorentz invariant bilinear functionals.

Lemma 3.7

Let i € A.. Then the following conditions are equivalent
i) ¥ is a (x,X')- spherical functional;

ii) 1 is supported by J%’_% and for any x € A. :

Ylaex) = 2O 2y(za,)
Ylazr) = ¢ O 2y(zar)
o (3.43)
Y(rew) = ¢ 2 Ny(ay)
bzz) = @O M(any)
In particular
Y(Vevew) = b(ayes). (3.44)

Proof: We have to show that equations (3.43) are equivalent to (3.36). By straightforward
calculation we get that (3.43) implies (3.36). Conversely assume (3.36). By the second
equation of (3.36) we have

V(izaive) = ¢ M(Virvead) = v(adayn)).

Inserting z — zaf in the third equation of (3.36) and using above equality we obtain on the
left hand side

W aga[le — vive] + g iwveal)

V(P atradac + Vizaive)

= PY(agalle — v + aferel) = *(afe).
Therefore
1O \)—
laze) = g2 (xa)).
Clearly this is equivalent to the second equation of (3.43). In the same manner inserting
x — aex in the third equation of (3.36) and using the first one we get

1

1 ’
QE()\_)\ )_Qd)(acx) = ¢(q’\a:acmac +yracrye) = l/l(qAOé:OécIEOéc +q acyiTye)

= Y(atacrae +Yiverar) = Y(zac)
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and this is the first equation of (3.43). Combining this two equations we have ¥ (afacz) =
Y(zaiae) and since iy, = I. — oo this proves (3.44).
Now inserting  — o in the first equation of (3.36) we get on left hand side

Ylacaizye) = Y([Ie — Prerilere) = v(ave) — Y(1iverye)

and on the right hand side using the third equation of (3.36)
Ly a\)— *
¢"PY(eaiza) = CPY(airera) = @z (er) — p(rivere)]

— 2O Ny (y) — (e ve)-

Comparing both sides we get the third equation of (3.43). Inserting z — za, in the second
equation of (3.36) and using again the third equation of (3.36) we prove the fourth equality

in (3.43).
O

Until this point we made our computations for arbitrary y and x’. In the further inves-
tigations our methods will depend on specific relations between x and x’. We shall have to
consider separately different classes of pairs (x, x’). It will be done in the next Section.

4 Admissible pairs of Gelfand spaces

We continue the investigation of bilinear invariant functionals on Gelfand spaces.
Since the coefficients on the right hand side of (3.43) are non-zero for any A, \" therefore for
any a € {a, o}, v.,7v:} and x € A. we have that ¥ (ax) = 0 if and only if ¥(za) = 0. Let us
also note that it is enough to verify the relations (3.43) only for homogeneous = € A.. In such
a case axr and xa are homogeneous elements of the same degree. Due to the support property
of 1, (3.43) gives non-trivial conditions only if ax,za € J, .. Let us remind (cf.(3.15),

(3.14)) that

20 2

linear span

Jn o = {(ac)%(nlfn)(%) (n+n,)(%vz)m :m=20,1,2, } ) (4.1)

1
2

Lemma 4.1
Let ¢ € AL be a (x, X')-spherical functional.
Then

1° np#n) = Y(ay.) =U(yx) =0 for any x € A,
2 mytnh = Y(arg) = (i) =0 for any v € A,

3 x#X = Y(@yeyl) =v(vevix) =0 for any x € A..
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Proof: Ad 1°. We may assume that x € A, is a homogeneous element such that xv. €
J, _w. Then in view of (4.1) we have that

27 2

(n—n')

1
YeX = @2 e

and by the third equation of (3.43) we have
Y(are) = A N(ra) = @OV g(an,).
Since %()\—i—n) = %(nl +n2—2+mn;—n2) =n;—1 and %()\’+n/) =nj — 1 we get

(1-— q”l_nll)w(x’yc) = 0.

Note that ¢™ " = 1 if and only if ®n; = Rn) and Sny = ) (mod(lfgq)). Since Jnq, Inj €

0, 5 g’;[ the last condition is equivalent to Sn; = Sn). Therefore ¢™~™ = 1 if and only if

n1 = n} and this proves 1°.
Ad 2°. We may assume that € A, is a homogeneous element such that zv} € J, ..

27 2
Then using again (4.1) we have

(n—n')

Vir = ¢2 Ty,

and using the fourth equation of (3.43) we obtain
v(ayy) = ¢ 2O V(ia) = VNG p(any).
Now %()\ —n) = %(nl +ng—2—ny+ng) =ng—1 and %()\’ —n') = nf, — 1. Therefore
(1—g™m)(ays) = 0

and 2° follows. Combining 1° and 2° we get 3°.

O
In the further analysis some pairs of characters play a distinguished role.
Definition 4.2
Let x = (n1,n2), X' = (n},nb) be characters of the parabolic group n := n; — ng and
n' :=n} — nb.
We say that (x,X') is a singular pair whenever
190 iR(n1 4+ n}) and 1R(n2 + nb) are non — negative integers,
20, 1S(n1 + 1)) = £S(no +nh) € {0, Togg ]
If (x, X) is a singular pair then we set
(1 1 ,
My = Mmin iﬂ%(nl +ny), §§R(n2 +ny) ¢ (4.2)
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Remark. my, is a real number for any pair (x, x’). Since $R(ny +n}) — AR(n2 + nb) =
3(n+n') therefore if (y,X’) is singular then n = n’(mod(2)). Conversely if n = n’(mod(2))
then my,s is a non-negative integer if and only if $R(ny +n}) and 1R(ny + n}) are non-
negative integers.

It is also obvious that $3(ny +n}) = 33 (ng + nb) for any (x, ). Due to our choice of the rep-
resentatives n1, na, n}, nh, their imaginary parts belong to [0, 2% [. Therefore $3(n1 + n}) =

’ log q
: i Cx — ! — () — Cx — G/ 1o 1y 1ok /1y _ —m
0 if and only if Sny = Snj = 0 = Sng = Sny. Also 33(ny +ny) = 53(n2 + ny) = 577 if and
se ey . Cx 2 ey — Gk 2m
only if Sny = —Sny (mod(1577)) and Snh = —Sng (mod(57))-

The following result reveals the meaning of the "singular pair”.

Lemma 4.3
Let x = (n1,n2), X' = (nf,nh) be characters of the parabolic group such that n = n’(mod(2)).

Then
(6 x") gz N FA=lntn)—2m
<~ .
is a singular pair for some m € {0,1,2,...}
The nonnegative integer m appearing on the right hand side of the above equivalence coincides

with my,..

Proof: Since

LN A nt]) = K st — s — )
T(ni+nh) forn+n' <0 (4.3)

T(na+nh) forn—+n'>0

we have
TIRA+N+4—|n+n]) =myy,

1 / / 1 / (4'4)

ISA+ XN +4—|n+n']) =358(n +ny).
Now

q%()\+)\/+4f|n+n’|)72m _ q2(mXX/—m)+i§(n1+n’l)
and
qZ(mXX/—m)—&—i%(nl—i—n’l) -1
is possible if and only if m = m,,, and I(ny +n}) € {0, 1;?;} and this proves the lemma.
O

Let us remind that for m € {0,1,2,...} by xflmjn, we denoted the element of the linear basis
of J,

2

n! -
2

2= (0) 1) (0) 1y (7)™ (4.5)

1
2

cf.(4.1) and (3.14).
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Lemma 4.4
Let (x, X') be an admissible pair of characters and v be a non-zero (x, x')-spherical functional.
Assume that n #n'. Then (x,X') is singular and
Y (a:;m_)n/) #0 = m=my,. (4.6)
Proof: We know that n = n’/(mod(2)). It is sufficient to consider two cases: n’ > n and
n' < n.
If n’ > n, then n’ —n > 2 and by (4.5) and the first equation of (3.43) we have
¢ (#) = ¥ (00 (2 () 1y (7)™

1
2
1 ’ *\m
= @Oy ()1 () () 1 gy (V7))

_ Lo+ —o2m—1 ’ (m)
= qz( + )+q m 2|n+n|w(xn /).

Therefore )
(1 _q§()\+)\’+4—\n+n’|)—2m) " (x(m) ) — 0. (4.7)

n,—n’
We shall prove that the same relation holds for n’ < n. In this case ' —n < —2. By (4.5)
and the second equation of (3.43) we have

e (2) = 0 (0200 ) (96 (o (7e7)™)

1
2

_1 N— *\1
= ¢ 2N 2¢((O‘C)%(nf—n+2)(%)%(mn')(%%) O‘C)

1(/\+/\’)—2q2m+%|n+n’| " (.’E(m) )

pu— _E
q n,—n’

and (4.7) follows. Remembering that 1 is a non-zero functional supported by J,, - and that

2072
elements (4.5) form a linear basis of J, ,+ we see that the equation
2’ 2

qrON A =2m (4.8)

is satisfied by a non-negative integer m. Now Lemma 4.3 shows that (x, x’) is singular. Re-
membering that m = m,,- is the only solution of (4.8) and using (4.7) we get (4.6).

O
Remark. Using (4.3) one can immediately check that
R(n1+nf) forn+n' >0
Tn+n)+my =
R(ng +nb) for n+n' <0.
Therefore ) X X
T = (06) 1oy (1) TR (57 4, (4.9)

32



To describe all admissible pairs (x, x’) of characters we shall consider four cases:
1° ny =n} and ny = nj,
2° ny =nf and ng # nb,
3° n1 #n} and ny = nb,
4° ny #nj and ng # nb.
In the first case we have the following result

Proposition 4.5
Let x = X' = (n1,n2) be a character of the parabolic group. Then

1. If (x,X) is not a singular pair then g~ (Mtn2)tlm—nal+2m L1 for ;= 0,1,2,... and
any (x, x')-spherical functional is proportional to the one given by the formula

1— qf(n1+n2)+|n17n2\ ; ( ) ( )
or (r,s) = (n,—n
" (x(m)) _ 1—gq (n1+n2)+|n1—n2|+2m (4.10)

rs

0 otherwise.

2. If (x,X') is a singular pair then g~ (MFn2+m—n2l¥2m — 1 for m =m \ (cf.4.2) and any
(x, X')-spherical functional is proportional to the one given by the formula

1 for (r,s) = (n,—n) and m = myy

v (2)) = (4.11)

0 otherwise.

In particular the pair (x, x) is always admissible.

Proof. Let 1 be a (x, x)-sperical functional. Then v is supported by J%,,% and

v (2)) =0 (4.12)

for (r,s) # (n,—n). For x = ¥’ the equations (3.43) reduce to

Y(aer) = ¢"2Y(zac),
Plaiz) = ¢ MFm)y(zal),
(4.13)
¢(70x) = ¢(x70)>
Y(vir) = Y(zvy)
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for any x € A..

It is sufficient to verify these relations for x = x&?) Elements .z and x7,. belong to the
support of ¥ only if (r—1,s+1) = (n,—n). In this case r+s = 0,7 —s = 2n, = = (Ve)n(VeYe)*
and v.x = x7.. It shows that (4.13.III) (i.e. the third equation of (4.13)) is automatically
satisfied. In the similar way one verifies (4.13.1V).

Now we insert x = 33521) into (4.13.1). Elements a.x and xa. belong to the support of

only if (r —1,s —1) = (n,—n). Thenr+s=2,r—s =2n and z = azxxn_)n We compute
then

zae = afalae = ¢ MMazaa = g (1, gt
= ¢, - )
and
x, (m) 2, (M (m) 2, (m+1)
Qe = QcQeTp —p = (IC —4q 7070)‘%71,771 = Tp,n =49 Tp—n -

Now (4.13.1) takes the form
Dy (a,)) = gy () = g (g (2, ) < (275)).
This is equivalent to

(1 _ q—(n1+n2)+\n\+2m) ¥ (iUgLT,)l_)n) _ (1 _ q—(n1+n2)+|n|+2(m+1)) ¥ (ngT’n:@l)> = 0. (4.14)
form=20,1,2,....

In a similar way we analyze equation (4.13.IT). Let © = 2™ Elements oz and zal
belong to the support of ¢ only if (r+1,s+ 1) = (n,—n). Then r + s = =2, r — s = 2n and

T = ac:ns:@_)n. Therefore

q|n|+2macazx(m) — q|n|+2m (Ic _ q2')/c'}’(t) l‘(m)

* (m) *
T, = O [0 n,—n n,—n

cHn,—n—ec T

_ q|n|+2mx(m)n _ q|n|+2(m+1)$(m+1)

n,— n,—n

and
(m) _ m (m)

* . % * _
QT = acacxn,—n - (IC _fycfyc)wn,—n =z

Now (4.13.IT) means that

w(x(m) )_w<x(m+1>> g (mna)nl2m (x<m> )_q—(n1+n2)+|n|+2(m+1)¢ (x<m+1>),

n,—n n,—n n,—n n,—n

which again is equivalent to (4.14). Clearly the equation (4.14) is satisfied if and only if

(1 _ q—(n1+nz)+|n|+2m) W (x(”ﬂ ) = C, (4.15)

n,—n

where C is a complex constant independent of m. This way we showed that 1 is a (x, x)-
spherical functional if and only if it satisfies (4.12) and (4.15).
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Inserting x’ = x in Lemma 4.3 we see that (x, ) is not singular if and only if g~ ("1tn2)+Inl+2m
1 for all m =0,1,2,... In this case

(m) y _ C
w(ajn,—n’) - 1_q—(n1+n2)+‘n1—n2|+2m

and Statement 1 follows.
If (x,x) is singular then the first factor in (4.15) vanishes for m = m,,. Therefore C =

0, (™

n ) 7 0 only for m = my, and Statement 2 follows.

In the second case

Proposition 4.6
Let x = (n1,n2), X' = (n},ny) be characters of the parabolic group. Assume that ny =
nh, na #nb. Then (x,x') is admissible if and only if

Rny € {0,1,2,...}, Sny € {0, Togg ) ny = —ngy (mod(ﬁ’g”q)),

In this case any (x, x')-spherical functional is proportional to the one given by the formula

1 for (r,s) = (n,—n’) and m =0

" (mgsn)) — (4.16)

0 otherwise.

Remark. Let us note that ®n; € {0, 1,2, ...} implies that Rny is an integer (for n = ny —na
must be an integer).

Proof. In the present case n # n'/. Assume that (y,x’) is admissible. Then by Lemma
4.4 the pair (x,x’) is singular. In particular (cf. Definition 4.2) ®ny; € {0,1,2,...} and
Qny € {0, % .

We assumed that ng # nh. Let 1) be a non-zero (x, x’)-spherical functional. By Statement

2 of Lemma 4.1 and formula (4.5)
v (%) = v ((e0

for m # 0 and n + n’ < 0. Therefore n +n' > 0, R(n1 +n}) > R(ng + nh) and by definition
(4.2)

) (V) Ly (V¥ ™) =0 (4.17)

1
2

My = 3R(n2 +nh).

On the other hand, comparing (4.17) with (4.6) we get m,,s = 0. Therefore RnyH = —Rny.

Moreover Sny = Snj = Sny = Sng € {0, 57} and Snp = —Qng (mod(lggq)). Therefore
nh = —ng (mod(lzgzq)). Relation (4.6) shows that 1 is proportional to the functional (4.16).

This proves the “only if” part of the proposition.
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To prove the converse it is sufficient that to show that (4.16) is a (x, x)-spherical func-
tional. Clearly this functional is supported by J, . In the present case relations (3.43) take

27 2
the form

(4.18)

Formula (4.16) implies that ¢(zyfy) = 0 for any =,y € A.. Consequently ¢ (za.aly) =

Y(zy) = Y(rafacy). Now one can easily verify that (4.18) holds.
O

In the third case we get

Proposition 4.7
Let x = (n1,n2), X' = (n),nb) be characters of the parabolic group. Assume that ny #
nY, ny =mnh. Then (x,x’) is admissible if and only if

Rno € {0,1,2,...},  Sna € {0, 55}, ny = —ni (mod(Z2L)).

In this case then any (x, X')-spherical functional is proportional to the one given by the formula

1 for (r,s) = (n,—n') and m =0
Bl = (119)

rs
0 otherwise.

Proof. This case is in a sense a mirror immage of the previous one and the proof is
essentialy the same. We indicate the most important changes only. Assume that (x,x’) is
admissible. As before it must be singular. In particular (cf. Definition 4.2) Rng € {0,1,2,...}
and Sng € {0, 55}

In the present case ny # n}. Assume that 1 is a non-zero (x, x’)-spherical functional. By
Statement 1 of Lemma 4.1 and (4.5)

v (=5,)) = v ((ae)

for m # 0 and n + n’ > 0. Therefore n +n' < 0, R(n1 +n}) < R(ng + nh) and by definition
(4.2)

(n'—n) (’YC) %(n—i—n’) (70'70 ) ) =0 (420)

1
2

My = 3R(n1 +nh).

Repeating the arguments used in the previous proof we see that m,,, = 0, n}j = —n; (mod( ligiq )
and relation (4.6) shows that 1 is proportional to the functional (4.19).

36



Instead of (4.18) we have relations

(4.21)
Yliz) = @ ().

Formula (4.20) implies that ¢ (zv.y) = 0 and Y (racaly) = Y(ry) = Y(zaiacy) (notice that
in this case n +n’ < 0). Using this formulae one can easily verify that the functional (4.19)

satisfies (4.21).
O

Now we consider the last case.

Proposition 4.8

Let x = (n1,n2), X' = (nf,nh) be characters of the parabolic group. Assume that ny # n}
and ny # nh. Then (x, x') is admissible if and only if X' = —x.

i.e.

ny =-m (mod(ligf]))a nhH = —ng (mod(ligiq)).

In this case any (x, x')-spherical functional is proportional to the one given by the formula

1 for (r,s) = (n,n) and m =0
V() = (4.22)
0 otherwise.

Proof. Assume that (x, x’) is admissible and v is a non-zero (, x')-spherical functional.
Since ny # nl, n2 # nf then by Statements 1 and 2 of Lemma 4.1 and formula (4.5)

(0 (132731_)71/) =9 ((OZC)%(nun) (7e) (n+n’) ('70’7?)m) = 65n+n’,05m,0 (4'23)

1

2

for some non-zero complex number ¢. Remembering that ¢ # 0 we get n +n' =0, i.e.
ni+ny = ng+nb (4.24)

and (for m =0) c¢= ¢((O‘C)%(nun)) is the only non-zero value.

Let us consider two cases. If n # 0, then n # n’ and by Lemma 4.4 (x, x’) is a singular
pair. Comparing (4.23) with (4.6) we get m,,s = 0.

If n =0, then n’ = 0 and ¢(I;) = ¢ # 0. Remembering that ¢ (y.7) = 0 ( by (4.23)) we
obtain

¢(aca:) = w(Ic) = ¢(a:ac)‘
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Using the first equation of (3.43) we get
blacay) = @20 P(agac) = 2O (acal).

Therefore (1 — q%()‘+)‘/)+2) c=0 and 1 — qz3*")42 = 0. Remembering that n + n’ = 0 and
using Lemma 4.3 we see that (x,x’) is a singular pair and m,,, = 0. Therefore both cases
lead to the same conclusion.

Using Definition 4.2 and taking into account (4.24) we get

R(n1 +n)) = R(ne +nf) = 0,

S(n1 + 1)) = S(ne +nh) € {0, % .
Relation (4.23) shows that the functional ¢ is proportional to the one given by (4.22). This
proves the the “only if” part of the proposition.
To prove the converse let us assume that x’ = —y. Then

n'=-n, FA+XN)+2=0(mod(Z%)), (A —N)=mn1+ns(mod(Zr,))

and the equations (3.43) reduce to

- ¢($ac),

)

Ylogr) = Plzag), (4.25)
) = q_(”1+”2)¢($%), ’
)

= "I (ayy).

Observing that the functional (4.22) coincides with counit e. on the space Jn n one can
easily verify that (4.22) satisfies (4.25). Therefore (4.22) is a (x, —x)-spherical functional and

(X, —X) is an admissible pair.
O

Now we are able to compile the list of all admissible pairs of characters.

Theorem 4.9
Let x = (n1,n2), X' = (n},nh) be characters of the parabolic group. Assume that (x,X') is
an admissible pair. Then we have four possibilities
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1 X =x,

213
log g

) and nh = —ngy (mod( 2mi )y,

2 x' = —x (i.e. n} = —ny (mod( Togd

iy

o — T _ T I T o
3 X = (pl EloganQ G]qu>7 X = (pl Elogq’ p2 Elogq)’

where p1 € {0,1,2,...}, po € {£1,4+2,...} and € =0, 1,

iy

o _ _ o m T A T _
4° x = (pl Elogq7p2 610gq)) X = ( /4! €1qu1p2 6logq>’

where p1 € {£1,+2,...}, p2 € {0,1,2,...} and e =0, 1.

Conversely in any such case the pair (x,X') is admissible.
For any admissible pair (x,x') the set of (x, X')-spherical functionals is one dimensional.

Remark. Case 2° in the above list besides the pairs considered in Proposition 4.8 contains
two pairs of the for (x,x) where y = (0,0) or x = (lgg;, 1Z§2)- It means that cases 1° and 2°
of the list are not disjoint.

We would like to stress the distinguished role of the case x’ = —x. In this case the (x, x’)-
spherical functional restricted to Z,, coincides with the counit e.. Indeed e. and v applied to
:USZ’) = (ac)fé(n+k) (%)%(nik) (YeyE)™ give Opgdmo for m = 0,1, 2.... Therefore axy = axe. = a
for any a € Z,,. Proposition 3.5 shows now that any Lorentz invariant linear form on D, ® D_,,
is a complex multiple of the linear form (in truncated notation)

Z,®Z_y 3 (a®b) —> h(ab) € C. (4.26)

This form is non-degenerate: h(ab) = 0 for all b € Z_,, (a € Z, respectively) implies
a =0 (b = 0 respectively). This fact follows from the faithfulness oh the Haar measure on A,
(cf.[16], Statement 5 of Theorem 4.2).

Let us note that for x = (n1,n2) and x’ = (nf,nh) their product is given by x - X' =
(n1+n} —1,n9+nh—1). In particular x - (—x) = (=1, —1). Remembering that multiplication
map m: D, ® D;( — D, intertwines the actions of quantum Lorentz group and taking
into account the formula (4.26) we expect that the Haar measure considered on the Gelfand
space D(_; _1) is a Lorentz invariant linear functional. This is the case. In fact we can prove
a stronger result which seems to be important in itself.

Proposition 4.10
The functional
Di1-13¢"*®a— h(a) €C (4.27)

is the only (up to a complex coefficient) Lorentz invariant linear functional on D(_; _yy.
Moreover D _y) is the only Gelfand space admitting a non-zero Lorentz invariant linear
functional.
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Proof: Let ny = nz = 1. Then A = 0 and n = 0. Therefore D(; 1) = I3 ® Zp and [ = I; ® I. €
D(,1y- Clearly I is a Lorentz invariant element. Inserting in (4.26) n = 0 and a = I. we get
the Lorentz invariance of (4.27).

Assume now that ¢ is a non-zero Lorentz invariant functional on D, ,,). Remembering
that the multiplication map intertwines the action of the quantum Lorentz group on Gelfand
spaces we see that ((0,0), (n1 + 1,n2 + 1) is an admissible pair of characters. Indeed, D(g ) -
Dy 41,n041) € D(ny o) and (we use the truncated notation) the linear functional

f:2092,2a®b— ¢(ab) € C

is the invariant one. It is a non-zero functional because f(I.®b) = ¢(b) and ¢ # 0. Inspecting
the list of all admissible pairs (cf.Theorem 4.9) we see that xy = (0,0) is the only character
such that the pair ((0,0),x) is admissible. Therefore ny = —1, ng = —1. Moreover in this
case the invariant linear functional is given by (4.26). Therefore ¢ must be a multiple of h| gﬁ

Remark 4.11

One can easily show that D(; ;) is the only Gelfand space containing a non-zero Lorentz
invariant element. Dy 1) = Ig ® Z is a *-algebra isomorphic to Zy. Its C*-completion (cf.
Proposition 2.1 and [9, page 200])

Zo={acA.: (7 ®ide)Ac(a) =1 ®a }
is the algebra of “all continuous functions” on Podles sphere 5’3 = gl 54U (2) | Therefore v(1,1)
describes the action of QLG on Podles sphere. It is the quantum deformation of the well
known action of SL(2, C) on the Riemann sphere S2. SL(2, C) is the two-fold covering of the
group of all bi-holomorphic isomorphisms of S2.

5 Intertwining operators.

In this section we consider the equivalence and irreducibility of the representations of the
quantum Lorentz group on Gelfand spaces. To this end we shall investigate intertwining
operators for the corresponding actions.

Let x = (n1,n2) and X' = (n},n}) be the characters of the parabolic subgroup P of the
quantum Lorentz group, n = n; —ng, n’ =nj —ny and T : D, — D, be a linear operator.
We say that T intertwines v, and v, if

vy oT = (T'®id) ovy. (5.1)

The set of all intertwiners will be denoted by Mor(x, x’). Clearly Mor(y, x’) is a complex
vector space. We shall prove that dim Mor(y,x’) < 1 for any x and x’. In particular for
x = X/, dimMor(x,x) =1 and Mor(x,x) = {Aidp, : A € C}. It shows that the repre-
sentation of quantum Lorentz group on any Gelfand space is irreducible. In this context the
irreducibility means that the representation does not split into a direct sum of non trivial
subrepresentations. In particular the space of an irreducible representation may contain a
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non-trivial invariant subspace but if this is the case the irreducibility exludes the existence of
an invariant complementary subspace.

Clearly the operator T' = 0 acting from D, into D,/ is an intertwiner for any characters
x and x’. Moreover for every x any multiple of identity acting on D, is an intertwiner. All
other intertwiners are called nontrivial. Only exceptional pairs (x,x’) admit nontrivial in-
tertwining operators. We shall describe all such pairs. As in the previous section we shall
mainly use the truncated notation. In particular a linear operator T : Z, — Z,, such that
vV oT = (T ®id) o v is a truncated version of an intertwiner.

Proposition 5.1

Let D, D', D" be Gelfand spaces and v,v',v" be the corresponding actions of quantum Lorentz
group and f : D' ®@ D — C be v/ Qv - invariant linear functional. Assume that f is left
non-degenerate i.e. ' = 0 is the only element of D' such that f(z' ® ) = 0 for all x € D.
Then for any linear map T : D" — D',

( fo(T®idp) is v"@v —invariant ) <= (T intertwines v" with v').

Proof. The implication < is obvious. We shall prove the converse.
For any z € D and a € A we set

Iz ®a):=v(z)(I®a).

One can check that above formula defines a linear continuous map acting on D&.A. This map
is invertible, the inverse map is given by the formula

771 = (idp ® k)7,
where & is the coinverse related to QLG. A functional f : D — C is v - invariant if and only
if

(feid)y = f®id.

We shall apply the above concepts to the tensor product v/ Qv acting on D' ® D, v/ Qv :
D'®D — D'®@D®.A. Then (v Qo) is a linear continuous invertible map acting on D'@D&.A.
Using the leg-numbering notation we have

(v' Qo) = Vy3023.
We assumed that f is v/ (Dv - invariant. Therefore
f120013 0023 = fia.

In the above formula 7}5 and 723 are linear operators acting on D’'&D®.A, whereas f1o maps
D'®D®A into A. Assume that f o (T ® id) is v” Qv - invariant. Then

fi2oTyovf30093 = fra0Th.
Combining this formula with the previous one we get

~// ~ ~/ ~
fi2 011 00y3 0093 = f12 0030 V23 07T7.
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Clearly the operators 023 and T7 commute. Remembering that 023 is invertible we obtain
fizoTiodly = firaodjzoTh
and (f is left non-degenerate!) T} o 93 = 9}4 o T}. This shows that 7" intertwines v” and v'.

O

Let x = (n1,n2) and x’ = (n},nf) be characters of the parabolic subgroup. We shall use
Proposition 5.1 in the following context

D D, y U= Uy,

D' =D_y , v =wv_y,
" "

D D,

_’UX

and f is the only non-degenerate (in both variables) v_,s v,/ - invariant functional on
D*X' X DX/ :

f (gt @ 0@ g MA@ b) = h(ab) (5.2)
for any a € Z_,, and b € Z,,» (cf.(4.26)).
Let ¢ € A/, be a linear functional supported by J,

n o . Forany a € Z, we set
27 2

Ty (a5 ga) = ¢S @ (ax y).

(5.3)

Then T} is a linear map acting from D, into D_,,. Indeed using the truncated notation:

uh ot = (@il ) = (0 @ ido)(u, © uf))

0 if <2
(5.4)
= w (’U,Sg7 g/) U/s_%/’k < Z,n/ lf S Z ‘L;'

According to the Theorem 3.5 any v, (Dv,/ - invariant functional on D, ® D, is of the
form

f’ (q—(n1+n2—2)J3 ®a® q—(n’1+n/2—2)J3 ® b) = h((a * 1/))[))

(5.5)
= [ (Tl mFm2% @ a) @ gD g b)
for any a € Z, and b € Z,. In the above formula 1 is a (x, x’) - spherical functional on A..

Now using Proposition 5.1 we obtain
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Theorem 5.2
Let x, X' be the characters of the parabolic subgroup of the quantum Lorentz group. Then

Mor(x, —x') = {Ty : ¥ is a (x,X’) — spherical functional on A.}.

In particular
1 if (x,x’) is an admissible pair
dim Mor(y, —x) =
0 otherwise.

We know that for any x, the pair (y,—x) is admissible and (cf. previous section) any
(x, —X) - spherical functional v is a multiple of e. restricted to J%%. Therefore in this case
Ty is a multiple of the identity map. We shall prove that also in a generic case an intertwiner
Ty : Dy — D_,s is an isomorphism. The exceptions will be described.

Let ¢ be a (, x')-spherical functional. The set

Spy = {5 € Spuy NSpwys : 9 <ui n,> 750}
27 2

will be called the spin-support of ¢. Using (5.4) one can easily verify that (still using the
truncated notation)

k 1 linear span
= —85,—S ey Sy

ker Ty = { us - ’ o

iy {uwk s € Spvy \ Sp¢ }

I 1 linear span
) l=—s5,-s s ey S5
ImTw - {U_ /7l . s 6 Sp’(]b }

In particular T}, is injective iff Sp+ = Spwv, and surjective iff Spy = Spv,s. T}, is invertible
iff Spvy = Spvy = Sp .
As in the classical case (cf. [3]) we introduce the concept of positive integer point.

w‘«j

Definition 5.3
We call a character x of the parabolic group a positive integer point whenever

e e
x = (n1,n2) = <p1 —ebg(l7pz—elogq) (5.7)

for some p1,p2 € {1,2,3,...} and e =0, 1.

For an positive integer point x of the form (5.7) we shall consider closed subspaces E, C D,
and F_, C D_,. In truncated notation

g lpr=p2|  prtp

-1
2 2

linear span
} (5.8)
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and

_ b +p2 p1+Dp2
2 ’ 2

+1,...

linear span
} (5.9)

F_, = {u‘s_;l l=—s,—s+1,...,8 s

)

where n = ni; — ng = p1 — p2. One can check that
codimF_, = dimFE, = pips.
Let us consider admisible pairs of the form (x, x).

Lemma 5.4

Let x be a character of the parabolic subgroup and 1) be a non-zero (x, x) -spherical functional.
Then
10

Ty:Dy — D_,)
<= | x and (—x) are not positive integer points | .
1s an isomorphism
20, If x is a positive integer point then
kerTy = Ey, ImT, = F_,. (5.10)
3°. If (—x) is a positive integer point then

ker Ty = F, ImTy, = E_,. (5.11)

Proof. Let x = (n1,n2) and n = ny — ng. In the considered case (cf.B.19)

g P6=50 [s +

T2 [l s-

"2 (2t 2); (@ ED; 2), y ifn>0

(q J 2% \J
X q c IC :
2) (241 62)(q% ¢2); (@%e7e)

(—gyH)IM if n < 0.

(5.12)
Suppose that (x,x) is a non-singular pair and that Sp is a proper subset Spv, (i.e. Ty is
not an isomorphism). Then we may assume that v is given by the formula (4.10). It means
that

* m — 1- qQZn
Y ((vere)" (Ve)n) = W
where
1 —ng ifn>0
zn = =(In1 — na| — (N1 + n2)) =
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Applying 1 to both sides of (5.12) and using Lemma B.2 we obtain after simple algebraic
transformations

¥ (uh_n) =g
( 2 2) (q2(2n+1);q2) Inl (_q)|n| if n < 0.

ST

" (q2(\n|—2n+1); QQ)S,M 1 ‘o >0
e = (5.13)

In particular
Inl 1 forn >0
2 —
v (“2‘2) ) g
(—q) for n <0

and is different from zero. Therefore @ € Sp and by virtue of (5.13) s € Sp if and only if
2

||

Let so be the minimal element of Spwv, \ Spv. Then sq — 5 is a positive integer and

U5 o) _ (5.15)

lc:g;lq
where € € {0,1}, p1 = so — % and ps = so + 3.

Solving the equation (5.15) we get so = —3(n1 + n2) mod(;Z- ). Noting that ny — ng = n we
bgg» "2 = ~P2 €igg
Remembering that sg— @ is a positive integer we conclude that p; and ps are positive integers.
It means that (—x) is a positive integer point.

Conversely if (—x) = (p1 — e&, p2 — elggq) is a positive integer point then the condition
1 of Definition 4.2 is violated for the pair (,x). Therefore (x, x) is not singular. Moreover
Sg = %(pl + po) satisfies the equation (5.15) and sp — @ = min(p1, p2) is a positive integer.
Therefore sy € Spv, \ Sp¥ and Sp is a proper subset of Spvy. Using (5.15) one can easily

show that (5.14) is satisfied if and only if s < so. Therefore

obtain n1 = —p; — €

Inl In| P1+p2_1}
272 T2

Spy = { —+1
and using (5.6) we obtain relation (5.11). Moreover we have showed that

(x, x) is not singular and
< | (—x) is a positive integer point | . (5.16)
Ty is not an isomorphism

Now suppose that (x, x) is a singular pair and that Sp) is a proper subset Spvy. Then
(cf.Definition 4.2)
i i
P2 — €
log q log q

where p1,p2 € {0,1,2,...}. In this case my, = min{pi,p2} and

X = (ni1,n2) = (p1 —¢€ ), (5.17)

200 = () () ™ex. (5.18)
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We may assume that the (y, x)-spherical functional ¢ is given by the formula (4.11). Let
5= @ + m, where m is a non-negative integer. s € Sp if and only if w(u‘;_g) # 0. This is
the case if and only if the basis element (5.18) does appear on the right hand side of (5.12)
ie. iff m > m,,. It shows that

Spy = {|n2|+mxx,|g|—i—mxx+1,...}. (5.19)
Remembering that Spt is a proper subset of Spv, we conclude that m,, > 0. Therefore
p1 > 0, po > 0 and (5.17) shows that x is a positive integer point. Conversely if x is a
positive integer point then we have (5.17) with p1, po = 1,2,3,.... Then (x, x) is singular,
My = min{py,p2} > 0 and |—g| ¢ Sp. It shows that Sp) is a proper subset of Spv,. The
reader should notice that the first element of (5.19) equals 4 (p; + p2). Using (5.19) and (5.6)
we obtain relation (5.10). Moreover we have shown that

(x, X) is singular and
Tw 1s not an isomorphism

) = ( X 15 a positive integer point ) . (5.20)

Now combining (5.16) and (5.20) we get Statement 1°. 5

Now we consider the third case (cf.Propostion 4.6 ) of admisible pairs. For this case we have

Lemma 5.5
Let p1 € {0,1,2,...}, p2 € {1,2,...}, e=0,1 and

~ (n n)—( 7€7m' Em') ’—(n/ n')'—< 7671'2' _ em')
X 1,M2) - b1 7logq’p2 log q y X 1, N2) - b1 T, —P2

be characters of the parabolic subgroup. Then (x,X') and (X'x) are admissible pairs. Let ¢
be a non-zero (x,X') -spherical functional and )" be a non-zero (X', x) -spherical functional.
Then

10

is an tsomorphism

Ty:Dy — D_y
<= | x s not a positive integer point | .

If x is a positive integer point then T, is a surjective map and
ker T¢ = EX'

20
( Tw/ :DX, — D—X

= ( X 8 not a positive integer point ) .
is an isomorphism

If x is an integer point then Ty is an injective map and

Im TTZJ’ = F—X'
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Remark: Clearly x is a positive integer point if and only if p; # 0.

Proof. In the present case n = ny —ng = p1 —p2, n’ =nj —nh = p1 +p2 > 0. Clearly |n| < n'.
Therefore Spv,» C Spwvy. The equality holds if and only if [n| = n/. This is equivalent to
p1 = 0. We may assume that 1 is given by (4.16). Using (B.19) we get

1 / _n n n
ofw ) = @20 st Blills+ 5
5% [ntn] 1 2l ls — %

2 1q 219 2

Therefore Spv,s = Spv and T}, is surjective. T}, is an isomorphism only if py = 0. If p; > 0

then
In| |n| n

/
Spvy \ Spvy = { — + 1,...,5 - 1}

and using (5.6) we see that the kernel of T, coincides with (5.8). This proves Statement 1°.
The proof of 2° is similar. In this case we may assume that 1’ is given by (4.16) with
(n, —n’) replaced by (n’, —n). Again using (B.19) one can show that no coefficient ¢’ (u®, )

T3
vanishes. Remembering that n’ > |n| we see that Spv’ = Spv,s and Ty is injective. Ty is an
isomorphism only if |n| = n’. This is equivalent to py = 0. If p; > 0 then by (5.6) the image

of Ty coincides with (5.9). The Statement 2° is proved. .

Using Proposition 4.7 by the similar argumentation we consider the fourth case of admis-
sible pairs. We state the result only.

Lemma 5.6
Let p1 € {1,2,...}, p2 € {0,1,2,...}, e=0,1 and

(n1,12) ( e i ) "= () ( e i )
= s = — 677 — € s = s = — — 67, — €
X 1,72 b1 log q b2 log g X 15T b1 log g b2 log g

be characters of the parabolic subgroup. Then (x,x") and (X", x) are admissible pairs. Let 1
be a non-zero (x,X") -spherical functional and 1" be a non-zero (X", x) -spherical functional.
Then

10

Ty:Dy — D_\n
is an isomorphism

) — ( X S8 not a positive integer point ) .
If x is an integer point then Ty, is a surjective map and
kerTy, = Ey.

20

Tw// . DX// —_— D_X
1s an isomorphism

) = ( X S not a positive integer point ) .
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If x is an integer point then Ty is an injective map and
Im Tw/ = F_X'
Remark 1: Clearly in this case x is a positive integer point if and only if ps # 0.

Remark 2: According to Lemmas 5.4, 5.5 and 5.6 for a character x being an integer point
the subspaces E, of D, and F_, of D_, are kernels or images of some intertwiners. One
can see that as in the classical case the image and the kernel of an intertwiner are invariant
subspaces. In fact for a linear map 7' : D — D’ between two Gelfand spaces one has

(T ®id)DEA = (T @id)S. "D @ B(H*) ® A. = T(D)&A C D'&A
seS

since Gelfand spaces are countable dimensional vector spaces. If T is an intertwiner: v/ o T =
(T ®id) o v for the corresponding actions v : D — D®A and v' : D' — D'®.A respectively
this implies that

V' (T(D)) C T(D)®A and v'(kerT) C (kerT)®.A

and the invariance follows.

Now we have the following description of non-trivial intertwining operators acting between
Gelfand spaces.

Theorem 5.7
1. Let x = (n1,n2) be a positive integer point and

X, = (_nlvnQ)) X” = (nla_nQ)a —X = (—nl,—TLQ).

Then we have the following commutative (up to a complex factor) diagram of nontrivial
intertwiners:

D, Dy

(5.21)

D x" D —X

The intertwiners are unique up to a complex factor.

The kernels of the intertwiners starting from D, and images of the intertwiners ending at
D, coincide with the subspace E, C Dy introduced by (5.8).

The images of the intertwiner ending at D_, and kernels of the intertwiners starting from
D_, coincide with the subspace F_, C D_, introduced by (5.9).

The intertwiners starting from D+ or Dyn are epimorphisms and the intertwiners ending
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in Dy or Dy are monomorphisms. In particular the intertwiners between D,: and D, are
bijections.
The subpaces Ey and F_, are Lorentz invariant and

dim Ey = #n; - Rno = codim F_,.

2. Let x = (n1,n2) be a character of the parabolic subgroup such that the space D, has
appeared in no diagram of the form (5.21) (none of the characters (+nq,+ns9) is an integer
point). Then there exists unique (up to a scalar factor) bijective intertwiner

T
D, «—— D_,.

3. The intertwiners listed in the above two points are the only non-trivial intertwiners
acting between the Gelfand spaces.

Remark: For the character x being the integer point the restricted finite-dimensional repre-
sentations acting on E, were studied in [10] . They are non-unitary except the cases of two
1-dimensional representations appearing when x = (1 — ¢; o”gi E 1 — ¢ (fgq). The representations
acting on F_,, D,, and D, are equivalent. Moreover we can identify the quantum Lorentz
group action on F_, with the quotient action on D, /FE, and the action on F, with the

quotient action on D_, /F_,.

6 Gelfand spaces with unitary actions of QLG

In this section we find all characters x such that corresponding Gelfand spaces D, admit a vy,
- invariant scalar product. If y is such a character then the invariant scalar product is unique
(up to a positive factor). Then by completion procedure D, is a dense subset of a Hilbert
space H, and v, gives rise to a unitary representation o, of the quantum Lorentz group acting
on H,. We shall show that in this way we obtain all infinite dimensional irreducible unitary
representations of the quantum Lorentz group.

For the convenience of the reader we remind the basic results of the theory of unitary
representations of the quantum Lorentz group [11].

By definition a unitary strongly continuous representation of the quantum Lorentz group
acting on the Hilbert space H is a unitary element v € M(CB(H) ® A) such that

(id & A)ﬁ = V12013.

For any unitary representation ¢ one introduces the spin spectrum Spd := Sp (9[g,u(2))
(cf.(2.12)) and the Casimir operators C'(9) and C’(?) (cf.C.16):

C(®)=>{d®¥)s, C'(0)=(dx¥)d
in a similar manner as for Gelfand actions.! We shall see that due to the special choice of
central functionals ¥ and ¥’ (cf.(C.15)) the corresponding Casimir operators are mutually

'The Casimir operator C(%) is a multiple of the Casimir operator X used in [11], C(?) = ¢~ 'y/1 + ¢2X
(cf.[11], equation (3.3)).
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adjoint: C'(9)* = C'(v). If ¥ is an irreducible representation then C(?) = ¢I where ¢ € C.
It is known (cf. [11], Theorem 0.1) that ¥ is completely characterized by its spin spectrum
and the value of the Casimir operator. More precisely we have the following classification
theorem:

Theorem 6.1

Let © be an irreducible unitary representation of the quantum Lorentz group, Spv be its spin
spectrum and ¢ € C be the value of its Casimir operator C(D).

Then Spv is simple and we have the following possibilities:

1. Sp o= {0} and c = —(q+ q~ ). In this case ¥ is the trivial one-dimensional represen-
tation.

2. Spv = {0} and c = q+q~ . In this case ¥ is a nontrivial one-dimensional representation.

3. Spv=A{p,p+1,p+2,...} wherep is non-negative half-integer and
lc=2]4 | c+2|=2(¢P +qP). In this case ¥ is an infinite-dimensional representation.
It belongs to the principal series of representations.

4. Spv ={0,1,2,...}, c€E R and 2 < |c| < q+q~ L. In this case ¥ is an infinite-dimensional
representation. It belongs to the supplementary series of representations.

Moreover any of these possibilities does occur and the pair (Sp v, c) completely determines (up
to the unitary equivalence) the irreducible unitary representation v.

Let x = (n1,n2) and X' = (nf,n}) be characters of the parabolic subgroup P and (- | -)
be a sesquilinear form defined on D,s x D,. By definition sesquilinear forms considered in
this paper are linear with respect to the second variable. Scalar product is a strictly positive
sesquilinear form. For any x € D,s, y € D, and a,b € A we set

(z®@aly®b)a = a* (x]y)b. (6.1)

Clearly the above formula defines a continuous sesquilinear map (D,/®A) x (Dy®A) — A.
We say that (- | -) is Lorentz invariant if

(v () [ox(y))a = (x [ y) La (6.2)

for any x € Dy, and y € D,.
Let (x/)* = (nh,n}). Then

(Dn’lné)* = {x* T E Dnlln/g} = Dﬁ/zﬁll'

Remembering that v,/ is the restriction of A to D, we get v(y)« (¥*) = vy (z)* for any 2 € D,
(A is a *-homomorphism). It means that D,» > x — z* € D,/ is an (antilinear, invertible)
intertwiner. Therefore linear functionals f on Dy 7/ ®Dy,n, are in one-to-one correspondence
with sesquilinear forms (- | -) on Dyys,,; X Dyyn,. This correspondence is given by the formula

(|y):=f@" ®y), (6.3)

where x € Dy § € Dpyny. Clearly f is a v(,/)» Qvy - invariant functional if and only if the
corresponding sesquilinear functional is Lorentz invariant (cf.(3.4)).

Using Theorem 4.9 one can easily select all pairs of Gelfand spaces admitting invariant
sesquilinear form.
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Theorem 6.2

Let x = (n1,n2), X' = (n},nh) be characters of the parabolic subgroup. Assume that there
exists a non-zero invariant sesquilinear form on anl nfy X Dy, ny. Then we have the following
four possibilities:

1.

(nh,n5) = (n2,n1); (6.4)
2.

(nh,m3) = (—ng, —71); (6.5)
3.

I — 7 ] _ 1 3
(ny,n5) = (Pl—elfgqmz—q;;q), (n1,n2) = (Pl—(flfgq,—pQ—Ek:gq)7 (6.6)

where p1 =0,1,2,..., po ==+1,42,... and e =0, 1;

. . . . .
(nh,nh) = (pl—eflgq,m—ﬁ(gq)’ (n1,n2) = (—Pl—efl(fgwm—fkqu), (6.7)

where p1 = +1,£2,..., po=0,1,2,... and e =0, 1.
In all these cases the invariant sesquilinear form is unique (up to a scalar factor).

Using this result we can select all Gelfand spaces D, such that D, x D, admits non-
zero invariant sesquilinear form. Let us note that if such a form exits then it can be chosen
hermitian by a suitable choice of the phase of the numerical factor. This is an easy consequence
of the uniqueness. In particular we can select all D, admitting a v, - invariant scalar product
(i.e. nondegenerete positive definite invariant sesquilinear form).

Proposition 6.3
Let x = (n1,n2) be a character of the parabolic subgroup. Then
x = (% +iw, -5 +iw)

where n € Z and w € [0, 1:)27; [

or
X = (p— Togqr P~ elfgq)
where p € R\ {0} and e =0,1

D, x D, admits an invariant
1. <~

sesquilinear form

2. If x = (5 +iw, -5 +iw) wheren € Z and w € [0, 1:)27; [ then the invariant sesquilin-
ear form can be chosen positive.

3. If x = (p—elggq,p—el(fgq) where p € R\ {0} and ¢ = 0,1 then the invariant

sesquiliner form can be chosen positive if and only if |p| < 1.
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Proof: Let in Theorem 6.2 x' = x. D, x D, admits an invariant sesquilinear form iff this
condition is compatible with one of the conditions (6.4)-(6.7). It is easy to see that x' = x is
incompatible with (6.6) and with (6.7). Indeed assuming (6.6) we get

T T ) T
b1 —€—,pP2— € = |\P1—€ ,—P2 — € .
log g log g log g log g

Therefore ps = 0 and this is a contradiction since py should be a non zero integer. In the
similar way one can rule out (6.7).
Consider now (6.5). Then

(nl,ng) = (—ﬁz, —ﬁl).
This condition involves only real parts of n; and ny. Solving it we get
(n1,m2) = (§ +iw, -5 +iw) where w € R andn=mn; —nz € Z. By (3.1) w € [0, 1;;2 [.
Consider now (6.4). Then

(’I’Ll, ’I”LQ) = (7_12, ﬁl).

Therefore $tn; = Rna, Sni = —Sne = —Jny mod(lgg’rq) and (n1,n2) = (p— e%,p — e%),
where p = Rny € R and e € Z. By (3.1) € = 0,1. We may assume that p # 0, because

X = (—elgq, —elgrgiq) is included in the previous case. This proves Statement 1°.

To prove Statements 2 and 3 we have to write the invariant sesquilinear form (- | -)
(cf.(6.3)) in an explicite way.
Let n =nq —n2, A =nq + ng — 2. By Theorem 3.5 and (6.3), for any a,b € Z,, we have

(¢ @ alg™ @ b) = h((a" = )b), (6.8)

where v is a (x*, x) - spherical functional on A..

If x = (§ +iw,—% +iw) then x* = —x and the (x*, x) - spherical functional 1/ coincides
(up to a multiplicative constant) with e, restricted to J_» _x. In this case the formula (6.8)
simplifies to

(q_AJB ®alg M ® b) := h(a*b) (6.9)

and (- | -) is positive. Statement 2° is proved.

Let x = (p — elgrgiq,p — elgrgiq) where p € R, p # 0 and ¢ = 0,1. Then x* = x and
(x*, x) - spherical functionals are described by Proposition 4.5 with n = 0. If p is a non-
zero integer then either x or (—x) is an integer point and by Lemma 5.4 the linear mapping
Zy3a— ax1 € Zy (the truncated version of the T, operator) has a nontrivial kernel and
(-] ) is degenerate. To discuss the case when p is not an integer we rewrite (6.8) for elements
of linear basis of Zp: a=ug,, b= ugil. Using the identity (ug ;)" = (—q)* ug _y (cf.(B.21))
and (5.4) we get

(ug ) * 0 = (=) * ¥ (uf )uf _y, = V(uf o) (u§4)*

and
(e @uipl g™ @ugy) = vus o) h () us)) (6.10)
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where s, = 0,1,2,...;k = —s,—s+ 1,...,8;1 = —s',—s' +1,...,s'.  Remembering that the
pair (x,x) is non-singular one may assume that v is given by (5.13):

2(p+1). 2
s\ __ . —2ps (q y 4 )8

s

(6.11)

Analyzing this expression we see that it has the same sign for all s = 0,1,2,... iff |p| < 1.
The reader should notice that for |p| < 1, the sign of (6.11) is positive. The Statement 3° is

proved.
O

Remark. Let us note in the case x = (p— ehfgiq, p—elgrgiq), where p € R, [p| > 1, e =0,1, the

formula (6.10) describes an invariant sesquilinear form (-|-). If in addition |p| # 1,2, ... then
the formula (6.11) applies and 1 (uf,) # 0. More precisely

(—1)% for s < |p|

sign ¢ (ugo) =
(=1)" for s> |pl,

where r is an integer part of |p|. Using this result one can easily show that signature of the
sesquilinear form (—1)"(:|-) consists of L;U minuses and infinitely many pluses.

If p=—1,-2,-3,... then formula (6.11) still applies and

(=1)* fors< —p

sign ¥ (ugy) =
0 for s > —p.
Now r = —p and signature of the sesquilinear form (—1)"(:|-) consists of w minuses,
@ pluses and infinitely many zeros. It means that the sesquilinear form is degenerate.

The corresponding null space clearly coincides with F).

If p=1,2,..., then y is a positive integer point. In this case the functional v is given by
the formula (4.11) (the pair (x,x) is singular). Taking into account the expression for uf,
(cf.B.19) we obtain

0 for s < p
Y(ugo) = —2s. .2 2(s+1). 2
qu(q 10 (@ 6%), for s > p
(4% ¢%)2

Therefore
0 for s < p

sign ¢ (ugo) =
(=1)" for s > p.

In this case r = p and signature of the sesquilinear form (—1)"(+|-) contains infinitely many
pluses and r? zeros. The sesquilinear form is degenerate and the corresponding null space
coincides with E,.
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Assume that D, admits a v, - invariant scalar product (- | -). We describe briefly a
procedure of extending v, to a unitary representation v, of the quantum Lorentz group.
This representation acts on the Hilbert space H, which is the completion of D, .

Let Ag := denite B(H?®) ® A.. Then Ay is a dense *-subalgebra of A : Ay = A. Clearly
Ao C A. We restrict the sesquilinear form (6.1) to (D, ® Ag) x (Dy ® Ap) :

(z@aly®b)a:=(z]y)ad

for any z,y € D, and a,b € Ag. Then (- | -)4 is Ap valued scalar product and D, ® Ay
is pre-Hilbert Ag-module. Let H, be Hilbert space obtained by the completion of D, with
respect to (:|-). Then the Hilbert A-module H, ® A is a completion of D, ® Agy (cf.[7]). In
particular D, ® A is a dense subset of H, ® A.

Amap©: Hy®A — H,®Ais called adjointable if there is a map ©* : H, ® A — H,®A
such that

(9102)a = (07 9|2)a

for any ,9 € H, ® A. Any adjointable map is bounded and A-linear. The set of all adjointable
maps is a C*-algebra denoted by L(H, ® A). In what follows the adjointable maps will be
also called adjointable operators.

At first we have to recall how Kasparov (cf.[4]) identifies adjointable operators acting on
H, ® A with elements of M(CB(H,,) ® A).

For any x,y,z € H, we set

012z = z(y|z).
Then 6, , is a finite rank operator acting on H, : 6., € CB(H,). Similarly for any Z,7, 2 €
H, ® A we set
O©;92 == & (9|2)a.

Then ©; 4 is an adjointable operator acting on H, ® A. Identifying 0, , ® ab* with ©,gq yeb
(x,y € Hy, a,b € A) we define an embeding CB(H,) ® A into L(H, ® A). By the famous
Kasparov Theorem (cf.[4],[7] Theorem 2.4 and p.10) this embeding extends uniquely to the
isomorphism of M(CB(Hy) ® A) onto L(H, ® A).

The action v, : Dy, — DX®.A gives rise to a linear map vy : D, ® Ag — Dy ® Ap :
By ® ) i= v (@I € a)

for any x € D, and a € Ap. The map v, is invertible: the inverse mapping is given by the
formula (0,) ! := (id® k)0y. In particular o, (D, ® Ag) = Dy @ Ap. Using (6.2) we check that

(x(z®a) [0 (y@b)y=(r®aly©b)a (6.12)

for any z,y € D, and a,b € Agy. Therefore v, is an isometry acting on the dense subset
D, ® Ap of Hy, ® A. It can be extended to the isometry (denoted by the same symbol o, )
mapping H, ® A onto itself. Replacing in (6.12) z ® a by 17;1(95 ® a) we get

(z@alb(yeb), = (@) (z0a) y®b)A. (6.13)
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It shows that @, is an adjointable map and (9,)* = (9,) '. By the Kasparov Theorem
0, € M(CB(H,) ® A). To show that ¥, is a strongly continuous representation of the
quantum Lorentz group it remains to verify that

(id ® A)oy = (Uy)12(0y)13- (6.14)

To this end we consider linear functionals on A with finite spin support. We say that spin
s€{0,1/2,1,3/2,...} belongs to the spin support of a functional £ € A’ whenever ¢ restricted
to B(H®) ® A, is a non-zero functional.

Lemma 6.4
For any functional § € A" with finite spin support and x € D, :

(([d® &)vy]z = (1d ® vy (x). (6.15)

Proof: Let x,y € Hy; a,b € A. Using the identification ©,g4yep = 02,y @ ab® we get
(id ® )Ougaysb = £(ab*)0zy = Oc(apr)zy = Oideb e)(@ma)y
for any £ € A’ and by continuity
(id ® &)Ozyop = Oiasbe)ay (6.16)

for any z € H, ® A.
Let x € D,,a € Ag. Remembering that v, is adjointable operator we check that

lN)X@x@a,y@b = @ﬁx(a:@)a),y@b = @vx(az)(I@a),y@b
and by (6.16)
(id ® &) [0xOzzayeb] = Oideb 6)jo (@) (I0a)]y = Odoab¢)vy @)y
On the other hand
(id®¢) [f’x@x@)a,y@b] = (ld®¢) [y(0zy @ ab”)] = [(id @ ab*§)Vy] Oy = 9[(id®ab*£)ﬁx}x,y'
Therefore comparing the right hand sides of the above expressions we obtain
[(id ® ab*§)vy] x = (id ® ab*§)vy(z).

This proves (6.15) since any continuous linear functional on A with finite spin support is of

the form ab*¢ (£ € A’',a € Ag,b € A).
O
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Remark: Since vy, = A|p, then for any x € D, :
(i[d@&uy(r) = ((d@EA(r) = {xa

and (6.15) can be written as
[((d® &ty ]z=E*a (6.17)

Now using Lemma 6.4 we get for any &,¢’ € A’ with finite spin supports and = € D, that
(([de® @) (i[d®@ A |z = [[do &),z = Ex *a
(note that the functional £ x £’ has also finite spin support) and

[(d® & @ &) (T 2(y)is] 2 = [([d@ i ][(d @ )y]z = [(d@ &)ty ] (€ *x) = £+ *a.

Therefore
[(de¢®)ide A)iyr = [(d®§® &) (Tx)12(0 )]
and (6.14) is proved.

One can easily show that
Sp Uy = Sp vy, C(0y) = C(vy).
Moreover the irreducibility of v, implies the irreducibility of v,. To see this suppose that
oy (T ®ida) = (T ®ida) Oy

for some T € B(H,). In particular T ® id4 commutes with the representation of S,U(2)
group obtained from v, by restriction. Clearly the linear span of the subspaces of irreducible
components of this representation coincides with D, . Let T := ’f’\ Dy- Then T' maps D, into
itself. Using the fact that D, is also vy, - invariant we conclude that 7" € Mor (x, x). Therefore
T is a multiple of the identity map and the same holds for T. This proves the irreducibility
of vy.

Due to Proposition 6.3, Theorem 2.4 and Theorem 6.1 we get

Theorem 6.5

1. Let x = (5 +iw, -5 +iw) wheren € Z, w € [0,1;;7;[ and let p = %l Then vy is

an irreducible unitary representation belonging to the principal series with

Spty ={p,p+1,p+2,..} and c = —(q% +q7%)cos (wlogq) —i(q% —q*%) sin (w log q).
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2. Let x = (p—el(fgiq,p—elcfgq> where pe R, 0 < |p| <1and e=0,1. Then 0, is an

wrreducible unitary representation belonging to the supplementary series with

Spoy = {0,1,2,...} and ¢ = (~1)(¢” + ¢7*).

3. Representations described above exhaust all irreducible infinite-dimensional unitary rep-
resentations of the quantum Lorentz group.

Remark: For x = (§ + iw, =5 + iw) we have np = —ny and the corresponding eigenvalue
¢’ of the Casimir operator C'(vy) is ¢ = ¢. For x = (p — egffz, p — egfy;) we have ny = ny
and the corresponding value ¢ = ¢ and is real. Therefore for any unitary representation oy
we have C'(y) = C(0y)*.

Let us also note that v, is unitarizable if and only if v_, is unitarizable and clearly
Sp Uy = SpU_y, C(vy) = C(0—y). Therefore by Theorem 6.1 representations 0, and 0_, are
unitarily equivalent (the same result follows also from Statement 2° of Theorem 5.7). Con-
versely if v,/ and v, are unitarily equivalent then their spin spectra and eigenvalues of Casimir

operators coincide and this implies that x’ = y or ¥’ = —x.

A Appendix: Smooth vector spaces

In this section we collected auxiliary topological results needed for the description of smooth
action of the quantum Lorentz group.

Beside the Banach spaces (Hilbert spaces, C*-algebras) the topological vector spaces which
appear in the paper are of the very special kind. For the basic topological notions and results
we refer to [13], one can also find a short review of main results used in this presentation also
in [2] (Appendices 1-3).

For topological locally convex vector spaces X and Y : X ® Y is their algebraic ten-
sor product and X®Y will denote the complete projective tensor product. The complete
projective tensor product is associative and by definition the canonical bilinear mapping

XxY 3 (my »r0yc XY

is continuous (cf.[13, Definition 43.2]). For any continuous linear maps T; : X; — Y;, (i = 1,2)
the tensor product map T1®T5 : X1®0 X2 — Y1®Y5 has the unique extension to the continuous
linear map (cf.[13, Definition 43.6 and Proposition 43.6])

T Th: X10Xy — YIQYs.

In particular for any continuous functional ¢ on X, ¢ € X’ the linear continuous map
(¢ ®idy) : X®QY — Y is uniquely defind by (¢ ® idy)(z ® y) = ¢(x)y for any € X
and y € Y.

If X is a countable dimensional vector space then providing it with the strongest locally

convex topology respecting the vector structure we turn X to a topological locally convex
vector space. We refer to this as a natural topology of X. Equivalently, the natural topology
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is the strict inductive limit topology defined by any increasing sequence of finite-dimensional
vector subspaces of X. It is known that the natural topology of X is complete, nuclear and
Montel. We mention other very nice properties:

- Any linear map from X into a topological vector space is continuous.

- For two countable dimensional vector spaces X1, Xo there is an isomorphism X;®X, =
X1 ® Xo with natural topology. In particular any bilinear map from X; x X5 into a
topological vector space is continuous.

- Any linear subset of X is a closed subspace and has a topological complementary sub-
space.

If X; (j € J) are Hausdorff complete locally convex topological vector spaces, then the

Cartesian product X = HX ;j is a Hausdorff complete locally convex topological vector space.
jeJ

The topology of X is b)jf definition the weakest topology such that all projections X — X
are continuous (Tichonov topology). The topological vector spaces that are at most countable
Cartesian products of countable dimensional vector spaces are called (in this paper) smooth
vector spaces.

If X = HXi, Y = HYJ is a pair of smooth vector spaces then any continuous linear map

il jeJ

T:X —Yis represeilted by a J x I matrix (T};) consisting of linear maps 7}; : X; — Y.
A matrix (Tji)(j,z‘) cJx1 Tepresents a continuous linear map 7' : X — Y if and only if any
row contains only a finite number of non-zero elements. In particular a continuous linear
functional on X is a row of linear functionals ¢ = (¢;);cs such that ¢; # 0 for finite number
of i e 1.

The class of smooth vector spaces is closed under the complete projective tensor product
operation. Indeed, for any topological vector space Y there is the natural isomorphism:

(JTx)eoy = J[(X;&Y).
jeJ jeJ
Therefore for any pair of smooth vector spaces we have: X = HXi’ Y = HYJ :
icl jed

xoy =([x0e(]v) = JI (xiey).

i€l jedJ (i,5)eIxJ
Using the above isomorphism one can easily see that the set of linear functionals
{p@v:¢pe X', €Y'} C(X®Y) separates the points of X®Y.

Let X be a countable dimensional vector space with a fixed (countable) linear basis {e;,i €
I}, Y be a smooth vector space. Then any element b € X®Y is of the form

el

where b° € Y and the series is convergent in the topology of X®Y. Moreover vectors b’ (i € I)
are uniquely defined.
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Indeed, let for i € I : € be a linear functional on X such that €'(e;) = &4, (i’ € I).
Clearly € is continuous. Applying € ® idy to both sides of (A.1) we get (¢! ® idy)(b) = b
and the uniqueness follows.

Now let b € X®Y and b’ := (¢’ @ idy)(b). Assume that ¥V = HYJ where Y}, (j € J) are

jeJ
countable dimensional vector spaces and denote by 7; : ¥ — Yzj the canonical projections.
Then (idy ® 7;)(b) € X ® Y; and (A.1) means that

(idx @ m;)(b) = > e; @ m;(b') (A.2)
i€l

for all j € J. In particular the series (A.1) is convergent if and only if (A.2) is convergent for
all 7 € J. We compute: .
(idx @ m;)(b) = > _ e @y,
el

where yj- € Y; and the sum contains only finite number of non-zero terms. Clearly
i = (¢ @ idy)(idx ® 7,)(8) = (idx ® 7;)(c’ @ idy)(8) = 7,(b).

Therefore Y;c7e; @ mj(b') = X,y e; @y} and the series (A.2) is convergent.

—

B Appendix: S,U(2) and S,U(2) quantum groups

In this section we briefly sketch the basic results concerning the quantum S,U(2) group and

—

its dual group SyU(2). For more detailed description we refer the reader to [15], [10] and [16].

The algebra A, of “smooth continuous functions” on G, := S,U(2) is the *-algebra gen-
erated by two elements «.,. satisfying relations:

arac+yive =1, aal+@yive =1,
(B.1)
AcYe = qVele,  OcYp = qValley VYo = VoYe-

The algebra of all “continuous functions” on G., denoted by A., is the C*-completion of
A., A.:= A.. Let us note that A, is a countable dimensional vector space and its natural
locally convex topology (cf. the preceding Appendix) is stronger than the topology induced
by the C*-norm.

The group structure on G, is encoded by the comultiplication A, : A, — A.® A, counit
éc : Ac — C and coinverse k. : A. — A.. By definition A. and e, are *~homomorphisms
such that

Ac(ac) = Qe Qe — qPY: ® Ye, AC(VC) =Y Qo+ O‘z @ Ye,

(B.2)
ec(ae) =1, ec(ve) = 0.
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and k. is a linear antimultiplicative map such that

1
ke(ae) = af,  ke(af) = ac, Ke(Ve) = —qYe,  Ke(V2) = _57:' (B.3)

Clearly (cf. the properties of countable dimensional vector spaces listed in Appendix A)
the multiplication A, x A. 3 (a,b) — ab € A, involution A, 3 a — a* € A, comultiplication
A, counit e, and coinverse k. are continuous maps. In other words A, is a topological Hopf
*_algebra.

A. and e. admit continuous extensions to C*—algebra morphisms from A. into A. ® A,
and C respectively. In this place A, ® A, denotes the spatial tensor product of C*—algebras.

Any irreducible unitary representation of G, is finite dimensional. It is uniquely (up to
a unitary equivalence) determined by the dimension of the underlying Hilbert space. The
irreducible unitary representations are labeled by the spin parameter s € S where S is the set

of non-negative half-integers:
13
S:=40,=-,1,=-,2,...p.

2" 2

The corresponding irreducible unitary representation u® acts on (2s 4 1)-dimensional Hilbert
space H®, u® € B(H®) ® A.. Let

D
Aq = > 'B(H").
seS

and let 7° (s € S) be the canonical projection 7° € Mor(Ay, B(H?®)). The set of all elements
affiliated with Ay will be denoted by A7 ([10], [18]). Any element 7" € A is uniquely
determined by the sequence (7%(T))scs and any sequence (T%)scg where T° € B(H®) can
be obtained in this way. Therefore
Al =] B(H?). (B.4)
ses

Clearly in this case A carries a natural *-algebra structure. It contains A; and the mul-
tiplier algebra M(A,) as *-subalgebras. An element T = (T%)4cs belongs to Ay (M(Ay)
respectively) if and only if the sequence (||T%||)ses tends to 0 for s — oo (is bounded respec-
tively). The reader should notice that in this case A)) endowed with the product topology is
a smooth vector space (cf. preceding Appendix). With this topology A is a complete topo-
logical *-algebra. On the other hand it can be equipped with a topology of almost uniform
convergence (cf.[18, p.491]) as a space of affiliated elements of a C*-algebra. To describe this
topology we consider the z—transform.

Let B be a C*—algebra and B" the set of its affiliated elements. Then z—transform is a
map (cf. [18, (1.3)]) !
B">T w— zp =TI +T"T) 2 € M(B),
where the multiplier algebra M (B) is equipped with the strict topology. The almost uniform
topology on B" is by definition the weakest topology such that z—transform is continuous. If
B is a unital C*—algebra then B" = M (B) = B and the strict topology coincides with norm
topology. Moreover for any b € B, ||b]| = M(1 — M2)7% where M = ||z||. Proposition 2.1 of
[18] shows now that the z—transform is a homemorphic map of B onto the open unit ball of
B. This leads to more general result
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Proposition B.1
Let

B=Y "B

S
be a countable direct sum of unital separable C*—algebras. Then the set of affiliated elements
B"=1]B". (B.5)

Moreover the almost uniform topology on B" coincides with the Tichonov product of the norm
topologies on B® (s € S). In this case B is a topological *-algebra with unity.

Proof. Let m° denote the canonical projections 7° : B — B*®. Remembering that M (B*®) = B*
and identifying T' € B" with (7*(T)), € H B? we obtain (B.5). Let (T},)nen be a sequence in

B" converging almost uniformly to T ESB” (by ([18, p.491] the topology of almost uniform
convergence is metrizable). It means that z7, — 27, strictly. It is equivalent to the strict
convergence 7°(zr,) — 7w°(27, ) for all s. Clearly 7° o 2 = z o m°. Remembering that B*
is unital we get that strict convergence is a norm convergence zrs(r,) — 2rs(T.,)- 1 herefore
75(T,,) — 7°(Two) in norm for any s i.e. T,, — T in the Tichonov product of norm topologie&.

All vector space topologies on a finite dimensional vector space are equivalent. Therefore
applying the above proposition to the case B®* = B(H?®) (s € S) we conclude that the smooth
vector space topology on AZ coincides with the topology of almost uniform convergence.

Now following [10] egs.(5.1),(5.2) (cf.also [11] pp.598-599) we introduce four (continuous)
linear functionals: ,, ¥,, ¥y, - = —q¢ ' . on A. where by 1) we denote the linear
functional conjugate to ¥ : 1(a) := ¥(a*).

The functional 1, is multiplicative i.e.

Yo(ab) = o(a)to(b) (B.6)

for any a,b € A.. Therefore it is completely determined by its values on the generators
ey O, Ve, Vo of Ac. By definition

bolle) =1, tolae) =q72, Polal) =q%, Yo(ve) =0, to(v7)=0. (B.7)

The functional ¢4 is a skew-derivation i.e.

Yi(ab) = y(a)o(b) + Y,(a)vy(b) (B.8)
for any a,b € A. and by definition
Vi(L) =0, V(o) =0, ¥y(a}) =0, v¥i(y)=q"%, (3})=0. (B.9)

Let us note that 1), is also multiplicative and v _ is a skew-derivation. One can show that

%*Eo = € = %o*¢07

Yo x Py = qiby * o, Yo x P = qflw— * o,
1
Yrxpo = poxihy +71_q2(¢o*¢o—¢o*wo)-
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Indeed, one can check that v, * 1), and v *1), are multiplicative functionals which coincide
with e, on the set of generators {a., a, v, 7.} of A.. This proves the first formula in (B.10).
Now using (B.6) and (B.8) one checks by simple computations that the set of all elements
a € A. such that

¢o*¢+(a) = qw+*¢o(a)a @Z)o*?ﬁf(a) = q_lﬂl— *wo(a)a @0*@14((1) = q_ld}Jr*io(a)y
Vo xp_(a) = q—xPo(a), Yy xp_(a) = Y- xyi(a) + Zm Wy * Pola) — o * Yo(a)) |

is an algebra containing a., o, 7. and 7. Therefore this set coincides with A, and (B.10) is
proved.
Let

u = Z®u3. (B.11)

seS

Then u e M(A;® A.) and u is a representation of the group S,U(2) :
(1d® Ac)u = U12U13- (B12)

The map
AL> ¢ — (idg @ ¢)u € Al (B.13)
is a bijection from A. onto Al. The convolution algebra (A.), generated by functionals
Yo, V,, ¥y, P_ is weakly dense in A.. Therefore it separates the points of A, : for a € A,
(¢(a) =0 for all ¥ € (AL),) <= (a=0).
By (B.13) functionals v, ¥,, 14, ¢— define distiguished elements of A :

(idg ® o)u = q7s, (idg @ Who)u = g~7s,
| 1 | 1 (B.14)
(idg ® Yy )u = q~ 2 J44, (idg @ Y- )u =q 2 Jq—.

Due to (B.10) they satisfy the corresponding commutation relations (remember that u is a
representation):

q7B Ty = qJayq’®, gl =q gl
—2Jg3 _ 2Jg3
q q
Jd+,e]d7 = 1, (B15)
| ] ¢l —q
(']d+)* = dev qu3 > 0.

Moreover operators q743, ¢~743_ J;. and J;_ generate the algebra A4 in the sense [18, Definition
3.1] (cf. example 9, p.500 of [18]).
Let ¢*7s, J{, J? € B(H?) denotes the components of gt Jy and Jg_ ie.

J (S5} Js —J D _Js D 5]
¢ =3 Tah =) Ta =3 T Ja=)
seS seS seS seS

62



It is known (cf.[10, Corollary 5.2]) that for any s € S there exists the canonical orthonormal
basis

{fy, - m=—-s,—s+1,...s —1,s} (B.16)
in the Hilbert space H?® such that

S3fm = mim,

Jifm = q%‘s\/[s—m]q[ﬁmﬂ]q St (B.17)

1

T fr = @\ Jls +mlgls —m+ 1]y foos

where
1— q2n
1—¢%
Using the basis (B.16) we identify H*® with C?**1. Then u® (s € S) becomes a matrix
(uZl)k,l:—s,—s—i-l,...s with matrix elements u7; belonging to A.. We refer to them as standard
matrix elements of the unitary representations of S,U(2).

To write explicite formulae for uj, we shal use the following notation: For any complex ¢
and non-negative integer j we set

[nlg = (B.18)

1 for j =0

(g% =1 i1
H (1—cg®™) for j>1.

m=0

Then (1;q2)j = §jo and (qz;q2)j =(1- q2)j[j]q! where [0],! = 1 and [j]q! := [1]4[2]4-.-[7]¢-
With this notation (cf.e.g.[6] [5])
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JZ_% (2—1+1);

)

*\k—+1 *\k—I[
[k — 1! [s — Klg![s + 1]g! (ee)™ (=0e)
s—k —s s
X (q2( +k),q2)j(q2( +k+1)aq2)j( 2 * )]
(D) (),
=0 (B.19)
ye o D s 4 Kl + 1!
RET TR\ T — Kl — 1y
s—k —s s
% (QZ( +k)§q2)j(q2( +k+1)%q2)j (@ e) (ac)k—l(_q,y*)k—i—l
= (@Fe?)(e% %) ¢ o
B g~ FHDE=D Ts K] M[s + ]!
bk [k + 1q! [s — Klg![s — ]!
s—k —s8 . S .
S, (@YY (o) ()P
= (FHY62)(e% 62, ‘
In this formulae s € S, |I| < k < s. In particular
uz = < Qe T > (B.20)
Ye Q.
is the standard 2-dimensional (unitary) representation of S,U(2).
Using the above expressions for the matrix elements one can check that
(ug)" = (—Q)lfkuik,fz (B.21)
for any s € S and k,l = —s, —s + 1, ...s. One may also compute the values of our functionals
on the standard matrix elements (cf. (B.14) and (B.17)):
Vo(ufy) = ¢"k1 = Pol(ufy)®),
Vo(upy) = ¢ "0y = bo((ufy)"),
B . (B.22)
Vi(up) = ¢ /s = Ugls + 14+ Ugbkas1 = —qv—((u)"),

- (ufy) = q75¢[3+l}q[3—l+1]q5k,l—l = —¢ " ((ufy)")-
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Now we describe the the Pontryagin dual G4 = S,U(2) of the quantum group S,U(2).

The algebra of “continuous functions on SqU(2) tending to zero at infinity” is by definition
the algebra Ayz. The group structure of G4 is encoded by the comultiplication Ay, counit eg4
and coinverse kg4 described below.

By definition the comultiplication and the counit are the only morphisms Ay € Mor(Agy, Ag®
Ag) and eg € Mor(Ag4, C) such that

(Ag®@id)u = ugguig, (B.23)
(eq ®@id)u = I..
Taking into account (B.6) and (B.8) we get
Ag(Jax) =@’ @ Jax + Jax @ q77B,  eq(q?=) =0,
Aa(g’®) = q’# @ q’s, ea(q’®) = 1.
The coinverse k4 is the linear antimultiplicative map acting on AZ such that
(kg @id)u = u”. (B.24)
One may verify that

Ra(q®) = a7, ka(Jar) = =3 Jar, Ka(Ja) = —aJas Ralg7/®) = ¢"®. (g os)

Relations (B.12) and (B.23) show that u is a bicharacter on G4 x G,. It establishes the
Pontryagin duality between G4 and G..
We have (cf.(B.4))

AloAl = [[ B@EH®)®BHY)=(Aqd® Ag)".
(s,s")ESXS

Since Ag € Mor(Ag, Aqg ® Agq) then by ([18, Proposition 2.3])
Ay: A — AZ@AZ

is a continuous coassociative mapping. It endows A} with a bialgebra structure. Moreover
ed: AZ — C and kg : AZ — AZ are continuous maps.

Any element z € A} is of the form z = > ¢ 2 where 2* € B(H?®) = B(C**!) is a matrix
S

s = (xfj)i,j:_s,_sﬂ,ws with numerical entries. For any s € S and k,l € {—s, —s+1,...s} let
§alz) =z
Then &, is a continuous linear functional on A)). Clearly (&5,) (s € S, k,l = —s,—s+1,....s) is

a linear basis in (A}])’ ((A})’ is a countable dimensional vector space). Since matrix elements
of u* form a linear basis of A, we have the canonical linear isomorphism

(A 3¢ — (®@ido)u* € A..
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For any a € A., & will denote the corresponding linear functional on AZ. In particular
(cf.(B.20) and (B.3))

uz2| = ¢ ¢ B.26
( ) < —q% Cc ) ( )
and
1 1 1 1
¢a = ffla ¢a* = gil,l? 1% = _qilgifl7 w’y* = 53;1- (B27)
22 272 272 22
By (B.23)

(&1 *x & @ido)u* = (& ® & ®ide)(Ag ®ide)u* = (& ® & ®ide) (uzurs)*
= (&1 ® & @ide)ujzuzy = [(§1 @ ide)u’] [(§2 @ ide)u™].
This shows that

Eab = &a * &p
for any a,b € A.. Therfore
Yo * Par + q27/"y* * Q;Z)’y = €4, Yo * o + ¢'y* * 7/’7 = €d,
wa * ¢7 = qu * 77/}047 wa* * w’y = qfllﬁw * Qz)a*a (B28)
Yo * %* = Q¢7* * Yo, Yo * %* = q_lq/)’y* * Yo,

wfy * Qp,y* = w,y* * w'Y'

We know that that A, is generated by ae, ), 7. and 7). Therefore the set of all linear com-
binations of convolution products of e4, ¥q,1a*, ¥~ and 1)+ coincides with (AZ)’ .

We end the section by proving the identities used for calculating (x, x) - spherical func-
tional in the case of a non-singular pair:

Lemma B.2
Let z be a complex number such that Rz # 0, —1,—2... or Sz # logqp, (p=0,£1,£2,...) and
k,m be non-negative integers. Then

k —2k. 2 2(m+k) 2j 2(m—=z).
i

(a*:4%);(q )i q TS Ul SINC ) (B.29)
= (P™d?)i(e%e%); 11— (@%; ) k1 (4% 4%k

Proof. At first we observe that due to the obvious identity

1 1 (@%:4%);
1— g2t 1 — g2 (261D ¢2);”

the left hand side L of (B.29) reduces to a multiple of a value of the basic hypergeometric
function:

1

Let us recall (e.g.[6], [5]) that for aj,ag,...ar+1;01, b2, ...b, the corresponding basic hypergeo-
metric function ,41¢, is defined as

1 _
L= s0la 7 PR 2D P g ).

i(CLl;qZ)j"'(ar—l—l;qz)j t

+10r(a1,az, ...arq1;b1, b2, ... . ¢ t) = .
r r ) ) T s V2, T ’ = (bl,q2)](bmq2)j (q2’q2)]
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For a; = ¢~ 2% (k = 0,1,2,...) it is a polynomial of degree k since (qf%;lh)j =0 for j =

k+ 1,k + 2,.... Using succesively identities (cf.(9) of [5] and (2.2.2) of [6])

—1. 2
— ca - k - — _ _ _
3¢2(q 2k7aabv;cvd;q27q2):((6.qzq)k)ak 3¢2(q 2k7a7db 1;0’0 1q2( k+1)7d;q27bc 1q2)
and
—2k 2 1.2 (ea b ¢k 2k -1 —1,2(—k+1). 2 2
3¢2(q y @, bv;dve;q 7de(ab) q ) = W3¢2(q , @, db 7d7 ae q yq .4 )
)
we obtain

1 % (¢ 9k 22 9%k —% 2m. 2 2(m—ztk
L = 302(q~ 2, g%, g7 g7 P P, A ETR)
1 — g% (¢?GH+D; ¢2)y,

2zk (2. 2 2(m—=z). ,2
_ 4 (% 9°)k (¢ 147 )k 3¢2(q—2k’q22’ 1;q—2k7q2(z—m—k+1);q2’q2)
(@5 ¢k (@™ 6k

and this proves the result since

(g 2k, %%, 15 ¢ PEmmoR D 2 02y = 1.

C Appendix: Quantum Lorentz group

The quantum Lorentz group QLG considered in this paper is defined in [10]. It appears as
the result of the double group construction applied to the quantum SU(2) group.

We shall use the bicharacter u = >.% u® € M(Ay4® A,) introduced in the previous section.
Let 0 € Mor(A. ® Ag, Aqg ® Ac) be the isomorphism such that

ola®z) = ulr®a)u (C.1)

for any a € A. and x € Ay.
In [10] the algebra A of all “continuous functions vanishing at infinity” on QLG was
identified with A. ® Ag4. In the present paper it is more convenient to assume that

A= A;® A

The connection between the two approaches is given by the isomorphism o. In particular the
formulae (4.16)—(4.18) of [10] take the following form

A= (dgeo ' ®id.)(Ag ® A,),
e = eq® e, (C.2)
1

k= T(ke® Kgq)o™ ",

where 7: A, ® Ag — Agq ® A is the flip isomorphism ( 7(z ® a) = a ® z for any = € A; and
acA).
Let
pe =1id ® egq, P = €. R id.
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Then p. € Mor(A, A.) and pg € Mor(A, Ag). One can easily verify that
Acpe = (pc ®pc)Aa Agpa = (pd ®pd)A‘ (03)

The morphisms p. and py correspond to the embedings

—

S,U(2) — QLG,  S,U(2) — QLG.

Due to (C.3) these embedings respect the group structures.
Let o, 3,7,6 denote matrix elements of
«, /8 qJ37 (1 - q2)q71/2‘]+ A, _Q'Y:
= = . 4
v ( 7 0 ) < 0, q_J3 O Yes ag (C4)

It means that

a=q"@act (1= PL @y, B=-aw”v+1-¢) " loaq

(C.5)
vi=q Q7 §:=q¢B®ar
Using (B.1) and (B.15) we obtain Podle$ commutation relations:
af = qfa, ay = gya,
1
ad —gpy =1, da——py =1,
q
By =B,
86 = qop, V0 = qo7,
1 1-¢*
fa* = —a"B+ —L"5,
q q
Yot = qa*y,
oa* = a*d, VB* = %,
08* = B0 — q(1 — ¢*)a*y,
1 * k *
67*267 o, Y=

ac* = a*a+ (1 —¢)v*y,  66* =60 — (1 — ¢®)v*y,
BB* =B+ (1—¢*)[0%0 —a*a] — (1 — ¢*)*v*.

One may prove that the elements «, 3,7,6 are affiliated with A. They generate A in the
sense of Definition 3.1 of [18] (cf. [18, Example 10, p.500]). Moreover w is a fundamental
representation of QLG

Ale) =a@a+pf®y, AB)=a®f+c4,
Ay) =7 a+Ii®7, Ad)=7@F+I®0.
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The formula (C.4) is the quantum version of the Iwasawa decomposition.

Let
A = H(B(HS) ®A) = Al®OA,.
seS
Then A is a topological *-algebra. By definition A is a countable Cartesian product of
countable dimensional vector spaces B(H®) @ A. (s € S). Therefore A is a smooth vector
space. Let us note that A C A". It is the fundamental algebra in our construction. Elements
of A are called smooth functions on the quantum Lorentz group. Clearly the bi-character
u is the unitary element of A. Therefore the mapping (C.1) extends to the isomorphism
o € Mor(A.®A Al®A.). This implies (cf.(C.2))

A A — ARA. (C.7)

A is a coassociative morphism and A is a bialgebra. We refer to (C.7) as a smooth action
of QLG (on itself). The Gelfand spaces are countable dimensional subspaces of A invariant
under the smooth action of QLG. The induced representations considered the paper are re-
strictions of (C.7) to Gelfand spaces.

We use the functionals introduced in the previous Section to define eight continuous linear
functionals on A = AZ®A0- Let

D, = Ya®e., Por = Yur ® ec, O, = Py ®e., Py = Pyr Qe

- C.8
Dy, = @Yo, Py = gy, Py o= gy, P = g @Y (C.8)
We shall prove that
Dy # Por + 2 Ppe x Dy = e, Do * gy + e 5 Dy =,
Dy x Py =qd, x Py, D * Oy :q*1<1>7*<1>a*, (C.9)
B * Pyr = P x Dy, Dok Do = g 1D 5 Dy, ‘
Dy ok Dy = D % Dy,
@O*éo :ez(io*@O?
S, x Dy = qPy x Dy, O, xP_ = g ld_x D,
_ - - - C.10
P,x®, = ¢l %D, P,xP_ = qP_ *x P, ( )
Pk = D xP, + (1—-¢*) Y DoxPy— P, x D),
P, x P, =D, x D, O, x D, =, xP,,
O, xd, = q*1<I>,Y * P, @O*CI),Y = qéy*io,
Dy % Ppr = Dgr x Dy, D,k Df, = Dk x D,
D, * q)'y* = qq),y* * q)o; i)o * q)»y* = qilq)»y* * i)o,
Dpx Do =D x D, O_xd, = &, xD_,
O xD, = qPu*xPy — qPy x D, (C.11)

O_xd, = qPuxP_ — qP,x D,

Pyk Dy = g 10 x &y + ¢ 1D x Dy,

DDy = g 1 Dpe x D + g1 D, % Dy,

oL xdy, = Dy xd + G N Por * Py — Py * D),
P_xPyp = Ok P + ¢ (Do x Dy — Py x D).
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For linear functionals ¢, € AL, ¢4 € (A}) we denote by ®. and ®, the corresponding
functionals on A, ®.:=¢;® 9. € A and &4 :=1Yy® e, € A'. Then for any b € A we have

D x D(D) = (Pe@PIA(D) = (64 ® Ve ® g @ Ur)(idg ® 07" ®@ide)(Ag @ A.) (D)
Remembering that (eq ® idg)Ag = idg and (id. ® eg)o ! = ¢4 ® id, we get
e x De(b) = (ea @ Ye @ P)(ida @ Ac)(b) = (ea ® vhe * Ye)(b).
Therefore (C.10) follows immediately from (B.10). In the same way one shows that
Oq () = (Ya® g @ ec)(Da @ide) (D) = (vax 1y @ ec)(D).

Therefore (B.28) implies (C.9).
To prove (C.11) we note that

Dex Pa(b) = (ea® e ® g @ ec)(ida ® 071 @ide)(Ag ® Ac)(b) (C.12)
= (Vg ® V) (u*bu).
On the other hand using (e ® eq)o™! = eq ® e. we get
Dy @o(D) = (Pa®ee®eq@h)(idg® o @ide)(Ag ® Ac)(b) (C.13)
= (g ®¢e)(b)

Now for b = 2 ® a € A} ® A. we have (to abbreviate the notation we put for lower indices
(—,+) instead of (—3, 3)

1 1
2

1 1 1
(Wbu)?_ = z2_ojaac+ x2 okay. + 33_7taac + 3 ykay.,
1 1 1 1 1
(u'bu)?, = —qz’_ofeyl + 22 aiaal — qui _Nlayl + xi yiaag,
1 1 1 1 1 (C'14)
(u*bu)i_ = —qx?_yeao — qaczr’yca% + xi_acaac + xfuraca'yc,
1 1 1 1 1
(wbuw)?, = ¢x2_veavy) — qri yeaa) — qri_acay) + i acaal.

Now we shall prove the last formula in (C.11). By (C.12), (B.27) and (C.14) we obtain

1

D@y (x@a) = —qr® o (fan)) + a7 Y- (afand) - qad_v_(lan?) + o b (3iaa)).
Using skew-derivation property of ¢_ (cf.(B.8)) and (B.22) we get
V-(agary) = dolat)o(a)-(77) = —q *o(a)
and similarly
Vo(rpang) = 0, Y-(afaai) = ¢-(a), Y-(vaay) = —q 'o(a).

Therefore ) L
P_*Qyr(z®a) = q71$37¢0(a) +a2 ¢_(a) — qilxi+¢0(a)‘
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On the other hand by (C.13)

1

1 _ 1
Dy x®_(x®@a) = 22,9 _(a), Purx Po(z®@a) = 22 _Ya), Po*xPo(r®a) = 23 9Yo(a).

Comparison of these expressions ends the proof. The proof of other formulae in (C.11) goes
the same way.
We give simple characterization of convolution center of A’.

Proposition C.1

For W e A’ the following conditions are equivalent

i) Ux® = &xU forany ® e A'.

i) Y« ® = ®xU for all eight functionals ® from the set (C.8).
ii1) (idg @ V)A = (¥ ®@id4)A.

Proof. The implications iii) = i) = ii) are clear. Assuming ii) we get that U« ® = &% U
for any ® from the convolution algebra generated by the functionals from the set (C.8). By
(C.13) elements of this algebra separate points of A. Since for any a € A

(U @ida)A(a)) = Uxd(a) = ®*U(a) = B((idg ® ¥)A(a))

we get (V¥ ®idg)A(a) = (ida ® ¥)A(a) and this proves iii).

Now using (C.9), (C.10) and (C.11) one can easily check that the fuctionals

U o= (1 —q2)<1>7*<1’+ — O x Dy — g7 Dy * D,
) (C.15)
U o= (1—(]2)(1)7* * D — qPpyx *(I)o_q_l<ba*q)0

belong to the center of the convolution algebra A. The corresponding Casimir operators on
A are denoted by
C:=(ide¥)A, O :=(idoP)A. (C.16)

Restricting these operators to the Gelfand spaces D, C A we obtain the Casimir operators
related to the representation v,.
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