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Abstract

A new deformation of SL(2, C) (considered as a real Lie group) is constructed and
shown to have a Gauss type decomposition. The groups entering this decomposition
are identified as F,,(2) and its Pontryagin dual Eu(2). The whole group is the double
group built over E,(2).

0 Introduction

The first quantum deformation of Lorentz group was described in [5]. The theory presented
in that paper based on the following four assumptions:

1. The tensor square of the (two-dimensional) spinor representation splits into a direct
sum of two components, one of which is a one-dimensional trivial representation.

2. The tensor product of the spinor representation by the complex conjugate one is
irreducible and does not depend on the order of factors.

3. The quantum Lorentz group contains S,U(2) as a subgroup (Throughout the paper,
p €]0, 1] denotes the deformation parameter).

4. The quantum Lorentz group is not a proper subgroup of a quantum group satisfying
the above three conditions.
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The role of the last assumption (which was used but not explicitely formulated in [5]) is
explained in [9]. It was shown that the above requirements determine the quantum Lorentz
group completely (in fact there are two solutions, the choice consists in declaring which of
the two spinor representation is the fundamental one).

It turns out that deleting the third assumption we still have a limited number of possi-
bilities. We refer to our paper [9] where we classify (on the Hopf *-algebra level) all quantum
group of 2x2 matrices satisfying the assumptions 1, 2 and 4. In the present paper we in-
vestigate in details one of the possibilities distinguished by the fact that the corresponding
quantum Lorentz group exhibits Gauss-type decomposition.

The classical Gauss decomposition [2] says that except a closed set of measure zero any
element g of SL(2,C) has a unique decomposition of the form

g=mnihn_

where n, (n_ resp.) belongs to the subgroup N, (N_ resp.) of all upper (lower resp.)
triangular matrices with one on the diagonal and h belongs to the subgroup H of all
diagonal matrices. In short

G'=N,HN._ (1)

where G’ is an open full measure subset of SL(2, C).

In the quantum case however the subgroups analoguous to N1 do not exist (because of
the nontrivial commutation relations between diagonal and off-diagonal elements). To deal
with this difficulty one may include the diagonal part of the decomposition into the both
factors N1 considering the decomposition of the form

G, - M+M_

where M, (M_ resp.) is the subgroup of all upper (lower) triangular matrices. This form of
Gauss decomposition was proposed by Faddeev Reshetikhin and Takhtajan [4]. One should
notice however that in this case the decomposition is not unique.

In this paper we shall prove the quantum version of the decomposition of the form

G' = GGy

where 7 (G5 resp) is the subgroup of upper (lower resp.) triangular matrices having
unitary (positive resp.) elements on the diagonal. Comparing with (1) we see that H has
been split into Hypitary included into Ny and Hpesitive included into N_. We would like
to point out that in certain sense the Gauss decomposition in the quantum case is more
satisfactory than the classical one: due to the commutation relations the diagonal elements
are invertible so the decomposition has the global character with no exceptions.

(1 is the (double covering) of the group of motions of the euclidean plane, G5 is isomor-
phic to the group of transformations of the plane generated by dilations and translations.
In the quantum case the second group is the Pontriagin dual of the first one. Due to this
fact we may use the double group construction (cf [3], [5]). As a result we get the quantum
Lorentz group on the C*-level. In what follows this group will be called G/,.

The paper is composed in the following way. In Section 1 we introduce the Hopf *-algebra
being a quantum deformation of the polynomial algebra on SL(2, C). It is generated by four
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elements «, (3, v and J satisfying certain commutation relations. The relations completed by
a spectral condition formulated at the begining of Section 4 are the main input of our theory.
The anatomy of the commutation relations is investigated in Section 2. The main aim of
this Section is to assign the strong meaning to the relations: since the involved elements
are unbounded one has to define carefully the domains where the relations are supposed
to hold. In Section 3 we consider the Hilbert space representations of our relations. The
main result shows that o and ¢ are invertible and that Sp 3 exhibits a radius quantization.
Section 4 is devoted to the Gauss decomposition. In Section 5 we repeat the double group
construction of [5] replacing the Iwasawa decomposition by that of Gauss to achieve our
main goal. Namely we define the universal C*-algebra A “generated” by four elements «, (3,
~ and ¢ affiliated with it, satisfying the commutation relations and the spectral condition.
It plays the role of the algebra of “all continuous functions on G, vanishing at infinity”.
The algebra A is equipped with the comultiplication ® € Mor(A, A ® A) acting on the
generators in the standard way.
The notation used in this paper is explained in [7] and [8]. In particular

C'={teC:t=0or |tlc u?},
F,(+) is the continuous function on C" introduced by

1 4 p?Ft

Fu(t) = H

im0 L+ pPE

All C*-algebras are concrete (i.e: acting on Hilbert spaces). For any Hilbert space H,
C*(H) denotes the set of all C*-algebras contained in B(H). Let A € C*(H,), B € C*(Hp)
and ¢ be a representation of A acting on Hg. We remind that ¢ € Mor(A, B) if and only
if $(A)B is contained and dense in B. The symbol “n” denotes the C*-affiliation relation
([1], [6]): for any A € C*(H) and any closed operator T" acting on H, TnA if and only if

[T(I +T*T)"%]A C A,
A[T(I +T*T) 2] C A,
(I + T*T)_%]A is dense in A.

The actions of morphisms admit the natural extension to the affiliated elements: if ¢ €
Mor(A, B) and TnA then ¢(7T) is a well defined element affiliated with B.
The closure of the sum of two operators R and S will be denoted by R+S

1 Hopf *-algebra level

We fix deformation parameter p €]0,1]. Let A be the unital *-algebra generated by four
elements «, 3, v and ¢ satisfying the following 17 relations:

af = pPa, By =16, ay=uya,
B6 = o, Y0 = pdy, (2)
ad —ppy =1, da—p'By=1
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af* = plra, By =76, ay*=pu v,
Bo* = L6 B, ad* = d*a, 0t = pd*y,
ac® = o*a, BB =G0, vy =",
00* = 6*0.

The relations may be rewritten in a compact matrix form. Let u = < i’ b ) and

U= ( a:, 6:: ) Then
v, 0
aa, af3, Bo, BB
| oy, ad, By, B
vQu= | a8, 6o, 66 |
Yy, Y0, 67, 60

and one can easily verify that relations (2) are equivalent to

(u@u)E = EI and IE" = E*(u@u)

where
0
1 *
E = iy and E*=(0,1,—p,0).
0
Similarly

aa®, af*, Ba*, BF* ata, o8, Bra, B
_ | ot adt, By, BoF _ | a*y, a%, By, 5%
u@u = v, B, sk, 6pF |7 “Qu = Yo, vB, e, %0
VY, y0*, 0*, 60 Yy, yT0, 0%y, 6%

and relations (3) are equivalent to

where
i, 0,0, 0
0,0,1,0
X = 0,1,0,0
0, 0,0, p

Using the matrix form of the commutation relations one may prove

Theorem 1.1 1. There exists unique *-algebra homomorphism
P A- AR A

such that

(o), (B) —u@u— a®a+R7 a®B+4®0
) - T\ 7®a+i®y, Y®B+I®6
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2. There exists unique *-character

e: A— C

ela), e(B) y _ (1,0
e(y), e(d) )\ 0,1
3. There exists unique linear antimultiplicative mapping

k:A— A

[ ) == (77

k(o*), k(6%) \ -1 o, —upt
< K(7), K(67) ) =@ = < T, o >
4. (A, @ e, k) is a Hopf *-algebra

such that

such that

In the rest of the paper we shall construct a C*-algebra “generated” by four distinguished
elements «, 3, v and § affiliated with it such that the relations (2) and (3) are satisfied in
a certain strong sense. We shall also prove that there exists unique C*-algebra category
morphism ® € Mor(A, A ® A) acting on distinguished elements «, 3, v and § in the way
described by (4).

2 (p,q)-commuting normal operators
Throughout this section, p and ¢ will denote two fixed strictly positive real numbers. The
purpose of this section is to give a meaning to the following relations

RS = pSR,
RS* = ¢S°R, (5)

where R and S are normal (unbounded) operators acting on a Hilbert space H. We shall
use the following

Definition 2.1 Let R and S be normal operators acting on a Hilbert space H. We say
that (R S) is a (p, q)-commuting pair if
1. |R| and |S| strongly commute
2. (Phase R)(Phase S) = (Phase S)(Phase R)
3. On (ker R)* we have

(Phase R) |S| (Phase R)* = \/pq | S|
4. On (ker S)* we have
(Phase S) |R| (Phase S)* =1/q/p |R|

The set of all (p, q)-commuting pairs of normal operators acting on a Hilbert space H will
be denoted by Cr(p,q) or simply by C(p,q) when it makes no confusion.
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If (R,S) € C(p, q) then the composition RoS is closeable and its closure will be denoted
by RS. One can easily verify that

Phase (RS) = (Phase R)(Phase S) (©)
|RS| = \/p/q|R[|S] .

The operator RS is normal if and only if ¢ = 1. Similarly one may consider products
SR, R*S, S*R, etc.
Let (R,S) € C(p,q). Then one can easily verify that

(R,5%) € C(q;p) (7)
(R,Phase S) € C(1/p/a,\/a/p) 8)
(R, 15]) € C(Vpa: v/pa) (9)
(S,R)€C(p~",q) (10)
Moreover if ker S = {0} then
(R,S™)ecClpq) (11)

If (R,S1) € C(p1,q1), (R,S2) € C(p2,q2) and (S1,.52) € C(ps,qs) then using (6) to
compute Phase (51.52) and |S15;| we see that

(R, 5152) € C(pip2, q1G2)- (12)

Similarly
(R1R275) € C(P1p2>Q1Q2)- (13)

provided (Rl, S) € C(pl, ql), (RQ, S) € C(pQ, q2) and (Rl, RQ) € C(pg, C]3).

Two normal operators R and S strongly commute (have joint spectral decomposition)
if and only if (R, S) € C(1,1).

We shall use the following version of Theorems 2.1 and 2.2 of [7].

Theorem 2.2 Let (R,S) € C(u™2,1). Assume that ker R = {0}. Then the following three
conditions are equivalent:

(i) R+ S admits a normal extension,

(ii) R+S is normal,

(i) Sp (R~'S) c C".
Moreover, if one of the above conditions holds then R+S is unitarily equivalent to R:

R+S = F,(R'S)RF,(R™'9)* (14)

Proof: If S = 0 then R~'S =0, F,,(R~'S) = I. Hence the conditions (i)—(iii) are satisfied
and the formula (14) holds. Therefore we may assume that ker S = {0}. In this case our
theorem coincides with Theorem 2.1 of [7].
Q.E.D.
We also have



Theorem 2.3 Let (R,S) € C(u2,1). Assume that ker S = {0}. Then the following three
conditions are equivalent:

(i) R+ S admits a normal extension,

(ii) R+S is normal,

(iii) Sp (RS~') c C".
Moreover, if one of the above conditions holds then R+S is unitarily equivalent to S':

R+S = F,(RS™)*SF,(RS™) (15)

Proof: If R =0 then RS™' =0, F,(RS™") = I. Hence the conditions (i)-(iii) are satisfied
and the formula (15) holds. Therefore we may assume that ker R = {0}. Then, by virtue of
Theorem 2.2: (i) < (i1) < Q(Sp (R71S)) c C"). Clearly the latter condition is equivalent
to (iii) (RS™' = p?(R™'S) ", the transformation ¢ — p%t~! maps C"-{0} onto itself).

Assume that Sp (RS™') ¢ C". Then Sp ((RS~!)") ¢ C" and inserting in Theorem 2.2
S* and R* instead of R and S we get

R*+8* = F,(RS™)*S*F,(RS™). (16)

Clearly (R+S)" D (R*+S*). Remembering that normal operators have no proper normal
extensions we see that (R+S)" = (R*+S5*). Now (15) follows immediately from (16).
Q.E.D.

Let @ be a normal operator acting on a Hilbert space H, Eg(-) be the spectral mea-

sure associated with @ and 2 € H. We denote by suppg(z) the support of the measure

(x| dEq(-)x). We say that x is of compact Q-support if suppg(z) is bounded (hence com-

pact). Clearly the concept of compact Q-support and that of compact |Q|-support coincide.
The link between (5) and Definition 2.1 is given by the following

Theorem 2.4 Let R and S be normal operators acting on a Hilbert space H. Then the
following conditions are equivalent:
1. (R,S) is a (p,q)-commuting pair,
2. The set D of all vectors with compact R and S support is dense, invariant under the
action of R, R*, S, S* and
RSz = pSRx,

RS*r = ¢S*Rx, (17)

for any x € D.
3. There exists a dense domain D consisting of vectors with compact R and S-support
invariant under the action of R, R*, S and S* such that relations (17) hold for any x € D.

Proof:

1 = 2: The density of D follows from the strong commutativity of |R| and |S|. To show
that D is R, S, R* and S*-invariant it is sufficient to notice that due to the Conditions 3
and 4 of Definition 2.1:

suppp|((Phase S)z) C y/p/qsuppjg/(z), supp g /((PhaseS)*x) C \/q/psuppg ()
suppys|((Phase R)z) C \/1/pgsuppg(x), supps ((Phase R)*z) C \/pqsuppg ()
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The trivial verification of (17) is left to the reader.
2 = 3: trivial.
3 = 1: It follows easily from (17) that
R*Sx = ¢ 'SR*z,
R*S*z = p~1S*R*z, (18)

for any = € D. Using (17) and (18) one can easily verify that for any non-negative integers
k, l, r and s we have

(R*)TRk+T(S*)SSZ+SZE _ (aks*)s(akS)H_S(bZR*)r(blR)k—Hw,
where a = \/pq and b = \/p/q. It shows that
(Phase R)* f(| R|)(Phase S)'g(|S|)x = (Phase S)'g(a” | S|)(Phase R)* f(V' |R|)z,

where f()) is a linear combinations of monomials A*™2" (r = 0,1,2,...) and g()) is a linear
combinations of monomials N'*2* (s = 0,1,2,...). Remembering that x is of compact | R|-
and | S|-support and that the set of polynomials is dense in L?(v) for any measure v with
compact support we see that

(Phase R)* f(| R|)(Phase S)'g(|S|) = (Phase S)'g(a* | S|)(Phase R)* f(b' |R|),

holds for any bounded measurable functions f and g on R* such that f(0) = ¢(0) = 0.
Considering the following particular cases

1. k=1=0;

2. k=1=1, f(A) =g(\) =1for A > 0;

3.k=1,1=0, f(A\) =1 for A > 0;

4. k=0,1=1,g(\) =1 for A > 0;
we see that Conditions 1, 2, 3 and 4 of Definition 2.1 are satisfied.

Q.E.D.

3 The Hilbert space level

Motivated by Theorem 2.4 we introduce
Definition 3.1 Let a , B , Y and & be closed operators acting on a Hilbert space H . We
say that (&, 3,7,0) satisfies the relations (2) and (3) if

1.a,p, ~ and S are normal,

2. (&,f) and (7,0

3. (&,7) and (8,0

4. (B,7) is a (1,1)-commuting pair,

5. For any x € D(8) N D(57) we have 6z € D(&) and

are (p, pv)-commuting pairs,

are (p, p=t)-commuting pairs,

a0 — ,ugﬁx =z
For any x € D(&@) N D(F7) we have az € D(9) and

>

dax — /flﬁf%c =x



We have

Theorem 3.2 Let (&, (3,7,0) be a quadruple of closed operators satisfying the relations (2)
and (3). Then

1. Sp(B7) c C”
~ ~1 ~ ~
2. kerd = {0} and 6 = F,(uB7)aF,(u67)"
1. o~ ~1
3. a=0 +upyo
Proof: Let y € ker gﬂD(By) then d y = 0y = 0. By virtue of Condition 5 of Definition 3.1:

iy = —pty. Consequently (63)*y = —p 'y and for any x € D(a) N D(F7) we get (cf
Condition 6 of Definition 3.1)

(y|2) = (y | daz — ="' Fia)
= (0 y|ax) —p (B [ 2) = p>(y | =)
Therefore (y | ) = 0 and remembering that D(a) N D(ﬁv) is dense (cf Theorem 2.4.3;
(&,37) is a (42, 1)-commuting pair) we see that kerd N D(ﬁ”y) = {0}. On the other hand

we know (cf Conditions 2, 3 and 4 of Definition 3.1) that |§| and | 37| strongly commute.
Therefore ker & N D(37) is dense in kerd and kerd = {0}.

It means that ¢ is invertible: & - is an unbounded normal operator. By virtue of (13),
(87,0) € C(1?, 1) Using (11) and (10) we get (& ,67) e C(p?,1).

Let y € D((T YND(d ﬂfy) Then y = dx where € D(0 )ﬂD(ﬂfy) and usmg Condition 5
of Definition 3.1 we see that y € D(&) and ay = = + ,uﬁvm =4 y + ,uﬁvé y. It shows
that . o

add 4+ pupyo
Using Theorem 2.3 with R and S replaced by MB% “and " and remembering that normal
operators have no proper normal extensions we get

e |
a=0 +upyo
Spupy c €,
~ *~_1 ~
= Fu(nBy)°0  Fu(pb7).
Now statements 1, 2, and 3 follow immediately.
Q.E.D.
The reader certainly noticed that Definition 3.1 takes into account only 16 out of 17

relations (2) and (3): the relation “ad* = §*a” seems to be forgotten. It turns out however
that it may be derived from other relations if we know that J is invertible: Assuming the

nine relations
B = pops, Y0 = poy, Py =0,
B6* = p o B, 40t = pdty, Byt =73,
BE* =58, ="y, 00T =070
and setting o = 61 + uBvyd~! one may easily derive the remaining seven relations (2) and

(3)-



4 (Gauss decomposition

According to (4)
P0)=7R[F+6®04.

Therefore we may expect that v ® §+ 6 ® J is a normal element or at least has a normal
extension. However (cf Theorem 2.2) this is the case only if Sp (v6~ ' ® #6~1) ¢ C". One
can easily check that (except the trivial case, when either [ or -y vanishes) the latter is
equivalent to
Sp [0t C rp® U {0},
Sp |80~ r~u® U {0},

where r is a positive real number. Multiplying § and dividing « by r (this operation
preserves all the relations considered so far) we may assume that r = 1.

The above considerations show that the satisfactory theory of the Lorentz group inves-
tigated in this paper cannot be based on the algebraic relations (2) and (3) only. We are
forced to add conditions of the analytic nature. We met this phenomenon for the first time
investigating quantum F(2)-group (cf [6], page 424).

Definition 4.1 Let (&,B,’y,@ be a quadruple of closed operators satisfying the relations
(2) and (3). We say that (&, 3,7,0) satisfies the spectral condition if

=1
Sp 170 | C % U {0},
Sp B0 | Cp?uU{0}.

Let 3, be the closure (in R?) of the set ¥, = {(s, u") : s,r — 5 € Z}. Then we have

(19)

Theorem 4.2 Let (&,Bﬁ, g) be a quadruple of closed operators on a Hilbert space H sat-
isfying the relations (2) and (3) and the spectral condition (19). Then

& = o2 4-ib

3 n fﬁ/Z

s 20)
gi D M—N/Q

where v, n, N and b are closed operators such that
(1) U is unitary
(ii) 7 is normal and Spn C C" (21)
(i50) TAT* = pi
) N is selfadjoint
(i) b is normal
iii) N and |b| strongly commute
) The joint spectrum (22)
Sp (N, [Bl) C 5,
(v) On (kerb)*
(Phase b)* N (Phaseb) = N + 21
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Any element of the pair (v,n) strongly com- } (23)

mutes with any element of the pair (ﬁ, 5)

The elements v, n, N and b are uniquely determined by o, B, v and 5.

Conversely if U, i, N and b are closed operators satisfying relations (21), (22) and (23)
then the quadruple (& 53,9, ) of operators introduced by (20) satisfies the relations (2) and
(3) and the spectral condition (19).

Moreover for any non-degenerate C*-algebra A acting on H
(&@,3,7,0 nA) < (v,7, N,b nA)

Remark: The best way to memorize the relations (20) is to write them in the matrix form:

BN e
¥, 0 0, v* b L)
The first matrix on the right hand side is of the form of basic representation of E,(2) ,
whereas the second one is in the same way related to E (2) (cf [6] and [8]). We call (24)
the Gauss decomposition (cf [2]).
Proof: We know (cf Theorem 3.2.2) that § is invertible. Comparing (19) with Theorem
3.2.1 one can easily show that Sp 52 c C". Therefore the polar decomposition of 0 may be
written in the following form

5=t N2 (25)

where v is a unitary and N is a selfadjoint operator with integer spectrum and v strongly
commutes with V.

We know that (3,8) € C(u, ). Therefore (cf Conditions 2 and 4 of Definition 2.1)
o* = Phase d strongly commutes with ¥ and

b=17 (26)

is a normal operator strongly commuting with . Moreover (b,|d]) = (b, pN/ %) € Clp, 1)
and relations (7i7) and (v) of (22) follow immediately. Remembering that Sp N C Z and
using the first inclusion (19) we get relation (iv) of (22).

By virtue of (9) and (11), (3,]8]) € C(1,1) and (3, |3|"") € C(1,1). Therefore
i= B8 = B 27)
is a normal operator strongly commuting with N. According to the second 1nclu81on 19)

(
ng (
Spn C C". Combining the relation (3,9) € C(u, p~1) with the obvious one (|8] 5) €
C(1,1) we get (n,0) € C(u,pu™t) and (cf (8)) (n,0*) € C(u, u™") and relation (izi) of (21)
follows.

_ Using in twn (8), (7), (12) and (10) we get (5,5%) € C(u,p™"), (3,0) € C(u™, p),
(8,b) € C(u~*, ) and (b,3) € C(u, ). Similarly usmg (9), (11) and (13) we obtain

)
~ rs ~ -1 3
(3,18) € Clu. ), (7,181 ) € C(u ") and (5,18] ) € C(u,ji"). Using now (12)
we get (b,n) € C(1,1). It shows that b and 7 strongly commute.
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The last three formulae of (20) follow immediately from (25), (26) and (27). The first
one follows from Theorem 3.2.3. This way the first part of the theorem is proved.

Assume now the relations (21), (22) and (23) and consider operators & , § , 5 and
¢ introduced by (20). The only nontrivial points of the second part of the theorem are
the normality of @ and the commutation relations involving Phase&@ and |a&|. Let S =
o2 = 5 and R = fib = pB3S. Then (R,S) € C(u2,1), Sp(RS™Y) ¢ C" and
a = S+R. By virtue of Theorem 2.3, & is normal and

& = F,(uB7) ou™* F, (1nB7) (28)

Using the last formula one can easily check that (&, 3) € C(u, 1) and (&,75) € C(u, pu™1).
This ends the proof of the second part of the theorem.

If &, 03,7 0nA then (cf Theorem 3.2.2) 3_177121. Therefore & = (Phased)* and
N = —210gu(|5|) are affiliated with A and by virtue of (26) and (27): 7, bnA.
Conversely if v, n, ]AV/, 57]11 then according to the last three relations (20) 8, v, 57];1. Using
(28) we get anA.
Q.E.D.

5 ('*-algebra level

In this Section we construct the universal C*-algebra A related with (2), (3) and (19). The
algebra A plays the role of function algebra of G,. The comultiplication ® € Mor(A, A® A)
endowing G, with the group structure will be introduced.

Comparing Theorem 4.2 with the content of [8] we discover that the relations (21) and
(22) coincide with the relations imposed on “generators” v, n and N, b of the function
algebras A and B of E,(2) and E,(2) quantum groups. In what follows we write A; and
A, instead of A and B.

The algebra A; is described in details in Section 1 of [8]. We know that there exists
comultiplication ®; € Mor(A;, A; ® A;y) (denoted by ® in [8]) such that

oy (v) = VU
P1(n) =v@ntn®v* } (29)

The algebra Aj is introduced in Section 3 of [8]. It is known that there exists comulti-
plication ®5 € Mor(Ay, Ay ® As) (denoted by ® in [8]) such that

Py(N)= NI+I®N (30)
Dob) = b& NP N2 @b,
Let
w = F,(1"*b @ vn)(I @ v)N®! (31)
Then w is a unitary element of M(Ay ® A;) and (cf Theorems 3.2 and 4.1 of [8])
(id ® ®1)w = wr2wys (32)
((I)Q X 1d)w = W23W13.
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Let A= A; ® Ay and (cf (20))

a=vQuN?in®b
B= neuN?

v = v*®b

5= v @u N2

(33)

Then «, 3, v, 6 nA. Combining the Theorems 1.1 and 3.1 of [8] with Theorem 4.2 we get

Theorem 5.1 1. Let m be a representation of A in a Hilbert space H and

7T<a)7 B:ﬂ-(6>7
(). 8 w(ay} (34

Then, the quadruple (&, 3,7, ) satisfies the relations (2), (3) and the spectral condition (19).

a
gl

2. Any quadruple (&,Bﬁ,g) of closed operators on a Hilbert space H satisfying the
relations (2), (3) and (19) is of the form (34), where m is a representation of A in H . The
representation m is uniquely determined by (&, 3,7, 9).

3. Letw, H, @, 3, 7, 0 be as in Statement 1 and A € C’*(ﬁ) Then

(&, f3,7,0nA) <= (7 € Mor(A, A)).

This theorem shows that the algebra A is the one corresponding to the commutation
relation (2), (3) and (19). Copying formulae (4.9) and (4.16) of [5] we set:

where o € Mor(A; ® A, Ay ® A;) is introduced by the formula
ola®z)=wr® a)w"

for any a € A; and z € Ay. Clearly ® € Mor(A, A ® A). Repeating the computations of
[5] (pp 406-408) one can easily show that ® is coassociative. We shall prove

Theorem 5.2 The action of ® on the distinguished elements o, 3, v, d nA is described by
the standard formulae:

Pla)=a®@atf @y
P(B)=axB+3®0
P(y) =y@ati®y
PO =7®@[+i®0

13



Proof: By virtue of the second part of Theorem 4.4 of [5] it is sufficient to show that

N/2 0 N/2 0
: v, n H ) _ H ) v, n
wenl(5:2) (57,8 - (57, 2 o )

or in the expanded form

c(v@pNHin®b) = pN? v
on@u™N?) =N 2en
oc(v*®@b) =b®v
o(v* @ pN2) = b@niuN? @ v*

These relations are equivalent to

M@ uibon = w (N @ v)w (35)
w(p ™V @ n)w* = N @n (36)
wb@v )w* =b®wv (37)
w(ip ™V @ v Hw* = b ntu N @ 0" (38)

To prove (36) and (37) it is sufficient to notice that (I ® v)V®!(u=N2 @ n)(I @ v)~NV&!
= uN?@n and (I@v)V®(bev*)(I®v) Ve = b®w, whereas u/2b@vn strongly commutes
with ©V? @ n and b ® v.

To prove (38) it is sufficient to notice that (I ® v)V®! commutes with /2 ® v* and
then use the formula (14) with R and S replaced by /2 ® v* and b ® n resp.

Similarly to prove (35) it is sufficient to use the formula (15) with R and S replaced by
pN 2 ®v?n and pN/? ® v and then use the equality: (I ®v) ™V (uN21b®v?n) (I @ v)V&!
=b®n.

Q.E.D.
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