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Abstract

According to a paper published in 1991, the quantum group SU(1,1) does not
exists on the C*-algebra level. In the present paper we show, that the situation
essentially improves, if SU(1,1) is replaced by its double covering. A first step
in this direction was made by L. Korogodski. To incorporate his idea into the
quantum group framework we developed a new theory of balanced extension
of subbalanced operators. This is a generalization of the theory of selfadjoint
extensions of symmetric operators.

The paper is not finished yet. It contains the complete construction of ex-
tended SU(1,1) quantum group on the Hilbert space level. However the asso-
ciativity of the tensor product stated in Theorem 1.5 is still unproven (so at the

moment it has the status of conjecture), although we strongly believe that it
holds.

0 Introduction.

The quantum SU(1, 1)-group on the level of Hopf *-algebra is an object with no prob-
lems. The deformation parameter ¢ is a real number in the interval |0, 1[. The Hopf
*-algebra A of polynomial functions on quantum SU(1, 1) is generated by two elements
a, 7 subject to the following five relations:

ay = ¢ . .
. ] a'a = I+,

v = e, X 2.0 (0.1)
* * ax - I+ )
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The comultiplication A : A — A ® A is the *-algebra homomorphism acting on
generators in the following way:

Ala) = a®a+qy" ®7,

Aly) = 7®@a+a*®7. (0.2)

One can easily verify that the object (A, A) described above is a Hopf *-algebra and

that the matrix
Y, o

is a corepresentation of (A, A). Clearly w is the fundamental representation of the
quantum SU(1,1).

On the Hilbert space level generators a and 7 should be treated as unbounded!
operators acting on a Hilbert space. Since for unbounded operators the algebraic ope-
rations are often ill defined, one has to give a more precise meaning to the formulae
(0.1). The most natural way is to assume that the four operators: a, v, a* and v* have
the same domain D. Then all terms in (0.1) may be understood as sesquilinear forms on
D x D: e.g: ary is understood as the sesquilinear form: Dx D 3> (z,y) — (a*z|yy) € C.
In what follows, the relations (0.1) will be understood as equalities of sesquilinear forms
(cf formulae (4.2) — (4.5) of [17]). On the Hilbert space level one may also formulate
conditions of non-algebraic nature. For example one often supplements (0.1) by a
spectral condition of the form:

Spy*y C A, (0.3)

where A is a fixed closed subset of R. Such additional spectral condition was considered
by many authors (cf e.g: [9]). It is coherent with (0.1) provided A is invariant under
multiplication by ¢? and ¢~2. We say that («,7) is a S,U(1, 1)-pair acting on a Hilbert
space H, if a and v are closed operators acting on H satisfying (0.1) (in the sense
explained above) and (0.3).

We shall use the terminology introduced in [18]. By the procedure described in
Section 7 of [18], relations (0.1) and (0.3) give rise to a C*-algebra A. This C*-algebra
is generated by two unbounded elements «, v affiliated with it and

e (n(a), 7(7)) (0.4)

defines continuous one to one correspondence between the set Rep (A, H) of all repre-
sentation of A acting on a Hilbert space H and the set of all S,U(1,1)-pairs acting on
H.

Assume now, that A is equipped with a comultiplication A € Mor(A, A ® A) such
that (0.2) holds. Then for any m € Rep (A, H;) and w5 € Rep (A, Hy) one may consider
the tensor product:

m (D = (T ® ma)oA.

Clearly m (D € Rep (A, H; ® Hy). Using the one to one correspondence (0.4) we may
define the tensor product for S,U(1,1)-pairs. If (ay,71) is a S,U(1, 1)-pair acting on a
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one can easily check that relations (0.1) cannot be satisfied by bounded operators « and ~y # 0.
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Hilbert space Hy and (as,y2) is a S,U(1, 1)-pair acting on a Hilbert space Ha, then by
virtue of (0.2):

(0417 ryl) @ (042, 72) = (077 3/)7

where

a = o) ®ay+ gy D e,

vo= M Q@ar+al ®7s.

One expects that (a,7) is a S,U(1,1)-pair acting on H; ® H,. Unfortunately (cf [17,
Theorem 4.1] and [8, Theorem 6.1]) this is not the case. It turns out that the domains
of @ and a* do not coincide. This failure cannot be repaired by extending the operators
to larger domains. This negative result shows there is no comultiplication on A being
in agreement with (0.2). Quantum SU(1, 1)-group does not exist on C*-level.

The next important step in this subject was done by Leonid Korogodski in [8]. He
discovered that the situation is more hopeful if one replaces SU (1,1) by its two-fold
covering SU(1,1). On the classical level

Sﬁ(l,l)z{géSL(?,C):g*(é:_01>g:i<(1):_01)}.

This group enters into Iwasawa-type decomposition of SL(2,C): any element g €
SL(2,C) such that |gia] # |ge1] admits unique decomposition of the form

9=9g9,
where ¢’ € SU(1, 1) and ¢” is an upper triangular matrix with positive elements on the
diagonal.

Any element g € SU(1,1) is of the form

[ o, ey
g - ( ’7 , EOZ* ) I
where € = +1 and «, v are complex numbers such that

ofa =€+ .

A quantum deformation of SU (1,1) on the Hopf *-algebra level was constructed
in [8], where rather exotic terminology of shadows was used. We shall describe this
deformation using the more standard language. The Hopf *-algebra A of polynomial
functions on SqU (1,1) is generated by three elements «, v, € subject to the following set
of relations:

e =1, €xe = q,

€ =¢, €ye =1, (0.5) =
ay = gya, * *

. . e = e+,
ayt = ¢v'a, . 9 (0.6) »
o= 7. o



The comultiplication A : A — A ® A is the *-algebra homomorphism acting on
generators in the following way:

Ale) = a®@a+qey" ®7,
TR a+eat @7, (0.7) <
Ae) = €Re.

¢
=2
I

One can easily verify that the object (A, A) described above is a Hopf *-algebra and
that the matrix
v, e

is a corepresentation of (A, A). Clearly w is the fundamental representation of the
quantum SU(1,1).

We pass to the Hilbert space level. Now a, 7, € are operators acting on a Hilbert
space H and relations (0.6) are understood as equalities of sesquilinear forms. Due to
(0.5) the Hilbert space

H=H,® H_,

where H. are eigenspaces of € corresponding to eigenvalues £1. This decomposition is
respected by a and . We denote by ~. the restriction of v to Hy. It turns out that
Sp ¥ v_ is uniquely determined by the commutation relations, so the spectral condition
may be imposed on 7, only. Korogodski uses the following condition:

Sp ’yi’)/_,_ C CQQZ U {0}, (08) spcont

where ¢ is a fixed positive number.

We say that («,v,€) is a SqU(l, 1)-triple acting on a Hilbert space H, if a, v and €
are closed operators acting on H satisfying the conditions (0.5), (0.6) and (0.8).

Let (a,7,€) be a SqU(l, 1)-triple acting on a Hilbert space H. We say that («, v, €)
is bosonic (fermionic respectively) if € = I (e = —1I respectively). Any S,U(1, 1)-triple
is a direct sum of bosonic and fermionic triples. Irreducible triples are either bosonic
or fermionic. Clearly any bosonic S,U(1,1)-triple is of the form (a7, I), where (a, )
is a S,U(1,1)-pair.

Formulae (0.7) imply the following form of tensor product of SqU (1, 1)-triples:

(061, 4n) 61) ® (062, 72, 62) = <&7 ;5/7 g)?

where
a = o ®@az+qery] @Y,

V7= M @ax+eal @,
€ = €1 X €a.

We already know that this product is ill defined for bosonic triples. Korogodski has
shown, that the same negative result holds? when both triples have definite evenness

2assuming that ; and v3 do not vanish.



(i.e. are bosonic or fermionic). The situation essentially improves when one considers
the reducible triples containing bosonic and fermionic components in equal number.
We have the following result:
Let (a1, 71, €1) and (ag, 72, €2) be S,U (1, 1)-triples. Assume that each of the triples is
a direct sum of two irreducible components: bosonic and fermionic. Assume furthermore
that the bosonic components are infinite-dimensional. Then there exists SqU (1,1)-triple
(@, 7, €) such that
o @as+qa7 @y C @
C

7 (0.9)

€1 X €y = €.

71 ® g+ €107 X Yo

This is the main result of the Korogodski paper [8]. It gives rise to the following
problem:

How to modify the definition of Sqf](l,l)—triple to make bosonic and fermionic
components inseparable? This modification should eliminate purely bosonic and purely
fermionic triples for which the tensor product is ill defined. Furthermore at the moment
the tensor product is not uniquely defined: there are many SQU(L 1)-triples (&, 7, €)
satisfying (0.9). One can show that the present definition of SqU(l, 1)-triple gives no
natural choice among them. So the modified definition should distinguish in a canonical
way one among all S,U(1,1)-triples (&, 7, €) satisfying (0.9).

The present paper contains a solution of this problem. The definition is modified
by including a new element denoted by Y, so we shall deal with SqU (1, 1)-quadruples
(v, 7,€,Y). On the Hopf *-algebra level, Y is an algebraic combination of the first three
generators: )

Y =q2ey" — .

Performing simple computations one can easily verify that
YY" =¢Y"Y + (1 — q)e.

Therefore one expects that on the Hilbert space level the domains of Y and Y* coincide.
However this is not the case. Consider the following condition:

There exists a closed operator 'Y such that
1
1. Y is an extension of qzey* — a:

iy —a CY, (©€)

2. Domains Y and Y* coincide
3. Y commutes with Phase~y.

It turns out that this condition selects precisely these S,U(1, 1)-triples (v, , €) for
which the tensor product is well defined. Moreover the choice of Y provides an ad-
ditional structure that enables us to select one among many SqU (1, 1)-triples (&, 7, €)
satisfying (0.9).
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The paper uses heavily the theory of unbounded operators on Hilbert spaces (cf
[1,6,7,10]). We shall mainly use closed operators. The domain of an operator a acting
on a Hilbert space H will be denoted by D(a). We shall always assume that D(a) is
dense in H.

We shall use the continuous functional calculus for systems of strongly commuting
selfadjoint operators. To explain the rather peculiar but very convenient notation used
in the paper, let us consider the pair of strongly commuting selfadjoint operators a and
b acting on a Hilbert space H. Then, by the spectral theorem

EB/\dE>\ b ? dE (A
a_/RQ (nu)v _/RQM (’:u)

where dE()) is the common spectral measure associated with a,b. For any measurable
(complex valued) function f of two variables,

&
fla.b) = [ TN dEOLN).
R2
Let x be the logical evaluation of a sentence:

x(false) = 0,
x(true) = 1.

If R is a two argument relation defined on real numbers, then f(A, X) = x(R(A, X)) is
a characteristic function of the set A = {(\,\') € R? : R(\, \)} and (assuming that A
is measurable) f(a,b) = E(A). We shall write x(R(a,b)) instead of f(a,b):

o
(R(@b) = [ XRON)AEOX) = E(A).
The range of this projection will be denoted by H(R(a,b)). The letter ‘H’ in this
expression refers to the Hilbert space, where operators a, b act.

This way we gave meaning to the expressions: x(a > b), x(a® + 0> = 1), x(a = 1),
x(b < 0), x(a # 0) and many others of this form. They are orthogonal projections
onto corresponding spectral subspaces. For example H(a = 1) is the eigenspace of a
corresponding to the eigenvalue 1 and x(a = 1) is the orthogonal projection onto this
eigenspace. More generally if A is a measurable subset of R, then H(a € A) is the
spectral subspace of a corresponding to A and x(a € A) is the corresponding spectral
projection.

Formally, expressions of the form R(a,b) are sentences of a non-commutative logic,
and x is the logical evaluation of such sentences. The values of x are orthogonal
projections. We are not going to move any further in this direction.

To fix the notation we recall the basic properties of the polar decomposition of a
closed operator. Let 1" be a closed operator acting on a Hilbert space H. The polar
decomposition of T will be written in the form:

T = (PhaseT)|T|,

6



where |T| = (I*T)z and PhaseT is the partial isometry acting on H such that
(Phase T)*(PhaseT') and (PhaseT)(PhaseT)* are projections onto H' = (ker T')* and
H" = (ker T*)* respectively. Restricting Phase T to the subspace H' we obtain unitary

operator
phaseT : H — H".

This operator intertwines T*T restricted to H' with TT* restricted to H”:
(phase T) T*T |y (phase T)* = TT" |y (0.10)

Using this fact one can easily show (cf. [6, Problem 69]) that SpT*T and SpTT*
essentially coincide:
SpT*T U{0} =SpTT* U{0}. (0.11)

A closed operator T is called balanced if D(T*) = D(T). Let T, be a closed
operator acting on a Hilbert space H, such that D(Ty,) C D(Ty;,) and T D T, be a
closed extension of Th,i,. We say that T'is a balanced extension of Ty, if D(T') = D(T*).
This notion generalizes the concept of selfadjoint extensions of symmetric operators: any
balanced extension of a symmetric operator is selfadjoint. This paper is full of balanced
operators and balanced extensions. If (a,7,€,Y) is a Sqﬁ(l, 1)-quadruple, then a, =

and Y are balanced operators. The inclusions in (0.9) denote balanced extensions.

Let T be a balanced operator. Then D(T) = D(T*) is a Banach space with respect
to each of the two graph norms ||| - ||| and ||| - [||l.: [lzl|> = |Tz|* + ||z]|* and [|z]]]? =
|T*z||? + ||z||>. Therefore the norms are equivalent. In particular the dense sets are
the same for the two topologies. This way we proved the following

Proposition 0.1 Let T' be a balanced operator and D be a core for T'. Then D is a
core for T*.

It turns out that a balanced extension Ty, C T is determined, when T}, and D(T))
are given. We have even more:

Proposition 0.2 Let T and T" be balanced extensions of Ti,. Assume that a core of
T is contained in D(T"). Then T =T".

Proof: If T,,;, has a balanced extension, then clearly D(Ti) C D(T5;,). Let Thax
be the adjoint of the restriction of Tiy;, to D(Twin): Toax = Toninlpir .y I Tonin € T

is a balanced extension, then 7" C T

- Restricting the operators to D(T1,) we get
T =17 =1r Therefore 7% D T}

D(Trgin) min| D(Tyin) max- max and T C Tax. This way we
showed that any balanced extension of Ty, is a restriction of T ..

In particular 7" and T” are restrictions of the same closed operator. Remembering
that a core of T is contained in D(T”) we see that T C T’. Therefore T* O (T")*,
D(T)=D(T*) > D(T")*)=D(T"), D(T)=D(T") and T =T".

Q.E.D.

In the paper we shall use a number of simple results of the theory of unbounded
operators. For the reader convenience we collect them in Appendix A.
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1 Basic definitions and results.

In the present paper we shall use the spectral condition (0.8)~With ¢ = 1. The other val-
ues of ¢ require some technical changes. The notion of a S,U(1, 1)-quadruple appeared
already in Section 0. Now we give the precise definition:

Definition 1.1 Let 7 = (o, 7,¢,Y), where o, 7y, € and Y are closed operators acting on
a Hilbert space H. We say that 7 is a S,U(1,1)-quadruple on H, if the following six
conditions are satisfied:

1. € is unitary and selfadjoint: € = €* = 1.
2. € commutes with a and y: ece = o and eye = .

3. Operators o, 7y, o and y* have the same domain: D(«) = D(vy) = D(a*) = D(v*)
and

(a'z|vy) = q(v'zlay), (1.1)
(a*z[v*y) = q (vz|ay), (1.2)
(vz|yy) = (vzlvy) (1.3)
(az|ay) = (z|ely) + (vz|yy), (1.4)
(azla*y) = (zlely) + ¢* (vo|vy) (1.5)

for any x,y € D(v).

4. The restriction vy of v to the subspace H(e = 1) satisfies the following spectral
condition:

S (J+1) € ¢* U {0}. (1.6)

5. Y s a balanced extension of q%ev* -

ey —a C Y,
DY) = D(Y").

6. Y commutes with Phasey.

Remark 1.2 It follows easily from Condition 3 that the graph topologies associated
with operators «, v, a* and v* coincide. Therefore «, v, a* and v* have the same cores.

Due to Condition 3, operator 7 is normal. SqU (1,1)-quadruples split into two
extreme types. We say that a Sqf](l, 1)-quadruple m = (a, 7, €,Y) is of unbounded type
if ker v = {0}. Conversely 7 is of bounded type if v = 0. Any S,U(1, 1)-quadruple 7 =
(o, 7,€,Y) acting on H is a direct sum of quadruples of bounded and unbounded type
acting on H(~y = 0) and H(y # 0) respectively; it follows easily from the commutation

relations that the direct sum decomposition
H=H(y=0)® H(y#0)

is respected by operators «, v, ¢€,Y.
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If a SqU(l,l)—quadruple T = (a,7,6Y) is of bounded type, then « is unitary,
v=0,e=1and Y = —a. In other words, a SqU(l, 1)-quadruple of bounded type is
determined by a single unitary operator. For SqU (1, 1)-quadruples of unbounded type
the description is more complicated:

Let H = L*(A,m), where A is the denumerable subset of R introduced by
A={—q¢":neN}U{q":neZ} (1.7)
and m is the measure on A such that
m({A}) =\ (18)

for any A € A. We consider operators ag, 7o, €9, Yo on H defined by

@) = Aya+ 25 w0,

(oz)(A) = [A[ 2(N),

(e0x)(A) = sign(X) z(}),

(Yor)(\) = A {q% 2(A) — /g + Si‘?;?) x(q)\)}.

By definition, the domains of oy and 7, consist of all functions x € H such that
the right hand sides of the first two formulae are square integrable over A (belong to
H). Operator € is bounded and its domain coincides with H. If the right hand side of
the last formula is square integrable over A, then there exist two limits ,\Erfoo z(A). By

definition, the domain of Y{ is the set of all x € H such that the right hand side of the
last formula is square integrable and

lim z(\) = lim x(\) (1.10)

A——00 A——+00

Then one can check that

mo = (0, Y0, €0, Y0)
is a SqU(l, 1)-quadruple of unbounded type acting on L?*(A,m). In this case operators
ap, Y0, Yp are not bounded. More generally if r € [0, 27[, then

—ar ir —ir
7 = (€™ ag, €0, €0, € 7Yp)

is also a SqU (1, 1)-quadruple of unbounded type

It is not difficult to show that the m, is irreducible. It is characterized uniquely by
the number e = Phasey € S*. In Section 3 we shall prove the following

ml

m2

m3

m4
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Theorem 1.3 Any Sq(j(l, 1)-quadruple of unbounded type is a direct integral of irre-
ducible S,U(1,1)-quadruples 7, (r € [0,2n[) described above.

Beside the operator Y, there is another operator X playing in our theory a similar
role. Defining the tensor product of two SqU (1,1)-quadruples 7 and m, we shall use
operator Y related to m; and operator X related to m. Let m = (a,7,¢6,Y) be a
SqU (1,1)-quadruple acting on a Hilbert space H. Operator X is a balanced extension

of e(q27y + «):

2 c X
D(X) = D(X*).
If 7 is of bounded type, then clearly X = «. In the unbounded case the operator X is
introduced by the formula:
X = (Phase)*VY V™, (1.12) xv
where g
V = [—€(Phasey)?| *"". (1.13) v
The symbol ‘log’ denotes the logarithm with base ¢: log¢* = k. In Section 3 we shall
prove that V' is unitary and that operator X introduced by (1.12) satisfies the relations
(1.11).
Now we are ready to formulate the main results of the paper.
~ Ilten
Theorem 1.4 Let m = (a1, M1, €1, Y1) and my = (2, V2, €2, Y2) be S,U(1, 1)-quadruples
of unbounded type acting on Hilbert spaces Hy and Hy respectively and X5 be the operator
related to my in the way described above. B
Then there exists unique S,U(1,1)-quadruple @ = (&,7,€,Y) of unbounded type
acting on Hy ® Hy such that:
1.
a1 ®@a+ g @7 C o
NOatam™ @y C 7
€1 ® € = ¢
where the operators on the left hand sides are defined on D(v1) ®ag D(72).
2. The domain D(7) contains all vectors of the form
mew'l=4"\ m
X ( (D=5 (€' 11 ® xq), (1.14) Dalpha
where x1 € D(mY1), o € D(712Xs), m € Z and s = £1. Moreover the linear span of
D(v1) ®aig D(72) and all vectors of the form (1.14) is a core for &,7,a* and 7*.
3. The domain D(Y) contains all vectors of the form?
x(Almen'l=q¢") @ody), (1.15) DYtilde

3it turns out, that |J| strongly commutes with |y, ® 75 | so the operator [§||y1 ® 75 *| is positive
selfadjoint
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where v € Hi(In| = ¢"), y € D(Ya) and n,r € Z. Moreover the linear span of D(7)
and all vectors of the form (1.15) is a core for Y and Y*.

Remark: The uniqueness of 7 follows immediately from Proposition 0.2.

In what follows, the Sqf] (1,1)-quadruple 7 introduced in the above theorem will
be denoted by 7 () me. In order to have our exposition complete we should define the
product () when one of the factors is of bounded type. We set:

(a1,0,1,—01) D (a2,0,1, —a2) = (1 ®,0,I®1,—a; ® as)
(a1,0,1,—a1) D (2,72, €2,Y2) = (0 @z, 0f @Y, I ® €2, ® Y2) (1.16)
(a1, 71,6, Y1) D (2,0,1, —ap) = (@1®@2,71®042761®L?),

where in the last relation
Y = (I ®a)*" 22V @ as)(I @ ag)~21omell, (1.17)

It is not difficult to show, that the right hand sides of (1.16) are S,U(1,1)-quadruples.
To relax the reader disappointed with the complicated form of relation (1.17) we notice
that this relation looks much simpler, when expressed in terms of operators X: Using
the translation formula (1.12) one can easily show that (1.17) is equivalent to the
equation: X = X; ® as.

The ‘(D ’- product is associative:

T}{eorem 1'5 Let T = (041,71, 617}/1>; o = (052,’}/2762,Y2) and T3 = (O[?)a,y-?)v 637Y3) be
SqU (1, 1)-quadruples acting on Hilbert spaces Hy, Hy and Hs respectively. Then

(M @) D73 =m D (m2 D 73)-

The proof of these theorems is given in the forthcoming sections.

2 Balanced extensions.

In this Section we shall present the theory of balanced extensions of operators of some
special form. Let p be a real number such that 0 < 4 < 1 and a be a selfadjoint and
v be an isometric operator acting on a Hilbert space H. Throughout this Section we
shall assume that

H =3 Hla| = ") (2.1)
va D pav (2.2)
vt = x(lal > p™) (2.3)

for some ny € Z. Decomposition (2.1) means, that |a| has a pure point spectrum with
eigenvalues of the form u” (n € Z).
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Relation (2.2) implies that v (v* respectively) commutes with sign a and maps eigen-
vectors of |a| into eigenvectors of |a| dividing (multiplying respectively) the eigenvalue

by u:
v Hla) = 1) — H(ja] = p") (2.4)

v H(la| = ") — H(ja| = 1) (2.5)

for any n € Z. In general (2.4) are isometries, however due to (2.3) they are unitaries
for any n < ng. Clearly, for any n < ng, (2.5) is the inverse of (2.4). In what follows
we denote by P the orthogonal projection onto the eigenspace K = H(|a| = ™). In
this Section € will denote the unitary involution introduced by the formula:

€ = signa. (2.6)

One can easily show, that K is e-invariant.

Let x € H. We shall prove that
(x € D(a)) — <Z 1 P (") )12 < oo> . (2.7)
k=0

Indeed (cf (2.1)) x = >z, where x,, € H(|a|] = ") and n runs over all integers. Then
P(v*)kx = 3 P(v*)*x,. By virtue of (2.5) the only non-zero term in this sum is the
one with n = ng — k and P(v*)*zr = (v*)*z,,_r. Remembering that (2.5) are unitary
for n < ng we get ||P(v*)fz| = ||zn,—k||. Now it is easy to see that the right hand
side of (2.7) is equivalent to the convergence of the series 3 ||u"z,||?, which in turn is
equivalent to the left hand side of (2.7).

Using (2.7) one can easily show, that D(a) is v-invariant:

<U£E € D(a)) = (x € D(a)) = <v*a: € D(a)) (2.8)

for any x € H.

Let p > 0. Replacing in the above demonstration a by |a|? (and p by p) one shows
that for any © € H we have:

@eDwmﬁcé<§ww“ow@W<w>, (29)

(vx € D(|a|p)> — (x € D(|a|p)> — (m E D(|a|p)> . (2.10)

Let f and g be real valued functions defined on Sp (a). We shall assume that they are
bounded on compact subsets of Sp (a) and that their behaviour at infinity is described
by the formulae:

FO) =X+ fo+ fi(N),
9N = At g0+ 91(N), (2.11)

where fy, g0 € R, sup|Afi(A)| < oo and sup |Ag; (N)] < oo.
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We shall consider the following operators:

Tmin = f(a) - #’%g(a’)v7
(212) operatory

T = f(a) — ,u%v*g(a).

Originally the operators T, and T, ;{in are defined on the domain D.;, = D(a):
D(Tin) = D(T}

) = Dmin. Due to (2.2) and (2.11) we have:
Tmin =(I— ,LL_%'U a—+ b,

( | ) (2.13) rozklad

T;{in = (I — /ﬂv*) a+ b,

where b is a bounded operator: b € B(H). Using the obvious estimates:

| (1= nbo) el = (% = 1) Ile]

X ) (x € H),
(T = o) 2l > (1= p2) [l

one can easily show that the operators T, and 7.5 are closed.

Clearly Ty, and Tif,

are formally adjoint to each other:

v)

and symmetrically T, C (TJr

min

(@] Tin)) = (T

for all 2,y € Dpin. It shows that Tt C T

min min

set: Thax = (T;rm>* and T.f. = (Tim)”. Then we have the following diagram

min

)*. We

max

Tmin C Tmax
Tanax ) Tr;li_in

where the vertical arrows denote the passing to the adjoint operators.

Taking into account (2.13) we obtain

Tnax = @ (I — ,u%v) + b,

T+ —a (I _ M_%U*) e (214) rozkladmax

In particular
D(Tax) = {x € H: (I = pzv) z € D(a)},
(215) dziedzinamax
D(T; ) = {x €H: ([ — ,u_%v*) x € D(a)}.

13



Using the obvious formula
[—p 2 = —p 2y ([ - /ﬁv) (2.16) obvious
and taking into account (2.8) we see that

D(Tmax> = D(T+ )

max

This common domain of Ty, and TF

will be denoted by D ax.

In what follows we shall consider convergent sequences of vectors of a Hilbert space.
In these considerations the rate of convergence will be important. Roughly speaking a
sequence (Z,)nen is called v-converging if it converges faster than (1™/?),cn. Precise
definition is the following:

Let v be a real number such that 0 < v < 1 and (zx)ren be a sequence of elements
of a Hilbert space H. We say that (zy)ren v-converges to 0 if

oo
Z vk kaH2 < 0.
k=0

Consequently (zx)ren v-converges to a vector oo, € H if (xp — Too)ken V-converges
to 0.

One can easily check that a linear combination of r-convergent sequences is v-
convergent. Let (z;)ren be a sequence of elements of a Hilbert space H and (yx)ken
be a sequence of elements of a Hilbert space K. If one of the sequences is v-converging
to zero, while the second is bounded, then clearly (zj ® yx)ren is v-converging to zero.
Now the formula

l’k®yk_¢roo®yoo:(xk_xm)®yk+xoo®(yk_yoo>

shows that the tensor product of v-convergent sequences is v-convergent.

The Cauchy criterion for v-convergent sequences is extremely simple:

Cauchy
Proposition 2.1 Let (zy)ren be a sequence of elements of a Hilbert space H. Then
(T )ken is (Thi1 — Tk)reN 18
< .
v-convergent v-converging to 0
Proof: The implication ‘=" is obvious. Conversely assume that (zx11 — Tg)ren is
v-converging to 0. It means that
(0.9}
S v | — al® < .
k=0
Therefore .
|zri1 — 2kl = cxrz, (2.17) cka

14



. . k .
Wherke (Ck)en 18 @ square summable sequence. Since (w)keN is also square summable,
(Cky§>keN is summable and (2.17) shows that (x),.y is a Cauchy sequence. This way
we showed the existence of the limit:
=1 )
oo = ity

To prove the v-convergence we start with the following formula:

o0

Tp — Tog = — Z (Tma1 — Tin)-
m=k
Therefore, by virtue of (2.17):
k s m—k i m
vzllog — 2| < D e T = ) e 2. (2.18) 8
m=k m=0
For each m = 0,1,2,... the sequence (Cyim),cn IS square summable with the [’-norm

bounded by a constant independent of m. On the other hand the sequence (V%) .

is summable. Therefore the sequence

oo
m
m=0

kEN
is square summable. By the estimate (2.18), the sequence (l/_g l|xr — xOOH)keN is also
square summable. It means that (zy)gren is v-convergent.
Q.E.D.

The main result of this Section is contained in the following two theorems.

Theorem 2.2

1. Let x € H. Then x € Dy if and only if the sequence (/L*gP(v*)kx)keN 18

Dmax

p-convergent. If this is the case, then we set

0(x) = lim P2 P (vt . (2.19)  theta
2.
Dinin = {2 € Dyax : 6(z) =0} .
3.
1 —1
Diox = {(I — ,LL§U) y+t:ye K, te Dmin} . (220) Dprim
main2
Theorem 2.3 Let T be a balanced extension of Thin. Then T C Thax and there exists
unique unitary involution u : K — K such that ue = —eu and
~1
D(T) = {([—/ﬁv) y+t:ye K(u=1),te D(a)}
The sequence 5P () is
= x € H (,u ( ) )kEN (221) dziedzina
p-converging to a vector y € K(u = 1)

_ {xeDmaX: 0(x) € K(u= 1)}'

15



Moreover the set of y appearing in the above formula coincides with K(u = 1).

Conversely if u : K — K is a unitary involution anticommuting with €, then the
domain (2.21) is contained in Dy and restricting Tiax to (2.21) we obtain a balanced
extension of Tiin.

If w is an unitary involution acting on K, anticommuting with e, then uK (e = 1) =
K(e =—1) and dim K (¢ = 1) = dim K (e = —1). This must be the case if T1,;, admits
a balanced extension.

The unitary involution u appearing in (2.21) is called the linking operator associated
with the balanced extension 7.

To prove the above theorems we shall use the following Proposition:

Proposition 2.4 Let p > %, x€ H andy € K. Then

k Vector x is of the form

Sequence (,u_EP (v*)" x) -1
ot ‘ ReN | = | 2= (I - u%v) y+t |- (2.22)
is pu*P~t-converging to y where t € Di(|af?)

Proof: Using the geometric series expansion

(1=nt) "y =3 ()"

0

we get
k—1 o0
% 1 -1 m o oy Nk—m moo
W) (1= p2v) y=> uF @)y + 3 pEemhy.
m=0 m=k
Applying to the both sides the projection P we see, that only the term with m = k
survives on the right hand side. Therefore

-1

,u_gP (v*)" (I - ,u%”u> y=y. (2.23)

Now the ‘<=’ part of (2.22) follows immediately from (2.9). Conversely assume that
the left hand side of (2.22) holds. Put ¢t = = — (I - /ﬁv>71 y. Then by virtue of (2.23),
the sequence (/fgp <U*)kt)keN is p?P~1-converging to 0 and using again (2.9) we see

that ¢ € D(]a|?). The right hand side of (2.22) is proved.
QE.D.

Proof of the Theorem 2.2: Inserting p = 1 and y = 0 in Proposition 2.4 we see,
that . .
The sequence (u~zP (v*)"x
(m € Dmin> — ( >’“EN . (2.24)

is p-converging to 0

We shall prove Statement 2. According to (2.15),
(x € Dmax> <— (([ — ,u%v) T E Dmin> )
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By (2.24), the latter holds if and only if the sequence: (;fgp (v*)" (I — u%v> x)keN is
p-converging to 0. A trivial computation shows that

,u_gP (v*)* (I — ,u%v) x = ,u_gP () — M_%P ()" (2.25)
and Proposition 2.1 shows that (/ng (v*)" (I — /ﬁv> x)keN p-converges to 0 if and

only if the sequence (M—ép (U*)kac>keN is p-convergent. Statement 1 is proven.

Now Statement 3 follows immediately from Proposition 2.4 and Statement 1 from
(2.24).
Q.E.D.

For any x, 2’ € Dy« we set:

U(z,2') = (TJr T

max

x’) — (x’Tmaxx’> ) (2.26)

Clearly ¥ is a sesquilinear form on D,,.. It vanishes, when one of the arguments
belongs to Dp. If T is an operator such that Thy, C T C Thax, then Thh C T* C Tif
and for any z € D(T*) and 2’ € D(T) we have: ¥ (z,2") = (T*z|2') — (z|T2') = 0. A
moment of reflection shows that

(2.27)

D(T*) = {:c D, - U(z,2") =0 for }

any ' € D(T)

To use this statement we have to compute W(x,z’) for arbitrary elements z,z’ €
Dpax. According to Theorem 2.2

xr = (I—,u%v)_ly—i-t,

-1
= (I - ,u%v) y +t,
where y,3 € K and t,t' € Dy,,. We know, that U(z,2’) = 0 when one of the argu-

ments belongs to Dy,;,. Thus ¢ and ' may be neglected in further computations. We
shall use formulae (2.14). It is obvious that the operator b gives no contribution to

by a (I — u%v) and
a (I — ,u_%v*) respectively. Now, taking into account (2.16) we have:
ay’ > .

(T (e

By (2.5), ;f%av*y = u%v*ay. To proceed with computations we use the geometric
series expansion:

(2.26). Therefore we may replace in this formula Ty, and T

max

U(z,z') = e (av*y

oo = = 3 (] (4h0)" ) = 3 ((nt)" o).

17
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We know, that y and ' are eigenvectors of |a| with the same eigenvalue . Remem-
bering that v divides the eigenvalue by p we see that the only non-vanishing term is
the one with m =0 :

U(z, ') = = (ylay) .
Remembering, that on K, a = u™e we obtain:

U(z,2") = —u™ (yley). (2.28) psit
Now we are able to prove our main theorem.

Proof of Theorem 2.3: Let T be balanced extension of Thy,. Then T* C T, = ToF .
Remembering that T3 is a restriction of Tt and that D(T.5.) = D(Twin) C D(T) =
D(T*) we see that T.f;, C T*. Therefore T C (Tnfm) = Twax and D(T) C D(Tax)-

Using Statement 3 of Theorem 2.2 one can easily show that
1 -1
D(T) = {(I - ,Uiv) Y +1: Yy € L, t e Dmin} , (229) Dziedzin

where L is a linear subset of K. Let u be the unitary involution acting on K such that
K(u=1)=Land K(u= —1) = L+ (L* denotes the orthogonal complement of L in
K). Inserting in (2.27), D(T*) = D(T) and using (2.28) we see that

L:{yEK:(yey’):()for any y'EL}. (2.30) L

It means that L+ = €eL. Therefore u anticommutes with e. Now (2.29) coincides
with the first row of (2.21). The second equality in (2.21) follows immediately from
Proposition 2.4 and the third one from Statement 1 of Theorem 2.2.

Conversely, let T be the restriction of Tay to the domain (2.21) determined by
a unitary involution u acting on K. If v anticommutes with €, then the eigenspace
L = K(u = 1) satisfies the relation L+ = e¢L. Therefore (2.30) holds and formula (2.27)
shows that D(T*) = D(T).

Q.E.D.
Let © € Dpax. Then (cf Statement 3 of Theorem 2.2 and Proposition 2.4)

T = (I— ,u%v>71y—|—t,

where y = 0(x) € K and t € D(a). By virtue of (2.14) and (2.16):
e ()

where y = 0(x) € K and t € D(a). By virtue of (2.14) and (2.16):
1

Tolz) =1 ol o) (2.31) wynik

+0b (I — ,u%v>_1y + bt

Clearly the right hand side depends continuously on y € K and t € D(a) (when D(a)
is equipped with the graph topology of operator a). Combining this observation with
Theorem 2.3 we obtain

18



Proposition 2.5 Let T be a balanced extension of Twin, u be the corresponding linking
operator and D' be a linear subset of D(T) containing a core of the operator a. Assume

that the set {0(x) : x € D'} is dense in K(u=1). Then D’ is a core for T.
In particular we have:

Proposition 2.6 Let T be a balanced extension of Ty, and u : K — K be the linking
operator associated with T'. For any p > 1 we set

keN

(2.32)
uP-converging to a vector y € K(u=1)

The sequence 5P () e 18
D, = {x cH-: quence (48P ()" ) }

Then D, is a core for T'. Moreover the set of y appearing in the above formula coincides
with K(u = 1). The reader should notice that Dy = D(T).

Proof: Let p' = %(P + 1) > 1. Then p = 2p' + 1 and by virtue of Proposition 2.4
1 —1 ,
Dp:{<f—/ﬂv> y+t: yGK(u:l),teD(\a]p)}. (2.33)

We know that D(|a|?') is a core for a. The above formula shows, that D, > D(|a|”).

If x = (I - u%v)il y +t then y = 0(x). Therefore {f(x): x € D,} = K(u =1). Now,
Proposition 2.5 shows, that D, is a core for T'.
Q.E.D.

For p = 3, the domain D, has the following remarkable property:

Proposition 2.7 Let T be a balanced extension of Ty, and u: K — K be the linking
operator associated with T'. Then the operators T* and T map D3 into D(T). In other
words: T*T*x, T*Tx, TT*x and T'Tx are well defined for all x € Ds.

Proof: Assume for the moment that the constants fy and gy entering the asymptotic
formulae (2.11) do vanish: fy = go = 0. Then the operators b and b* appearing in
(2.13) map H into Dpy,. Let x € H. Remembering that bH C D(a) and using

(2.14) we see that x € D(aT) if and only if z € D(T) and a ([ —,u%v> x € D(a).
The latter is equivalent to (I - u%v) r € D(a?). Similarly z € D(aT*) if and only if
v € D(T*) = D(T) and (cf (2.14)) a (I — p~2v*) x € D(a). By (2.16) and (2.10), the

latter is again equivalent to (I — ,u%v) r € D(a?). Let 2/ = (] — ,uév) x. According to
Proposition 2.4:

_k \k
e Da?)| e The segueglce (,u 2‘P (v*) :E)keN .
is p’-converging to (

Using now Proposition 2.1 and formula (2.25) we see that the right hand side of the a-

bove equivalence is equivalent to the p3-convergence of the sequence (,u_%P (v*)k x)keN.
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Since € D(T), the limit must belong to K(u = 1) (cf (2.21)). This way we showed
that

<x € D(aT)> — (m e D(aT*)> — (x e D3> .
In particular Tx and T*z belong to D(a) = Dy, for any x € Ds.

In general case we set: Ty =T — fol — u%gov. Then
T = Tl + fDI + M%gol}. (234) adhoc

Let z € Ds. By the first part of the proof T2z and 77z belong to D.,;,. One can easily
show, that Dj is v and v* invariant. Therefore (fol + /ﬁgov)x and (fol + ,u%ggv)*x
belong to D3. Formula (2.34) shows now, that Tz and T*z belong to Dy, +D3 C D(T).

Q.E.D.

Notice that we have also proved the following:
DaT
Proposition 2.8 Let T be a balanced extension of Ty, and u : K — K be the linking

operator associated with T. Assume that the constants fo and go appearing in (2.11)
vanish: fo = go = 0. Then D(aT*) = D(aT) coincide with the domain Ds introduced
by (2.32).

Let € D(Tax). Then (] - ,uév> z € D(a). We claim that
0(z) =P {T + M_"ﬁév* (I — ,u%v*)il |a| (I - u%v> x} ) (2.35) thetal

Indeed denoting by RHS the Right Hand Side of the above relation and using the
geometric power series expansion we get:

RHS = Pz + 3 5" 2P (v*) [a] (I - pv) .

=1

P (v*)" Kkills all the eigenspaces H(|a| = u™) of |a| except the one with n = ng — L.
Therefore P (v*)' |a| = pm~'P (v*)' and

RHS = ZM_%P (v*)" (I - ,u%v> x+ Px
=1
=y [u_%P () — M_FTIP (v*)'! x} + Px

=1

Computing the partial sum from [ = 1 to [ = k we see that all terms except ,u_gP (v*)k x
cancel. Therefore .
RHS = klim 2P () = 0(x).

Formula (2.35) is shown. The reader should notice that the above computations give
the alternative proof of the existence of the limit (2.19). Formula (2.35) shows that

0(x) depends continuously on |al (I - /ﬁ@) x. Taking into account (2.14) we get:
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Proposition 2.9 The mapping:
D(Tyax) 2 x+—0(z) € K

18 continuous provided the source space is equipped with the graph topology of operator
Tmax-

Let T be a balanced extension of Ty, and u : K — K be the linking operator
associated with this extension. Iterating (2.4) [ - times we obtain a unitary operator

o't K = H (Ja| = p™) — H (|a| = u”ofl). Therefore v'u(v*)! is a unitary involution

acting on H (|a| = M”O*l). Summing up we obtain a unitary involution

R= Z®vlu(v*)l (2.36)

1>0

acting on H (|a| > p™) = > “H (|a\ = u”o’l). We extend this operator to the whole
1>0
space H putting Rx =0 for all € H (|a|] < p). Then

R =R,
R* = x (la| = p™)
Re = —€R, (2.37)
Rla| C |a|R,
vH(R = +1) € H(R = +1).

To prove the third relation it is sufficient to use anticommutativity of u and ¢, the forth
relation means that R respects the direct sum decomposition (2.1) and the last relation
follows from the formula: H(R = +1) = 2 ,v'K(u = +1), which in turn follows
immediately from the definition (2.36). -

The operator R is called the reflection operator associated with the balanced ex-
tension T, C 7. One can easily show, that any operator R satisfying (2.37) is the
reflection operator of a balanced extension of T},;,. The corresponding linking operator
u is the restriction of R to H(|a| = p™).

Let © € H, n < ng and | = ng —n. Then x (la| = u") = v'P (v*)". Using this
equality one can easily verify that

Sequence (,u’gP (v*)F ;E)keN Sequence (/f%X (la| = p™) (U*)kaz)keN
is converging to a vector — is converging to a vector
ye K(u=1) y € H(la|=p", R=1)

The rate of convergence of the both sequences is the same. Relation between y and ¢/
l
is given by the formula: y' = pzv'y.

The reader should notice that (2.3) is all the more satisfied when we replace ny by
a smaller integer. This leads to the following:
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Remark 2.10 In the above considerations, nyg may by replaced by any integer n < ny.
Then P, K and u should be replaced by x (|a| = ™), H (Ja| = p™) and (as the above
equivalence shows) the reflection operator R restricted to H(|a| = u™).

In many cases it is important to know, what are the kernels of balanced extensions
considered in this Section. We shall prove:

Theorem 2.11 Let T be a balanced extension of the operator T, introduced by (2.12)
and x € kerT'. Then for any n € Z and s = £1 we have:

|f(s™)| Ix(a = sp™)z| = p2 |g(sp™)] |x(a = sp™ )| (2.38)
Moreover
im_pd||x(a = )l = lim_p¥{x(a = )l (2.39)

Proof: Let © € D(T1,ax). Using (2.14) and (2.4) one can easily show that

X(a = spm) Toax = f(sp)x(a = su™)x — prg(sp™)x(a = sp" vz
= f(sp™)x(a = su™)x — p2g(sp™vx(a = sp™ )
We know that T}« is an extension of T'. Therefore x € ker T" imply x € D(Tjhax) and

Thax® = 0. Now using the above formula and remembering that v is an isometry we
obtain (2.38).

3 S,U(1,1)-quadruples.

In this Section we shall examine in more detail the commutation relation entering the
Definition 1.1. One of the aims is to prove Theorem 1.3. We start with the following

Proposition 3.1 Let o, and € be operators acting on a Hilbert space H satisfying
the first three conditions of Definition 1.1. Assume moreover that kery = {0}. Then
operators o and vy are not bounded and

1.
ay = qra (3.1)
ayt = ¢V« (3.2)
W=y (3.3)
oo = e+7ty (3.4)
aa* = e+ @ty (3.5)

2. Phase~y is unitary and commutes with Phase«, v and e.

3. If H(e = —1) # {0}, then the restriction v_ of vy to this subspace satisfies the
following spectral condition:

Sp(h-]) =q¢ ™.
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4. If H(e = 1) # {0}, then the restriction 4 of 7y to this subspace have the following
property:
¢ Sp ([7+1) = Sp (|7+1).

5. Phase a is an isometry:

(Phase a)*Phasea = [

3.6) izometria
Phase a(Phase a)* = x (GM # —Q_l) 39

6. For any measurable subset A C Ry, the isometry Phase a maps H(|y| € A) into
H(lgy| € A). If 1 ¢ A then the mapping

Phasea : H(|y| € A) — H(|gy| € A)

18 unitary.

7. We have:

a= Phasea /e+ |vy|?
a* = (Phasea)” /e + ¢2|v|?

Proof: We start with Statement 1. Assume that x € D(y*y). Then using (1.5) we
see that (a*yla*z) = (y|e + ¢*y*y|x) for any y € D(a*). Therefore a*x € D(a) and
aa*z = (e + ¢*v*y)x. Tt shows that aa* D €+ ¢*y*y.

Conversely if z € D(aa*), then by virtue of (1.5) (y|aa* —¢€|z) = ¢* (yy|yy) for
any y € D(v). Therefore yr € D(v*) and aa* — ¢ C ¢*y*y and (3.5) follows. In the
similar way, using relations (1.1) — (1.4) we obtain (3.1) — (3.4). Statement 1 is proved.

Now Statement 7 is obvious: The formulae coincide with the polar decomposition
of a and o*.

Due to Condition 2 of Definition 1.1, operators v and v respect the decomposition
H = H(e=1)® H(e = —1). Therefore in the proof it is sufficient to consider two cases:
e = I and e = —I. We shall use this possibility proving Statements 3, 4, 5 and 6.

Assume at first that ¢ = I. Then we shall write ay and 7, instead of o and ~.
Using (1.4) and (1.5) we see that a’ay > I and ayof > I. Therefore ker a; = ker o,
= {0} and Phase oty = phase vy is unitary. Statement 5 is proved. (notice that in the
considered case €|vy| = |v4+| > 0, so the right hand side of (3.6) equals to I).

According to (0.10)
(Phase oy )a’ ay (Phase ay )" = agaf.
Remembering that e = I and using (3.4) and (3.5) we have:
(Phase ay )y} vy (Phase ay)* = ¢y} ;.
Computing the square root of the both sides we get

(Phase . )|v4 | (Phase ay )" = gy |- (3.7) splatacz12
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It shows that Sp|y.| = ¢Sp|y+| and Statement 4 follows. Remembering that the
functional calculus is covariant with respect to unitary transformations we get:

(Phase ay)x(|7:] € A)(Phase )" = x(lqv:| € A).

It shows that = € H(|y,| € A) if and only if (Phasea )z € H(|gy.| € A).

Assume now, that ¢ = —I. Then we shall write o and v_ instead of a and ~.
According to (3.4) and (3.5),

I+ala. = iy, (3.8)
I+a_a* = ¢y '

Therefore I + a_a* = ¢*(I + a*a_) and ¢*a*a_ =a_o* +(1—¢)) [ > (1 —¢*)I. Tt
shows that ker a— = {0} and the first formula of (3.6) follows. The second formula of
(3.8) shows that kera* = H (q2’yi’y, = 1) = H (e|y| = —q¢~'). The proof of Statement
5 is complete.

The second relation (3.8) shows that
qSp (|7-1) < [1, 00]. (3.9)
Let H”" = H(|y_| = ¢~!)*. Then by virtue of (0.10)
(phasea_)a”a_(phasea_)" = a_a’ |,
and using (3.8) we obtain:
(phase )y (phasea )" = ¢*v" |-
Computing the square root of the both sides we get
"1,

(phasea)|y_|(phasea_)* = q|7/” (3.10)

where 7" is the operator ~y_ restricted to H”. It shows that Sp |y_| = ¢Sp |7”|. Assume
for the moment that ¢~' ¢ Sp|y_|. Then H” = H, v” = ~v_ and Sp|y_| would be
invariant under multiplication by ¢ in contradiction with (3.9). Therefore ¢=* € Sp |y_]|.

Remembering that the orthogonal complement of H” is the eigenspace of |y_| cor-
responding to the eigenvalue ¢~ we get:

qSp|y-| =Sp|y-| U {1}.

Iterating this formula n-times we obtain:

¢"Splv-l=Splr-|U{l,q¢,¢*....¢" '}

Now using (3.9) we see that
(¢"Splyv-1) N[0,1] = {1,q,¢%...,¢""}
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and Statement 3 follows.

To prove Statement 6 we rewrite (3.10) in the following form:

¢~ (phasea_)|y-| = [2”|(phase a).

The only difference between phase «_ and Phase or_ lies in their target spaces: H” for
phase a_ and H for Phase a_. Therefore

¢ '(Phasea_)|y_| = |y_|(Phase a_). (3.11)

It shows that x € H(|y_| = ¢") if and only if (Phasea_)x € H(|y_| = ¢ !). If n # 0,
then the second formula (3.6) shows that H(|]y_| = ¢"~!) is contained in the range of
Phase o and Statement 6 follows.

We still have to prove Statement 2. (3.3) says that v is a normal operator. Re-
membering that ker vy = {0} we see that Phase v is unitary and commutes with |y|. By
virtue of Condition 2 of Definition 1.1, Phasey commutes with e.

Replacing in (3.1), operators a and ~ by their polar decomposition we obtain:

(Phase o) (e + |’y[2)§ (Phase)|y| = ¢(Phase v)|y|(Phase o) (e + ]’y|2)E :

We know that Phasey commutes with |y|. Moreover, due to (3.7) and (3.11), the
product ¢|y|(Phase &) may be replaced by (Phase «)|y|. Therefore

[NIES

(Phase o) (Phase ) <€ + |*y|2)5 |v| = (Phase ) (Phase «) (6 + |’y|2> kel

and
(Phase a)(Phase )z = (Phase v)(Phase a)x (3.12)

1
for any = € Range (¢ + |y]?)2 |y|. One can easily show that the closure of the range of
1

(e +|7]?)? |y| coincides with H(e|]y| # —1). By Statement 3, —1 is not an eigenvalue
of €|y|. Therefore H(e|y| # —1) = H and (3.12) holds for any x € H. Statement 2 is
proved.

QE.D.

Proposition 3.2 Let a, v and € be closed operators satisfying the three first conditions
of Definition 1.1. Then the operators |o|—|7|, |a*[=g|¥], (le|=[v[)|7] and (Ja*|—g|v[)|7]
are bounded. The norms of the first three operators are < 1, whereas the norm of the
last one is < q~'.

Proof: According to Conditions 1 and 2 of Definition 1.1, € is a unitary and selfadjoint
operator commuting with |y|. Therefore the operator

a = €|y (3.13)

is selfadjoint, |a| = || and sign a = €. By Statement 3 Proposition 3.1 Spa C —¢NUR .
Using Statement 7 of Proposition 3.1 one can easily verify, that €|a| and €e|a*| are
functions of a:

elal = h(a), g 'ela’] = g(a),
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where

1 \?2 1 2
h(A) =A |1+ — A)=A14+—-—— 14)  deffun
=31+ 5) - o0 =3 1+ ) GH) r
for any A € Sp (a). Elementary analysis shows that:
[h(A) = Al <1, lg(N) = Al < g7,
A[TR(A) = Al <1, IAlg(A) = Al < ¢

for any A € —¢N UR,. Remembering that, for any function f on Spa, [|f(a)]] <

sup {|f(/\)| A€ Sp a} we obtain the desired estimates.
Q.E.D.

Let m = (e, 7,€6,Y) be a Sq[j(l, 1)-quadruple of unbounded type acting on a Hilbert
space H. By Statement 2 of Proposition 3.1 and Condition 6 of Definition 1.1, the
operator Phase~y is central: it commutes with «, v, € and Y. Combining Condition 4
of Definition 1.1 with Statement 3 of Proposition 3.1 we see that Sp |y| C ¢%. Let a be
the selfadjoint operator introduced by (3.13) and

v, = €(Phase a)(Phase ), (3.15) vy
Tinin = qié(Phase 7) [Q%E’Y* - 05} ) (316) TminY1

T=q2 (Phase)Y.

An elementary computation shows that

Tonin = €|y — ¢2 (¢ e|a*]) v,

\ (3.17) Tminy
=a—q2g(a)v,,

where ¢ is the function introduced by (3.14).

According to Conditions 5 and 6 of Definition 1.1, Y is a balanced extension of
1
g2 (Phase v)* Tinin commuting with Phasey. Therefore T" is a balanced extension of the
operator Tiin.

Using the results of Proposition 3.1 one can easily show, that the operators a and
v = v, introduced above satisfy the basic assumptions (2.1) — (2.3) of Section 2 (with
p replaced by ¢ and ng replaced by —1). A simple analysis shows that, for A — oo,
the functions f(A) = A and ¢g(\) introduced by (3.14) exhibit the asymptotic behaviour
(2.11) with constants fo = go = 0. Summing up we see that the theory of balanced
extensions developed in Section 2 may be applied to (3.17).

relkom1

Proposition 3.3 Letm = (o, 7,¢,Y) be a SqU(l, 1)-quadruple of unbounded type acting
on a Hilbert space H and v, be the operator related to m by (3.15). We set: P =
x(v|=¢") and K = H(|y| = q7'). Then there exists unitary involution:

u: K — K
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commuting with Phasey and anticommuting with €, such that

k
The sequence (qu v x) 18
( Y> keN : (3.18)
q-converging to a vector y € K(u = 1)

D(YY)={z€eH:

Conversely, let a,y and € be operators acting on a Hilbert space H satisfying the
first four conditions of Definition 1.1. Assume that kery = {0}. Then for any unitary
mwolution w acting on K, commuting with Phase~y and anticommuting with €, there
exists unique closed operator Y with the domain given by (3.18) such that m = («,7,€,Y)
is a Sqf](l, 1)-quadruple.

Remark: The operator u is called the linking operator associated with 7. Its existence
implies that dim K(e = —1) = dim K (e = 1). It shows that the S,U(1,1)-quadruple
(o, 7,€,Y) of unbounded type must contain non-trivial bosonic and fermionic compo-
nents.

Proof: We shall use Theorem 2.3. Let u be the linking operator associated with the
balanced extension Ty, C 7. Then D(T) = D(Y) and (3.18) coincides with the second
row of (2.21). Since Y commutes with Phasevy, D(Y) must be (Phase~)-invariant.
Therefore K (u = 1) is (Phase y)-invariant and v commutes with (Phase ).

Q.ED.

Let Ry be the reflection operator associated with the balanced extension Ty, C T
@y *\1
Ry =Y vlu(vl), (3.19)
1=0

where u is the linking operator introduced above. We say that Ry is the Y-reflection
operator associated with 7. Modifying Proposition 2.8 according to Remark 2.10 , we
get in the present context:

Proposition 3.4 Let m = («,7,€,Y) be a SqU(l, 1)-quadruple of unbounded type on a

Hilbert space H, v, = e(Phase «)(Phase~), Ry be the Y -reflection operator associated
with m and n be an integer negative number. Then

k
The sequence <q_§x (vl = q") (vi) x> o

is q3-converging to a vector y € H (Ry = 1)

D(Y)=Rz€H: (3.20)

The set of y appearing in the above formula coincides with H (|y| = ¢, Ry = 1).
We shall need the analogous result for the operator X. At first we shall prove:

Proposition 3.5 Letm = (a,7,¢6,Y) bea SqU(l, 1)-quadruple of unbounded type acting
on a Hilbert space H and X be the operator related to m via formula (1.12). Then X is
a balanced extension of e(q%y + ).
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Proof: Let V' be the operator introduced by (1.13). Clearly V' commutes with ~ and
€. Formula (1.13) means that

Ve = (—E(Phase 7)2)k+1 x (3.21)

for any x € H(|y| = ¢*). Unitarity of Phase~ implies the unitarity of V. Remembering
that Phase o divides the eigenvalues of || by ¢ (cf Statement 6 of Theorem 3.1), we
obtain:

V(Phase a) = —¢(Phasey) ?(Phase a)V. (3.22)

Unitary transform of a balanced operator is balanced. Hence VY V* is balanced and
remembering that Phase~ is central one can easily show, that X = (Phasev)?*VYV*
is balanced. To end the proof, we have to show, that X is an extension of e(qév +
«). By virtue of (3.22), Va = —e(Phasey) 2aV. Therefore (Phase)?V~A*V* = 7,
(Phase)?VaV* = —ea and (1.11) follows.

Q.E.D.

Let m = (e, 7,€6,Y) be a SqU(l, 1)-quadruple of unbounded type acting on a Hilbert
space H, u be the linking operator associated with m and V' be the unitary introduced
by (1.13). We set: v, = Vo, V* and Rx = VRyV*. Then

v, = —(Phase o)(Phase )", (3.23)
Ry = i@v;u(u; ) (3.24)

1=0
H(Rx =1)=VH(Ry =1) (3.25)

Indeed, by virtue of (3.22) we have:
Vv, = Ve(Phase a)(Phasey) = —(Phase a)(Phasey) 'V

and (3.23) follows. Inserting in (3.21) & = —1 we see that Vy = y for any y € K.
Therefore VuV* = w and (3.24) follows. (3.25) is obvious. We say that Ry is the
X-reflection operator associated with 7.

Proposition 3.6 Let 7 = (a,7,€,Y) be a SqU(l, 1)-quadruple of unbounded type on a
Hilbert space H, X be the operator related to m by (1.12), v, and Rx be the operators
troduced above and let n be an integer negative number. Then

. k
The sequence ( 5 =4q") (7] I)
q g i x (Y =q") (v3) keN b. o (3.26)

is q>-converging to a vector y € H (Rx = 1)

D(vX)={zeH:

The set of y appearing in the above formula coincides with H (|| = ¢", Rx = 1).

Proof: Let + € H. According to (1.12), z € D(X) iff V*z € D(Y). Therefore z €
D(X)iff V*x € D(Y) and YV*x € D(vV). One can easily show, that D(vV') = D(~).
It proves that « € D(yX) iff V*z € D(vY). By the definition of v, we get:

% (qu (Il = ¢") (v;)k V*x) =q 2 x (=" (Ux)k z
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Taking into account (3.25), we see that (3.26) and (3.20) are equivalent. The last
statement follows immediately from the corresponding statement of Proposition 3.4.
Q.E.D.

In what follows we shall need another formula relating Rx with Ry. We know
that Ry commutes with v and anticommutes with e (cf (2.37)). Therefore RyV =
(—1)leelelV Ry and

Rx = (—1)l¢l0IRy. (3.27)

Clearly the reflection operators Ry with Rx satisfy the relations (2.37). More precisely
we have:

Ry = Ry, Rx = RY,
Ry =x(h>q), R =x(vl=q¢"),
RyE = —ERy, Rx€ = —ERx, (328)
Ry|y| C || Ry, Rx|v| C |v|Rx,
v H(Ry = +1) C H(Ry = +1), v H(Rx = +1) C H(Rx = +1).

The following theorem reveals the structure of SqU (1,1)-quadruples of unbounded
type.

Theorem 3.7 Let (o, v0, €0, Yo) be the S,U(1,1)-quadruple introduced by (1.9). Then
for any S,U(1,1)-quadruple © of unbounded type, there exists a unitary operator U
acting on a Hilbert space K such that w is unitarily equivalent to the quadruple

7-‘-U:(IJ*(®&07 U®707I®€07 U*®YE))

Remark: Any decomposition of K, = K/ & K respected by the operator U leads
to the decomposition of 7, into direct sum of two SqU (1,1)-quadruples 7, and 7,
where U’ and U" are restrictions of U to K/ and K respectively. Therefore if 7 is
irreducible, then dim K, = 1, U = €I (where r € [0, 27[) and 7 is unitarily equivalent
to the Sqf] (1,1)-quadruple 7, introduced in Section 1. In the general case, U can be
decomposed into a direct integral of one-dimensional operators. Therefore 7 is a direct
integral of SqU (1, 1)-quadruples of the form 7. Theorem 1.3 is a corollary of the present
Theorem.

Proof: We shall use the notation introduced in Proposition 3.3. Let a = €|y|. The
orthogonal projections onto Ky = H(a = +¢~') will be denoted by Py = x(a = +¢71).
Moreover (A, m) will be the measure space introduced by (1.7) and (1.8). Using the
Remark following Proposition 3.3 and Statements 3 and 4 of Proposition 3.1 we see
that:

Spa = (—¢g M) ug?u{0} =AU{0}.

It means that a has pure point spectrum. Remembering that kera = kery = {0} we
get
H=Y"H(a=). (3.29)
AeA

29

RX2

reflYX

postac

suma



The eigenspaces of a are all isomorphic. Indeed, Statement 6 of Theorem 3.1 shows
that

—k—1
(U;) . H(a=¢") — K, for k=-1,-2-3,...
(Uy>k+1 : H(a = qk) — K+ for k= O, 17 2, 3’ .. (330) unitarne
—k—
u(v*) ' : H(a:—qk’)—>K+ for k=-1,-2,-3,...

are unitary mappings. Replacing on the right hand side of (3.29) all eigenspaces of a
by K, we obtain the Hilbert space

S UK, = LA(A KL) = Ky @ LX(A,m).
AEA

The direct sum of unitaries (3.30) defines a unitary operator
W:H— L*(AK,).

If v € H, then the corresponding element & = Wz € L*(A, K ) is given by the formula:

k —k—1
qz Py (v;) xr for s=1 and k=-1,-2,-3,...

2(sq") = 2Py (v,)™z  for s=1 and k=0,1,2,3,... (3.31)  Fourier

k —k—1
q2u*P_ (vi) r for s=—-1 and k=-1,-2,-3,...

The appearance of powers of ¢ on the right hand side of the above formula follows from
(1.8): ¢" = m({sq*}). The inverse map is given by the formula

T = _Zl q- 21} +Zq_§ (vy)kH )+ Z q- 2v Yuz(—¢").
k=—o00 k=—o0
Transformation W diagonalizes the operator a:
(WaW*z)(A) = Az(N).
Remembering that |y| = |a| and € = sign (a) we obtain:
(WyW=z)(A) = [AlZ(A),
(WeW*z)(A\) = sign (A)z(N). (3.32) Wepsilon

Let U denote the restriction of Phasey to K. Remembering that Phase~y commutes
with v, and u we obtain:

(WPhasey W*Z)(A) = Uz(A).
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Finally, using (3.31), one can easily verify, that
(W, W*2)(A) = ¢ 22(g)).
By definition v,, = ¢(Phase a)(Phase~). Therefore Phase o = ¢(Phasey)*v,, and
(W Phase a W*2)(A) = ¢ Zsign (\)U*2(gA). (3.33)

Taking into account the polar decomposition of a given by Statement 7 of Theorem 3.1
and using the above formulae we get:

(WA W*2)(\) = [N U 2(\), (3.34)

sign ()

g

(WaW*2)(\) = A 4/q +

U* 3(q)). (3.35)

Comparing (3.35), (3.34) and (3.32) with (1.9) we see that WaW* = U* ® ay,
WAW* =U®~v and WeW* = [ ® ¢g. To end the proof we have to show, that
WY W* =U*® Y, Since both sides of the last relation are balanced extensions of
W(qéy* — a)W*, it is sufficient to prove the equality of domains.

Let k € N. By virtue of (3.31),
_k <\ K 1/, _p_ . ke
q 2P<vy) T =q> (ZB((] MUt ud(—qF 1))

Therefore (cf (3.18)) z € D(Y) if and only if the sequences (fc(j:q_k_l))keN are

g-convergent and lim (i‘(q_k_l) + ui‘(—q_k_l)) € K(u = 1). The latter is equivalent

to

—k—l) —k—1>.

A 2 = i 4l

Comparing the last condition with (1.10) we get the Statement.
Q.E.D.

4 Tensor product I.

In this section we shall construct the first three elements of the tensor product of two
SqU(l,l)-quadruples. Let m = (a1,71,€1,Y1) and m = («, 72, €2, Ys) be Sqﬁ(l,l)—
quadruples acting on Hilbert spaces H; and Hj respectively. We shall assume that m
and 79 are of unbounded type. Let H = H; ® H,. At first we have to find the suitable
balanced extensions of operators:

&min = Y (0%) + qEIVI* X Y2,
N (4.1)
Ymin = N P as+ €1t ®Ye.

To simplify the notation, we shall omit indexes writing o, v and € instead of ay, 7, and
€m, where k, [, m = 1,2. The values of k,[ and m will always be clear from the context.

31

WPhasea

Wgamma

Walpha

S4

minimal



For example, remembering that the operator ea* ® v acts on H = H, ® Hy we conclude
that €, a and v stay for €;, a; and ,.

Let
&$in = a ® a* + qery ® 7*7 (4 2)
Vhw = V' OQ+ @@y '
The operators (4.1) and (4.2) are originally defined on D(7) ®ag D(7). One can
easily verify, that a;,, C ai,, and 35, C 7%, Therefore Gumin, Ymin, Oy and Fiho
are closeable. Their closures will be denoted by the same symbols. By definition,
D(v) ®ag D(7) is a core for these operators. We know (cf (3.29)) that the set A
introduced by (1.7) coincides with Sp (e|y]). Let A1, Ao € A. One can easily verify that
Gimins Yminy Conin and Y1, are bounded on Hi(ey] = A1) Qalg Ha(e|y| = A2). Therefore

Hi(e|ly] = A1) ® Ha(ely] = A2) is contained in the domains of these operators.
Proposition 4.1 Let Bcomp be the linear span of all eigenspaces

H(M, X)) = Hi(ely| = M) @ Halely| = o), (4.3)
where A\, Ao € A. Then

1. Deomp is an invariant core for Gmin, Ymmn, Gugy and .

2. For any x € Ecomp we have:
&minﬁminx = quminfovéminx; (44)
&minﬁginx = QﬁEin&minx: (4.5)
ﬁminyﬁ;inx = ?Yrjlini/minx; (4.6)
&;rrlin&minm = € + :}/rtliniminx; (47)
OminQp T = €x + ¢V Fmin, (4.8)

where € = e Q €.

3. D<5‘min) = Df\(/ﬁmin) = D(&+

+) = DAL, In what follows, this common domain
will be denoted by Dpyin.

4. Each of the range Fmin(Deomp) and 7 (Deomp) is dense in H.

Proof: In each of the spaces H; (i = 1,2), we have the dense linear subset D!

comp
spanned by all eigenspaces H; (e M = \i), where \; € A. Clearly D! __is a core for a;,

comp
Vi, o and ;. Therefore the set DComp that contains DComp Ralg DComp is a core for aupin,
Amin, Aobsy and i . The operators 7; and 7 leave H;(e|y| = \;) invariant, whereas, by
virtue of Statement 6 of Proposition 3.1, the operators «; and «f map H;(e|y| = \;)

into H;(e|y| = ¢7'\;) and H;(e|vy| = g)\i), respectively. Therefore
min (HOA,X2)) C H(g'A,q7 ) @ H(A, A)
Yanin (H(Ab)\z)) C  HM,g ') @ H(gh ) (4.9)
i (HOL X)) € Highgh) @ H(w ) '
Fom (HO1X2)) € HOw,ghe) @ H(g A, M)
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Therefore amin, Ymin, Ay, and Fi leave Ecomp invariant and Statement 1 follows.

m

Let A be the Hopf *-algebra of polynomials on S,U(1,1). We know that (0.7) defines
a *-algebra homomorphism A : A — A ® A. Therefore, on the algebraic level (when
no problems related with the domains of operators appears) the commutation relations
(0.6) are satisfied by the triplet (&,7,€). It shows that Statement 2 holds.

Statement 3 follows easily form the first two. Indeed, due to (4.6) — (4.8) we have:
[FminZl1? = [Fnin[?, | Gminz]|* = (z]€2) + [|Fminz[|* and ||@ginz]* = (z]€2) + 62| Fminz |
for any @ € D¢omp. It shows that the four graph norms on Deomp related to operators
Qmin, Ymin; at. and 7. are equivalent. Therefore the corresponding four closures of
D ¢omp must coincide.

Q.E.D.
Using for m; and 7 the decomposition (3.29) we get:
—_— @ —
H= Y " H,X\)
A1, 2€A
Rearranging this sum we obtain:
H=Y % gom (4.10) asd
s=+1 meZ
where o
H>™ = Z H()\l, )\2) (411) dsdsm
A1, 2€A,
Al)\;l:sqm
Clearly
Hsm — [’_:f € ®,€1: S " .
Y@y =q
Till the end of this Section we shall use the following notation:
a =ey*eI,
v =0, QU
oo (4.12) avi

= —e(Phase a)(Phase ) ® (Phase a)(Phase y)*,
prmz = x(ly] = ¢") @ x(|1vl = ¢").
If for some z € H, the sequence (q*’“P”l’”2 (v*)k x)keN is converging, then we set
gz = leHOlO g Pz (v g, (4.13)  thetadef
In the above formulae, ni, ny are negative integers.
Proposition 4.2 Let
Trin = [Phase v ® (Phase 7)*] Ornin

(4.14) Ts
Snin = {G(Phase 7) ® Phase oz} S,
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Then Tmin and Smin respect the direct sum decomposition (4.10) and denoting by
T2 and S5 the restrictions of Ty and Sy, to H¥™, we have:

_ 1 _
2m\ 2 1 2
Ti{gf — qlfm a—a ([ —+ Sqq2a ) <[ —+ q2—a> qu| , (415) Tsmmin
sm 1 i qum 5 1 % .
Sn;in =dq “Ma| T + q2a —al|l+ (]2_CL qu| . (416) Ssmmin

Proof: The operators in square brackets standing in front of d,;, and 3 are isometric.
Therefore T}, and Sy, are closed densely defined operators. We have
Tyin = [Phasey © (Phase)*] (& ® a + ger* @ 7)
= qely| @ |v| + |o*|(Phase v)(Phase @) ® |a*|(Phase v)*(Phase «) (4.17) Tmin1
= qely| ® [y| = (e’ @ [a*]) v,

Smin = [€(Phasey) ® Phase a] (v* ® a* 4+ eax ® v*)
= €|v| ® |a*| + |o*|(Phase y)(Phase a) @ ¢|v|(Phase ) (Phase v)* (4.18) Smin1
=€l @ |a*| — g (e[| @ 7)) v.
We know that Emin is a core for Ty, and Sy, Clearly operators €|y|® |7y, €|la|®]al,
€|v| ® |a| and €|la] @ |y| map (4.3) into itself, whereas (cf Statement 6 of Theorem 3.1)

v divides the values of A\; and Ay by ¢. In all cases A\;\; ' is left invariant. It shows that
Tmin and Spin respect the decomposition (4.10).

Let m € Z and s = £1. One can easily verify, that on the space H*™ we have:

eI =lal “a,

(SIS

[NIES

1 1
6‘05*‘ QI = q\a! *a (I+ T) )
q%a

1
I®|y|=q ™al?,

1

1 S 2m\ 2

I®|(Jz*|:q1_m|a|2<l—i— a ) .
q-a

Inserting these data into (4.17) and (4.18) we obtain (4.15) and (4.16).
Q.E.D.

Let s = £1 and m € Z. For the moment we restrict our considerations to the
Hilbert space H*™. The Hilbert spaces on the right hand side of the decomposition
(4.11) are eigenspaces of a: if Ay = s¢™, then

ﬁ()\l, )\2) = Hom (CL = >\1|>\1|> . (419) hsm
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It shows that |a| has pure point spectrum and the eigenvalues are of the form ¢*", where
n € Z. The operator v is an isometry acting on H*™. It commutes with e® I = Phasea
and (by Statement 6 of Proposition 3.1) it maps eigenvectors of a onto eigenvectors of
a dividing the eigenvalue by ¢%. In other words va D ¢* av.

We claim that
v > x(Ja| > ), (4.20)
where ny = min(—1,m — 1). Indeed, taking into account Statement 3 of Proposition

3.1 we see that vo* = x(e[7] # ¢~ ) @ x(el| # —¢7) = x(W > ¢ ) @ x(h] > ¢7).
Restricting the last formula to H*™ we obtain (4.20).
1\2
I+ —
( " q2A> ’

2m\ 2 1 %
V= (10 250) s =a (1 )

behaves for large A in the way described by (2.11). Summing up we see that the theory
of balanced extensions developed in Section 2 (with u = ¢?) may be applied to operators

(4.15) and (4.16).

The reader should notice that the functions:

(NI

8q2m
fT(A) = )\, gT<)\) =\ (I + q2)\ )

Let Ry be the Y-reflection operator associated with 7 and Ry be the X-reflection
operator associated with m,. Remembering that reflection operators anticommute with
€ one can easily show that Ry ® Ry acting on (4.3) changes the signs of A\; and Ag:

(Ry ® Rx)H (A1, Xo) C H(=A1, —As).

Therefore \j A5 ! remains unchanged and (4.11) shows, that H*™ is Ry ® Rx - invariant:
(Ry ® Rx)H®™ C H*™. Using (3.28) one can easily show, that Ry ® Rx is selfadjoint,
it commutes with |y|> ® I = |a| and anticommutes with ¢ ® I = Phasea. By (3.28)
vH(Ry ® Rx = +1) = (v, ® v, )H(Ry ® Rx = £1) C H(Ry ® Rx = £1). Moreover
(Ry @ Rx)? = x(|v] = ¢') @ x(|7] = ¢7'). The latter operator restricted to H*™
coincides with x(|a| > ¢™), where ny = min(—1,m — 1). It shows (cf (2.37)), that the
restriction of (—1)™Ry ® Rx to H*™ is the reflection operator associated with some
balanced extensions T C T%™ and Sy C S5™.

Let T5™ and S*™ be balanced extensions of T.:" and S." corresponding to the
same reflection operator (—1)" Ry ® Rx. Then using Theorem 2.3 and Remark 2.10

we see that

Sequence (q_’“P"l’”2 (v*)F :1:) LN
D(T*™) = D(S*™) =x € H*™: is ¢*>-converging and its limit . (4.21)
6 (x) € H*™ (Ry @ Ry = (~1)")

In this formula nq, no are negative integers such that ny —ny = m. The right hand side
does not depend on the particular choice of ny, ns.
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Let

T=Y ¥ (4.22) asar
s=x1 meZ

S=> ¢ Z® S, (4.23) dsds

s=+1 meZ

Then T and S are extensions of Ty, and Sy, respectively.

DtildeP
Proposition 4.3 Let

Dy=JH(¢"<her'|<q™)

nez
and (for any p > 0)

For any integers mny,ny < 0, the sequence
D,= x¢€ 50 : (qfkpm’m (U*)k93>k€N is q*P-converging and (4.24) Dtildep
its limit 0" () € H (Ry ® Rx = (=1)™ )

Then:

1. For anyp > 1, 5], is a core for T, S, T and S*.

2.T,S8,T* and S* map D5 into D;.

3. For any p > 0, (Phasey)* ® Phasey maps Ep onto itself.

4. For any p > 0, e(Phasey)* ® (Phase a)* maps 510 onto itself.
Proof: Clearly each H*™ is contained in Dy. A moment of reflection shows that Dy is
the linear span of the union of all H%™. Moreover D, is the linear span of all D(7%™)

(compare (4.21) with (4.24)). Statement 1 follows now from Proposition 2.6. Similarly,
Statement 2 follows from Proposition 2.7.

Statement 3 is trivial: the unitary operator Phasey ® (Phase~)* commutes with all
operators appearing in the definition of D,,.

Let z € H, 2/ = {E(Phase 7)* ® (Phase 04)*} x and

y = lim ¢ * P2 (v*)kg,

k—oo

y/ — hm qkanl,TLQ#»l(,U*)kx/.

k—o0
The reader should notice, that the rate of convergence of the two sequences is the same
and the limits are related by the formula

y = [e(Phase v)* @ (Phase oz)*} Y. (4.25)  vey1

If x € Ep, then
Yy < H (RY X RX = (_1)n1—n2) . (426) vey
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Using (4.25) and remembering, that Rxe; = —e; Rx one can easily show that (4.26) is
equivalent to -
y/ c H (RY ® RX — (_1)”1-”2—1) .

The latter relation means that z’ € Ep.
Q.E.D.

Proposition 4.4 There exist unique closed operators a and v acting on H such that

(ef (4.14))
T = [Phase’y ® (Phase 7)*} a,

(4.27)
S= [E(Phase v) ® Phase a} A*.

Moreover
1. Operators a, ¥ and € = € ® € satisfy Conditions 1, 2 and 3 of Definition 1.1.
2. Operators a, v and € = € ® € satisfy Statement 1 of Theorem 1.4.

Proof: The uniqueness of @ and 4 and the existence of a are obvious. To prove the
existence of 7 it is sufficient to show, that

Range (S) C H; ® Range (Phase ). (4.28)

Let # L H; ® Range (Phase o). Then

e
s=t1meZ
where ™ € Hy(e|y| = —sq¢™ ') @ Hyle|ly| = —¢7'). Clearly z5™ € D(Si) C
D(S*™) c D(S) = D(S*). Remembering that S* C (Syin)* and using (4.14) we see
that S*2™ = (Sun)*z>™ = 0. Therefore 5™ € ker S*, x € ker S* and (4.28) follows.
By Propositions 4.3 and A.1, for any p > 1, the domain Ep introduced by (4.24) is
a core for a, ¥*, a* and 7.
Comparing (4.14) with (4.27) we see that duy, C @ and 5, C 7*. Consequently
a* C (Qmin)" and ¥ C (’7&10 . We know that (Quin)” is an extension of a;, and (”7:51n)
+.
to D(&*) N D(&f;,) N D(3) N D(Fmm). In particular these relations hold for 2 € Dyyy.
+

Remembering that Diin 18 a core for at.and Ay, we see that af. C a* and Fui C 7.

is an extension of ;. Therefore a*xr = a. . r and yxr = Fux for any x belonging

Statement 1 of Theorem 1.4 is proven.

The operator € = € ® € is obviously unitary and selfadjoint. Moreover the spaces
entering the direct sum decomposition (4.10) are eigenspaces of €. Therefore € commutes
with T" and S. Consequently it commutes with & and 4* and Conditions 1 and 2 of
Definition 1.1 are satisfied by our operators.

Let 2 € Dy, and y € Ds. By virtue of (4.8),
(y’&min&$inx) - (y|€x) + q2 (y’;?r—;in’?minx) .
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Remembering that a* C a;, and ¥ C (?&n)* we obtain:

s

i) = (€y]2) + ¢* (Ty|Fumin) -

According to Proposition 4.3, a*y,5y € D;. The latter domain is contained in D(a)
and D(5*). Therefore

(ad"ylz) = (eylo) +¢* (T Fylo) -
By density of Dy, this relation holds for all z € H. Assuming that z € D3 we get:

(a*ylarz) = (ey|z) + ¢ (Fy 7).

This relation holds for all x,y € D;. Remembering that Dj is a core for a* and v we
see that D(a*) = D(¥) and that the above relation holds for all z,y € D(%). In the
same way, starting with relations (4.4) — (4.7) we can prove that operators &, 4 and €
satisfy the remaining requirements of Condition 3 of Definition 1.1.

Q.E.D.

By (4.27), |3 = |7*| = |S|. Formula (4.23) shows that |J| respects the direct sum
decomposition (4.11). It means that || strongly commutes with ¢ ® € and |y ® v~ 1|.

We say that x € H is homogeneous if it belongs to one of the subspace H*™.

cored

Proposition 4.5 Let D' be a linear dense subset of H. Assume that
1. D’ contains Ecomp,
2. Any element of D' is a finite sum of homogeneous elements belonging to D',

3. For any negative integers ny,ny and x € D', the sequence (q*kPm’”? (v*)k ZL‘) LN
is q*-converging.

4. For any negative integers nqi,ny the set

{0”1’”2(x) cx € D'}

is a dense subset of H (M RI=q", IR |y|=q¢ Ry ® Rx = (_1)n1—n2)‘

Then D' is a core for &, 7, &* and 7*.

Proof: Comparing Assumptions 3 and 4 with (4.21), we see that D' H*™ C D(T*™).
Using Proposition 2.5 (modified in the way described in Remark 2.10) and Assumption
4 one can easily show, that D’ N H*™ is a core of T®™. Therefore D’ is a core of T
The first equation of (4.27) shows now, that D’ is a core of &.

To end the proof we recall that &, ¥ and € satisfy Condition 3 of Definition 1.1. By
Remark 1.2 any core of a is a core for 7, a* and v*.

Q.E.D.
Now we are able to show that operators a and 7 satisfy the Statement 2 of Theo-
rem 1.4.
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Proposition 4.6 Let D' be the linear span of 5comp and all vectors x of the form
r=E""(e"x1 ® x9), (4.29)

where E*™ = X(]7®7_1| =q¢" eRe= s), r1 € D(VY), 2 € D(vX), s = £1 and
m € Z. Then D’ is a core for &, 5, @* and 7*.

Proof: We have to verify that D’ satisfies the assumptions of Proposition 4.5. Clearly
Assumptions 1 and 2 are satisfied.

Let 1 € D(m1Y1), 2 € D(72X3) and ny,ny be negative integers. By Proposition
3.4, the sequence

(6 5x (nl =a™) (57) )

is ¢3-converging to a vector y; € Hy(|y| = ¢", Ry = 1). Similarly, by Proposition 3.6,
the sequence

keEN

(qu(\wl =q") (v;)ka:z)

is ¢*>-converging to a vector ¥, € Ho(|y| = ¢"2, Rx = 1). We know, that the tensor prod-
uct of ¢*-converging sequences is ¢>-converged (cf the paragraph preceding Proposition
2.1. Therefore the sequence

keN

(o e ey 02,

is ¢3-converging to €™y; ® y. Let x be the element of D’ introduced by (4.29). We
know that the spaces H*™ are P™ "™ and v -invariant. Therefore £*™ commutes with
Pm™™2 and v and the sequence

(P 07" 3)

is ¢3-converging and its limit ™" (z) = E5™(e™y,®ys). Clearly ¢*-convergence implies
q*-convergence. It shows that D’ satisfies Assumption 3 of Proposition 4.5.

One may assume that n; —ny = m (otherwise "2 (x) = 0). In this case """ (z) =
x(e®@e=s)(€"y1 @ ya).

By the last Statements of Propositions 3.4 and 3.6, the set {0”1’”2 (x):x € D’}
coincides with the linear span of

y1 € Hi(|y] = ¢™, Ry = 1)
X(e®e=5) (" ®@y2): yo € Ho(|y| =q", Rx = 1)
m=mn; —nNo, §==*1

Therefore {9"1’”2(x) cxeD } is a dense subset of the linear span of

U x(e®@e=s) [ ™ H(ly| = ¢ Ry =1) ® Ho(ly| = ¢, Rx =1)] . (4.30)
s==1
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The linear span of {x(e ® e = —1), x(e ® e = 1)} clearly coincides with the linear span
of {I®I,e® e}. Moreover

H(Ry @ Rx =1) = Hi(Ry = 1) ® Hy(Rx = 1) ® Hy(Ry = —1) ® Hy(Rx = —1)
= Hl(Ry == 1) X HQ(RX = 1) D EHl(RY = 1) X EHQ(RX == 1)

It shows, that the linear span of (4.30) equals to

(@) H (Y| @I =q",1®| =q", Ry ® Rx = 1)

77 (4.31)
=H(y|@l=g¢"1®]|y=q¢" Ry ® Rx = (=1)"7").

We proved that {9”1’”2 () :xeD } is a dense subset of (4.31). It shows that D’ satisfies
Assumption 4 of Proposition 4.5. By virtue of the last Proposition, D’ is a core of @,
v, a* and v*.

Q.E.D.
Let max = (a;5,.)". Then Gy is an extension of @. A moment of reflection shows
that
Omax = [(Phasey)* ® Phase v] Thax,
where

D D s,m
Tmax = Z Z Tmax’
s=*1 meZ

where operators T5™ are related to the operators 77" in the way described in Sec-

max m

tion 2. Combining the Statement 1 of Theorem 2.2 and the last expression for D(T)
given by (2.21) with Remark 2.10 one can easily prove the following
Proposition 4.7 For any x € D(Gmax) and any negative integers ny,ny the sequence

(q_"CP”l’”2 (v*)" :c) LN is q*-converging. Denoting its limit by 0™"2(z) we have:

D(a) = {x € D) : (4.32)

For any negative integers ny, no, }

0™"2(x) € H(Ry ® Ry = (—1)™"2)

Taking into account (4.12) we have:
: - ni * k n * k
o (x) = lim ¢~ [x(|7| =) (v1) @ x(lvl = ¢") (v}) ] x (4.33)

5 Dilations and wave operators.

In many considerations, the non-unitarity of Phase a causes some technical problems.
To avoid them we shall use the theory of unitary dilations of isometric operators [4].

Proposition 5.1 Let a,y and € be closed operators on a Hilbert space H satisfying the
first three Conditions of Definition 1.1. Assume that kery = {0}. Then there exist a
Hilbert space H®* and operators Phase *a, v, € acting on H® such that:
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1. The space H is a subspace of H. In what follows, H* will denote the orthogonal
complement of H in H.

2. Operator Phase “*« is unitary, Phase *«a restricted to H coincides with Phase o

and
U (Phase exa) H

nelN
is dense in H*.

3. Operators v** and € respect the decomposition H®™ = H @& H*. Restrictions of
v and € to H coincide with v and €. Moreover

HL:HGX< P )
|,yex’ < q—l

4. Phase “*a commutes with € and
(Phase ®*a) v (Phase *a)" = ¢y**.

Proof: Clearly Phase ®*« is a unitary dilation of Phase a. Statements 1 and 2 belong
to the general theory of unitary dilations. Let K = H (e|y| = —¢™'). Then K is the
orthogonal complement of (Phasea)H in H and

H = °nt,
n=0

where H = (Phase exa)_(”H) K. We know that Phase o commutes with unitary ope-
rator Phasev. Using the functorial properties of unitary dilations we see that there
exists unique unitary operator Phase “*v acting on H®* such that

1. Phase ®*y commutes with Phase *«,

2. The restriction of Phase “*y to H coincides with Phase~y.
Obviously Phase ®y maps each H:- onto itself. We set:

X ex for x€eH,
"l —x  for xe€ HI

o yx for x € D(v),
xTr =
K q"(Phase *v)z for r € Hr.
Using Statement 3 of Theorem 3.1 one can easily show that the operators v** and

€ introduced above satisfy the requirements of our theorem. The reader should notice
that Phase ®y = Phase v**.

(5.1)

Q.E.D.

The reader should notice that only the fermionic part of H is subject to the extension
(Phase o is unitary on the bosonic sector). Therefore denoting by 7§ the restriction of
Y to H™(e®™ = £1) we have:

15 = . (5.2)
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Moreover taking into account Statement 3 of Proposition 3.1 and formula (5.1) we get
Spy™ = ¢” U {0}, (5.3)

provided the fermionic sector is not empty.

Many operators considered in Section 3 admit a natural extension to the space H.
In particular

v = e*(Phase *a)(Phase y™),
vy = —(Phase ™ a)(Phasey™)*,
Ve = [_eeX(PhaSe ’}/ex)z]loglquex| 9 (5 4)
R = (vi") u (vi") ,
nez .y N
R = (U;X) u (v}e(x)
neZ

are unitary operators acting on H®*. v, v and V* map H into itself and their

Yy X
restrictions to H coincide with vy, v, and V respectively. R{* and RS restricted to

K = H*(|y*| = ¢') coincide with u. Clearly R® = V*R(V™)*. Repeating the
derivation of (3.27) we obtain:

ex lo X| pex
R = (—1)lsln™IRex, (5.5)
One can easily verify that v** is a normal operator and

ex .,ex ex ,,ex

UY Y =q7 UY , ’U;X ,Yex — q’YeX U;X,
ex pex ex ,,ex

V¥ R = R ex ex __ JIex ,.ex 5.6
Yy 7Y Y v’ Vg RX = RX Ve ( )
ex pex __ _ JPex .ex

€ RY = RY €, €X R;x — _R;x €%

Now let m = (a1,71,€1,Y1) and m = (ag,72, €2, Ys) be SqU(l,l)—quadruples of
unbounded type acting on Hilbert spaces H; and Hy respectively. We shall use the
notation introduced in Section 4. In particular & and 4 will denote operators on H =
H, ® Hj introduced by (4.27). Copying (3.15) and (3.23) we set:

v, = € (Phasea)(Phase?), (5.7)
0, = —(Phase @)(Phase¥)". (5.8)
With this notation we have:
Proposition 5.2 There exists bounded operators by, by € B(E) such that
(T@v,) =07z =bily®7 e +boa (5.9)

for any x € D(F)ND(y®~~1). Operators by and by respect the direct sum decomposition
(4.10).

42

spex

exwzoryl

RX2ex

exXwzory

vytilde

vXtilde

WO1



Proof: Let

ePhase a ® ¢(Phase «) {|’Y| - ]aﬂ 7]
by =
+(Phase )" @ e(Phase ) [|a*| = glv]] |11,

é(Phased) [|a| — |7
—e(Phase a) [|Oz\ — |fy|} ® €(Phase ) {|a| - |’y” :

By virtue of Proposition 3.2, [|b1]| < 1+¢ " and ||bs|| < 2. Clearly by and b, respect the
direct sum decomposition (4.10). Let Dy, be the domain introduced in Proposition
4.1 and x € D,,;,. Performing simple computations we get:

bily ® 77 = [0,7" @ (0,77 = ea)| z+ |77 ® (v,0" = ge)| =,

bor = {E& — ?7Y§*} T — [(ea —0,7") ® (ear — UY’}/*)} x.

Moreover in this case, computing @z and ¥*z we may replace & by G, given by (4.1)
and 3* by A, given by (4.2). Using these data one can easily verify (5.9) for all
T € Dmin-

To end the proof we notice, that the intersection of domains of (I ® v}), 7,

bily ® v and b4 is dense in H. Indeed, it contains Dyy,. Using now Proposition A.2
we get (5.9) in full generality.

Q.E.D.
Using the same technic one can prove
Proposition 5.3 There exists bounded operators by, by € B(ﬁ) such that
(0, ® 1) =5, 7 = bily " @7l + bya (5.10)

for any x € D(7)ND(y'®~). Operators by and by respect the direct sum decomposition
(4.10).

Proof: In this case

(Phase ) [|oz| — |7|} |v| ® Phase «
+¢(Phasey)* |qly] — [a*|] || ® Phase,

(Phase ) [a] - 17|

b2 -
+(Phase «) {|a| - |7|} ® (Phase «) {|a| - |7|} :

The computational details are left to the reader.

Q.E.D.
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We already know (cf Proposition 4.4) that operators &, 74 and € satisfy the first
three Conditions of definition 1.1. So we may use Proposition 5.1. This way we obtain
a Hilbert H* D H and operators Phase “*a, ¥ and €. We shall also use operators:

7 = €*(Phase “a)(Phase %),

,U;e(x — _ (Phase GX&) (Phase ;)v/ex)*7 (5 1 ]_) exwzoryltilde
f/ex — [—?X(Phase ;?ex)Z]log |f1~ex| )

These are unitaries acting on H.

I' = ¢y ® |[7*|(Phase *a) + ea* ® v

FZ — ,yex Qo+ GGX"YGX’ (PhaSGEXOé)* R y
¢ =s-lim (T@v>) " (52)

T—00

®* = s-lim ('173") - (I ® Uix)r

P = (I @v>) @ (5.12) Pvy
TP =T @ v
O F*P* =T (5.13) PGammal
(I®R) T (19 RX) =1" (5.14) RGammal

U =s-lim (v e 1) (02)

T—00

U* = g-lim (17”) - (Uix ® I)T

00 X
Vol = (vf{x ® I) v (5.15) Pvx
Vs =0 @1
\J ’N}/BX‘IJ* = F2 (516) PGamma?2
(Rf,x ® I)* FQ (Rf/x & ]) = FQ (517) RGamma2
¢ (I®R)® = (—1)=1w* (R* @ 1) ¥ (5.18) Fund

6 Tensor product 11

N S6
In this Section we achieve the construction of the tensor product of two S,U(1,1)-

quadruples. We shall use the notation introduced in Section 4. Let m = (aq, 71, €1, Y1)
and m = (aw, 79, €2, Y2) be Sqf](l, 1)-quadruples of unbounded type. In Section 4 we
constructed the first three elements &, ¥ and € of the tensor product 7 (D) m. We
already know, that a, 7 and € satisfy the first three conditions of Definition 1.1. Now
we shall show that 7 satisfies the spectral condition (1.6):
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Proposition 6.1 Let 5, be the restriction of 5 to H(¢ = 1). Then

Sp (19+1) € ¢* U {0} (6.1)

Remark: This result (in a more general version) appeared first in the Korogodski paper
(see Proposition Al of [8]). The proof presented below seems to be different that the
one of Korogodski. We include it to the paper, because it is not clear, to what extend
our setting coincides with the one used by Korogodski.

Proof: Let }Aéf," be the unitary operator introduced by
R* =0 (R*®1)W. (6.2)

Combining (5.16) with (5.17) one can easily show that ¥ commutes with f{‘;" There-
fore L B
(BY) R IRy = [, (6.3)

(E‘;ﬂ Phase (ﬁex)}?‘;" = Phase (7). (6.4)

Clearly R‘;X anticommutes with €. Formula (6.3) shows that the restrictions || of

5| to H*(e** = +1) are unitarily equivalent. In particular

ex‘

Sp ¥ = Sp |y

Using now (5.2) and (5.3) (with 7 replaced by ) we immediately obtain (6.1).
Q.E.D.

Now we shall introduce the forth element of the SqU (1,1)-quadruple m Dm =
(@, 7, €, Y).NAccgrding to Proposition 3.3, Y is determined by a unitary involution
acting on K = H(|y] = ¢~'). @ should commute with Phasey and anticommute with
€.

Let R‘;X be the operator introduced by (6.2). By (6.3), subspace H*(|5] = ¢~
is R-invariant. Using Statement 3 of Proposition 5.1 one can easily show that
H*(|5] = ¢~') coincides with H(|5| = ¢~!) = K. By definition @ is the restriction
of RY* to K. Relation (6.4) shows that % commutes with Phasey. We know that W
commutes with €. Remembering that R{* anticommutes with €, one can easily show

that }éi" anticommutes with €. So does @. The construction of m Dm = (&, 7, €, f/)
has came to the end.

Combining (5.5) with (5.18) we may rewrite (6.2) in the following way:
R = (1)1 0" (1 @ (—1)5 107 ) @, (6.5)

Using the first relation of (5.6) one can easily show that v, anticommutes with
(—1)leler™l " Consequently ¥, anticommutes with (—1)©8l7l Taking into account
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(5.12) and remembering that v, commutes with R (cf (5.6)), we see that v, commutes
Eey". Therefore
R =3 (o) (o).
nez

It shows that EQYX is the extended Y-reflection operator associated with the S,U(1,1)-
quadruple (&, 7,¢,Y).

We shall also need the formulae for the extended X-reflection operator E;X asso-
ciated with this quadruple, parallel to (6.2) and (6.5). According to (5.5), Ef{x =

(—1)glr™ R In particular R restricted to K coincides with @. Taking into ac-
count (5.18) we obtain:

R =& (1@ RY)®
~ex ex (66)
= (—1)llor™l = ((_1)loglqv |Rf§‘ ® ]) v,
The rest of the Section is devoted to the proof of Statement 3 of Theorem 1.4.
Proposition 6.2 Let K = H (|| = ¢') and
z=x(Alhver=¢") =2y, (6.7)
where n,r € Z, v € Hi(]7| =q") and y € D(Y3). Then:

e

1. The sequence (qu(m =qh (vy) z) is q-convergent and its limit
kEN

0, () = Fx (A =) @ o ()" 0, 0)]. (6.8)
where ) i
0, () = tim (- x(l =) ()" ). (69)
2.0,(z)e K(u=1).
3. The set z DYy
~ ST cld, ye 2
{W)' v il =) }

is linearly dense in K (i =1).

Proof: Let . N
G=q x(Fl=a"(7) = (6.10)

We know (cf Statement 6 of Proposition 3.1) that Phase @* multiplies the eigenvalues
of |7| by ¢. So does v} . Therefore

YA =g @) = x3l=a @) x(Bl = ).
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Remembering that || and |y ® v~!| strongly commute we get:

x(Al=a"F)x(Flher'=q¢") = x(Al=a"")x(lv®y7' =)
We assumed that = € Hy(]y| = ¢"). Therefore
X(vey =g ) (zeemy) =z (="

Finally, by virtue of (5.6),

X (|7| = qr_n_k_l) = (vi")kJrn_TX <|7| _ q_l) (vix) —hontr

Inserting these data into (6.10) we get:
Go=x (A=) (@) " (Tow)™™

We have to show that the sequence ((y),cn is g-convergent. The vector y in the
above formula belongs to D(Y2). By (3.18), the sequence in (6.9) is g-convergent.
Therefore it is sufficient to show that the sequence

(q¥ x (Al =q7") (72 B (T® vix)k [m ® (o €>n_T by (y)]>keN

is g-convergent. This fact follows immediately from (?7). Clearly the limit coincides
with (6.8). Statement 1 is proved.

e g2 x (=g (vi)m_r y] :

We shall prove Statement 2. Comparing the first two formulae of (5.4) we see that
€™ v = —(Phasey)?v%. Therefore (cf. (5.6)) €™ v commutes with R%*. We know
that y € D(Y). According to (3.18), 0, (y) € K(u = 1). Remembering that RS
restricted to K coincides with u we get

(e=v)" 70, (y) € H*(R™ = 1), (6.11)
Therefore .
r@ (¢ v)" 0, (y) € (Hy @ HY)((T® RY) = 1) (6.12)
and -
o* {x ® (e )" Qy(y)] € H* (d*(I® R%)® =1). (6.13)

Using (6.6) and remembering that Ei’;‘ restricted to K coincides with @ we get

Y <|7ex| _ q—l) H* {ZB ® (eex Uf,x)n_r Qy(y)} c E(ﬂ = 1) (614)

Statement 2 is proved.

To prove Statement 3 we notice, that due to Theorem 2.3, the set {0, (y) : y € D(Y)}
coincides with K(u = 1). Therefore the set of elements of the form (6.11) coincides

with H™ (|76X| =q "L R = ) and the set of elements of the form (6.12) is (for fixed
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r,n € Z) linearly dense in H(|y| = ¢") ® H$* (\”yex\ =q¢ " R = 1). Considering
all possible r,n € Z we see that the set of elements of the form (6.12) is linearly dense
in (H; ® H5*)((I ® RYY) = 1). Consequently the set of elements of the form (6.13) is

linearly dense in H° (CID*(I ® RY)® = 1) and the set of elements of the form (6.14) is

linearly dense in K (@ = 1).
QE.D.

Statement 3 of Theorem 1.4 follows immediately from Proposition 6.2 combined
with Theorem 2.3 and Proposition 2.5. The proof of Theorem 1.4 is complete.

7 The associativity of the tensor product

s7
This Section is devoted to the proof of Theorem 1.5. Let m = (a1,7,e€1,Y1),

o = (2,79, €, Y2) and w3 = (as,7s,€3,Y3) be Sqﬁ(l,l)—quadruples of unbounded
type acting on Hilbert spaces Hy, Hy and Hj respectively. We have to show that

m1 (D Teg = T2 (D 73,

where 719 = m (D e and 7oz = m (D 73. To make temporary distinction between the
two threefold tensor products we shall use the following notation. Operators umin, Ymin,

ato At Gmaxs vmax, at oo e, @, 7, € and Y related to the tensor product 7y (D) o3

R R+ R+ R R R+ R R R R
Wlu be denOted by amina ’ymina Qmin, fymlna Omax, fymaxa Omax, fymaxy Qa, 77 € and

}5{' (‘tilde’ is replaced by R). The corresponding operators related to 79 (D w3 will be

L+ L+ L L L+ L L Lo .. y .
denOted by Oémma ’YHIIIU min» Vmina amaxa ’Ymaxa amax; ’ymaxa Y 77 € a’nd Y (tllde 1S

replaced by L). We have:

m@(m@m) = (q,
(m D m) D™ = (4,

We shall keep ‘tilde’ to denote operators related to the tensor products 7; (D) ;1
(1 =1,2). The value of i will be clear from the context. For example in (??), & denotes
the first component of 5. Like in Section 4 the components of m; we be simply denoted
by «, v, € and Y. The value of the omitted index 7 follows from the position of the
considered operator in the tensor product.

e 2w

R R

Y 67 Y)’
L L
€Y).

Y

[terating the third formula of Statement 1 of Theorem 1.4 we get:

E€=¢ RE=eReR e,
€= EReE=eReR €.
Therefore
R L
€E=¢€.

We know, that the comultiplication (0.7) is coassociative on the Hopf *-algebra level.
Therefore & and & coincide on D(a) ®ag D(0) @aig D(av). It shows that & and & are
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balanced extensions of one operator. The same statement holds for ’P? and ’LY . We have

to show that &=da and %:% . By Propositions 0.2 and Remark 1.2 it is sufficient to
prove

prfinal
Proposition 7.1 D(q) contains a core of &.
Let A be the set introduced by (1.7). For any A = (A;, Ag, A3) € A? we set
H (A = Hieh] = M) @ Ha(ely = Ao) @ Hy(ely| = s).
Any vector © € H= H; ® Hy ® Hj is of the form: z = > (), where z()) cH (A). By
definition the support of z is the set suppz = {\ € A3 : z()\) # 0}. Remembering that
& and & coincide on D(a) ®Ralg D(a) ®aig D(v) one can easily show that
(m‘ a y) = (OLz*x y) and (w’ ORz*y) = (& x‘y) (7.1) finsup
for any vectors x,y € H with finite supports. A moment of reflection shows that (7.1)
holds for any x € D(&) and y € D(ORZ) provided the intersection suppx N suppy is
finite.
Let )
MO =4" ) m
Q?:X( | 161 ®2€2|:3 > (61 $1®x2)®x3, (72) npx
® =g m/
Yy=1mox ( ‘726 (};3 ‘_ ! ) (65" Y2 ® y3), (7.3) npy
2 €3 =

where x; € Hy, x5 € Hy, 23 € Hs(|vs| = ¢*), v1 € Hi(|1| = ¢), v2 € Ha, ys € Hs,
n,m,n’,m’" € Z and s,s’ = +1. One can easily verify that the intersection of the
supports of x and y is empty if n" —m # m/ +n. If n’ —m = m' + n then any point
A € supp xzNsupp y is of the form \ = (j:q"/, +gm j:q"). In any case the intersection
is finite. According to Statement 2 of Theorem 1.4, operator &min has a core consisting
of linear combinations of vectors of the form (7.2) and vectors with finite supports.
Similarly operator &nin has a core consisting of linear combinations of vectors of the
form (7.3) and vectors with finite supports. Therefore (7.1) holds for any € D( i)
and y € D( 3min). It shows that

R
minC O'max;

O

(7 4) porownanie

Qo=
O

min C

max -*

Appendices
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A Unbounded operators

Proposition A.1 Let T be a closed operator acting on H and w be a bounded operator
such that inf Sp (w*w) > 0. Then operators wT, T*w* are closed, densely defined and
(wT)* = T*w*. Operators wT and T have the same cores. If D' is a core for (wT)*,
then w* D" is a core for T*.

Proof: Let ¢ be the strictly positive number such that ¢ = infSp (w*w). Then
|lwl|| |z]| > ||wz|| > ¢||z| for any = € H. Therefore for any x, € H (n = 1,2,...), the
convergence of (z,),.n is equivalent to the convergence of (wxy,), . Using this fact
one can easily show that w7 is closed and that wT and T" have the same cores.

Let € D ((wT)*). Then for any y € D(T) we have: ((wT)*z|y) = (z|wTy) =
(w*z|Ty). It shows that w*z € D(T*) and T*w*x = (wT)*z. Therefore (wT)* C T*w*.
Conversely if x € H and w*x € D(T*), then for any y € D(T') we have: (z|wTy) =
(w*z|Ty) = (T*w*z|y). It shows that x € D((wT)*) and (wT)*x = T*w*z. Therefore
T*w* C (wT')* and T*w* = (wT)*. In particular T*w* is densely defined and closed.

Let D’ be a core for (wT)* = T*w*. Strict positivity of w*w implies that w* is
surjective. Therefore w*D’ is dense in H. Clearly w*D’ C D(T*). Let T" be the
restriction of 7% to w*D’. Then Tt C T* and T C (T1)*.

Let © € D((T™)*). Then for any y € D’ we have: (w(T)*z|y) = (TT)*z|w*y) =
(x|THw*y) = (z|T*w*y) = (z|(wT)*y). Remembering that D" be a core for (wT)* we
conclude that « € D(wT) = D(T). Therefore D((T")*) C D(T) and (T")* =T. We
showed that 7" and T™* have the same adjoint. Therefore the closure of T coincides

with T*. It means that w*D’ is a core for T*.
Q.E.D.

Proposition A.2 Let T, Ty be a closed operators acting on a Hilbert space H and Dy
be a dense subset of H such that Dy C D(T;) (i =1,2) and

Tl,I = TQIB (Al)

for any x € Dy. Assume that D(T}) N D(T5) is dense in H. Then (A.1) holds for any

Proof: Let y € D(17) N D(T5). Then for any x € Dy we have:
(Trylz) = (y|Thze) = (y|Tox) = (Tyylz).

Remembering that Dy is dense in H we see that 17y = T5y.
Now, let x € D(T1) N D(T3). Then for any y € D(T}) N D(Ty) we have:

(y|Thz) = (TTy|x) = (Tyy|z) = (y|Tow)

and (A.1) follows.
QE.D.
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