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0 Introduction

The Minkowski space with the Poincaré group acting on it is the area of the
quantum field theory. However, it is not known yet what is the area of a
more deep theory, which would involve also the gravitational effects. It was
suggested by many authors that it would be a quantum space. It means that
instead of functions on spacetime we would have elements of some noncom-
mutative algebra, called “the algebra of functions on the quantum space”.
On the other hand, such a quantum space should be in some sense similar
to the ordinary Minkowski space. The simplest models of such a situation
can be obtained by choosing some properties of Minkowski space endowed
with the action of Poincaré group and classifying all quantum groups and
spaces which satisfy those properties. There are many examples of quantum
Poincaré groups, the corresponding Minkowski spaces and R-matrices (cf e.g.
4], [2], [11], [6], [5], [1], [15] and remarks in [10] concerning these papers) but
such classification still doesn’t exist. Our aim is to provide it. In Section 1
we define a quantum Poincaré group as a quantum group which is built from
any quantum Lorentz group [14] and translations and satisfies some natu-
ral properties. The corresponding commutation relations are inhomogeneous
and contain a set of parameters Hapcp, Tapcp. Our scheme contains the
examples provided in [4], [1], but doesn’t contain the examples of [2], [11],
[5] (see however Remark S3.9 of [10]) because we consider quantum Poincaré
groups without dilatations. Also the example [6] (formulated in the language
of universal enveloping algebras) has no corresponding object in our scheme
(for ¢ # £1).

It turns out that there are many quantum Lorentz groups which can be
used in our construction. However all of them correspond to ¢ = +1. For
each such quantum Lorentz group (except the classical one and one more
for ¢ = —1 which are considered in Remark 1.8) we classify all quantum
Poincaré groups. We also provide the corresponding quantum Minkowski
spaces and R-matrices for the fundamental representation of the quantum
Poincaré group (for one family of considered quantum Poincaré groups there
is no nontrivial R-matrix). The Poincaré series of the corresponding objects
are the same as in the classical case. The proofs of our results (using [10])
are contained in Section 2. In particular, the question of finding all quan-
tum Poincaré groups is reduced to a set of polynomial equations for Hagcp,
Tspcp which we solve (in the indicated cases) using the computer MATHE-



MATICA program. Some results of the present paper were presented in [9)].
In [16] a similar classification is provided in the case of Poisson manifolds
and Poisson—Lie groups.

We use the terminology and results of [10]. Letter S means that we make
a reference to [10], e.g. Theorem S3.1 denotes Theorem 3.1 of [10], (S1.2)
denotes equation (1.2) of [10]. The small Latin indices a, b, ¢, d, ..., belong to
Z =10,1,2,3} and the capital Latin indices A, B,C, D, ..., belong to {1,2}.
We sum over repeated indices which are not taken in brackets (Einstein’s
convention). The number of elements in a set B is #B or |B|. Unit matrix
with dimension N is denoted by 15, 1 = 15. The Pauli matrices are given
by

01 0 — 1 0
o9 = 1o, 01:<1 O)’ 02:<i O)’ US:(O _1>-

If V, W are vector spaces then ryy : VW — W ®V is given by 1w (z ®
y) =yux, z €V, ye W. We often write 7 instead of 7yy. We denote
C.=C\ {0}, R. =R\ {0}.

1 Quantum Poincaré groups

In this Section we define and (in almost all cases) classify quantum Poincaré
groups as objects having the properties of usual (spinorial) Poincaré group.
The proofs of the results are shifted to Section 2.

The (connected component of) vectorial Poincaré group

P =50y(1,3) < R* = {(M,a) : M € SO(1,3),a € R*}

has the multiplication (M, a) - (M',a’) = (MM’ a4+ Mda'). By the Poincaré
group we mean spinorial Poincaré group (which is more important in quan-
tum field theory then P)

P=SL(2,C)><R*={(g,a) : g € SL(2,C),a € R*}

with multiplication (g, a)-(¢', a’) = (g¢', a+A4(a")) where the double covering
SL(2,C) 3 g — A\, € SO(1,3) is given by A\,(x);0; = g(zjo;)9", g €
SL(2,C), z € R*. The group homomorphism 7 : P 3 (g,a) — (\,,a) € P
is also a double covering. In particular, (—12,0) € P can be treated as

3



rotation about 27 which is trivial in P but nontrivial in P (it changes the
sign of wave functions for fermions). Both P and P act on Minkowski space
M = R* as follows (g,a)z = (N\,,a)z = Nz + a, g € SL(2,C), a,z € R*,
and give affine maps preserving the scalar product in M (in more abstract
setting we would treat M as an affine space without distinguished 0). Let us
consider continuous functions w4pg, p; on P defined by

wAB(gaa) = JAB, pz(%“) = Q.

We introduce Hopf *-algebra Poly(P) = (B,A) of polynomials on the
Poincaré group P as the *-algebra B with identity I generated by wap and
pi, A,B = 1,2, i € T (according to Introduction, Z = {0, 1,2,3} in this
Section) endowed with the comultiplication A given by (Af)(z,y) = f(x-y),
feB, z,ye P (f(x)= f(x)). In particular,

Awep = wer @ wpp, Ap; =p; @ I + Ajj ® py, (1.1)

p; = pi, where

A=V wda)V, V= (1.2)

_ o O =
O~ —~ O

In order to prove (1.1) we notice that

(Awep)((g,a), (¢, a") = wep(gg',a+ Ng(a') = (99" )ep =

gCFg}?D = wCF(ga a>wFD(g/7 CLI) = (wCF & wFD)((ga a)a (9,7 a/))a

(Api)((g,a), (9',a")) = pi(gg’, a+ Ag(d')) = a; + Ag(a')i =
Q; =+ ()\9>Z]a; = pl<g7 CL) +AZ] (g7 a‘)pj (glu CL/> = (pl & I +A’LJ ®p]) <g7 a)u (9/7 a/))a
where we used the formulae (0;)cp = Vep,; and

Vepi(Ng)ij = (No)ij(oi)ep = (9059 )ep =
9ce(0))er(g7 ) rp = wer(g, a)Verjwpr*(g,a) =

(wepWprVer;)(9,a) = Vepilij(g, a).

4



Since TCD,EF = 5CF5DE7 we get
V=1V (1.3)

and A = A. We put p = (p;)icz. One can treat wep as continuous functions
on the Lorentz group L = SL(2,C) (wep(9) = gep, g € L). We define
Hopf *-algebra Poly(L) = (A, A) of polynomials on L as *-algebra with [
generated by all wop endowed with A obtained by restriction of A for B to
A. Clearly w and A are representations of L. It is easy to check that

1. B is generated as algebra by A and the elements p;, i € Z.
2. A is a Hopf *-subalgebra of B.

3. P= ( ‘3 i.) ) is a representation of B where A is given by (1.2).

4. There exists ¢ € Z such that p; € A.

5. TACT where I' = AX + A, X =span{p; :i € T}.

6. The left A-module A - span{p;p;,p;, I : i,j € I} has a free basis consisting
of 10 + 4 + 1 elements.

(5. and 6. follow from the relations p,a = ap;, pip; = p;pi, a € A, and
elementary computations, a free basis is given by {p;p;, pi, I 11 < j,4,5 € T}).
According to [14], Poly(L) satisfies:

i. (A, A) is a Hopf *-algebra such that 4 is generated (as *-algebra) by matrix
elements of a two—dimensional representation w

ii. wQw ~ I ® w! where w! is a representation

iii. the representation w@w ~ wQw is irreducible

iv. if A, A’ w' satisfy i.-ii. and there exists Hopf *-algebra epimorphism
p: A — A such that p(w’) = w then p is an isomorphism (the universality
condition)

We say [14] that H is a quantum Lorentz group if Poly(H) = (A, A)
satisfies i.-iv..

Definition 1.1 We say that G is a quantum Poincaré group if Hopf*-algebra
Poly(G) = (B, A) satisfies the conditions 1.-6. for some quantum Lorentz
group H with Poly(H) = (A, A) and a representation w of H.
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Remark 1.2 The condition 5. follows from POw ~ w@P, POw ~ wDP,
while 6. is suggested by the requirement W (POP) = (POP)W for a “r-like”
matrixc W (cf Theorem 1.13). Moreover, the condition 4. is superfluous (it
follows from the condition 6. and Proposition S0.1).

Remark 1.3 Different choices of (H,w) can give x-isomorphic B.

Theorem 1.4 Let G be a quantum Poincaré group, Poly(G) = (B, A). Then
A is linearly generated by matriz elements of irreducible representations of
G, so A is uniquely determined. Moreover, we can choose w in such a way
that A is the universal *-algebra generated by wap, A, B = 1,2, satisfying

(wQuw)E = E, (1.4)
E'(wQuw) = F, (1.5)
X(w@w) = (wQw) X, (1.6)

where X = 7Q" and
1) E=e1Qe—e3Qe, B'=—el@e?+e2®el,
t_l

, 0<t<L1, or

Q =

o O O
O O+ O
o+ O O

2)

E,E as above , Q' =

or

o O O
o O = O
o= O O
_ o O =

) E=e®ey—eaQe;+e®e, B'=—el@e?+e2@el +e2®e?,

o O = O
o = OO



4)

E,E' as above , Q' = or

SO O
O O = =
O = O =
I
—_

5) E=e1®ey+ea®e, B=cl®@e?2+e2®el,
0 0 0

, .| 0 —t 0 0
= <
Q =1 0 0 -t o |’ 0<t<1, or
0 0 o0 ¢t
6)
1 0 0 1
/ /- O _]. O 0
E,E" as above ,()" =i 00 —-10l ©°
0 0 0 1
7)
r 0 S
, ;.10 =r s 0
E,E" as above , @ =1 0 s —r 0l
s 0 0 r

r=t+th/2, s=(t—-t1)/2, 0<t<l,

e = <(1)>,62: <(1)>,€1:<1 0), 62:(0 1). Moreover, all

the above triples (E, E', Q') give nonisomorphic (A,A). We can (and will)
choose p; in such a way that p; = p;.

In the following we assume that G is a quantum Poincaré group, Poly(G) =
(B,A) and w, p are as in Theorem 1.4. We set ¢ = ¢'/2 = 1 in the cases 1)
4), ¢ = —1, ¢"/? = i in the cases 5)-7), s = £1, L = s¢"/?(1%%2 + ¢"'EE'),
L=grLl7,G=(V'®1)(1eX)(Le1)(1aV),G= (V1e1)1xL)(X'®
N1eV),R=V1gVH1eXeo)(LeL)(1e X 1eol)(VaV).
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Theorem 1.5 B is the universal *-algebra with I generated by wap and p;
satisfying (1.4), (1.5), (1.6) and

pia = (ax fij)p; +a*xn —Nj(n;xa), a€A, (1.7)
(R - 1®2)kl,ij (plpj - ni(Ajs)ps + Ej - AzmA]nTmn) = 07 (18)
pi = Pi, (1.9)

where f = (fij)ijer, 1 = Mi)ier and T = (T};); jer are uniquely determined
by s = +1, Herep, Terep € C and the following properties:

0 €la)

b) p(a*) =p(S(a)), a€A,
¢) fij(wep) = Gic,pj, mi(wep) = Vi};lFHEFCD; T,y = (V'@V Y erepTeren.

a) Ada— pla) = ( fla) n(a) > € M5(C) is a unital homomorphism

The x-Hopf structure in Poly(G) is determined by:
Aw = wQw, Aw=uwOw, Ap=pODI+ ADp,

c(w)=1, ew)=1, ,e(p)=0,
Sw)=w™, S@) ="', S(p)=-A"p.
Quantum Poincaré groups corresponding to different s are nonisomorphic.
Theorem 1.6 For each case in Theorem 1.4 and each s (except the case 1),

s=1,t =1 and the case 5), s = 1, t = 1) we list H and T giving (via
formulae in Theorem 1.5) all nonisomorphic quantum Poincaré groups G:

1), s=-1,t=1:

HEFCD = 07
(1.10)

Tgrep = VeriVop,Tij,
where
a) Tos = =130 = ia, Tyo = =Ty = ib, other T;; equal 0, a = cos ¢,
b =sin¢ (one parameter family for 0 < ¢ < 7/2) or

b) Too = Tig =i, Tho = Ty = —i, other T;; equal 0, or
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c¢) all Tj; equal 0.
1), s=41,0<t<1:

Ti122 = ta, Tigo = b,
Toig = —b, T = —ia, (1-11)

all Hprpop and other Tgrep equal O and

a) a =cosp, b=sin¢ (one parameter family for 0 < ¢ < ) or
b)a=0b=0.

2), s =1:

the first case:

Hiynn=—(a+bi), Hyg =a+bi, Hy=—20bi,

To11 =c—di, Tionn = —c—di,
(1.12)
T1121 = —Cc+ dZ, T1112 =c+ d'l,

other Herpop and Tgrep equal 0 and

a)a=1,c=d=0 (one parameter family for b € R) or
b)a=0,b=1,d=0 (one parameter family for ¢ > 0);
the second case:

Hiyo=a+bi, Tho=(a®>+0%)/2, T =c—di,
Tioor = —(a* +b%)/2, Tionn = —c—di, Tyo = —c+di,

(1.13)
T1112 =c+ dl, T1111 = —(CL2 -+ 62)/27

other Herpop and Tgrep equal 0 and

a)a=1,b=0,c=rcos¢, d=rsing (two parameter family for r > 0,
0<¢p<m/20rr=¢=0)or

b)a=b=0,c=1,d=0, or



c)a=b=c=d=0.
2),s=—1, (1.12) and
a)a=b=0,c=1,d=0, or
b)a=b=c=d=0.
3),s==x1,r>0, all Hercp and Trrep equal 0.
4), s =1,
Hyo19 = —2bi,  Hpjop = —bi, Haio = a— bi,
Hoyi1y = bi,  Higoe = bi, Higio=a, Hian = —bi,
Hyio1 = —2bi,  Hyjgp = 3bi/4, Hyp = —4bi,
T1112 = 9b2/8 + 3&61/2, T1121 = —9[)2/8 + 3(11)2/2,
T1211 = —962/8 — 3@1)2/2, T1221 = 3b2/2,

T2111 - 9b2/8 - 3@()2/2, T2112 = —‘3)()2/27

other Herpop and Tgrep equal 0 and

a) a =coso, b=sin¢ (one parameter family for 0 < ¢ < ) or
b)a=b=0.

4), s=—1, all Hgpcp and Trrep equal 0.

5),s==+1,0<t<1,

Tii92 = ia, Tiog = b, Toi1p=—b, Ty = —ia,
all Hgpep and other Tgrep equal O and

a) a =coso, b=sin¢ (one parameter family for 0 < ¢ < ) or
b)a=>b=0.

6), S = 1, all HEFCD and TEFCD equal 0.
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6), s=—1:
the first case:

H1111 = —(CL + bZ), H1122 =a-+ b’l, HQllg = —QbZ

(1.16)
other Hgprep and all Tgrep equal O and
a) a =coso, b=sin¢ (one parameter family for 0 < ¢ < ) or
b)a=b=0;
the second case:
Hpp=a+bi, Tun= —%(GZ +0%),
T1221 = —(CL2 + b2)/27 T2112 = (CL2 + 62)/2, (117)

other Hgrpop and Tgrep equal 0 and
a=1,b=0.
7), s ==+£1, O0<t< 1, all Herep and Terco equal 0.
Remark 1.7 The classical Poincaré group is obtained in the case 1), s = 1,

t=1, H=0,T =0. The quantum Poincaré group of [4] corresponds (in
spinorial setting) to 1), s=1,t=1,
1 1 .
Hyn = —Hize = §H1221 = §H2112 = —Hayy = Hogpo = ih/2, h € R,

other Hprep and all Terep equal 0. The quantum Poincaré group of [1]
corresponds to 1), s =1, t >0, H =0, T = 0 (t is denoted by q there).
The so called soft deformations correspond to 1), s = £1, t =1, H = 0,
T =Ty, €iR.

Remark 1.8 In the remaining cases 1), s=1,t=1and 5), s = +1,t =1,
one can consider Th,, defined as in Theorem 1.5 and

Zijk = ni(Njr) = V;Tlgv;'jcl'D(HABCE(SDF — Hpapréce)Versk

(then Hapcp = %VAB,z'VcD,szj,kV};éD)- In the case 1), s =1, t =1 a pair
(Z,T) corresponds to a quantum Poincaré group if and only if

Tmn = _Tnm S ZR, Zij,sgsk = _Zik,sgsj € ZR, (118)
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{[(r=1*)@1][1® 2)Z - (Z® 1) Z]}ijmn =
—5t0(0inGjm = Ojngim), to € R, (1.19)
A3(Z@ )T =0

where goo = 1, g11 = g22 = g33 = —1, other gij =0,
A =19101-701-107+ (01 7)+

Ae7)(rel)—(Te1)17)(T®1)

is the classical (not normalized) antisymmetrizer. In the case 5), s = £1,
t =1 wn addition to these conditions we assume

Tiiy, =0 for #{k: i, € {1,2}} =1,
Ziigis = 0 for (—1)#{"” ine{1,2}} _

and get in that way all quantum Poincaré groups (up to isomorphism but not
necessarily nonisomorphic).

Let us setn =g, a = —ilnem Nen, b= —iZ;; sgsie; AN and ¢ = 0 (see
[16]). Then (1.19) (using (1.18)) is equivalent to (3)-(4) of [16] where ty is
identified with t of (3)-(4) of [16]. Thus the table in [16] gives many examples
of quantum Poincaré groups (cf also the remarks at the end of [16]). The
proofs of these statements involve the above formulae and the results obtained
in the proof of Theorem 1.6 (with A = —%to in the case 1), s=1,t=1 and
A = —3ity in the case 5), s =+1, t =1).

We denote by d,, the number of monomials of nth degree in 4 variables,
dp = #{(a,b,c,d) e N®*: a+b+c+d=n}

Theorem 1.9 Let B correspond to a quantum Poincaré group G and A, w, p
be as in Theorem 1.4. We set

BY = A-span{p;, ... pi, ti1,...,in €L, n=0,1,... N}.
Then BY is a free left A-module and dimy BY = N d,,.

We denote by [ : PxM — M the action of Poincaré group on Minkowski
space, C = Poly(M) denotes the unital algebra generated by coordinates x;
(i € I) of the Minkowski space M = R* The only relations in C are
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xix; = x;x;. The coaction ¥ : C — A ® C and * in C are given by

(Wf)(z,y) = f(l(z,y), [*(y) = fly), z € P,y e M.
Let x = (g,a) € P,y € M, f € C. One has

(\lel)((g7 CL), y) = xz()‘gy + CL) = (/\gy>z + a; = (Ag)ijyj + a; =
Nij(g,a)zi(y) + pi(g,a) = (Aij ® 2; +p; ® I)((g,a),y), hence
One gets

6) C is a unital *-algebra generated by z;, i € Z, and ¥ : C — B®C is a
unital *-homomorphism such that (e ® id)¥ = id, (id ® ¥)¥ = (A ® id) ¥,
xf = x; and (1.20) holds.

Let YW Cc A® W for a linear subspace W C C, f € W, y,a € R*. Then

fly+a) = f(l((e,a),y)) = (P f)((e,a),y) = (W [)((e,0),y) = f(I((e,0),y)) = f(y)
( k(e,a) = k(e,0) for k € A), f = f(0)I € CI (in fact we have used the
translation homogeneity of M). Therefore
7) if YW C A® W for a linear subspace W C C then W C CI.
Let us consider (C', ¥') which also satisfies 6)-7) for some z;/ € C'. Then
U(z/'r) —o/z) = NjAim @ (x5 2" — x0/z)).

Setting W = span{z;/z;/ — x/z; : i,l € T} and using 7), one gets x;'x; —
'z = ayl, ay € C. Thus a = (a;)iez s an invariant vector of ADA, i.e.
a=c-gwhere c € C, goo =1, g11 = g22 = g33 = —1, gij = 0 for ¢ # j. But
a; = —ay;, hence ¢ = 0, z;/z) = x/x; and we fix the proper choice of (C, V)
by means of

8) if (C',¥') also satisfies 6)—7) for some z;/ € C' then there exists a unital
*~homomorphism p : C — C’ such that p(z;) = z;/ and (id ® p)¥ = ¥'p
(universality of (C, ¥)).

Definition 1.10 We say that (C, V) describes a quantum Minkowski space

associated with a quantum Poincaré group G, Poly(G) = (B, A), if 6)-8) are
satisfied.
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Remark 1.11 This definition doesn’t depend on the choice of A (see Propo-
sition S5.7).

Theorem 1.12 Let G be a quantum Poincaré group with w, p as in Theorem
1.4. Then there exists a unique (up to a*-isomorphism) pair (C, V) describing
associated Minkowski space:

C is the universal unital *-algebra generated by x;, ©+ = 0,1, 2,3, satisfying
z;* = x; and

(R — 1%%);; iz — (M) T + Tit) = 0, (1.21)

and U is given by (1.20). Moreover,

dimCY = f: dp, (1.22)
where CN = span{w;, - ... -z, i1,...,i, €L, n=0,1,..., N}
Weset m= V'V H1X®1)(EQTE), Zijr=n(Ap),
R Z —R-Z (R—-1®%H)T 00 0 m
o o D e
0 0 0 1 000 0
Theorem 1.13 Let G be a quantum Poincaré group with w,p as in Theorem

1.4. Then

1) Mor(POP,POP) = Cid ® CRp ® Cmp.
2) Let us consider the cases listed in Theorem 1.6. Then W € Mor(PDP, POP)
and

Wel)1eW)(Wel) =1 W)(Wel)(1leW) (1.24)

if and only if
a) W=uz-id (x € C,) or
b) W =y-Rp+z-mp (y,z € C, for 4), s =1, b # 0 one must have

y=20).
Those W are invertible if and only if we have the case a) or b) with y # 0.
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2 Proof of the classification

In this Section we prove the Theorems of Section 1.

Let H be a quantum Lorentz group, i.e. Poly(H) = (A, A) satisfies
the conditions i.-iv. of Section 1. According to [14], we can choose w in
such a way that A is the universal *-algebra generated by wap, A, B =1, 2,
satisfying (1.4)—(1.6), where X = 7@, Q' = aQ) and

1) E=e1®ey—qes®ey, B' = —qle! ®@e* +e2®@el, Q is given by (13)—(19)
of [14], ¢ € C\{0, i, —i}, or

Q) E=ec1Qe—eQ@e+e1Qe, B=—-e'@e?+e2@e +e2®e?, Qis
given by (20)-(21) of [14], we set ¢ = 1 in that case,

0 1
formula (1) in [14], E'E # 0 which means ¢ # +i). In all these cases X
is invertible, A is given by Aw;; = wy, ® wy; and (A, A) corresponds to a
quantum Lorentz group. The numbers a # 0 are not essential now and are
chosen in such a way that

o] = ( 1 T < 0 )7 el = (1,0), €2 = (0,1) (due to remarks before

(X1 X)(E®1) =1 F (2.1)
(see (5) of [14]). Then (we use (6) of [14] and direct computations)
rXT=p8"X (2.2)
for some g € {1,—1,i,—i}. We set E=71F ¢ Mor(I, w@w), E'=F'r e
Mor(w@w, I), where e; ® e;, €/ @ €', 4,7 = 1,2, are treated as reals. Using
(2.1),(2.2) and
(FF®1)(1®FE)=1, (1eFE) E®1) =1

(see (3) of [14]; matrices of E' and E are inverse one to another), one obtains
(using e.g. diagram notation)

1IXHX'®1)(19FE)=E®1, (2.3)
1o X) (X011 k) =E®1, (2.4)
A X)) 1eX HNE®1) =10 E, (2.5)
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1IeE)X®1)(1eX)=F®1, (2.6)
(Fel)1eo X HX'el) =11 F, (2.7)
FUAE o110 X)(X®1) =10 F, (2.8)

FALRENX'ol)(1eX H)=FEFol. (2.9)

Proposition 2.1 (¢f Theorem 6.3 of [8], Remark 2 on page 229 of [14])
Let ¢ € C\ {0, roots of unity } (we treat ¢ = +£1 as not a root of unity).
Then

1) there exist representations w® (s € N/2) of H such that w® = I, w'/? = w,
dim w® =2s+1 and

WO ~ wh T g uwl M g g wt (s,8" € N/2)

2) w*Ow? (s,s' € N/2) are all unequivalent irreducible representations of H
3) wOQuws ~ w’Quw* (s,s' € N/2)

4) each representation of H is completely reducible

Proof. Let Ay, be the subalgebra of A generated by matrix elements of w.
Then Poly(Hpo) = (Apots A, ) is a Hopf subalgebra of Poly(H) = (A, A).
According to Proposition 4.1.1 of [14], Ay is the universal algebra gener-
ated by matrix elements of w satisfying the reletions (1.4) and (1.5). Due
to Theorem 4.2 of [13] and the facts given in cases LIII of Introduction to
[13] (cf (1.9), (1.30) and Theorem 1.15 of [3]), 1) holds and matrix elements
of w® (s € N/2) form a linear basis of A,,. Using Proposition 4.1.2-3 of
[14], matrix elements of w*@ws’ (s, s’ € N/2) form a linear basis of .A. Now
Proposition 4.1 of [13] (see also Proposition A.2 of [7]) gives 2) and 4). The
condition iii. of Section 1 implies (T'r w)(Tr w) = (Tr w)(Tr w). That
and 1) give that Tr v (v € Irr H) commute among themselves. In virtue of
Proposition B.4 of [3] (cf also Proposition 5.11 of [12]), one obtains 3). 0.

Proof of Theorem 1.4. We have Hopf *-algebra B, its Hopf *-subalgebra A
and two—dimensional representation w of A which satisfy the conditions i.—
iv.,(1.2) and 1.-6. of Section 1. We shall use the results of Section 1 of [10]
with A replaced by £ = w@w, Lagcp = wacwpp*. Hence we deal with
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pap = Vap,ip; instead of p;. In virtue of (S1.3), it suffices to check (S1.5) for
the generators: a = wap or a = wap*. Inserting such a into (S1.5), we get

G € Mor(wQuwQw, wDwQuw), G € Mor(wQuw®w, wDwdw), where

(Ge)ae.per = faper(Wep), (Gr)apoper = faper(wep®). (2.10)
Thus G, = (1 ® X)A, G = B(X"'® 1), where A is an intertwiner of
wOwOw ~ w'@w & w, B is an intertwiner of wQw@w ~ wOw! ® w. But
w'@w, w, wOw!, w are irreducible (we use Propositions 4.1 and 4.2 of [14]),
hence

Mor (w@uwDw, wDwdiw) = CEE' © 1 ® C1%°,
Mor(w@wDw, wDo@w) = C1 @ EE @ C1%2.
Therefore A=L®1, B=1® L, where

L=al®?+bEE, L[=al®**+bEE, a,a,bbeC. (2.11)

According to (S1.3), f : A — M4(C) should be a unital homomorphism.
It means that f should preserve the relations (1.4), (1.4)*, (1.5), (1.5)*, (1.6)
((1.4)* denotes the relation conjugated to (1.4) etc.), i.e.

(Gr21)(1RG)(E®1%%) =129 F, (2.12)
(Gr1)10G)(E®1%) =10 E, (2.13)
1@ )G 21)(1®G:) =E 1% (2.14)
(1%2@ BN (G, ®1) (10 G,) = E' @ 1%%, (2.15)
(Gr1)1RG)(X®1%%) =120 X)(G:21) (1 G,).  (2.16)

to
(Le1)ARL)(F®1) =1 E,

(2.17)

AL L)(E®1) =11 E, (2.18)
1E) L®1)(1®L)=E®1, (2.19)
21l E)Lo1)(1eL)=E 1. (2.20)
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Using (2.11), computing a, b, a,b, and inserting them into (2.11), one gets
that the solutions of (2.17)—(2.20) are

L=1L, L=prL;'r, i,j=1,234, (2.21)

where
L; = ¢;(1%* + ¢, 2EE"), (2.22)

G123 = £q2, g4 = +¢ 2. Using these relations, (2.1), (2.4), (2.6) and (2.8),
we get that (2.16) is satisfied. Therefore, the solutions of (S1.3),(S1.5) are
given by (2.10), where

Gr=1®X)(L®l), Gr=1L)(X'e1), (2.23)
L, L are given by (2.21)-(2.22) (in general 16 solutions). Moreover,
(Rz)apep.eran = fapeu(Loppr) =

fAB,MN(wCE)fMN,GH<wDF*> = (Gz)ABC,EMN(éL)MND,FGH,
Re=(Ge1)(10G) =10 X)) (Lel)(1eX 'al). (2.24)

We know that pap ® pop form a basis of (fg)mv which transforms under A,y
according to LODL. Tt is easy to check that the decomposition into irreducible
unequivalent components

LOL ~ wDuwDoDw ~ w' Quw @ w' ®w! d I

corresponds to '
(I'2)ine = Wit @ W1 & W1 @ Wy (2.25)

where

Wit = span{(¢@9) (10X '@1)(pRp) : ¢, € (C?C?), ¢E =0, ¢E =0},

Wi={¢®@F)1oX 'o1)(pep): ¢ (C*0C?, ¢FE=0},
Wi={(EFeoy)1eX'el)(pep) : ¥c (C*®CY, yE=0}
Wo=CE'@E) 1@ X '®1)(p@p)

18



(indices as in matrix multiplication rule have been omitted). But R% is the
matrix of p in the basis pap ® pep (see remark after (S1.13)). Using (2.24),
we get that (2.25) corresponds to

p=BaT t © P47 © —Ba T @ Be TR

Comparing the condition 6. with Proposition S1.6, we get dim K = 6.
Therefore K;,, = Wi @ Wi. But Proposition S1.4 implies K C ker(p + id),
hence 8¢;q;° = Bq;°; ! = 1. Remembering that 3 € {1, 1,4, —i}, ¢ # +i,
we get ¢ = +1. Thus we can (and will) omit L3, Ly. We obtain § = g,
i=gjor B =—qi#j(qge{l,—1}, i,j € {1,2}). In all these cases
p=1®-1®—-1®1, hence K = ker(p +id). Moreover, p* = id, R? = 1%
In virtue of Proposition 2.1 the conditions a)-c) of Section 2 of [10] are
satisfied and we can use the results of Sections 1-4 of [10]. In particular,
Corollary S4.2 implies the first statement of the Theorem.

Let us pass from £ to A = V7ILV (see (1.2)). Since V =7V, A = A.
We replace pap, A, B = 1,2, corresponding to £ by p; = i;lprAB, faBcp
by fij = V;,_AleAB,CDVCD,j (Cf (81.2)), R;, G, and G, by R = (V_l X
VHR(VeV),G=V'121)G(10V),G=(V'®1)G:(1®V). Then
(2.10) gives )

fij(wep) = Gic,pj,  fij(wep) = Gic,pj- (2.26)

Now we pass to a new p; such that p; = p; without change of BN, Ty, €,
p, K, fi;, R, G and G (see Proposition S4.5.1 and (S1.2)). We redefine pag
accordingly. In virtue of Proposition S4.5.2, (S4.10) holds. Setting a = wgp*
and passing back to £ one has fBA’DC(wE};) = fapcp(wgp*). It means

(G:")eBapcr = m, (2.27)

e, (L7'@1)(1@X 1) =(L;'01)(1@X ") (we used (2.23), (2.21), (2.2)).
Thus L; = Lj, i = j. Consequently, 8 = ¢ = £l and? = j = 1,2. Conversely,
this condition gives (S4.10) for @ = wgp* and (using Sox = x0S™) a = wi,
hence for all @ € A. The list of X such that § = ¢ = %1 is provided in the
formulation of Theorem 1.4 (they contain factor o which is computed in
such a way that (2.1) is satisfied, we also restricted the range of parameters
according to remarks on page 220 of [14]). For E, E’, X as in Theorem 1.4
and f;; computed above (51.3), (S1.5) and (S4.10) (for A) are satisfied.
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According to Proposition 2.1, the only 2-dimensional irreducible repre-
sentations of H are UwU ™!, UwU !, U € GL(2,C). Thus if ¢ : A; — A,

is an isomorphism of Hopf *-algebras A;, As included in our list, then
(1) ¢(w) = UwU ™" or (2) p(w) = UwU .

Let us consider the case (1). We denote E,E’, X for A;, i = 1,2, by
E;, B/, X;. Applying ¢ to (1.4)—(1.6) for A;, one gets

(U @U YE, =k 'E;, (2.28)
E/(UeU)=KE,), (2.29)
(U'eUHX (U U)=I1X, (2.30)

for some k, k', € C,. Considering (2.28)—(2.29), one gets £y = Ey = F and
UeGL(2,C) k=K =det Ufor E=¢; Qe —e3Rey,

Ue{(’g ;;):mec*, zeCY, k=K =m?

for E=e1 ®ey —ea®e; + e ®ey,

z 0 0 =\ o
UG{(O y)’(y O>.x,y€C*}, k=K =uxy

for E =e; ® ey + €9 R ey.
Inserting such U in (2.30), one gets (for £ = e; ® es — e3 ® €1 see Section
5.1 of [14]) Xl :X2 :X, [ = 1, SO

U'oU HXUU)=X (2.31)
and in particular cases:

1) t=1: U e GL(2,C)
rz 0 0 =z
O<t<1.U€{<Oy),(y()).x,yEC*}

i6
2) U:m<€o €_$i¢>,m€C*,x€C,¢€R
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3) U:m(é T),mEC*,xEC

1

4) Uzm(é 1 ),mEC*,:BER

5) Ue{(gé 2)(2 g):x,yec*}

i¢
6)Ue{m<60 e%), m e C,, ¢eR}

7)U€{m<(1)(1]>’ m(é —01> m<(1)é> m<—01(1)>:m€
C.}.
Next, let us consider the case (2). Then
(UToUN)E, =k B, (2.32)
E/(UeU)=FE, (2.33)
Ul'eUHX(UeU)=1"X,"" (2.34)

for some k, k',1 € C,. Considering (2.32)—(2.33), one gets Ey = Ey = E,

Ue GL(22,C), k=Fk =—det Ufor E=¢; Qe — €3 Qey,

Ue{(’g %):mEC*, z€CY k=k =m?

for E=e1®ey—ea®e; + €1 ® ey,

U€{<g 2), (0 x): v,y € C.},k =k = zy,

for F =e; ®ey+ e ® ey.
Inserting such U in (2.34), it is possible only for X; = Xy = X in the
following cases:

1) t=1:U€GL2,C), =1

l:
1 z
3)7“:O:U:m<0 1>,m€C*,x€C,l:1
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1 4 1 x
— 2 . =
4) U m(o 1) <O 1>,m€C*,x€R,l 1

E))lle:UE{(z 0), (O m): r,y € C.h,l=-1

0 y y 0

(I is computed for normalization of X as in Theorem 1.4, which includes «).
In particular, all considered (A, A) are nonisomorphic. a.

Remark 2.2 Using (2.17)-(2.21) fori = 57 = 1,2, f = q = £1, one also
gets

1L)(L®1)(1®E)=E®1, (2.35)
1®L(Lel)(1E) =E®1, (2.36)
(E®1)10L)(Lel) =1 E (2.37)
(E®1)10L)(Lel) =10 FE (2.38)

Let us repeat that K = ker(p + id), p? = id, the conditions a)-c) of
Section 2 of [10] are satisfied and we can use the results of Sections 1-4
of [10]. We notice that L, L,G,G and R given before Theorem 1.5 and in
the proof of Theorem 1.4 coincide (i = j = 1 corresponds to s = 1, while
i=7j=2tos=—1). They correspond to A as in (1.2), A = A.

Proof of Theorem 1.5. Using Theorem 1.4 and Corollary S3.8.a, B is the
universal *-algebra with I generated by wap and p; satisfying (1.4)—(1.9).
Next, (5S2.6) coincides with a), (S4.10)—(S4.11) imply b), (2.26) gives the
first formula of ¢). The next two formulae in c) can be treated as definitions
of Herpop and Tgrpep. Since w,w and P are representations, formulae con-
cerning Hopf structure follow. Uniqueness of f, n, T and *-Hopf structure is
obvious.

Let B, B describe two quantum Poincaré groups and A, A, A, p, f,n, T
A, AA,p, f 7, T be the corresponding objects as in Theorems 1.4 and 1.5.
Assume that ¢ : B — B is an isomorphism of Hopf *-algebras. According
to Proposition S4.4, one has ¢(A) = A and we put ¢4 = Gyt A— A.
Due to the proof of Theorem 1.5, one has

(1) ¢(w) = UU " or (2) ¢(w) = UwU ™.
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Using (1.2), one gets ¢(A) = MAM ' where

M =V~YU ®U)V in the case (1),
) (2.39)
M = ¢?V=YU ® U)XV in the case (2).

Using (1.3) and (2.2), one gets M = M (¢*/? = 3¢"/? since 3 = q = £1).
In virtue of (S4.2), one has

fii(ep) = UZA (M ™t fim(wap) My;Upp in the case (1),

fij(ep) = U5 (MYt fim(wap™) My, Usp in the case (2).

Using (2.28)-(2.30) or (2.32)(2.34), we get L = L in all cases. Thus there
are no isomorphisms between quantum Poincaré groups with different s. O.

Using the computer MATHEMATICA program, we made several compu-
tations performed in

Proof of Theorem 1.6. Let B, A, A, A, p, f,n,T describe a quantum Poincaré
group. According to Propositions S4.4 and S4.5.3, it is always possible to
replace n by 7 = n + fh — eh where h; € R. We put.A:/l, w=w,c=1,
M =14, ¢4 = id, and f doesn’t change. Thus we substitute Hgrcp by

ﬁEFCD = Verini(Wep) = Herep + feras(wep)hap — dcpher,

where frprap(wep) are given by (2.10) and (2.23), hgr = Vgr:h; (ie.
hi1,has € R, hig = hoy € C). In each equivalence class obtained by such sub-
stitutions we restrict ourselves to exactly one H singled out by the following
constraints:

no constraints for 1), s =1, ¢t =1,

H1111 € ZR, HQQQQ € ’LR, H1222 =0 for 1), S = 1, t 7& 1,

Hi112 =0, Hopo € iR for 2), s =1,

Hllll = 0, H1112 c ZR, H1211 € iR for 3), S = 1,

Hyi1 € ’LR, Hiig € R, Hi115 € iR for 4), s=1,

Hi € ZR, Hoy11 = 0, Hy99 € 1R for 5), S = 1, t 7& 1,

Hi € ZR, Hyy95 € 1R for 5), s=1,t=1,
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Hii9 € iR, Hy112 = 0, Hoo1q € iR for 6), s =1,
Hij99 € iR, Hog9o € iR, Hygoe = 0 for 7), s = 1,
Hi111 € iR, Hygo = 0, Hogoe € iR for 1), s = —1,
Hii9o € iR, Hig11 = 0, Hoopy € iR for 2), s = —1,
Hzi111 =0, Hyppp € iR, Hoopp € iR for 3), s = —1,
Hyo1p € iR, Hygoo =0, Hypp1 € iR for 4), s = —1,
Hig90 =0, Hy111 € iR, Hogge € iR for 5), s = —1, t # 1,
Hig9o =0 for 5), s=—1,t=1,

His11 =0, Haj2 € iR for 6), s = —1,

Hi199 € iR, Hyg9o = 0, Hog9e € iR for 7), s = —1.
We also may and will assume (53.50).

In virtue of the theory presented in Sections 1-4 of [10] (see e.g. Theorem
S3.1 and Proposition S4.5) Hgpep and Tgrpep give a quantum Poincaré
group if and only if (S1.5), (S2.6), (S2.14), (S3.1), (S3.2), (S4.10), (S4.11)
and (5S4.12) are satisfied (cf the proof of Theorem 1.4). We shall investigate
subsequent conditions and dealing with next ones we assume that previously
investigated conditions are satisfied. We already know that f is a unital
homomorphism satisfying (2.26), (S1.5) and (5S4.10). Thus (52.6) means that
applying 7; to the relations (1.4), (1.4)*, (1.5), (1.5)* and (1.6) (* means that
we conjugate the relation) and using (52.5), one gets relations on H) p =
ni(wap) and Hiy p = ni(wap*), which should be satisfied. They read as
follows:

{(Ge1) (12 HY)+ (H"®1)}E =0, (2.40)
{(Ge1)(A®H") + (H”®1)}E =0, (2.41)
1o E)Y{(H"®1)+ (G®1)(1® H")} =0, (2.42)
1eEY(H"®1)+(Ge1)(1® H")} =0, (2.43)

A X){(H"®1)+ (G®1)(1e HY)} =
(2.44)

{(H"®1)+ (G®1)(1® H")}X.
Setting a = wgp* in (S4.11), one gets

(H")ip,r = mi(wgp) = —fij(wgr) - nj(wer) = =G gy - Hiy p o (2.45)
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(we used (S2.5), (S1.4) and (2.26)). Conversely, (2.45) gives (S4.11) for
a = wpp* and (using So* o S o#* = id) a = wg}, hence for all a € A (it
suffices to check the conditions (54.10)—(S4.11) on generators of A as algebra:
they are equivalent to Theorem 1.5.b for a*).

Using the 16 relations (2.1), (2.3)-(2.9), (2.17)—(2.20) and (2.35)—(2.38),
one gets that (2.40) is equivalent to (2.42), (2.41) is equivalent to (2.43).
Moreover, (2.40) is equivalent to (2.41) (one conjugates (2.41) and uses (2.27),
(2.45)). Thus (2.41)—(2.43) are superfluous. The remaining equations: (2.44)
(with inserted (2.45)) and (2.40) give a set of R-linear equations on Hgpcp =
VEF,iHi%QD-

Next, (83.50) gives a set of linear equations on Trrpcp = VeriVep ;i)
By virtue of (S3.50) and (S4.14), one obtains (17" was defined after (S4.12))
RT = —T, RD = —D, where D = T — T. Therefore D corresponds to a
subrepresentation of ADA equivalent to w' @ w!. But (S4.12) means that D
is an invariant vector of A@A, hence D=0, T =T (conversely, this implies
(S4.12)). This gives a set of R-linear conditions on Trrcp.

According to Proposition S3.13 and Corollary S4.9, we may replace (S2.14)
by (S3.55) for b = wap. But this is equivalent to M € Mor(w, AODAQw),
where My;op = 79 (wep). Using [(R+15%)®1]M = 0 (see (S3.54)), one gets
M=[(V'1eV1H1o X ®1)®1]N, where N € Mor(w, wQuwDuwDuwQw),
(L@ L ®1)N = -N. (L® L doesn’t depend on s, one can put s = 1). Thus
NABCDF,G = PABF,GECD with P € MOI‘(’LU,U)@ZU@UJ), (L1 X l)P = ql/QP.
It means P = M1 ® F + pF ® 1, (FE' ® 1)P = 0. Hence p = %q/\,
P=X1®E+ $gE ®1). On the other hand,

™ (wop) = (R — 1%%) g u(m(wea)m(wap)—

Mk (MNis)ns(wer) + Twdes — fin(wea) fem(Wap) Tmn)-

Using (1.2), (S2.5), (2.45) and (2.26), one gets a set of equations containing
terms bilinear in Re HABCDy Im HABC’D; terms linear in Re TABCD; Im TABCD
and terms linear in Re A, Im .

We shall prove that (S3.1) is equivalent to A € ¢'/?R.. One has (see (1.2))
F=WV"'1@V 1@V 1JV where F = (R—1$*) ® 1)F and

1, *
JQRTVAB,CD = VQR,Z'VTV,jT J (wAchD )

Using Proposition S3.13,

7 (wacwpp®) = 77 (wac)0sp + GijapsGip.cm™™ (WeD").
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But in virtue of Proposition S4.8

" (wpp®) = T (wpp)-

Using once again Proposition $3.13 for a = wrg, b = wgp, multiplying both
sides by Ggivi PG;,ln’j ; and conjugating both sides, one gets
T (wpp) = _GsB,PiémP,LjTij(wLD)

(see (2.27)). Inserting all these data, after some calculations (using the 16
relations), one obtains

_ 1 -
J=AgA+AB + (A + Ag)C

where A=(10X®X®1)(FQX @ E),
B=1219X ') (E®E)®1l, C=19X®1)(E®FE) ®1®1.
We shall also use D =1®1® (1® X @ 1)(F ® E). Using (2.24) and the 16
relations, one has

(R @ 1)A =—A—qC, (R ®1)B=—-B —qC,

(R ®1)C =C, (Re®1)D =D +qA+¢B+C,
(1® Rp)A=—-A—qD, (1® R;)B=—-B—qD,
(1®R;)C=C+qA+gB+ D, (1® R;)D = D.
In particular, (R, ® 1)J = —J (it also follows from (S3.54)). Thus we can
compute

2AVQVRV)AFV I = (VRV QV)AsFV ! =

1®1®1-1®R;—R,®1+(1®R,)(R,®1)+
(Re®1)A®@Re) — (Re®1)(1® Re)(Re ®1)]J =
2[J - (1® Re)J + (Re ®1)(1 @ Re)J] = 3(Ag — A)(A - B).

But A # B (im[1® X '® X' ®1)A4] = imE ® C*> ® C?> ® imE while
m[(1® X '® X '®1)B] = C*® W, ® C?, where dim imE = dim imFE =
dim Wy = 1), hence A3F = 0 if and only if A = ¢, i.e. A € ¢'/?R.
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We notice that
ADADA =~ wDuwOwDEDEDw =~ (w S w G w*?)D(w © © G wd/?),

hence

Mor(I, ADADA) = {0}. (2.46)

Therefore (S3.2) is equivalent to A3(Z®14,—1,®Z)T = 0. This gives a set of
equations, which are R-linear in Re H pcop-Re Tergu, Im H pep-Re Teraw,
Re Hapep - Im Tgpay and Im Hgop - Im Tergy. Our strategy is as follows:
we set constraints for H sgcp as before, solve R-linear equations, insert these
data into R-bilinear equations and finally use the condition for A and the last
set of equations. In the cases 1), ¢t =1, s =1 and 5),t =1, s = 1, we
haven’t solved the R-bilinear equations (but see Remark 1.8). In other cases
one gets the following solutions (with the parameters being real numbers):

(1.10) with Ty, = =Ty, € iR for 1), s = =1, t =1,
(1.11) for 1), s =£1,0 < t < 1,
(1.12) or (1.13) for 2), s =1,
(1.12) with a = b =0 for 2), s = —1,
(1.14) for 4), s =1,
(1.15) for 5), s =£1,0 <t < 1,
(1.16) or (1.17) for 6), s = —1,
in the remaining cases all Hgppop and Trrpeop must equal 0. Moreover, A =
80? in the case 4), s = 1 and X\ = 0 in other solved cases.
Let us remark that for fixed wap and p;: ¢;, ; and Hgpop are uniquely
determined (cf (51.6)). Moreover, Trrcop satisfying (S3.50) are also uniquely

determined: if 7" would also satisfy (S3.46) and (S3.50), then for L =T —1"
we would have

0= (R—1%%)(L—(ADA)L) = (R—152) L—(ADA)(R—1%)L = —2(L—(ADA)L),

L € Mor(I, A©QA), but RL = —L gives that L corresponds to the subrepre-
sentation w' @ wl of ADA, L=0,T =T".

It remains to check which pairs (H,T') as above give isomorphic objects.
In virtue of Propositions S4.4 and S4.5 and above remarks it would mean
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that (4,7 is obtained from (H, T) via formulae (S4.3)(S4.4) with ¢, h; € R,
c¢# 0, M asin (2.39). After some calculations one can choose one pair (H,T)
in each equivalence class (for each considered case). The results are presented
in the formulation of the Theorem. O.

Proof of Theorem 1.9. In virtue of Corollary S3.6 it suffices to prove
dim S, = d,. Taking A = £ = wOw, one has the projection S, =
% > orem, Br, where Ry = (Rg)i, - ... - (Rg);, for a minimal decomposition

T=ty ... ti,, Re =10 X®1)(L®L)(1®X ' ®1). Putting

KX — (1®n71 ® X ® 1®n71)(1®n72 ® X ® X ® 1®n72> e

1eX®.. 0 Xe1)(Xe.. 0X)

and K, defined similarly with X replaced by 7, one can define S,’ = K XS,LK;(1
and S, = K 'S,/K,. Therefore dim S, = tr S,, = tr S,/ = tr S,”.
One gets the formula for S,” as for S, but with R, replaced by R;" =
1721 (LeL)(1®7 ' ®1) (we use the 16 relations).

Moreover, L @ L = Ly ® TLoT where Ly = 182 + ¢ 'EE', E = ¢1 ® ey —
ges®@e;+tper ey, B = —qel @e? +e?@el +tpe? @62, ¢ = £1, 1o = 0,1 (for
q = —1 one has to = 0). Replacing e; by cey, ¢ # 0, one has to replace e! by
ctel, Ly by Lo with o replaced by ¢ - ty. Thus (for ¢ = 1) tr S,,” doesn’t
depend on t; € C (for ¢ty # 0 and also for ¢y = 0 in limit). So we may put
to = 0. Then Loe; ® e1 = e1 ® €1, Loes ® 65 = €9 ® €9, Loe; ® €5 = ges ® eq,
Loes ® eq = qe; ® eg. Setting Ayp = e, ® eg, one has

Rz:" Aa,@ ® Ams _ qa+ﬁ+’y+6 Ava Q Aaﬁ-
It is easy to show that S, (R:")x = (R")xS," = S,.", S," is a projection,
S (AT @ Ay @ ASF ® A5, at+b+ct+d=n,
form a basis of im S,,”. We get
dim S, =tr S, =dim im S,,)” =

#{(a,b,c,d) eN®*: a+b+c+d=n}=d,.
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Proof of Theorem 1.12. We know that AOA ~ I @ w'@Quw! & w! @ wl,
where ker(R+15?) corresponds to w!@w?. Therefore (S5.2) holds. Moreover,
(2.46) coincides with (S5.4). Using Theorem S5.6, we get the first statement.
The second statement follows from Proposition S5.3, Proposition S5.5 and
dim S,, = d,, (see the proof of Theorem 1.9). 0.

Proof of Theorem 1.13. We know that (S3.59) holds (see (S3.2) and
(2.46)) and R # +1§? (see the proof of Theorem 1.4). Moreover, (ADA)m’ =
m’ means that m’ is proportional to m. According to the proof of Theorem
1.6, F = 0 if and only if A = 0 (otherwise, using A = g\, A+ B + ¢C = 0,
acting 1@ Rz, C = D, Vo ® C* = im C = im D = C* ® V| where
Vo = im[(1® X ® 1)(E ® E)], dim V, = 1, contradiction), which means
b =0 in the case 4), s = 1 and no condition in other cases listed in Theorem
1.6. Then we use Proposition S3.14. a.

Remark 2.3 According to Corollary S3.8.b, B is the universal unital algebra
generated by A and p; (i € T) satisfying Ig = L4, (53.48) and (53.47) for w
and w (cf Remark S3.10).
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