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Bandgap engineering

The presence of the well changes the symmetry of the crystal (eg. quantum wells in the

direction of [001] corresponds to an uniaxial pressure applied perpendicular to the layer). You
have to solve the kp perturbation theory (Chemla 1983):

(a) COMPRESSION (b) MO STEAIM (c) TEMSION
alx) = ay, arn) = ay, alx) < a,
[ I |
— - a———
[ I Jxi=a, o ]
| |

Effects of biaxial strain: decrease of the
degeneracy of the valence band and change
of the effective masses in the Ga,In, As /
Ga,In, As yP,  material system.

S.L. Chuang, Phys. Rev. B 43, p. 9649 (1991). 9, 10 (x)
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Triangular well
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FGURE 4.6. Triangular potential well V(z) = ¢ Fz, showing the energy levels and wave functions.
The scales are for electrons in GaAs and a field of SMV m™L.
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Triangular well

2 g2
[—h—d— + eFZ] Y(z) = eP(z)

2m dz?
Transformation: 1.00 'ﬂ'“_;x')' [N AN B N B I B '!f' i
B ; / |
d2 m 0.75 | Biw = /
dz2 —¥(2) = HZ (eFz — &)Y (2) g J,’ :
0.50 | ~ i
nz \1/3 - n N / }\ .
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d2 2m —0.25 WU Y \ViVi V\ j ]
— i - v \ / _
a2V = g (eFz = eh(2) o0 | W,
The equation reduces to Stokes or Airy equation: o _XS ’ ’

d2
—5f(2) = 2£(2)

Its two independent solutions the Airy functions Ai(z) and Bi(z). The solutions of the
equation are the zeros of a function Ai(z) (after some rearrangements).
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Triangular well
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FGURE 4.6. Triangular potential well V(z) = ¢ Fz, showing the energy levels and wave functions.
The scales are for electrons in GaAs and a field of SMV m™L.
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WKB approximation

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly changing potential

It is also known as the LG or Liouville—Green method or JWKB and WKBJ, where the "J" stands
for Jeffreys or phase integral method or semi-classical approximation.

2
[—Zh—md— + V(x)] Y(x) = EP(x)

What is slowly varing potential? It is for sure V(x) = V; = const. The solution for this potential

is a plane wave Y (x) = e** - phase of the wavefunction k(x) = k = const is constant in the
whole space k? = sz [E — V]

Let's define k?(x) = 27m [E — V(x)] - we want the phase k(x) to be slowly varying in space, i.e.
dk

2
dx <Lk

(such condition).
We are looking for the solution y¥(x) = e X(¥) where y(x) is the phase of the wavefunction.
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WKB approximation

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly changing potential

h? d?
[—%@ + V(x)] Y(x) = EY(x)
Let’s define k?(x) = zm [E — V(x)] - slowly varing in real space k(x).

h
We are looking for the solutuion 1(x) = eX™®) where y(x) its the phase of the wavefunction.

Inserting into Schrodinger equation:

[x' (0)]? —ixy"(x) = sz [E —V(x)] = k?(x) - thisis rigorous.

Zero-order WKB approximation assumes [x’'(x)]% > |x" (x)| czyli y"'(x) = 0
L' COI? = k?(x) czyli () = ijxk(x,)dx,

Usually we expand more
' (0)]% = k() + ix" (x) = k() +i[x' ()] = k*(x) £ i[k(0)]'

Thus:

N ik’ (x) N ik'(x)
x'(x) = ik(x)\/l T~ th(x) + TS
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WKB approximation

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly changing potential

Typically, the WKB method continues into

' (0)]% = k%) + ix" (x) = k2(x) + i[x' ()] = k*(x) £+ i[k(x)]’

Thus:
N ik'(x) _ ik’ (x)
x'(x) = ik(x)jl e ot k(x) + 2500
therefore:
200 = + j kG + 5 In k(o)
We get:

Y(x) = exp [ii f xk(x')dxr]

1
VEk(x)

The term 1/4/k(x) - the density of probability of fast-moving particles is small for large k - OK!
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WKB approximation

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly varying potential

V(x) : A

energia czastki

In the case of turning points (ie. the edges of the barriers well) potential changes rapidly
compared with the wavelength k(x) - WKB approximation is not valid (a rigorous approach
avoids it by moving into the complex plane). Another way is to note that the potential is linear
for a small region around the turning point Ax; - and the Airy functions are the exact solutions.

Then the solution must match on both regions near x; .
The problem sounds complicated but fortunately the results are simple (we got additional

phase).
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WKB approximation A

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly varying potential

V(x) : A

P(x)

carrier energy

lp(x)~\/%cos ijk(x’)dx’ — %‘, x> x
YP(x)~ ! ex -— jxlc(x’)dx’] x K x
JK(x) P XL ’ ‘

2017-06-05




WKB approximation

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly varying potential

2 x ,, T
YP(x)~ CoS k(x"dx" ——|, x> xp
\/ k(x) X1, 4
Examples:
1. ,Hard” (infinitely steep) wall — the wave function goes to zero at the boundaries, so an exact
number of half-wavelengths must fit between them XR
k(x")dx' =nn
XL
nm
For: k(x) = const we have k, = T

2. ,,Soft wall” — an allowed state must obey the matching conditions (x > x;, above) and at x; it
T
4

has additional phase —Z) and similarly at xp - next | ——). Altogether:
4

ka(x’)dx’ = (n — 1) T

X, 2
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WKB approximation

Krammers — Brillouin) — for slowly varying potential

WKB approximation (Wentzel —
2 x T
YP(x)~ coS U k(x")dx' — —] , x> X
N6)) 4 -

R 1
3. Triangular well of ,hard” and ,soft” well: j k(x")dx' = (n — Z) T
XL

Eg. Triangular well: V(x) = eFx then k,(x) = %\/Zm(En — V(x)) = %\/Zm(En — eFx)

X

s=—

En/eF 1 ., [2mE, ]1/2E f\/lid
— s =

XR
k(") dx" = = JZm(E, — eFx)dx' =
. n(x")dx fo h\/ m(E, — eFx")dx' = v oF
0.2 — : : : —
lsz 1/2 f \/7 S_ ZmE ]1/2E V(z) = eFz
eF TN
my n=3
fw’ l-x dx= —5 (1 —x)*2 4 constant] N A n=2
---------------- n=1
E 1\ 17° [(eFm)2]"* )
n- 27-[ Tl—4 2m M 1I0 2'0 3|0 z/anO_ 50
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Triangular well

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly varying potential

TABLE 7.1

A comparison of various approximate meth-

ods for energy levels in a triangular potential, in units of g9 =
[(eFﬁ)z/(fzm)]’”, and the exact results from the Airy function,

n  Airy function WKB Variational Variational
(exact) (Fang—Howard) (Gaussian)
I 2.3381 2.3203 2.4764 2.3448
2 4.0879 40818
3 5.5206 55172
. . 0.2 —
10 12.8288 12.8281 o) o
G
E:l ____________________________ n=3
0.1 pommmofoam L T
n=2
2/3 /3 n=1
E 1\ 172 [(eFn)2]Y
— -_— -_—— , 1 1 1 o |
n 2 T 4 2m 0'00 10 20 0 40
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Triangular well

WKB approximation (Wentzel — Krammers — Brillouin) — for slowly varying potential

2DEG
conduction band
fermi level

z-direction
http://www.phys.unsw.edu.au/QED/research/2D_scattering.htm

2/3 1/3
eele-t) e

2m
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WKB approximation _

d

Vix) = V, [1 - (5)2]
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qé donors
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.
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FIGURE 7.7. Schottky barrier in the conduction band £.(x) between a metal and n-GaAs. The

n-GaAs

neutral region

potential is parabolic with height ¥, and thickness d.
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Low dimensional structures

Praca domowa:

Prositbym o narysowanie funkcji Airy w przestrzeni nie w jednostkach niemianowanych,
ale metrycznych - czyli rysunek w nanometrach. Prosze przyjg¢ wartos¢ pola
elektrycznego dla dwdch przypadkdéw: taka, zeby zmiana o 20 nm zwiekszata potencjat o
250 meV, oraz zmiana o 20 nm zwiekszata potencjat o 100 meV. Prosze podaé wartosci
pola elektrycznego (w jednostkach SI). Obliczenia przeprowadzi¢ dla pasma
przewodnictwa i pasma walencyjnego GaAs (masy efektywne znajdziecie sami).

131
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Quantum harmonic oscillator

h? d? 1, 1 1
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FIGURE 4.4. Potential well V'(z2). energy levels, and wave fanctions of a harmonic oscillator. The
potential is generated by a magnetic field of 1T acting on electrons in GaAs.
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Quantum harmonic oscillator

h? d>? 1
2mdz?2 2

-————+ —ma)gzzl Y(z) = EY(2) €=7T— § =
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Quantum harmonic oscillator

i hZ d2 g

—%@ + ma)oz ]1/)(2) = EY(z) e = h_wo £ = m;)OZ
h* d? 1

_ me;:)o azz t 7MWy ]‘/’(5) = hwoe P(§)
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Quantum harmonic oscillator

[ 2 E mawg
_—%@+2ma) ]l/)() El/)() ngl_a)o § = TZ
i d> 1 5 d’ 2




Quantum harmonic oscillator

_—%;—;+ mwOZ]l/J(Z)—El/J(Z) 8=hiw0 §= m;)OZ

| o 2

B i —52]¢(5)= R d—€2—52]¢<f>=—2e¢<5>
Tozsamosci:

Kif_f)( )]1/)0(5)—( 260 + 1o ()

K%_f)<d€ f) (dg f)(——f)lwo(f)—zwo(a
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Quantum harmonic oscillator

h? d? E
—%@ + ma)oZ ]l/)(Z) = El/)(Z) € = h_a)o § = m;)OZ
i 21 ) 2 ,
-3 73 —¢ ]lp(g) = o ePpE) = d—fz—f ]l/)(f) = —2eY(§)
Tozsamosci:

d d
K_f_ E) <d_f+ f)] Yo(§) = (—2¢¢ + 1) ()

K%_f)<d€ f) (dg f)(——f)lwo(f)—zwo(s)

(—2&0 + 1) (E) — (f f)(_g—S()l/)o(f)—Zl/Jo(f)
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Quantum harmonic oscillator

h% d? 1
[—%@‘Fzm(l)%zzl l/)(Z) — El/)(Z) € = flf) § = m;)OZ
0
d d
(—2g9 + 1)y (&) — (d_€+ f) (d_f_ 5) Yo (&) = 29y (&)
d d d
(d_€+ f) <d_f_ f) PYo(&) = (—2¢9 — 1 )Yh(&) <d_§_ f)/---

d d d d
(d_f_ E) (d_€+ f) (d_g‘_ f)lpo(f) = (—2¢y — 1)<d_f_€> Yo ($)
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Quantum harmonic oscillator

h® d?> 1
[—%@+Emwgzzl¢(z) = EyY(2) £ = % §= m:OZ
0
d d
(—2&9 + 1) (§) — (d_f_l_ f) (d_f_ 5) Yo (&) = 2o(8)
d d d
(d—f‘l'f)(d_f—f)l/)o(f)=(—2€0—1)1/J0(f) <d_§_€>/'"
d d d d
(i) (i )G =€) o0 20— DG €)uato
d —
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d
d_f_f

(
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Quantum harmonic oscillator

h? d>?
[ 2m dz?

———+ ma)OZ ]1/)(2) = EY(z) €= — §= Z
(_f_ 5) Yo(€) = P (6) En=¢& +n

( at 5) Yo(§) = P_n(§) En =& — 1N

d
<—€ - s‘) Yo(&)|= 1 ($)

d
(_5_5)( €+g)¢1(§)_( 260 — 1)1 () = (=2e; + 1)y ()

g =& +1
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Quantum harmonic oscillator

2 g2
[—h—d— + %ma)gzzl Y(2) = EY(2) e=— &= z

2m dz?

(jg ) Yo =Yn®  Em=etn

( at s‘) o(§) = P_n(§)

We now choose 1, (&):
1/)—1(5) =0

( at f) ho(§) =9_1(§) =0

EZ
Po(§) =Ae 2
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z/nm

FIGURE 4.4, Potential well ¥(2). energy levels. and wave tunctions of a harmonic oscillator. The
potential is generated by a magnetic field of 1 T acting on electrons in GaAs.
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Quantum harmonic oscillator

2 g2
[—h—d— + %ma)gzzl Y(2) = EY(2) e=— &= z

2m dz?

d d _§? & ) =0 1
d—f—f Id_€+€ Ae 2|=(—25+1)Ae 2 =0 =25 t1l= = & =5

&n =N+

We now choose 1, (&):
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FIGURE 4.4, Potential well ¥(2). energy levels. and wave tunctions of a harmonic oscillator. The
potential is generated by a magnetic field of 1 T acting on electrons in GaAs.
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Quantum harmonic oscillator

hZ d2 1 E maw
S — — 2,2 = = — = 0
[ T g2 T 7MWz ]1/)(2) EY(z) £ heos 3 2
d d ¢ & _ _1
(d_f_€><d_f+€)Ae 2 =(-2¢6+1)Ae 2 =0 = 2<‘3o‘|‘1—0=>'<‘30—2
1
sn—n+§

1
E—n = h(l)o <n + E)

_ mawy _m(l)o 2
wn(z)—Aan( n z)exp( T z)

H,, - Hermite’s polynomials

~1/2
A, = (Z"n! n_h)
mw
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Quantum harmonic oscillator

a Pumpl Pump2 LETTERS Eilu;rgics

PUBLISHED ONLINE: 10 JANUARY 2012 | DOI: 10.1038/NPHY52182

Sculpting oscillators with light within a nonlinear
quantum fluid

G. Tosi"?, G. Christmann', N. G. Berloff?, P. Tsotsis*, T. Gao*®, Z. Hatzopoulos>®, P. G. Savvidis*®
and J. J. Baumberg'*

1.541

E(eV)
E(eV)
E(eV)

1.540

Nat. Phys. 8, 190, (2012)
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Quantum harmonic oscillator

Pump 1

Pump 2

=
[0}
B
]

Energy (eV)

]
o
>N
-t

2
o

x (um)

Figure 1| Spatially mapped polariton-condensate wavefunctions. a, Experimental scheme with two 1um-diameter pump spots separated by 20 um
focused on the planar microcavity. The effective potential V (red) produces multiple condensates (grey image shows ngyo =3 mode). b, Real-space
spectra along line between pump spots. ¢, Tomographic images of polariton emission (repulsive potential seen as dark circles around pump spots).

Labelled according to ngyp assigned from d. d, Extracted mode energies versus quantum number. e, Hermite-Gaussian fit of d/g,jg(x) to image
cross-section, dashed in c.

Nat. Phys. 8, 190, (2012)
2017-06-05

30



Coulomb potential in 2D




Coulomb potential in 2D |

Coulomb potential in 3D in the semiconductor of dielectric constant &,., effective mass m”*:

1

82

202 2ma? 2 4meyag

= 13.6eV

FIRST:
e? 1
V(ir) = - —
Ate, g T
Ry — e \° m h?
Y= 47T€0
Amreyh? .
apg = > =05A
mgpe
1
En = —Ryﬁ

En

ag =

i

2
drte,.egh

*

m

my

)

1

&

Ry

my

mye?

(

m*

1
n2

) = aus

m

m*

)
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Coulomb potential in 2D

Electric charge moving in a plane in Coulomb potential. NOTE: this is not Gauss law in 2D (for

which the relationship is like (In 7)) but the , hydrogen atom” trapped in 2D.
I

=7 = VR refoe)

X = rsing & = tan 1%, 0 € [0,2m]

y = reoso 0 d cosd d

Laplacian: o Sln¢$ r 5

G P PP 10 1 F %—cgsgu@%.
oz odyr  oar:  rodr  r?do?

Problem Hamiltonian in 2D:

2 2
(m%vﬂ +V)y(r) = -% (% + %% + rlza%) y(r) + V(ry(r) = Ey(r)
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Coulomb potential in 2D |

Electric charge moving in a plane in Coulomb potential

(Avivm = (L L2 L2y v = By
2 v 2\ rart e J02 v v v
2? 1o 19* 2
“5(@"‘ 3 r—gaT)g"' )w(r)—Ew(r) W(r) =R(r)®(0)
| e 2P
Angular momentum magnitude: L3, = 3%
- K
Angular momentum projection L. = MI%
2 (9 190 2 1 22 ,
19 2 R N i
R(r) (ar2+r8r+r+2E) R(r) B(0) Bq)ch(q)) m- (a number)

1
() = N

From physical reasons "¢ — om(0+27) thysm = 0,+1,+2,+3 ...

Jimd
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Coulomb potential in 2D

W(r) =R(r)®(0) Radial therm:

1 [ d? ld m: 2 R(P) — ER
2 rdrm + (r) = (r)

dr? r2

O! joj-joj-joj! (some substitutions, derivations nad equations):

pz |-"‘3F3|'|'_."""“'in |m|+j

nm =€
(P) j2lm| 1)

Finally:

Rt — e2 \V°’m* 1 e? _ (m"\Ry mg
Y= Ame ey ) 2h2 24neosra§_ my) €2 Ap = & (m*)
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Coulomb potential in 2D

W(r) =R(r)®(0) Radial therm:

d? ld m? 2 R(r) — ER
2\ 42 rdrmr2+ (r) = ER(r)

O! joj-joj-joj! (some substitutions, derivations nad equations):

P)=e T Y apll = o
nm
J=0 (2|m| + j)
Finally:
Ry* _ eZ 2 m* 1 62 _ m* ﬂ o mg
Ame,ey) 2h%? 2 4meyerag my) €2 ap = Apér (m*)
E = _ Ry* For Hydrogen Ry = 13.6 eV and ag = 0.053 nm
n = 2
1
(n B E) For GaAs semiconductor Ry* = 5 meV and ag = 10 nm
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Coulomb potential in 2D |

(===
=
Ingident photan

Finally:
Rt — e’ 2m"‘_l e (m"\Ry mo
Y= dme.gy) 2h% 24megeral  \mg) €2 Ap = & (%)
E = _ Ry* For Hydrogen Ry = 13.6 eV and ag = 0.053 nm
n - 2
1
(n B E) For GaAs semiconductor Ry* = 5 meV and ag = 10 nm
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Polaritons

Ingident photan

b) ) In-plane wave vector (10°cm”) o

http://www.stanford.edu/group/yamamotogroup/research/EP/EP_main.html
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Quantum wells — 2D, 1D, 0D




Low dimensional structures

lpkx,ky,n (x,y,2) = exp(ik,x) eXp(ikyY) un(z) = l/)k,n(r: z) = exp(ik - r) u,(2)

h2k?2 hzka, h2k?
En(kx, ky) =g, + Y + 7 E,(k) =¢,+ -
W E

3 mode

2"d mode

1st mode

Z
‘Z/.x

k. k,
Marc Baldo MIT OpenCourseWare Publication May 2011
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Low dimensional structures

The direct bandgap is required for optoelectronics 26 ¢

Eé"GaAS = 0.4105 + 0.6337x + 0.475x% eV @ 2.0K 20

hop = €ene — Enny, = -1:1 15 .%
2.2, 2 [ 1<
=EInGaAs+hT[n 1_|_1 — E‘l _<_é

7 2mpa® \m, my 210 18

“ it

2.2 2 ] ¢

— ElInGads 4 R mn 0S - §

9 2MoMpa? 13

0'ften - 4 &

=2

S

m, = (0.023 — 0.037x + 0.003x2)m, 00 02 04 06 08 1035
my, = (0.41 — 0.1x)m, Composition x o
E

2

TENSION! - You can not choose only the thickness, an important factor for quantum wells 3
and dots is the stress! E
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Low dimensional structures

The direct bandgap is required for optoelectronics 26 ¢
——-OAIP ’
24 | |
GaP
= —— Direct gap
—AIASN --- Indirect gap 2 .0
2.0
— €
> <
_AISb ar
1.6 -l:l 1.5 g
> Lo#as 4 3
e b - z
| m -
2 af : = =
) ' b4 1 0 1T o0
5 : c -
5 i T} 4 2
. | g
= 0.8 —GaSbh X - é
5 L i -
: , \ 05 138
: =
InAs | \ \ B 12
0.4 T = 4 £
Sb i \ \ [ 7 ) | . 12
Ins L 2t |l.o — <
0.0 8 JE EE 1 ? | I | EIE ;P Ivigal ln]Sl: 0'0 0'2 04 0'6 D'B 1'0 E
Ol by | A el | F P IS FREEE FUEE i S TS FETws N i | N S S | NN S N N ) e '(7,
54 5.5 5.6 57 5.8 59 6.0 6.1 6.2 6.3 6.4 Cnmpnsltlnn X 2
Lattice constant a;, (Angstroms) b.“:’
(<)
Fig. 12.6. Bandgap energy and lattice constant of various I1I-V semiconductors at room 2
» 3
temperature (adopted from Tien, 1988). 5 2
~
Lo (0.4105+0.6337x+0.475x2) S
E
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Low dimensional structures

Full Hamiltonian in our universe has three spatial dimensions (x,y,z,t) = (ﬁ, t)
hz - - -
- 3 7+ V) 9(R) = B4 (R)

For V(I_f) = V(z) we obtain:

h% [ 02 0% 0%
[_ 2m <0x2 T 0y? * 622) i V(Z)] peoy.2) =Bty z)

Along directions x and y we have uniform motion (ruch swobodny):
Y(x,y,z) = exp(ik,x) exp(ikyy) u(z)

We can show (on the blackboard!), that final eigenenergies of the potential V(z) are:
h? d? 21,2 p21,2
[——— + V(z)] u(z) = eu(z) c=F — hki hoky
2mdz? 2m 2m

131
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Low dimensional structures

l/)kx,ky,n (x,y,2) = exp(ik,x) eXp(ikyY) un(z) = l/Jk,n(r: z) = exp(ik - r) u,(2)

h2k2  h2k2 h2k?
En(kx, ky) =&, + om + om En(k) = &n —+ om
(a): (c} :
06 + - -
% €y
o KVN_?{;% ____________________
0.4 .

| " |

0 10 -1 0 1 0] 1
z/nm k/nm™} n(E)/ eV-1 nm2

FIGURE 4.7. (a) Potential well with energy levels, (b) total energy including the transverse kinetic
energy for each subband, and (c) steplike density of states of a quasi-two-dimensional system. The
example is an infinitely deep square well in GaAs of width 10 nm. The thin curve in {c) is the
parabolic densily of states for unconfined three-dimensional electrons.
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Low dimensional structures

l/)kx,ky,n (x,y,2) = exp(ik,x) eXp(ikyY) un(z) = lljk,n(r: z) = exp(ik - r) u,(2)

n2k? h%kZ h?k?
En(kx» ky) =é&n + me + Zmy En(k) = &, +

2m

continuum

-20 0 20 -1 0

z/nm £/ nm! 1

FIGURE 4.9. Quasi-two-dimensional system in a potential well of finite depth. Electrons with the
same total energy can be bound in the well (.4) or free ( 5).
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Finite potential well — square well

THE DIFFERENT mass in the well and in the barrier;

4,12. Finite square well of depth ¥y = | eV, width a = 5 nm along z, and effective
masses myw = 0.067 in the well and mg = 0.15 in the barrier.
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Low dimensional structures

Effective mass in the barrier mg and in the well my,

hz 2 - - -
g 7+ V()| () = Bu(
For separated wave functions: 1/)(13) = Ypn(r,z) = exp(ik - r) u,(2)

2

72 4 EW] W (&) = Ep(R)

zmo myy
2

Zmo mpg

7 + EB] W(R) = Fy(R)
We got (on the blackboard!):

[ h?  d? h2k?

_ E —
2mg myy, dz2 * 2mgy my, * W] un(2) = €Uy (2)

[ I h%k?

2m0 mpg dZZ T zm() mpeg B] un(Z) gun(Z)
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Low dimensional structures

The particle moves in the well which potential depends on k, in fact k = | k]|

h? d?

- zmo mW de un(Z) — gun(z)
h?  d?

- Zmo mB dZZ + Tl(Z) — gun(z)

o \Mp

R

= \Lp w) T o

The particle gains partially the effective mass of the barrier:
2k2 hzkz

2momyy n( )+ 2MoMesys

En(k) = en(k) +

1

energy of the bound state dependson k

1
myy,

E.g. in GaAs-AlGaAs heterostructure
mpg > my, thus the well gets ,shallow”

Merr = My Py + mpPp

[ 1

the probability of finding a particle
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Low dimensional structures

The particle moves in the well which potential depends on k, in fact k = | k]|

h? d?
- Zmo mW de un(z) — Sun(z)
[ h?  d?
- 2m0 mB dZZ + Tl(Z) — gun(z)

TR = (5 — Ey) + e (- 2
B B w Zmo me myy

TABLE 4.2 Decpendence on transverse wave vector k| of the energies of
the states bound in a well 5 nm wide and | eV deep, with effective mass mw =

0.067 inside the well and mp = 0.15 outside.

E.g. in GaAs-AlGaAs heterostructure
mpg > my, thus the well gets ,shallow”

h2k? h2k?
2momw 2moing
(nm~1) (eV) (eV) (eV) (V) (eV) (eV)

0.0 0.000 (.000 1000 0108 0446 (1.969  0.067
0.5 0.142 0.064 0.921  0.106 0435 0919 0.069
1.0 (L.570 (0,254 0.685 0.09% 0397 — 0.076

Vo(k) £l €2 £3 I off

k
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Low dimensional structures

The particle moves in the well which potential depends on k, in fact k = | k]|

2 2
R = eu

JhE

3 mode

} | 2" mode

[ f 1st mode
X

k, y
Marc Baldo MIT OpenCourseWare Publication May 2011
0.0 1.000 (.000 1.OK) 0108 0446 0.969  0.057
0.5 0.142 0.064 0921 0106 0435 0919 0.06Y
1.0 (L.570 00,254 0.685 009 0397 — 0.076
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Quantum wire |

Yipmn (%, 2) = U n (5, ) exp(ik,2) = albo np. = 1y (r, 6) exp(ik,2)

h2k§
2m

En(ky ky) = emn +

1-d: Quantum Wire +E
1 ' 39 mode
2"d mode
1st mode
L,
X »
y Lx “ >
kz

Marc Baldo MIT OpenCourseWare Publication May 2011
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Quantum wire

Yipmn (%, 2) = U n (5, ) exp(ik,2) = albo np. = 1y (r, 6) exp(ik,2)

h2k§
2m

En(ky ky) = emn +
Square quantum well 2D Ly Ly, infinite potential:

Vi,mn (Y, 2) = umn(x,y) exp(ik,z) = exp(ik,x) exp(ik,y) exp(ik,z)

With boundary conditions Lyk,, = n,m and Ly k, = n,m (dicrete spectrum)

1-d: Quantum Wire WE
. | | 3rd mode
_ 1 _ 2nd mode
i 1st mode
X >
z
y L, « 4

z

Marc Baldo MIT OpenCourseWare Publication May 2011

2017-06-05




Quantum wire

Marc Baldo MIT OpenCourseWare Publication May 2011

Fig. 2.13. The first four modes of the quantum wire. Since in this example, L, > L, the
ny = 2, n,= 1 mode has lower energy than the n, = 1, n, = 2 mode.
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Quantum wire |

Rectangular wire (a X b) — solutions like: h2m? (n?C nf,)

_|_
Ly L

http://wn.com/2d_and_3d_standing_wave
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Quantum wells 2D and‘3D

Rectangular wire (a X b) — solutions like:
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Quantum wells 2D and 3D

Cylindrical well (with infinite walls) 9h2
---------- V 0 + zmrz
hz az+1a+1 9 V) wir0) = Eur, 6)
arz2 " ror r2902  ° Y 0) = Eylr,
Y(r,0) = u(r) exp(ilf) ,
the depth of the potential depends on [? Vs + 4h
2 2 T e 0 2mr2
h d N 10 N h°l 4 (") = Eu(r)
2m\or2 ror omr2 oM T EUT 72
_____ Vo +
: . . . e 2mr?
What gives solutions in the form Bessel functions ey
0
d’u  du , 2 1 1
2 _ k 2 l2 =0 ~ | —_ - — —
T +rd + [(kr) Ju J,(kr) . C0S (kr zln 47T>
k =.2m(E —Vy)/h
2 .
h ]l,n Zeros of the Besseel function are j; ,,

Gri (1) °<]z( )exp(zl@) e =5
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Cylindrical well

low temperature scanning tunneling
microscope (STM)

aden 1bm.com/vis/stm/corral. htriL et

=
o
‘
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Quantum wells 2D and'3D

. . 48 Atom Ring
Cylindrical well 001V

—

Height (A)

low temperature scanning tunneling
microscope (STM)

http: [/www.almadentbm.com/vis/stm/corral. ht Skl
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Quantum wells 2D and 3D

Lidditdtidtiti

STEFEEFFEFEFFFYY
-

http://www.almaden.ibm.com/vis/stm/images/stm17.jpg
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