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Crystalography

Maximal value of the intensity

෍

𝑛1

𝑒−𝑖Δ𝑘 𝑛1 Ԧ𝑡1 ෍

𝑛2

𝑒−𝑖Δ𝑘 𝑛2 Ԧ𝑡2 ෍

𝑛3

𝑒−𝑖Δ𝑘 𝑛3 Ԧ𝑡3

When 𝑒−𝑖Δ𝑘 𝑛1 Ԧ𝑡1 = 1

Δ𝑘Ԧ𝑡1 = 2𝜋ℎ

Δ𝑘Ԧ𝑡2 = 2𝜋𝑘

Δ𝑘Ԧ𝑡3 = 2𝜋𝑙

Laue conditions

Δ𝑘 ≡ 𝐺 = ℎ Ԧ𝑔1 + 𝑘 Ԧ𝑔2 + 𝑙 Ԧ𝑔3 Ԧ𝑔𝑖 Ԧ𝑡𝑗 = 2𝜋𝛿𝑖𝑗

Ԧ𝑔𝑖 =
2𝜋

𝑎𝑖
Ԧ𝑔𝑖 = 2𝜋

Ԧ𝑡𝑗 × Ԧ𝑡𝑘
Ԧ𝑡𝑖 Ԧ𝑡𝑗 × Ԧ𝑡𝑘

Structure factor 𝑆𝐺 𝑆𝐺 = න
𝑐𝑒𝑙𝑙

𝑑𝑉𝜌 𝑅 𝑒−𝑖 Ԧ𝐺𝑅

reciprocal lattice

𝑇 = 𝑛1 Ԧ𝑡1 + 𝑛2Ԧ𝑡2 + 𝑛3 Ԧ𝑡3



The chemical bond in metals, formed by the electrodynamic interaction between the positively 
charged atom cores, which are located in nodes of the lattice, and negatively charged plasma 
electrons (delocalized electrons, electron gas). Similar to a covalent bond, but electrons forming 
a bond are common to a large number of atoms.
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Types of chemical bonds
Metalic bonding
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Electrons in crystal
Metalic bonding
• Strict mathematical description is impossible – these systems are too complicated, 
(typically 1 cm3 → 2,2×1022 atoms (GaAs)).
• Nuclei + closed electrons shells→ atomic cores or ions
• Valence electrons - relatively weakly bound
• As a result of interaction electrons  detach from the parent core and move almost freely 
throughout the crystal volume.

• Crystal bound through electrostatic 
interaction between negative cloud of 
electrons and positive ions.

Features:
a) high electrical conductivity
b) ductility (ciągliwość) ↔ Hardening 
(hartowanie) 



The wave in the media (different):

Lorentz model

Emission spectrum

Plasma waves

Classical theory for the index of refraction 
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𝑑2 Ԧ𝑥

𝑑𝑡2
+ 𝛾

𝑑 Ԧ𝑥

𝑑𝑡
+ 𝜔0

2 Ԧ𝑥 =
𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡

𝑑2 Ԧ𝑥

𝑑𝑡2
+ 𝛾

𝑑 Ԧ𝑥

𝑑𝑡
+ 𝜔0

2 Ԧ𝑥 = 0

𝑑2 Ԧ𝑥

𝑑𝑡2
+ 0 + 0 =

𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡

the steady state solution:

Ԧ𝑥 𝑡 = Ԧ𝑥0𝑒
𝑖𝜔𝑡



Plasma waves

Classical theory for the index of refraction 
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𝑑2 Ԧ𝑥

𝑑𝑡2
+ 0 + 0 =

𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡

Free carriers: Ԧ𝑗 = 𝜎 𝐸

• ionized gases (eg. in gas lamps, ionosphere in the atmospheres of stars and planets), 
• plasma,
• plasma in a solid - the gas free carriers in metals or semiconductors,
• liquids - as electrolytes or molten conductors.

−𝑘 𝐸0𝑘 + 𝑘2𝐸0 =
𝜔2

𝑐2
𝜀𝐿 −

𝑁𝑞2

𝜀0𝑚𝜔
2 𝐸

the steady state solution:

Ԧ𝑥 𝑡 = Ԧ𝑥0𝑒
𝑖𝜔𝑡



Plasma waves

Plasma waves
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𝑑2 Ԧ𝑥

𝑑𝑡2
+ 0 + 0 =

𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡

−𝑘 𝐸0𝑘 + 𝑘2𝐸0 = −
𝜔2

𝑐2
𝜀𝐿 −

𝑁𝑞2

𝜀0𝑚𝜔
2 𝐸

Longitudinal wave (fala podłużna): 𝑘 ∥ 𝐸

The transverse wave (fala poprzeczna): 𝑘 ⊥ 𝐸

𝜔𝑝
2 =

𝑁𝑞2

𝜀0𝜀𝐿𝑚−𝑘 𝐸0𝑘 + 𝑘2𝐸0 = 0

−𝑘 𝐸0𝑘 + 𝑘2𝐸0 =
𝜔2

𝑐2
𝜀𝐿 1 −

𝜔𝑝
2

𝜔2 𝐸 =
𝜔2

𝑐2
𝜀𝐿𝜀 𝜔 𝑅 =

𝑛 − 1

𝑛 + 1

2

=
𝜀 𝜔 − 1

𝜀 𝜔 + 1

2

the steady state solution:

Ԧ𝑥 𝑡 = Ԧ𝑥0𝑒
𝑖𝜔𝑡



Plasma waves
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𝜔𝑝
2 =
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𝜀0𝜀𝐿𝑚−𝑘 𝐸0𝑘 + 𝑘2𝐸0 = 0

𝑅 =
𝑛 − 1

𝑛 + 1

2

=
𝜀 𝜔 − 1

𝜀 𝜔 + 1

2

−𝑘 𝐸0𝑘 + 𝑘2𝐸0 =
𝜔2

𝑐2
𝜀𝐿 1 −

𝜔𝑝
2

𝜔2 𝐸 =
𝜔2

𝑐2
𝜀𝐿𝜀 𝜔

𝑅 =
෤𝑛 − 1

෤𝑛 + 1

2

=
𝑛 − 1 2 + 𝜅2

𝑛 + 1 2 + 𝜅2
(with damping)



Plasma waves
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𝑅 =
𝑛 − 1

𝑛 + 1

2

=
𝜀 𝜔 − 1

𝜀 𝜔 + 1

2

𝑑2 Ԧ𝑥

𝑑𝑡2
+ 0 + 0 =

𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡



Plasma waves
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𝑅 =
𝑛 − 1

𝑛 + 1

2

=
𝜀 𝜔 − 1

𝜀 𝜔 + 1

2

𝑑2 Ԧ𝑥

𝑑𝑡2
+ 0 + 0 =

𝑞

𝑚
𝐸𝑒𝑖𝜔𝑡



The classical model of electrical conduction
Electrical conductivity of plasma:

Drude model. Model of the conductivity of metals proposed by 
Drude approx. 1900, soon after the discovery of the electron.Paul Karl Ludwig Drude

1863-1906

After switching off the electric field Ԧ𝑣
returns to thermal velocity (exponentially: t)

Current density:

tvD


S

For the stationary case: Mobility:

Drift velocity
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Ԧ𝑗 =
1

𝑆

Δ𝑄

Δ𝑡
=
1

𝑆

Δ −𝑒𝑛𝑉

Δ𝑡
=
𝑛𝑒

𝑆

𝑆 Ԧ𝑣𝐷Δ𝑡

Δ𝑡

Ԧ𝑗 = −𝑒𝑛 Ԧ𝑣𝐷

Ԧ𝑣𝐷 = Ԧ𝑣 − Ԧ𝑣𝑡ℎ𝑒𝑟𝑚

𝑚
𝑑 Ԧ𝑣

𝑑𝑡
+
𝑚

𝜏
Ԧ𝑣𝐷 = −𝑒𝐸

𝑑 Ԧ𝑣

𝑑𝑡
= 0 ⇒ Ԧ𝑣𝐷 = −

𝑒𝜏

𝑚
𝐸 𝜇 =

𝑒𝜏

𝑚



S

How can we calculate the average speed of electrons?
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The classical model of electrical conduction
Electrical conductivity of plasma:

Paul Karl Ludwig Drude
1863-1906

Current density:

tvD


Drift velocity

Ԧ𝑗 =
1

𝑆

Δ𝑄

Δ𝑡
=
1

𝑆

Δ −𝑒𝑛𝑉

Δ𝑡
=
𝑛𝑒

𝑆

𝑆 Ԧ𝑣𝐷Δ𝑡

Δ𝑡

Ԧ𝑗 = −𝑒𝑛 Ԧ𝑣𝐷

Ԧ𝑣𝐷 = Ԧ𝑣 − Ԧ𝑣𝑡ℎ𝑒𝑟𝑚

𝜎 = 𝑛𝑒𝜇 =
𝑛𝑒2

𝑚
𝜏 ≈

𝑛𝑒2

𝑚

𝑙

𝑣
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Arnold Johannes 
Wilhelm Sommerfeld 

(1868 –1951) 

Drude: Ideal gas, Boltzman distribution

𝑣 =
3𝑘𝐵𝑇

𝑚
= …300𝐾… = 1,2 ⋅ 105

𝑚

𝑠

1

2
𝑚 𝑣 2 =

3

2
𝑘𝐵𝑇

Sommerfeld: degenerated Fermi gas (Fermi-Dirac distribution): 

𝑣 =
2𝐸𝐹
𝑚

= 1,6 ⋅ 106
𝑚

𝑠
𝑙 ≈ 40 𝑛𝑚

The classical model of electrical conduction
Electrical conductivity of plasma:

Paul Karl Ludwig Drude
1863-1906

How can we calculate the average speed of electrons?

Pure metals at T = 300 K  𝑙  5 × 10-6 m, 
at T = 4 K  𝑙 1cm
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Wiedemann-Franz law: the ratio of the thermal 
conductivity 𝜅 and electrical conductivity 𝜎 in any 
metal is directly proportional to the temperature 
(𝐿 - constant Lorentz)

𝜅

𝜎
= 𝐿𝑇

𝐿𝐷𝑟𝑢𝑑𝑒 =
3

2

𝑘𝐵
𝑒

2

= 1,11 ⋅ 10−8
𝑊Ω

𝐾2

𝐿𝑆𝑜𝑚𝑚𝑒𝑟𝑓𝑒𝑙𝑑 =
𝜋2

3

𝑘𝐵
𝑒

2

= 2,44 ⋅ 10−8
𝑊Ω

𝐾2

Ch. Kittel

Better result!

The classical model of electrical conduction



Theoretical description of condensed matter

Full non-relativistic Hamiltonian of the system of nuclei and electrons:

𝐻 Ԧ𝑟, 𝑅 Ψ Ԧ𝑟, 𝑅 = 𝐸Ψ Ԧ𝑟, 𝑅

𝐻 Ԧ𝑟, 𝑅

= −
ℏ2

2𝑚
෍

𝑖

𝛻𝑖
2 − ෍

𝑁

ℏ2

2𝑀𝑁
𝛻𝑁
2 − −

1

4𝜋𝜀0
෍

𝑁,𝑖

𝑍𝑁𝑒
2

Ԧ𝑟𝑖 − 𝑅𝑁
+

+
1

4𝜋𝜀0
෍

𝑁<𝐾

𝑍𝑁𝑍𝐾𝑒
2

𝑅𝑁 − 𝑅𝐾
+

1

4𝜋𝜀0
෍

𝑖<𝑗

𝑒2

Ԧ𝑟𝑖 − Ԧ𝑟𝑗
=

= ෠𝑇𝑒 + ෠𝑇𝑁 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 + 𝐺 𝑅

Electron and nuclear (ions) subsystems coordinates are intermixed, separation of electronic and 
nuclear variables is impossible

Assumption: motion of atomic nuclei and electrons in a molecule can be separated
Born-Oppenheimer adiabatic approximation
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Born – Oppenheimer approximation



LCAO method
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The solution of the equation of electron states requires numerical methods

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = ෠𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

One of methods: LCAO-MO with Hartree-Fock approximation – self-consistent field method 
(iterative method), 𝑛-electron wave function  as Slater determinant, trivially satisfies the 
antisymmetric property of the exact solution: 

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … =

1

𝑛!

𝜑1
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑1
𝑠𝑝

Ԧ𝑟2, 𝑠2

𝜑2
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑2
𝑠𝑝

Ԧ𝑟2, 𝑠2

… 𝜑1
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

… 𝜑2
𝑠𝑝

Ԧ𝑟𝑛, 𝑠2
… …

𝜑𝑛
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑𝑛
𝑠𝑝

Ԧ𝑟2, 𝑠2
…

… 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

Each of the single-electron spin-orbital 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 must be different – two spin-orbital can for 
instance share the same orbital function, but then theirs spins are different

𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 = 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
0
1

or 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
1
0

Theoretical description of condensed matter



DFT method
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Theoretical description of condensed matter



Theoretical description of condensed matter

Hartree approximation (one-electron)
Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … = 𝜑1 Ԧ𝑟1 ⋅ 𝜑2 Ԧ𝑟2 ⋅ 𝜑3 Ԧ𝑟3 ⋅ … ⋅ 𝜑𝑛 Ԧ𝑟𝑛

We assume that an average potential from other ions and electrons acts on each electron:

෍

𝑖

𝑝𝑖
2

2𝑚
+෍

𝑖

𝑉𝑖 Ԧ𝑟𝑖 Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … = 𝐸𝑡𝑜𝑡

𝑘 Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, …

Thus

𝑝𝑖
2

2𝑚
+ 𝑉𝑖 Ԧ𝑟𝑖 𝜑𝑖 Ԧ𝑟𝑖 = 𝐸𝑖𝜑𝑖 Ԧ𝑟𝑖

If every potential is the same 𝑉1 Ԧ𝑟1 ≈ 𝑉2 Ԧ𝑟2 ≈ ⋯ ≈ 𝑉𝑛 Ԧ𝑟𝑛 ≈ 𝑉 Ԧ𝑟 we get
One-electron Schrödinger equation: 

𝑝2

2𝑚
+ 𝑉 Ԧ𝑟 𝜑𝑖 Ԧ𝑟𝑖 = 𝐸𝑖𝜑𝑖 Ԧ𝑟𝑖

This time 𝑖 is the set of quantum numbers of one-electron quantum states 𝜑𝑖 Ԧ𝑟𝑖 of energies 𝐸𝑖. 
One-electron states are subject to the Pauli exclusion principle. 
A significant change in the number of electrons in a given band, leads to the change of  𝑉 Ԧ𝑟
and of the one –particle spectra! (for instance energy gap renormalization ) 

෍

𝑖

𝐸𝑖 = 𝐸𝑡𝑜𝑡
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Bloch theorem
Assumptions:
Motionless atoms, crystal (periodic) lattice .
One-electron Hartree approximation

„One-electron” Schrödinger equation

Effective potential, periodic potential of the crystal lattice, the same for all electrons.

Self-consistent field method – the multi-electron issue is 
reduced to the solution of one-electron problem in a potential 
of all other electrons and atoms

or Hartree-Fock approximation (Slater determinant).

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … = 𝜑1 Ԧ𝑟1 ⋅ 𝜑2 Ԧ𝑟2 ⋅ 𝜑3 Ԧ𝑟3 ⋅ … ⋅ 𝜑𝑛 Ԧ𝑟𝑛

𝑝2

2𝑚
+ 𝑉 Ԧ𝑟 𝜑𝑛 Ԧ𝑟𝑛 = 𝐸𝑛𝜑𝑛 Ԧ𝑟𝑛

𝑉 Ԧ𝑟 = 𝑉 Ԧ𝑟 + 𝑅

Periodic potential
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Bloch theorem

𝑝2

2𝑚
+ 𝑉 Ԧ𝑟 𝜓𝑛 Ԧ𝑟𝑛 = 𝐸𝑛𝜓𝑛 Ԧ𝑟𝑛

𝑉 Ԧ𝑟 = 𝑉 Ԧ𝑟 + 𝑅

Periodic potential

For every periodic potential

The solutions of the Schrodinger equation:

have a form:

The solution of the one-electron Schrödinger equation for a periodic potential has a form of 
modulated plane wave:

𝑢𝑛,𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘 Ԧ𝑟 + 𝑅

𝜓𝑛,𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Bloch wave,
Bloch function

Bloch amplitude,
Bloch envelope
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Bloch theorem
Proof:

෠𝑇𝑅 𝑓 Ԧ𝑟 = 𝑓 Ԧ𝑟 + 𝑅

Periodic potential

Translation operator ෠𝑇𝑅

Perodic potential of the crystal lattice: ෠𝑇𝑅 𝑉 Ԧ𝑟 = 𝑉 Ԧ𝑟 + 𝑅

Hamiltonian with periodic potential

෠𝑇𝑅
෡𝐻 Ԧ𝑟 𝜓 Ԧ𝑟 = ෡𝐻 Ԧ𝑟 + 𝑅 𝜓 Ԧ𝑟 + 𝑅 = ෡𝐻 Ԧ𝑟 𝜓 Ԧ𝑟 + 𝑅 = ෡𝐻 Ԧ𝑟 ෠𝑇𝑅 𝜓 Ԧ𝑟

operators are commutative!
෠𝑇𝑅
෠𝑇𝑅′𝜓 Ԧ𝑟 = 𝜓 Ԧ𝑟 + 𝑅 + 𝑅′ = ෠𝑇𝑅′

෠𝑇𝑅𝜓 Ԧ𝑟

Eigenfunctions 𝜓𝑛,𝑘 Ԧ𝑟 of the translation operator ෠𝑇𝑅:

෠𝑇𝑅𝜓𝑛,𝑘 Ԧ𝑟 = 𝐶 𝑅 𝜓𝑛,𝑘 Ԧ𝑟 = 𝑒𝑖𝑓 𝑅 𝜓𝑛,𝑘 Ԧ𝑟 𝐶 𝑅
2
= 1

𝑓 𝑅 + 𝑅′ = 𝑓 𝑅 + 𝑓 𝑅′where

𝑓 0 = 0 ⇒ 𝑓 𝑅 = 𝑘𝑅
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Bloch theorem
Proof:

෠𝑇𝑅 𝑓 Ԧ𝑟 = 𝑓 Ԧ𝑟 + 𝑅

Periodic potential

Translation operator ෠𝑇𝑅

𝑢𝑛,𝑘 = 𝜓𝑛,𝑘 Ԧ𝑟 𝑒−𝑖𝑘 Ԧ𝑟

We denote our eigenfunction 𝜓𝑛,𝑘 Ԧ𝑟 where 𝑛 distinguishes the 

different functions of the same 𝑘. Let us define:

The eigenstates of the electron in a periodic potential are characterized by two quantum 

numbers 𝑘 and 𝑛

Thus:

periodic function

𝑘 – wave vector
n – describes the energy bands (for a moment!)

෠𝑇𝑅 𝑢𝑛,𝑘 = ෠𝑇𝑅 𝜓𝑛,𝑘 Ԧ𝑟 𝑒−𝑖𝑘 Ԧ𝑟 = 𝑒𝑖𝑘𝑅𝜓𝑛,𝑘 Ԧ𝑟 𝑒−𝑖𝑘 Ԧ𝑟+𝑅 = 𝜓𝑛,𝑘 Ԧ𝑟 𝑒−𝑖𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘

Eigenfunctions 𝜓𝑛,𝑘 Ԧ𝑟 of the operator ෠𝑇𝑅

෠𝑇𝑅𝜓 Ԧ𝑟 = 𝐶 𝑅 𝜓𝑛,𝑘 Ԧ𝑟 = 𝑒𝑖𝑘𝑅𝜓𝑛,𝑘 Ԧ𝑟

𝜓𝑛,𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘𝑒
𝑖𝑘 Ԧ𝑟
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Bloch theorem
Bloch function:

Periodic potential

Momentum operator Ƹ𝑝 = −𝑖ℏ𝛻 we get:    Ƹ𝑝𝜓𝑛,𝑘 Ԧ𝑟 = ℏ𝑘 𝜓𝑛,𝑘 Ԧ𝑟

Example:
Motion of the electron in a constant potential

The solutions of the Schrödinger equation are eigenfunctions of the momentum operator Ƹ𝑝. The 

momentum is well defined, the eigenvalues of the operator are ℏ𝑘 (the physical meaning of the 

wave vector 𝑘)

෡𝐻 =
Ƹ𝑝2

2𝑚
+ 𝑉 = −

ℏ2

2𝑚
Δ + 𝑉

𝜓𝑛,𝑘 Ԧ𝑟 = 𝑒𝑖𝑘 Ԧ𝑟

𝜓𝑛,𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Bloch wave,
Bloch function

Bloch amplitude,
Bloch envelope

⇒ 𝐸 = −
ℏ2𝑘2

2𝑚
+ 𝑉
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Bloch theorem
Bloch function:

Periodic potential

Example:
Motion of the electron in a periodic potential

𝜓𝑛,𝑘 Ԧ𝑟 = 𝑢𝑛,𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Bloch wave,
Bloch function

Bloch amplitude,
Bloch envelope

𝑉 Ԧ𝑟 = 𝑉 Ԧ𝑟 + 𝑅

𝑉 Ԧ𝑟 =෍

Ԧ𝐺

𝑉Ԧ𝐺 exp 𝑖 Ԧ𝐺 Ԧ𝑟

the Fourier series expansion
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Crystal lattice:

𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2 + 𝑛3 Ԧ𝑎3, 𝑛𝑖 ∈ ℤ

For periodic  functions with the lattice period 𝑅

𝑓 Ԧ𝑟 = 𝑓 Ԧ𝑟 + 𝑅 a good base in the Fourier series 

expansion are functions 𝑔 Ԧ𝑟 = exp 𝑖 Ԧ𝐺 Ԧ𝑟 which depend 

on the reciprocal lattice vectors:
Ԧ𝐺 = 𝑚1 Ԧ𝑎1

∗ +𝑚2 Ԧ𝑎2
∗ +𝑚3 Ԧ𝑎3

∗ , 𝑚𝑖 ∈ ℤ

exp 𝑖 Ԧ𝐺 Ԧ𝑟 + 𝑅 =

= exp 𝑖 Ԧ𝐺 Ԧ𝑟 ⋅ exp 𝑖 Ԧ𝐺𝑅 = exp 𝑖 Ԧ𝐺 Ԧ𝑟 exp 2𝜋 𝑛1𝑚1 + 𝑛2𝑚2 + 𝑛3𝑚3 =exp 𝑖 Ԧ𝐺 Ԧ𝑟

therefore 𝑔 Ԧ𝑟 = 𝑔 Ԧ𝑟 + 𝑅 and finally we get:

𝑉 Ԧ𝑟 =෍

Ԧ𝐺

𝑉Ԧ𝐺 exp 𝑖 Ԧ𝐺 Ԧ𝑟

Ԧ𝑎𝑖 Ԧ𝑎𝑗
∗ = 2𝜋𝛿𝑖𝑗

Bloch theorem

Periodic potential
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Periodic potenetial we can expand as a Fourier series:

𝑉 Ԧ𝑟 =෍

Ԧ𝐺

𝑉Ԧ𝐺 exp 𝑖 Ԧ𝐺 Ԧ𝑟

The wavefunction can be represented as a sum of plane 
waves of different wavelengths satisfying periodic boundary 
conditions :

𝜑 Ԧ𝑟 =෍

𝑘

𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟

Schrödinger equation: 

Ƹ𝑝2

2𝑚
+ 𝑉 Ԧ𝑟 𝜑 Ԧ𝑟 = 𝐸 𝜑 Ԧ𝑟

෍

𝑘

ℏ2𝑘2

2𝑚
𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟 +෍

𝑘, Ԧ𝐺

𝐶𝑘 𝑉Ԧ𝐺 exp 𝑖 𝑘 + Ԧ𝐺 Ԧ𝑟 = 𝐸෍

𝑘

𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟

This is an equation for 𝐸 and 𝐶𝑘 for all vectors 𝑘, Ԧ𝑟 and Ԧ𝐺. 

Bloch theorem

Periodic potential

See also: Ibach, Luth „Solid State Physics”
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෍

𝑘

ℏ2𝑘2

2𝑚
𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟 +෍

𝑘, Ԧ𝐺

𝐶𝑘 𝑉Ԧ𝐺 exp 𝑖 𝑘 + Ԧ𝐺 Ԧ𝑟 = 𝐸෍

𝑘

𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟

We get Schrödinger equation in a form:

෍

𝑘

exp 𝑖𝑘 Ԧ𝑟
ℏ2𝑘2

2𝑚
− 𝐸 𝐶𝑘 +෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺𝑉Ԧ𝐺 = 0

That must be met for each vector Ԧ𝑟.

The sum is over all 𝑘, Ԧ𝐺 ,therefore:

෍

𝑘, Ԧ𝐺

𝐶𝑘 𝑉Ԧ𝐺 exp 𝑖 𝑘 + Ԧ𝐺 Ԧ𝑟 = … 𝑘 + Ԧ𝐺 → 𝑘…

=෍

𝑘, Ԧ𝐺

𝐶𝑘− Ԧ𝐺 𝑉Ԧ𝐺 exp 𝑖𝑘 Ԧ𝑟

Bloch theorem

Periodic potential



2016-01-25 30

෍

𝑘

exp 𝑖𝑘 Ԧ𝑟
ℏ2𝑘2

2𝑚
− 𝐸 𝐶𝑘 +෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺𝑉Ԧ𝐺 = 0

for each vector Ԧ𝑟.

Thus, for each vector 𝑘 we got equation for coefficients 𝐶𝑘
and 𝐸:

ℏ2𝑘2

2𝑚
− 𝐸 𝐶𝑘 +෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺𝑉Ԧ𝐺 = 0

In this equation for 𝐶𝑘 also coefficients shifted by Ԧ𝐺 like 𝐶𝑘− Ԧ𝐺1
, 𝐶𝑘− Ԧ𝐺2

, 𝐶𝑘− Ԧ𝐺3
appear 

(but others do not, even when we started for any 𝑘!).

This equation couples those expansion coefficients  𝜑 Ԧ𝑟 = σ
𝑘
𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟 , whose 𝑘 - values 

differ from one another by a reciprocal lattice vector Ԧ𝐺.
𝐶𝑘1
𝐶𝑘2
𝐶𝑘2
…
𝐶𝑘𝑛Try to plot the mattrix of this equation

Bloch theorem

Periodic potential
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ℏ2𝑘2

2𝑚
− 𝐸 𝐶𝑘 +෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺𝑉Ԧ𝐺 = 0

We do not need to solve these equations for all vectors Ԧ𝐺 –
we can find a solution in one unit cell of the reciprocal lattice  
and copy it 𝑁 times (𝑁 – number of unit cells)! 

Thus we can find eigenvalues 𝐸 → 𝐸𝑘 → 𝐸 𝑘 corresponding 

to the wave-function 𝜑𝑘 Ԧ𝑟 represented as a superposition of 

plane waves whose wave vectors 𝑘 differ only by reciprocal 

lattice vectors Ԧ𝐺.

Wave vector 𝑘 is a good quantum number  according to which the energy eigenvalues and 
quantum states may be indexed. Thus the function 𝜑 Ԧ𝑟 is the superposition of  𝜑𝑘 Ԧ𝑟 of 

energies 𝐸 𝑘

𝜑 Ԧ𝑟 =෍

𝑘

𝐶𝑘 exp 𝑖𝑘 Ԧ𝑟 = ⋯ =෍

𝑘

𝜑𝑘 Ԧ𝑟

(later on we introduce coefficient 𝑛 for different solutions of 𝐸𝑘 corresponding to the same 𝑘)

Bloch theorem

Periodic potential
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Wave-function which is the solution of the Schrodinger 
equation 𝜑𝑘 Ԧ𝑟 is represented as a superposition of plane 

waves whose wave vectors 𝑘 differ only by reciprocal lattice 

vectors Ԧ𝐺 and it has energies 𝐸𝑘 = 𝐸 𝑘 :

𝜑𝑘 Ԧ𝑟 =෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺 exp 𝑖 𝑘 − Ԧ𝐺 Ԧ𝑟

Each vector 𝑘 − Ԧ𝐺 can enumerate states; it is convenient to 
choose the shortest vector (which belongs to the first 
Brillouin zone).

𝜑𝑘 Ԧ𝑟 =෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺 𝑒
𝑖 𝑘− Ԧ𝐺 Ԧ𝑟 =෍

Ԧ𝐺

𝐶𝑘− Ԧ𝐺 𝑒
−𝑖 Ԧ𝐺 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟 = 𝑢𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

The function 𝑢𝑘 Ԧ𝑟 is a Fourier series over reciprocal lattice points Ԧ𝐺, and thus has the 

periodicity of the lattice.

Bloch theorem

Periodic potential
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Bloch theorem

Periodic potential

𝑘1 − 𝑘2 = Ԧ𝐺

𝜑𝑘 Ԧ𝑟 = 𝑢𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Bloch waves whose wave 
vectors differ by a reciprocal 
lattice vector are IDENTICAL!


