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Periodic potential

Bloch theorem

Przyktad:
Electron motion in a periodic potential.

V(r) = Z Va exp(iﬁ?)
G

The solution is:

V2 (@) = u, 2 () ™"

Thus (see: Ibach, Luth Solid-State Physics): \
L
: y

17 = ) Cp_gei®

=y

G
If our crystal has a finite size set of vectors k is finite (though enormous!). for instance, we can

assume periodic boundary conditions and then:

- 2t 4w 6m 21n;
klzo)i )i ;i ;---;i
Ly = Ly 7 L; L
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Density of states

Density Of states Number of states per unit energy p™P (E) depends on the dimension

If our crystal has a finite size the set of k —vectors is finite (though enormous!).
For example: we can assume periodic boundary conditions and then:

Born- von Karman boundary conditions =
. —> — . —> l
Finite size of the crystal L, L,, L, Yo =u,z () e

Y, % — the Bloch function

Yorx+Ly)= ¢z Xy+L.)= ¢ Xy z+L)

LZ
etfalz =1 2 o4 21 N 41 2mn;
elkyLy — | A ) — Li ) — Li ) meny 1 Ll v
eikZLz -1

Number of = =
2 2 2 3
states in the L7T X Ln X 1 (Zn)
X

L
volume V y z
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Density of states

Density Of states Number of states per unit energy p™ (E) depends on the dimension

If our crystal has a finite size the set of k —vectors is finite (though enormous!).
For example: we can assume periodic boundary conditions and then:

The density of states in k-space of
n dimension (and the unite volume)

1 3
nD
i =2 —
Case 3D: Pk (2n>
2
1
nD __
Case 2D: Pr = (_Zn)

1 1
nD _ o[
Case 1D: P (271)

Number of = T 21 y T (27T)3

states in the X
L L
volume V x
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Properties of Bloch function

Bloch theorem
Bloch functions whose wave vectors differ by a reciprocal lattice vector, are the same!

O EREA G G = hg, + kg, + 173

Proof:
Vg @ = U560 el (K+OT = Z C(k +G—G )e_lG T lHOT = ..
= z C(k ”)e_‘G” Pl — Yo7 )
What about energies? )
<2p—0 + V(T)> W,z () = E(n, k) V%)

my

22
(p— + v(f)) Yoire@® = E(nk +G) Y560
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Properties of Bloch function

Bloch theorem
Bloch functions whose wave vectors differ by a reciprocal lattice vector, are the same!

N OEREAC G = hg, + kg, + 173

Proof:
Vpiad (@ =u 2,60 elk+O)T  — z C(I_c> +G— 5')6_lG’T el(k+G)T —
Gr - 2N il i\ N
= z Ck—=G")e™'07 ! = o = (7)
G_)II
What about energies? ,
p - - g -
(ﬁ + VG‘)) Yor(@) =E (n, k) Yz ()
0

Zmo

=2
(p_ + V(F)> Yoiee@® = E(uk +G) ¥,7,6@
= E(n,l_é) = E(n,l_é + 5)

Energy eigenvalues are a periodic function of k (wave vectors of Bloch function).
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Properties of Bloch function A

The nearly free-electron approximation

Energy of the plane wave in empty space as the function of wave vector:

LALSENENINENENEN G
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Periodic potential

The nearly free-electron approximation

Energy of the plane wave in empty space as the function of wave vector:

Rz R(R+G)
- 2m

LALSENENINENENEN G
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Periodic potential

The nearly free-electron approximation

Energy of the plane wave in empty space as the function of wave vector:

Rz R(R+G)
- 2m

I I I I I I -
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Periodic potential

The nearly free-electron approximation

Energy of the plane wave in empty space as the function of wave vector:

L2 R2(k+G)
2m

Reduced Brilloin zone.
On the border of the Brillouin zone
energies are degenerated
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Periodic potential

Brillouin zones

R = nlc_il + nzc_iz + ngc_l)g, n; € 7
9
G = myd; + myd; + msds, m; € Z
Brillouin zone in 1D
Kx
—*ﬁ-
T T
= 0 .

Brillouin zone in 2D, oblique lattice.

i
L

K, Brillouin zone for face centered cubic (fcc) lattice.
The limiting zone walls comes from reciprocal lattice
points (2,0,0) square and (1,1,1) hexagonal.
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Periodic potential

Brillouin zones
R = nyd; + nyd, + nazds, n; € 7Z 2-D square lattice

-

G = myd; + myd; + msds, m; € Z

=t 3=
Cli aj = 27T6ij

© O 0 O Q Q 0 09 O O O |10 W
o O O O o O Qﬁ Q @ o OO0 O
o O T O O o O ‘ O © © O |e@| O O
©c O O O O o O O O O ©c O[O0 |]0 O
0 a B B O ©c o O O O O 0| |0 O

http://www.doitpoms.ac.uk/tlplib/brillouin_zones/zone_construction.php
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Periodic potential

Brillouin zones
R = nyd; + nyd, + nazds, n; € 7Z 2-D square lattice

-

G = myd; + myd; + msds, m; € Z

=t 3=
Cli aj = 27T6ij

http://www.doitpoms.ac.uk/tlplib/brillouin_zones/zone_construction.php
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Periodic potential

Brillouin zones
R = nyd; + nyd, + nazds, n; € 7Z 2-D square lattice

-

G = myd; + myd; + msds, m; € Z

>%x =
Cli aj = 277,'6,:]'

éwww.d oitpoms.ac.uk

| @ !} @ E} . WWWI-dDi't s.ac.uk

http://www.doitpoms.ac.uk/tlplib/brillouin_zones/zone_construction.php
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Periodic potential

Brillouin zones

R = nyd; + nyd, + nsds, n; € Z 2-D hexagonal lattice

-

G = myd; + myd; + msds, m; € Z

>%x =
Cli aj = 277,'6,:]'

@ @ @
@ @
@ @
cc) (i &) N .doit'ls.ac.uk‘ cc)d ) 3 doit'ls.ac.u

http://www.doitpoms.ac.uk/tlplib/brillouin_zones/zone_construction.php
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Periodic potential

Brillouin zones
}_2) = nlc_il + nzaz + n3C_l>3, n; € 7

-

G = myd; + myd; + msds, m; € Z

>%x =
Cli aj = 277,'6,:]'

www.doitpoms.ac.uk
N

cc)(d ) oit'ls.ac.u

http://www.doitpoms.ac.uk/tlplib/brillouin_zones/zone_construction.php
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Periodic potential

The nearly free-electron approximation
R2(k+G)
2m

E(n,l_c)) =E(n,l_c>+5) =

The band structure of nearly free-electron cubic lattice

[hkl]=
000,
100,100, 200, 200,

110,101,110,101,101,11Q,101. 110
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Periodic potential

N %

L=27 (v Vo) I =

a

o

(0,0,0) X = 27 (1,0,0)
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Periodic potential
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k-p perturbation theory — effective mass
The band theory of solids

Examples:
3 T~ s
4> >\ 2
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Periodic potential

The nearly free-electron approximationT |
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Periodic potential _

The nearly free-electron approximationT
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Periodic potential _

The nearly free-electron approximationI
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The electronic band structure

* It is convenient to present the energies only in the 1st Brillouin zone.
* The electron state in the solid state is given by the wave vector of the 1st Brillouin zone, band
=

number and a spin.
Allowed

band U U U
Forbidden band
band

Forbidden band
Allowed
band

Brillouin
24

2016-01-25



Tight-Binding Approximation

The existence of the band structure arising from the discrete energy levels of isolated atoms due
to the interaction between them. We can classify the electronic states as belonging to the
electronic shells s, p, d etc.

t i The existence of a forbidden gap is not tied to
i the periodicity of the lattice! Amorphous
|

materials can also display a band gap.

L shell |f 3 crystal with a primitive cubic lattice
contains N atoms and thus N primitive unit
. cells, then an atomic energy level E; of the
: free atom will split into N states (due to the
| interaction with the rest of N — 1 atoms).
% i 15 K shell
|

Electron energy E

Each band can be occupied by 2N electrons.

L

To
Separation r

Fig. 1.1. Broadening of the energy levels as a large number of identical atoms from the
first row of the periodic table approach one another (schematic). The separation ry corre-
sponds to the approximate equilibrium separation of chemically bound atoms. Due to the
overlap of the 25 and 2p bands, elements such as Be with two outer electrons also become
metallic. Deep-lying atomic levels are only shghtly broadened and thus, to a large extent,

E they retain their atomic character _

H. Ibach, H. Lith, Solid-State Physics



Tight-Binding Approximation

If a crystal with a primitive cubic lattice contains NV atoms and thus N primitive unit cells, then
an atomic energy level E; of the free atom will split into N states (due to the interaction with
the rest of N — 1 atoms). Each band can be occupied by 2N electrons.

— N | = -
I -
An odd number of An even number of An even number of electrons
electrons per cell electrons per cell per cell but overlapping bands
(metal) (non-metal) (metals of the Il group, e.g. Be

— next slide!)

H. Ibach, H. Lith, Solid-State Physics
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Tight-Binding Approximation

The states can mix: for instance G, Si, Ge
sp3 hybridization.

Electron energy

gquantum states

q) Number of available
per atom

L shell

Interatomic distance

Electron energy E

I

i

!

I

l Fig. 7.9. Schematic behavior of the energy bands as a function of atomic separation for
% I 1s K shell the tetrahedrally bound semiconductors diamond (C), 5i, and Ge. At the equilibrium se-
I
I
1
I

paration ry there is a forbidden energy gap of width E; between the occupied and unoccu-
picd bands that result from the sp® hybrid orbitals. For diamond, the sp* hybrid stems
from the 25 and 2p” atomic states, for Si from the 35 and 3p°, and for Ge from the 45
To and 4;:3. Ome sees from this figure that the existence of a forbidden encrgy region 15 not
tied to the periodicity of the lattice. Thus amorphous materials can also display a band
gap. (After [7.1])

Fig. 1.1. Broadening of the energy levels as a large number of identical atoms from the
first row of the periodic table approach one another (schematic). The separation ry corre-
sponds to the approximate equilibrium separation of chemically bound atoms. Due to the
overlap of the 25 and 2p bands, clements such as Be with two outer electrons also become
metallic. Deep-lying atomic levels are only slightly broadened and thus, to a large extent,
they retain their atomic character

v

Separation r

H. Ibach, H. Lith, Solid-State Physics
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Tight-Binding Approximation

2016-01-25
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I—» xory
(b) E(K)} (c)
"k E k,

FIGURE 2.17. Valence bands constructed from p orbitals. (a) Lattice of p- orbitals. (b) Band
structure of the p. orbitals only; the band is ‘light’ along £, to the night and ‘heavy™ along &, tor
k) to the [eft. (c) Total bands from all three p orbitals, showing a doubly degenerate “heavy ™ band
and a single ‘light” band.
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Fermi surfaces of metals

16+
; 12 - A d -"EF_ — e =
E:'I__ L
& 8F Al E
5 F .
Sk -
D -
r X W r U X
a Reduced wave vector

Fig. 7.11. (a) Theoretical bandstructure E(k) for Al along directions of high symmetry (I”
is the center of the Brillouin zone). The dotted lines are the energy bands that one would
obtain if the s- and p-electrons in Al were completely free (“empty™ lattice). After [7.3].
(b) Cross section through the Brillouin zone of Al The zone edges are indicated by the
dashed lines. The Fermi “sphere™ of Al ( ) extends bevond the edges of the first Bril-
louin zone

Michat Baj
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Periodic potential

Bloch theorem
pY(P) = —ih(i k + Vu, 7 )e™ + hkp(P).

%
hk is so-called quasi-momentum or crystal momentum.

If we consider interactions with other quasi-particles (electrons, phonons, magnons etc.)
existing in the crystal and real particles penetrating through the crystal (e.g. photons, neutron)
the momentum conservation law must be replaced by the quasi-momentum conservation law :

Zhl_éi-l_Zﬁi =zhzi'+zﬁ{+hﬁ
[ [ [ [

The energy conservation is always the same:

in =in’
[ [

2016-01-25
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k-p perturbation theory — effective mass

0,7 = e*u ()

k-vector is not the momentum (momentum operator p = —ihV)
p(pnk(r) = —ih (lk + Vu, 7 (7 r))e iRt hkgonﬁ(?)

Bloch function in the Schrodinger equation:
A, 7 (7) = -+ = (B, 3 (F) + 2KV, 3 (7) — K2u, () e

By substitution of this expression and simplification by e k7 \y got equation for u_ 7 (7):

we
LRy A W ) = <’§ . hzzz) ¥
2m l om Uk =\ T P Uy, ()

m 2m

The Schrodinger equation for the envelope u_, 3 (7):

L . 722 .
ﬁ-l__ kp + V(@) |u nk(r) =\E, — Zy un}(r)

2016-01-25
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k-p perturbation theory — effective mass

The Schrodinger equation for the envelope u_, 3 (7):

A2 B hZEZ
(p—+— kp + V(r)) nk(r) = <E ~ = >un’7€(17)

2m

This is so-called kp perturbation theory (przyblizenie kp) used for the calculations of the
energies and wavefunctions at some k = k.

The full Hamiltonian
Ay, () = (Hﬁo + H) u,z () = En(F)u, z (P

Perturbation:

=, fl - - n
H' _a (k ko)P

By the perturbation theory we find the function unﬁ(F) and the energy En(ﬁ) :



k-p perturbation theory — effective mass

close bands

—-12 6 6

: > h2 k2 :
Expanding E, (k) = (E,, — around an extreme point, e.g. k = 0:
n n 2m

Landolt-Boernstein



k-p perturbation theory — effective mass

We expand En(l_c)) = (E — hzi

For

2016-01-25

27,2

) around an extreme point e.g. k=0:
H' |2

E, (k) = En(O)+H,’m+zE 0 ’El(o)

3
Hyp, = Jun o(HH' uy0(7) d’r = un,o(F) Vuy o(7) d*r = 2 a;k;

l
i=1
Lineari |n

3
z<— 6U+bu>kk +-

j=1

Mw

3
E,(k) = E,(0) + Z a;k; +
i=} [

the linear terms in extremum vanish

Ea(F) - E<o>+zz( )

i=1j=

Il
-

34



k-p perturbation theory — effective mass

E,(k) =En(0)+ii< )hzkk +

i=1j=1
The inverse effective-mass tensor:
d 3 d 3
13y . 252 fun,oa—xiuz,od re fun,oa—xjuz,od r
* 2 _
my o omo me L E,(0) — E;(0)

This tensor is symmetric (m;; = m;;). If the energy extremum is in I'(k=0) we obtain constant

energy ellipsoid in I_c>-space, with principal axis mi:

2 2
E, (k) ~ E (0)+h (kl + K + k3)

ES *
m; m, mj

where m; are the inertial effective masses along these different axes.



k-p perturbation theory — effective mass

The energy E (k) around extremum for the uniaxial crystal (np. GaN):

h? (ki + k3 N k3
2 my my

En(k) = E,(0) +

For a cubic crystal:

27,2
so-called spherical band

S )
E,(k) = E,(0) + o

Around the extremum (e.g. point I'(k=0)) we can restrict the solution to approximate parabolic
band

In general, depending on the wave vector, also higher order perturbation terms exist.
The energy of the electron generally depends on k=(k,,Kk,,K;). The energy isosurface can be
very complex, and its shape depends on all bands.
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k-p perturbation theory — effective mass

The energy E (k) around extremum

kz A Non-spherical band

Ej.

n| Non-parabolic band

A
NI

Przykladowa zalezno$¢ energii standéw Przykladowe powierzchnie stalej energii w
pasma n od wektora falowego k. dwuwymiarowej przestrzeni k.

R. Stepniewski
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k-p perturbation theory — effective mass

The energy E (k) around extremum for the uniaxial crystal (np. GaN):

- h? (k? + k2 k3
) =+ (2 )

* *

m, m”

For a cubic crystal:

- hzkz 7 = —
En(k) — En(O) + - ‘d(ke) Ve(ke)
Zm AE AS Va(kg)=v,(k,)

bez par
. f‘f pary

\ k3
Y=
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k-p perturbation theory — effective mass

Electrones and holes

2N 2N 2N
fd:Zf(ki) kd:Zkf:Zki_ke:_kg
=1 =1

=1

I-?f_j' fij
o h%k? P (K) = —v (K
En(k) =E,(0) + Y va(ke) B Ve(K,)
m AE AS Vad (k.:f) = Ve(ke)
k K L ff bez pary

Y=
Y=
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k-p perturbation theory — effective mass

Electrones and holes

2N 2N 2N
fd:Zf(ki) kd:Zkf:Zki_ke:_kg
i—1 i=1 i=1

. 3
1+] e

S h2k? Va(Ke) =-v,(k,)
o 0 d\™e e\ve
En( ) E,(0) £ m* Va(kg)=v,(k,)

For any periodic function f(#) = f(7 + ﬁ) I(r').= J.n’31‘ f(r+r")=const
Q

0=V'I(x'):= J.(f3]'V'f(l‘+l")Zjld3l‘vf(l‘+l")
Q Q
0=V I(r'):= Id3l'V'2 f(r+1") :J.a’31' sz(rJrr')
Q Q
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k-p perturbation theory — effective mass

Electrones and holes

2N 2N 2N
fd:Zf(ki) kd:Zkf:Zki_ke:_kg
=1 =1

=1

I#] =i
S h2k?
En(k) = En(0) £ 5— 1
(v)=— I?ﬁ%mdﬁzﬂ
ATh op
For any periodic function f(#) = f(# + R) — 1
<m >= — [ ViVEE(K) dk =0

SB
2N
)=—e2 v;=—elv)=0
0=V'I(1'):= J.d3]-V'f(l- +1') = J.(f3l' Vi(r+r1') <j> EE Vi 6{1 }
Q Q
0=V*I1(r):= Id3l' vV fr+r) = fdgl- V2f(r+1) {(v)= <ﬁ—1 F> = <ﬁ_1> F=0
Q Q
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k-p perturbation theory — effective mass

Electrones and holes

2N 2N 2N
fa=2f(K;) kg= 2k =2k —k, =k,
1=1 =1

=1

i% ] e
- h? K va(k,) =V, (k,)
En(k) = E,(0) £ —— diTe etne
2m Va(kg)=ve(k,)
a) b) c)
o e B0 o S5
ol ol A b e
. - s
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k-p perturbation theory — effective mass
The band theory of solids

Examples:
3 T~ s
4> >\ 2
2_ —
o} i x
R d 2 |
i i 5ot
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B : |
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12} _ )
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The band theory of solids.

E 2)
o AN Diamond L= s
B Y Ttalics
- AINO BNO =
5.0 ® . indirect gap
> F MgS
2, = ®
w40k ZnSO "Roman”
<] A AN ] =
; C Ultra GaNO  “® ZnS @ Mg MeTe direct gap
G | il 4H-SiCe@@Zn00 _ GaNO ¢ e7E"
2 3.0 2H-SiC e
:- : \:lo::! .QI!-QI_C-! ----- 7n sco. Cds ;Ei)- ————— Zﬂsc i g Cds- é STECEE
2 :f’eﬁ‘o»sEEEEEEEEEEEEEEEEE;{C-;&?.’-.':'::?:'-:é’;fﬁi PECte ERE  hexagonal
E 20[Ted =2rmTIETEn R _____19_.@_______415_3__.Cd3e@____J structure
@ C Infra InNO CdSCO Gdl\\. S
- red Als‘b CdTe .
1.0~ 5® cubic
E e structure
e InAs At JnSb
0 _l B B D) Db o] [l 1 | [ R g O Od [ Od & I - rrrr l LR-a-rier-y i1-2 ((? 1 1 1 1
2.0 3.0 4.0 5.0 6.0 7.0
Lattice constant a (Angstroms)
Fig. 11.4. Room-temperature bandgap energy versus lattice constant of common

elemental and binary compound semiconductors.
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The Fermi-Dirac distribution

The probability that a state of the energy E will be occupied
Er- — chemical potential

Fermions: Bosons:
fo = E-Ep fo= E-EF
e k8T +1 e kT —1
Electrons Polaritons
Holes Phonons
Trions (charged excitons) Magnons
Excitons, biexcitons
Plasmons

Anyons — eg. composite fermions |¥,W,) = e |W,W;)

Boltzman distribution:

F=U-TS

Slave fermions (chargon, holon, spinon) = fermion+bozon with the charge-spin

separation
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The Fermi-Dirac distribution

0.8

0.6

0.4

0.2

Prawdopodobienstwo obsadzenia
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-0.1 -0.05 0 0.05 0.1

Energia (eV)

2016-01-25

Enrico Fermi
1901 — 1954

Paul Adrian
Maurice Dirac
1902 — 1984
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The Fermi-Dirac distribution

o 1 1K
§ 100K
?;? 08l 300K ||
O
(@)
o
fo=—F=% 206
e ksT +1 5
S
S 0.4-
o
o
3
E 0.2
o
O.

-0.1  -0.05 0 0.05 0.1 0.15 0.2
Energia (eV)
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The Fermi-Dirac distribution
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The Fermi-Dirac distribution

The probability that a state of the energy E will be occupled
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The Fermi-Dirac distribution

The probability that a state of the energy E will be occupled
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The Fermi-Dirac distribution
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Density of states

Density Of states Number of states per unit energy p™P (E) depends on the dimension

If our crystal has a finite size the set of k —vectors is finite (though enormous!).
For example: we can assume periodic boundary conditions and then:

Born- von Karman boundary conditions
Finite size of the crystal L,, Ly, L,

¥ — the Bloch function

Pix +L,y2) = Px,y +L,2) = P(x, 3,z + L)

eikax =1 Lz
ety =1 | p o428 42T 2T
elkZLZ =1 Li Li Ll

2 2V

Number of = =
2 2 2 3
states in the L7T X Ln X 1 (Zn)
X

volume V

y Lz
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Density of states

Density Of states Number of states per unit energy p™ (E) depends on the dimension

If our crystal has a finite size the set of k —vectors is finite (though enormous!).
For example: we can assume periodic boundary conditions and then:

Born- von Karman boundary conditions
Finite size of the crystal L,, Ly, L,

¥ — the Bloch function

Pix +L,y2) = Px,y +L,2) = P(x, 3,z + L)
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Density of states

Density Of states Number of states per unit energy p™ (E) depends on the dimension

1 n
The density of states in k-space of n dimension (and the unite volume) p,’ch =2 (2—>
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Density of states

Density Of states Number of states per unit energy p™ (E) depends on the dimension
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Density of states

Density Of states Number of states per unit energy p™ (E) depends on the dimension

1 n
The density of states in k-space of n dimension (and the unite volume) p,’ch =2 (2—>
T
3D case
e A
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Density of states

Density Of states Number of states per unit energy p™P (E) depends on the dimension

1 n
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Density of states

Inside the well:

500 F

E / meV
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Density of states

2D density of states fora spherical and parabolic band:
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p*P(E)dE = p2Pdk = 2 <—> 2mk dk
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Marc Baldo MIT OpenCourseWare Publication May 2011
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Density of states — 2D

lpkx,ky,n(xr y,z) = exp(ikyx) eXp(ikyY) un(z) = l/)k,n(r: z) = exp(ik - r) up,(2)
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FIGURE 4.7. (a) Potential well with energy levels, (b) total energy including the transverse kinetic
energy for each subband, and (c) steplike density of states of a quasi-two-dimensional system. The
example is an infinitely deep square well in GaAs of width 10 nm. The thin curve in {(c) is the
parabolic densily of states for unconfined three-dimensional electrons.
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Density of states — 2D

2016-01-25

Refl. (%)
o
(]

o
Luminescence (abs. units.)

1.475 148 1485 149 1495 15
Energy (eV)
FIG. 1. cw absorption (i.e., 1 — reflectivity: bold line, left
axis) and the TR-PL integrated over 1300 ps (logarithmic
scale. right) results. E,, = 1.4823 eV (E,, = 1.4882 eV) is
the 1s (2s) heavy-hole exciton, Ep,.,, = 1.4888 eV. light-
hole exciton Ey, = 1.4988 eV (vertical lines). The low energy
exponential tail of the excitonic transition originates from the

trion at 1.4807 eV (discussed in [18]).

J. Szczytko, et al. Phys. Rev. Lett. 93, 137401 (2004)
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Density of states — 1D

1D density of states for a spherical and parabolic band:

1
1
p*P(E)dE = p;de_2< ) 2 dk

ay

E E o .
mom* o |
PP (E)dE = / 0 E x) dE .
dxdy E Eq.a R IR

3 mode
2nd mode

15t mode

Density of states

Fig. 2.13. The first four modes of the quantum wire. Since in this example, L, > L, the Energy
ny= 2, ny= 1 mode has lower energy than the n,= 1, n, = 2 mode.

2016-01-25

Marc Baldo MIT OpenCourseWare Publication May 2011
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Density of states — 1D

OD density of states

For the ISOLATED QD: AE = 0,At > o p°?(EYdE = g,,6(E — E,)dE

Suppose that the lifetime of the state energy E is equal to 7, we assume an exponential decay
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Density of states — the summary

Density of states
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Electrons statistics in crystals

What is the concentration of carriers for T>0?

In the thermodynamic equilibrium for an intrinsic semiconductors (pdtprzewodniki samoistne),
the concentration of electrons in the conduction band is equal to the concnetration of holes in
the valence band (because they appear only as a result of excitation from the valence band).

n = p = n; (an intrinsic case)

n-p=n; =4 T2 (m;my)2e kBT = N.N,e ks

3
kBT 2 3 _ Eg _ Eg
n=p=mn =25 (mimyp)se 2ksT = [N N,e 2ksT

2016-01-25
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Intrinsic carrier concentration

What is the concentration of carriers for T>0?

In the thermodynamic equilibrium for an intrinsic semiconductors (pdtprzewodniki samoistne),
the concentration of electrons in the conduction band is equal to the concnetration of holes in
the valence band (because they appear only as a result of excitation from the valence band).

(general formula)

- M
3 E E c
kgT 3 _Z29 _ g
n-p =ni2 = 4(27fh2> (mZmZ)ze kT =Nche kpT '§
°
&
Q

n=p=mn;(an intrinsi%case)

n=p=mn; =2 (mgmy)%e 2keT = [N N,e 2keT

21h?

28-Eg 1 3 m* T
L= kT =¢&=—(E,+E,)+—-ksTIn|—2 >
in our notation the middle
of the band is 0

filled band

2016-01-25

66



Intrinsic carrier concentration

What is the concentration of carriers for T>07?

The intrinsic semiconductors (pdfprzewodniki samoistne) in thermal equilibrium, the
concentration of electrons in the conduction band is equal to the concnetration of holes in the

valence band.

Koncentracja samoistna tvpowvch polprzewodnikaw

Eg\T 77K 300K 1200K materiat
0,256V 10° em™ 10'% em? 108 em™ InSb PbSe |
g
1eV _ 10% em? 10" em™ Ge,Si. GaAs |Z
i
13 - A
4eV - - 107" cm Zns, 51C, GaN, |,

ZnO, C (diament)

The concentration values less than 101° cm™ do not make sense because the

concentration of impurities, and thus the concentration resulting from unintentional
doping, is greater

Eg Erp—Ec
— T
_EF_Ev

p=Ny,e kpT

2016-01-25
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Dopants,

impurities and defects

Carriers:

holes o

electrons ® -

Semiconductors
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Group IV: diamond, Si, Ge
Group llI-V: GaAs, AlAs, InSb, InAs...
Group lI-VI: ZnSe, CdTe, ZnO, SdS...
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Dopants, impurities and defects

How to control the concentration of carriers?

In semiconductors we can find several deviations from the ideal crystal structure:

- Defects of the crystal structure, vacancies, the atoms in interstitial positions, dislocations
created eg. during the growth process.

- Foreign atoms (dopants) introduced intentionally or by adding impurities

As a result of their presence:

- allowed states in the forbidden gap due to deviations from the ideal crystalline potential
- space charges in insulators

- screening by free carriers

Dopant states can be classified into:

- Deep - the short-range potential located mainly in the area of one unit cell - eg. a vacancy,
izoelectronics dopant (the same valency as atom of the base material e.g. N InP).

- Shallow - mainly long-range Coulomb potential

2016-01-25 69




Dopants, impurities and defects

Hydrogen-like model

Atom of a valency higher than the base
material atom becomes a source of Coulomb
potential (modified by the dielectric constant
of the crystal ,.) caused by an extra proton in
the nucleus. Extra electron in the conduction
band feels this potential. The states are
described by the effective mass equation:

K2 1 e?

= — U = — E—
T 2m* A dtey &1

[T+ Ulp(@) = E¢(r)

2016-01-25
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Group IV: diamond, Si, Ge
Group llI-V: GaAs, AlAs, InSb, InAs...
Group lI-VI: ZnSe, CdTe, ZnO, SdS...
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Dopants, impurities and defects

Hydrogen-like model

Finally, the problem reduces to the problem of
hydrogen atpom with a free carrier of mass m”*
in the medium of dielectric constant € and

with a small "perturbation” potential.

£ m* 1R1
n= mogzy

For typical semiconductors m,* ~0.1m, ¢, ~10

. 47T€r€0h2 (mo) (
dp = = agé&
B mee? \m* BT

For Hydrogen
Ry =13.6 eVand ag = 0.053 nm

For GaAs semiconductor
Ry* = 5meVandag = 10 nm

2016-01-25
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Far infrared spectroscopy
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Far infrared spectroscopy

0
D 110 | GaN(Fs)
100 | Oxygen

2p+

R L ¥ F Prns T et 1 1

D
=]
T

i .
20 Ilm
- E (high) 10159k 871" ah'™

h(l)c 2p0

+4 +3 -
oS e g
.-.'A""r:.‘ o5 i L

N
S
Intradonor Transition Energy (meV)

1s 0 10 2 30
Magnetic Field (T)

Oxygen
R,=30.28(5) meV

2016-01-25 73




Dopants, impurities and defects

Hydrogen-like model —ionization of the dopant

A

Electron energy

2016-01-25

n-type

conduction band

vallence band

donor level

acceptor level

p-type

conduction band

vallence band




Dopants, impurities and defects

Doping

Electron energy

conduction band

vallence band
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The carrier concentration in extrinsic

semiconductor (niesamoistny)

Consider a semiconductor, in which:

N, — concentration of acceptors

Np — concentration of donors

P, — concentration of neutral acceptors

Np — concentration of neutral donors

N, — concentration of electrons in conduction
band

p, — concentration of holes in valence band

From the charge neutrality of the crystal:




Dopants, impurities and defects

Doping

Electron energy

conduction band

vallence band

2016-01-25

The carrier concentration in extrinsic
semiconductor (niesamoistny)
Consider a semiconductor, in which:

N, — concentration of acceptors

Np — concentration of donors

P, — concentration of neutral acceptors
Np — concentration of neutral donors

N, — concentration of electrons in conduction
band
p, — concentration of holes in valence band

From the charge neutrality of the crystal:

N.+(Np-Pa)=py + (Np-np)
N+ Np = (Np-Np)+ P, +Pa




Teoria pasmowa ciat.statych.

potprzewodnik typu p potprzewodnik typu n
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Teoria pasmowa ciat.statych.

Dioda — czyli ztgcze p-n

typ P typ n Flat band
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Teoria pasmowa ciat.statych.

Dioda — czyli ztgcze p-n

typ P typ n Flat band
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The electronic band structure

CH, CsHyz Ci7H36 CasH36
Fig. 2.3 Development of the diamond band gap

W. R. Fahrner (Editor) Nanotechnology and Nanoelectronics
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