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Dirac structure

Definition
A Dirac structure L on a manifold M is a vector subbundle of
TM ®©p T*M which is maximal isotropic with respect to the metric

1
(Xp +0p| Yp+1p) = §(<¢p’xp> + (#ps Yp))
and involutve with respect to Dorfman bracket

(X +o, Y +9]p =[X, Y]+ (Lxtp —1ydyp).
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Dirac structure

Definition
A Dirac structure L on a manifold M is a vector subbundle of
TM ®©p T*M which is maximal isotropic with respect to the metric

1
(Xp +0p| Yp+1p) = §(<¢p’xp> + (#ps Yp))
and involutve with respect to Dorfman bracket
[X + ¥, Y + ’lﬁ]D = [)(7 Y] + (Exw — Zydgo).

We call L an almost Dirac structure when it is maximal isotropic and not
involutive.
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o M =T"Q, symplectic form wgq, associated map [q:
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N —
Almost Dirac structure in mechanics

o M =T"Q, symplectic form wgq, associated map [q:

Bo:TTQ — TT'Q,  B(w) = wo(-,w)

Aq C TQ is a regular distribution not necessarily involutive,
representing (nonholonomic) constraints,

° 2? C T*Q is an anihilator of A,
TQ - T°Q — Q
Trg : TT*Q — TQ
o Atiq = (Tmg) }(AQ) is a regular distribution on T*Q

e Af.q is an anihilator of At+q,
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Definition
The almost Dirac structure on T*Q induced by a distribution Ag is the
subbundle

ACTTQ D1 @ TT*Q

A={w+y¢: welArq, p—PBo(w)e AT}
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N —
Almost Dirac structures in mechanics

Definition
The almost Dirac structure on T*Q induced by a distribution Ag is the
subbundle

ACTTQ D1 @ TT*Q

A={w+y¢: welArq, p—PBo(w)e AT}

o If Ag =TQ then A1+g = TT*Q and A is the graph of [q.

e If Ag is involutive then A is a true Dirac structure.
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Almost Dirac structures in mechanics

Local expressions: For O being an open subset of @ we identify

TO~0xV>(q,q),

T"O~0x V*>(q,p),

TT"O~O0Ox V*xVxV*>(q,p,q,p)=w,
T'T"O~Ox V*x V*xV>(q,p,a,b)=.
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Ag=1{(q.9): g€ Dq(q)}, Aqlq)CV,
o=1{(q.9): g€ Ag(q)}, Ajlq) C V",

At ={(a,p,q,p): G€ D)},

AT.g ={(g9.p,a,b): ac Ax(qg), b=0}.

KG (KMMF) Seminarium Geometryczne 13 X 2010 7 /26



N —
Almost Dirac structures in mechanics

Local expressions: For O being an open subset of @ we identify

TO~0xV>(q,q),

T"O~0x V*>(q,p),

TT"O~O0Ox V*xVxV*>(q,p,q,p)=w,
T'T"O~Ox V*x V*xV>(q,p,a,b)=.

Ag=1{(q.9): g€ Dq(q)}, Aqlq)CV,
o=1{(q.9): g€ Ag(q)}, Ajlq) C V",

At ={(a,p,q,p): G€ D)},

AT.g ={(g9.p,a,b): ac Ax(qg), b=0}.

A={(q,p,q,p,a,b): g€ Dq(q), a+pecAy(g), b=4q}.

KG (KMMF) Seminarium Geometryczne 13 X 2010 7 /26



-
Constrained Lagrangian system according to Y & M

Let L: TQ — R be a Lagrangian (possibly not hyperregular).
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Constrained Lagrangian system according to Y & M

Let L: TQ — R be a Lagrangian (possibly not hyperregular).

T*TQ~
N

Definition
The Legendre map FL: TQ — T*Q is defined by the formula

FL = odL.
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-
Constrained Lagrangian system according to Y & M

There exists the canonical isomorphism

7Q T TQ — T'T*Q

Locally for O C @ we have
TTO~0Ox VxV*x V" T'T"O 0O x V" x V*x V
and

’YQ(q7 éI7 c, d) - (q7 d7 —C, q)

It exists for any vector bundle (not only tangent bundle), it is a double
vector bundle isomorphism and antisymplectomorphism.
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-
Constrained Lagrangian system according to Y & M

Definition
For L : TQ — R the composition

vQodL:TQ — T'T*Q

will be called the Dirac differential of L and denoted by DL

Locally:
oL oL

DL(q7 q) - (q7 %7 _87q7 q)
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-
Constrained Lagrangian system according to Y & M

Definition
A partial vector field on T*Q is a map

X:TQ@®oT'Q — TT*Q

such that
X(v,p) € T,T'Q.
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Constrained Lagrangian system according to Y & M

A Lagrangian system with nonholonomic constraints Ag can be described
by a triple

(L,A, X)
where
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Constrained Lagrangian system according to Y & M
A Lagrangian system with nonholonomic constraints Ag can be described
by a triple
(L,A, X)
where
e L is a Lagrangian function, possibly not hyperregular,

@ A is the Dirac structure associated to the constraint distribution Ay,
o X is a partial vector field defined in points

(v,p) eTR®T*Q, such that v € Ag, p=FL(v)
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Constrained Lagrangian system according to Y & M

A Lagrangian system with nonholonomic constraints Ag can be described
by a triple

(L,A, X)

where

e L is a Lagrangian function, possibly not hyperregular,

@ A is the Dirac structure associated to the constraint distribution Ay,
o X is a partial vector field defined in points

(v,p) eTR®T*Q, such that v € Ag, p=FL(v)
@ and such that
X(v,p)+DL(v) € A

Seminarium Geometryczne 13 X 2010 12 /26



My point of view

Lagrangian dynamics without constraints according to Y & M (when we

forget partial vector fields)

7Q
«
T*T*Q TT*Q————Q———>T*TQ\dL
VNI Y s~ Tmg
Q // A T // N C /g §\
T* *
y TQ o T TQ v e TQ
/ / / / / /
V2 TQ / ¥ T/ ¥ /
T* / T* o / T* TQ /
Q\ ™ // Q\ T™Q // Q\ ™Q //
SO ¥ AN N
Q Qe - Q

Dy = B (1q(dL(TQ)))
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-
My point of view

Lagrangian dynamics without constraints:

D, i
I i
TT"Q=<-----—--— TT"Q—---- - - - >T*TQ < dL
/N Q / \\Tﬂ’Q @Q / \\\
TrxQ // * TrxQ // B C// oA\
/ e T — - —— TQ
/ / / / / /
¥ T / ¥ Q / 2 N /
T*Q // T*Q” // T*Q O//
N TQ y N TQ Y N TQ /
AN N N
N NN N
Q Qe e

D = ag'(dL(TQ))
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-
My point of view

Lagrangian dynamics with constraints according to Y & M

7Q
TT*Q >TT*Q =T TQ\dL
NI s~ Tmg /N \
/ N / ¢/ o
Trxg s EN Treg / \ TrQ N\
y TQ w1118 p— TQ o e TQ
/ / / / / /
V2 TQ / ¥ T / V2 /
/ / TQ /
T*Q , T*Q oy T*Q e
< TQ , N TQ Y N TQ /
SO ¥ AN N
Q Qe - Q
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My point of view

o We treat A as a relation T*T*Q — > TT*Q
@ We can take a "short-cut” identifying T*T*Q with T"TQ

A
TT*Q<« TTQ <_dL
/N \T7TQ /N j\
TT*Q // = C// ™ {\
/ /
¥ ¥
THQ e TRQ
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My point of view

o We treat A as a relation T*T*Q — > TT*Q
@ We can take a "short-cut” identifying T*T*Q with T"TQ

A

TT*Q<« TTQ <_dL

/N \T7TQ /N j\

e // A\ C// TTQ ~\\

/ Ag s o ~Ag

/ /
¥ ¥
THQ e TRQ

@ Local expressions:
TTO~O0Ox VxV*xV*>3(q,4,c,d)
TT"O~ 0O x V*x V x V*>(q,p,q,p)
A: gelglg), p=d p—ceAy(q)
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My point of view
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@ Many of the ideas od Analytical Mechanics come from statics,
@ In statics constraints are described by admissible configurations and
admissible virtual displacements (WMT),

@ We observed in " Variational ... in general algebroids” that different
set of admissible virtual displacements produce different E-L
equations (vaconomic, nonholonomic) for the same set of admissible
configurations.

KG (KMMF) Seminarium Geometryczne 13 X 2010 17 / 26



-
My point of view

How to get A not going to the "Hamiltonian” side of the diagram?

@ Many of the ideas od Analytical Mechanics come from statics,
@ In statics constraints are described by admissible configurations and
admissible virtual displacements (WMT),

@ We observed in " Variational ... in general algebroids” that different
set of admissible virtual displacements produce different E-L
equations (vaconomic, nonholonomic) for the same set of admissible
configurations.

@ How to put virtual displacements into the game?
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My point of view

fDL < TT%Q
W-(3Pq.P)

TTQ&
(¥59.4.54)

2
- ™S
> g
N
N

N

Fox(e, )

S

Aq
> T*TQ = dL(TQ)
(4.4,1¢,d)
KQ
TTQ
(%'qud'qr’(sqz)‘u

LW, WD = {aw), ud>

pq, + F&f/ =

%R
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My point of view

The constrained case: we choose admissible displacements

U={ueTTQ: 7rg(u) € Ag, Tro(u) € Ag}
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My point of view

The constrained case: we choose admissible displacements

U={ueTTQ: 7rg(u) € Ag, Tro(u) € Ag}
Locally:
u=1(9,9,0q9,9q) : g€ Aq(q), g € Ag(q)

ko(U)=U

We treat kqu as a relation in TTQ and we look for the dual relation with
respect to the evaluations (-, ), ((-,-)).
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My point of view

TT*Q ——?—> T*TQ
(4.p.4,.9) (9.9,.¢c.a)
N N\
T*Q TQ T*Q TR
e (g4 (4.d)  (4.4)
(98,4 &) K |y (4.4,.54,.64)
T =2 U/ &« U ¢ TTQ
Bq A\:Sl 2 a
5 Q
(q,,«sq/) (q,.q,) (q,.Jq,) (‘L:‘L)

ol uy = &, KgW)D  for wel
c8q, + d&q = péq + pSq = d-p

c-ge A\;(Q,)
(> )

g e Aglq)
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My point of view

Conclusion

The relation A is dual to the relation k@ restricted to the set of admissible
virtual displacements.
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My point of view

Conclusion

The relation A is dual to the relation k@ restricted to the set of admissible
virtual displacements.

v

Equations

The equations for a curve t — p(t) in the phase space T*Q are

tp(t) € AodL(Ag)

Local expressions:

t — (q(t), p(t))

G Bo(alt). ()= 52(a.d) p(t) € o(a.0) + Dg(a(0)
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.
Example

Lagrangian system with constraints: a sleigh on a horizontal plane
Q=R?x S>3 (x,y,9),
Aq(x,y,¢) ={(x,y,¢) - Xsin(p) = ycos(¢)},
0 0 0
Aq = <%7 COS(@)& + 5i”(@)@>

¢2

N~

L(Xa)/a(PaXaYaQP):E(X2+y2)+
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.
Example

Equations for a curve t — (x(t), y(t), (t), px(t), py(t), 7(t))

X = px/m, px=p(t)sing
y=py/m, py=—pu(t)cosyp
o=7n/m 7w=0

X sinp = y cos ¢

Solution (momentum)

7(t) = mo
o
/

. 0
py(t) = posin(="t + o)

Px(t) = po cos(—-t + ¢o)
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Example

Modeling constraints: a sleigh subject to strong viscous force
perpendicular to the sleigh

Equations for a curve t — (x(t), y(t), (t), px(t), py(t), 7(t)) (v < 0)

X = px/m, px=(7/m)(pycosp — pxsinp)(—siny)
y=py/m, py=(v/m)(pycose — pxsiny)(cos )
p=n/l, #=0
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.
Example

Initial momentum along the sleigh, mo// =1, o =0

1 —

black: solution with constraints
red: v/m= -3

blue: v/m = —10

green: v/m = —100
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.
Example

Initial momentum perpendicular to the sleigh, w9/l =1, o =0

1

red: v/m= -3
blue: v/m = —10
green: v/m = —100
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