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Dirac structures

There is a symmetric pairing on the bundle T N = TN ⊕N T∗N:

(X1 + α1 |X2 + α2) =
1

2
(α1(X2) + α2(X1)) .

Courant-Dorfman bracket on the space of Sec(T N):

[[X1 + α1,X2 + α2]] = [X1,X2] + LX1α2 − ıX2dα1 .

Definition

An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing
(·|·). If additionally the space of sections of D is closed under the
Courant-Dorfman bracket, we speak about a Dirac structure.

Note that here a subbundle D may be supported on a submanifold
N0 ⊂ N.
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The first integrability condition for the almost Dirac structure says
that

prTN(D) ⊂ TN0 ,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[[·, ·]]D on sections of D.

The second integrability condition says that [[·, ·]]D takes values in
Sec(D):

[[·, ·]]D : Sec(D)× Sec(D)→ Sec(D) ⊂ Sec((T N)|N0
) .

By definition, an almost Dirac structure is a Dirac structure if and only if
it satisfies both the integrability conditions.
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For Π ∈ Sec(
∧2

TN), Π̃ : T∗N 3 α 7−→ ıαΠ ∈ TN,

graph(Π̃) ⊂ T N is an almost Dirac structure .

If Π is a Poisson tensor, then it is a Dirac structure.

For ω ∈ Sec(
∧2

T∗N), ω̃ : TN 3 X 7−→ ıXω ∈ T∗N,

graph(ω̃) ⊂ T N is an almost Dirac structure .

If ω is a closed 2-form, then it is a Dirac structure.

For a distribution ∆ on N,

∆⊕∆◦ ⊂ T N is an almost Dirac structure .

If ∆ is integrable, then it is a Dirac structure.
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Double vector bundles

Definition

A double vector bundle is a manifold with two compatible vector bundle
structures. Compatibility means that the Euler vector fields associated
with the two structures commute.

τ1, τ2, τ ′1, τ ′2 are v.b.

The core

C = {k ∈ K : τ1(k) = 0, τ2(k) = 0},
τ0 is a v.b.

(τ1.τ
′
1), (τ2.τ

′
2) are v.b. morphisms

There is one more (affine) bundle

τ1 × τ2 : K −→ K1 ×M K2

modeled on the pull-back of the core

K1 ×M K2 ×M C −→ K1 ×M K2
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First example is usually TE ...

τ : E −→ M
(xa, y i ) 7−→ (xa)

τM : TM −→ M
(xa, ẋb) 7−→ (xa)

π : E ∗ −→ M
(xa, ξi ) 7−→ (xa)

πM : T∗M −→ M
(xa, pb) 7−→ (xa)

∇1 = ẋa∂ẋa + ξ̇i∂ξ̇i

∇2 = ξi∂ξi + ξ̇j∂ξ̇j
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∇1 = ẋa∂ẋa + ξ̇i∂ξ̇i

∇2 = ξi∂ξi + ξ̇j∂ξ̇j

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011 7 / 25



First example: TE ∗.

τ : E −→ M
(xa, y i ) 7−→ (xa)

τM : TM −→ M
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∇1 = ẋa∂ẋa + ξ̇i∂ξ̇i

∇2 = ξi∂ξi + ξ̇j∂ξ̇j

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011 7 / 25



First example: TE ∗.

τ : E −→ M
(xa, y i ) 7−→ (xa)

τM : TM −→ M
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π

E∗

M
b

v
b

w
b

v+wb

Tπ(v)=Tπ(w)

We can add vectors v , w such
that

Tπ(v) = Tπ(w) .

For v , w take curves γv , γw :

π ◦ γv = π ◦ γw .

v+̇w is tangent to

t 7→ γv (t) + γw (t) .
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Second example: T∗E ∗.

0E∗

π

E∗

M

b∼ E∗

T0E ∗ ' E ∗x ⊕ TxM
T∗0E ∗ ' Ex ⊕ T∗xM

πE∗ : T∗E ∗ −→ E ∗

(xa, ξi , pb, y
j) 7−→ (xa, ξi )

ζ : T∗E ∗ −→ E
(xa, ξi , pb, y

j) 7−→ (xa, y j)

∇1 = pa∂pa + y i∂y i

∇2 = pa∂pa + ξi∂ξi
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Second example: T∗E ∗.
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E
τ
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M

(xa, ξi , pb, y
j)

T∗E
πE

""DDDDDDDDD
η

||yyyyyyyy

E ∗

π

""FFFFFFFFF T∗M

πM
��

?�

OO

E
τ

||zzzzzzzz

M

(xa, y i , pb, ξj)

T∗E ∗ is isomorphic to T∗E . The graph of the canonical isomorphism R is
the lagrangian submanifold generated in

T∗(E ∗ × E ) ' T∗E ∗ × T∗E by E ∗ ×M E 3 (ξ, y) 7−→ ξ(y) ∈ R.

R : (xa, y i , pb, ξj) 7−→ (xa, ξi ,−pb, y
j)
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Definition

A vector subbundle of a vector bundle τ : E → M is a submanifold F ⊂ E
such that it is invariant with respect to the family of homotheties defined
by the vector bundle structure τ .

Euler vector field is tangent to F ;

F can be supported on a submanifold M0 ⊂ M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D ⊂ K such that it is invariant with respect to both families of
homotheties defined by the vector bundle structures τ1 and τ2.

Both Euler vector fields are tangent to D;

D defines subbundles F1 ⊂ K1, F2 ⊂ K2 supported on M0 ⊂ M.
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D ⊂ K such that it is invariant with respect to both families of
homotheties defined by the vector bundle structures τ1 and τ2.

Both Euler vector fields are tangent to D;

D defines subbundles F1 ⊂ K1, F2 ⊂ K2 supported on M0 ⊂ M.
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Dirac algebroids

Linearity of different geometrical structures is connected with double
vector bundles.

A connection Γ on a vector bundle F → M is linear if the map

Γ̃ : TF −→ VF ⊕F (F ×M TM) = F ×M F ×M TM

is a double vector bundle morphism.

A Poisson tensor Π on a vector bundle F is linear if the corresponding
map

Π̃ : T∗F −→ TF

is a double vector bundle morphism.

. . .
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A general algebroid is a double vector bundle morphism covering the
identity on E ∗:

T∗E
ε //

πE

!!CCCCCCCC

T∗τ

�����������������
TE ∗

Tπ

##FFFFFFFF
τE∗

�����������������

E
ρ //

τ

�����������������
TM

τM

��
















E ∗
id //

π

""EEEEEEEE E ∗

π

""EEEEEEEE

M
id // M

ε(xa, y i , pb, ξj) = (xa, ξi , ρ
b
k(x)yk , ck

ij (x)y iξk + σaj (x)pa)

Πε = ck
ij (x)ξk∂ξi ⊗ ∂ξj + ρbi (x)∂ξi ⊗ ∂xb − σaj (x)∂xa ⊗ ∂ξj .
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TE ∗ ⊕E∗ T∗E ∗

τ2

##HHHHHHHHHHHH

τ1

������������

E ∗

π

  @@@@@@@@@@@ E ∗ ⊕M T∗M

��

?�

OO

TM ⊕M E

{{vvvvvvvvvvvvv

M

τ1 : (xa, ξi , ẋ
b, ξ̇j , pc , y

k) 7→ (xa, ξi ),

τ2 : (xa, ξi , ẋ
b, ξ̇j , pc , y

k) 7→ (xa, ẋb, yk),

∇1 = pa∂pb + ξ̇j∂ξ̇j + y i∂y i + ẋb∂ẋb ,

∇2 = pa∂pb + ξi∂ξi + ξ̇j∂ξ̇j

Definition

A Dirac algebroid (resp., Dirac-Lie algebroid) structure on a vector bundle
E is an almost Dirac (resp., Dirac) subbundle D of T E ∗ being a double
vector subbundle, i.e., D is not only a subbundle of τ1 : T E ∗ → E ∗ but
also a vector subbundle of the vector bundle τ2 : T E ∗ → TM ⊕M E .
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π
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M

D

τD2

��@@@@@@@@@@
τD1

������������

PhD

πD

��>>>>>>>>>> CD

��

?�

OO

VelD

������������

MD

PhD = τ1(D) - phase bundle

VelD = τ2(D) - velocity bundle (anchor relation)

CD ⊂ E ∗ ⊕M T∗M - core bundle for D
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The graph of any linear bivector field is a Dirac algebroid,

Π =
1

2
ck
ij (x)ξk∂ξi ∧ ∂ξj + ρbi (x)∂ξi ∧ ∂xb , ck

ij (x) = −ck
ji (x) ,

DΠ = {(xa, ξi , ẋ
b, ξ̇j , pc , y

k) : ẋb = ρbk(x)yk , ξ̇j = ck
ij (x)y iξk−ρaj (x)pa} .

The phase bundle is E ∗, the velocity bundle is the graph of
ρ : E → TM, the core bundle is the graph of −ρ∗.

The graph of any linear two-form is a Dirac algebroid,

ω =
1

2
ck
ab(x)ξkdxa ∧ dxb + ρib(x)dξi ∧ dxb, ck

ab(x) = −ck
ba(x) ,

Dω = {(xa, ξi , ẋ
b, ξ̇j , pc , y

k) : y i = ρia(x)ẋa, pa = ck
ab(x)ξk ẋb−ρia(x)ξ̇i}.

The phase bundle is E ∗, the velocity bundle is the graph of
ρ : TM → E , the core bundle is the graph of −ρ∗.
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Due to isotropy condition for D we have the following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel0

D ⊂ T∗M ⊕M E ∗ of the anchor relation VelD :

CD = VelD
0 .

For Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle VelD .
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TE ∗ ⊕E∗ T∗E ∗

τ2

##HHHHHHHHHHHH

τ1

������������

E ∗

π

  @@@@@@@@@@@ E ∗ ⊕M T∗M

��

?�

OO

TM ⊕M E

{{vvvvvvvvvvvvv

M

TE ∗ ⊕E∗ T∗E ∗

��
E ∗ ×M (E ⊕M TM)

E ∗ ×M (E ⊕M TM)×M (T∗M ⊕M E ∗)

��
E ∗ ×M (E ⊕M TM)

(x , ξ, ẋ , ξ̇, p, y)

��
(x , ξ, ẋ , y)
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E ∗ ×M (E ⊕M TM)×M (T∗M ⊕M E ∗)

��
E ∗ ×M (E ⊕M TM)

(x , ξ, ẋ , ξ̇, p, y) ←→ (x , ξ, η, η̂, ζ, ζ̂)

Coordinates in E ⊕M TM = VelD ⊕ V ,

(x , η, η̂) : VelD = {η̂ = 0} .

Dual oordinates in T∗M ⊕M E = V 0 ⊕ VelD
0,

(x , ζ, ζ̂) : VelD
0 = {ζ = 0} .

For D we have now

(x , ξ, η, η̂, ζ, ζ̂) : η̂ = 0, ζ̂ arbitrary, . . .
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(x , ζ, ζ̂) : VelD
0 = {ζ = 0} .

For D we have now

(x , ξ, η, η̂, ζ, ζ̂) : η̂ = 0, ζ̂ arbitrary, . . .

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011 19 / 25



E ∗ ×M (E ⊕M TM)×M (T∗M ⊕M E ∗)

��
E ∗ ×M (E ⊕M TM)
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For D we have now

(x , ξ, η, η̂, ζ, ζ̂) : η̂ = 0, ζ̂ arbitrary, . . .

More conditions

ζk = c i
jk(x)ηjξi , isotropy gives c i

jk(x) = −c i
kj(x) .

If PhD  E ∗

(x , x̂ , ξ, ξ̂) : MD = {x̂ = 0}, PhD = {x̂ = 0, ξ̂ = 0} .

Theorem

In the introduced coordinates we have

D = {(x , x̂ , ξ, ξ̂, η, η̂, ζ, ζ̂) : x̂ = 0, ξ̂ = 0, η̂ = 0, ζk = c i
jk(x)ηjξi} .
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Example with application
We start with a Dirac algebroid D and a vector subbundle V ⊂ VelD .

D
τD2

##FFFFFFFFF
τD1

||xxxxxxxx

PhD

πD

""EEEEEEEE CD

��

?�

OO

VelD

||yyyyyyyy

MD

DV

  @@@@@@@@@

||yyyyyyyyy

PhDV

##FFFFFFFFF
V 0

��

?�

OO

V

~~}}}}}}}}}

S

V ⊂ VelD ⊂ E ⊕M TM

Ṽ = (τD2 )−1(V );

V 0 ⊂ T∗M ⊕M E ∗, V 0 ⊃ CD
DV = Ṽ + V 0

Definition

The Dirac algebroid DV is called
induced from D by the subbundle V .
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Dirac algebroids in mechanics

How to obtain phase equations from a Lagrangian (or Hamiltonian):

Bundle of configurations: TM, phase bundle: T∗M.

T∗T∗M
ξ

$$IIIII

πT∗M

�������������
TT∗M

TπM
##HHHHH

τT∗M

�������������

αM //ω̃Moo T∗TM

πTM ##HHHHH
ζ

�������������

TM

τM

TM

τM

TM

τM

dLkk

T∗M
πM

dH

88

T∗M
πM

T∗M
πM

M M M

DL = α−1
M (dL(TM)), DH = ω̃−1

M (dH(T∗M)) .
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Bundle of configurations: E (skew-algebroid), phase bundle: E ∗.

T∗E ∗

!!BBBBB

πE∗

������������

Π̃ // TE ∗
Tπ
""DDDDD

τE∗

��










T∗E

πE   @@@@@
ζ

��











εoo

E ρ
// TM E

dLll

ρ
oo

E ∗

dH

99

E ∗ E ∗

M M M

DL = ε(dL(E )), DH = Π̃(dH(E ∗)) .
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Bundle of configurations: E (skew-algebroid), constraints W ⊂ E .

I W defines V = {y + v ∈ E ⊕M TM : y ∈W , v = ρ(y)} ⊂ VelDΠ
.

I We induce DV
Π .

I DV
Π gives the relations

εV : T∗E−−�TE∗ , βV : T∗E∗−−�TE∗ .

T∗E ∗

!!BBBBB

πE∗

������������

βV � ,2TE ∗
Tπ
""DDDDD

τE∗

��










T∗E

πE   @@@@@
ζ

��











εV�lr

E ρ
// TM E

dLll

ρ
oo

E ∗

dH

99

E ∗ E ∗

M M M

DL = εV (dL(E )), DH = βV (dH(E ∗))
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