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Dirac structures

@ There is a symmetric pairing on the bundle TN = TN @y T*N:

(X1 +oa1| X2+ az) = % (1 (X2) + a2(X1)) -
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Dirac structures

@ There is a symmetric pairing on the bundle TN = TN @y T*N:

[y

(X1 + a1 | Xa + a2) = 5 (1(X2) + a2(X1)) -

2
@ Courant-Dorfman bracket on the space of Sec(7 N):

[X1 + a1, Xo + ao] = [X1, Xo] + Lx, a2 — 1x,day .
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Dirac structures

@ There is a symmetric pairing on the bundle TN = TN @y T*N:

[y

(X1 + a1 | Xa + a2) = 5 (1(X2) + a2(X1)) -

2
@ Courant-Dorfman bracket on the space of Sec(7 N):

[X1 + a1, Xo + ao] = [X1, Xo] + Lx, a2 — 1x,day .

Definition

An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing
(-). If additionally the space of sections of D is closed under the
Courant-Dorfman bracket, we speak about a Dirac structure.
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Dirac structures

@ There is a symmetric pairing on the bundle TN = TN @y T*N:

[y

(X1 + a1 | Xa + a2) = 5 (1(X2) + a2(X1)) -

2
@ Courant-Dorfman bracket on the space of Sec(7 N):

[X1 + a1, Xo + ao] = [X1, Xo] + Lx, a2 — 1x,day .

Definition

An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing
(-). If additionally the space of sections of D is closed under the
Courant-Dorfman bracket, we speak about a Dirac structure.

Note that here a subbundle D may be supported on a submanifold
No C N.

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011 3 /25



o The first integrability condition for the almost Dirac structure says
that
prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.
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o The first integrability condition for the almost Dirac structure says
that

prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.

@ The second integrability condition says that [-,-]p takes values in
Sec(D):

[-,-1o : Sec(D) x Sec(D) — Sec(D) C Sec((T N)|n) -
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o The first integrability condition for the almost Dirac structure says
that
prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.

@ The second integrability condition says that [-,-]p takes values in
Sec(D):

[-,-1o : Sec(D) x Sec(D) — Sec(D) C Sec((T N)|n) -

By definition, an almost Dirac structure is a Dirac structure if and only if
it satisfies both the integrability conditions.
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o ForMe Sec(A’°TN), M:T*N 3> ar—s 1, € TN,
graph(M) € TN is an almost Dirac structure .

If I is a Poisson tensor, then it is a Dirac structure.
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o ForMe Sec(A’°TN), M:T*N 3> ar—s 1, € TN,
graph(M) € TN is an almost Dirac structure .
If [T is a Poisson tensor, then it is a Dirac structure.
o For w e Sec(A*T*N), &:TN 3 X — 1xw € T*N,
graph(w) C TN is an almost Dirac structure.

If w is a closed 2-form, then it is a Dirac structure.
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o ForMe Sec(A’°TN), M:T*N 3> ar—s 1, € TN,
graph(M) € TN is an almost Dirac structure .
If M is a Poisson tensor, then it is a Dirac structure.
e Forwe Sec(/\zT*N), w: TN X —axw € T*N,
graph(w) C TN is an almost Dirac structure.
If wis a closed 2-form, then it is a Dirac structure.
@ For a distribution A on N,
A@®A° CTN is an almost Dirac structure.

If A 'is integrable, then it is a Dirac structure.
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Double vector bundles
Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.
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Double vector bundles
Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.
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Double vector bundles
Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.

® Ty, T2, Ty, Th are v.b.
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Double vector bundles
Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.

® Ty, T2, Ty, Th are v.b.
@ The core

C={keK: mi(k)=0,m(k) =0},

/ \\ 70 is a v.b,
Nl

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011 6/ 25



Double vector bundles
Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.

® Ty, T2, Ty, Th are v.b.
@ The core

C={keK: mi(k)=0,m(k) =0},

\ T0 is a v.b.

@ (71.71), (72.75) are v.b. morphisms

7
NG

§<7(\(—>X
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Double vector bundles

Definition

A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields associated
with the two structures commute.

7
N\

i%ﬁgx

Y
e

JG, KG (IMPAN, UW)

® Ty, T2, Ty, Th are v.b.
@ The core
C={ke K: m(k)=0,m(k) =0},

70 is a v.b.

@ (71.71), (72.75) are v.b. morphisms

@ There is one more (affine) bundle

7'1><7'2:K—)K1><MK2

modeled on the pull-back of the core

K1XMK2XMC—>K1XMK2
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First example: TE*.

TZE.—>M T:E*— M
(x7,y") — (x7) (x?, &) — (x7)
T/\//:TM—>M FMZT*M—)M

(x?, %%) — (x7) (%% pp) — (x7)

)
£
5
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First example: TE*.

7:E— M T E*— M
(x%, ") — (x7) (x?, &) — (x?)
™ :TM — M ay T*M — M
(x?, xP) — (x?) (x?, pp) —> (x?)

TEx 1 TE® — E*
(Xaagh).(bafj) — (Xavé.l')

Taoy : TE* — TM
(x?,&, %P, &) — (x7, %)
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First example: TE*.

7:E— M T E*— M
(x%, ") — (x7) (x?, &) — (x?)
™ :TM — M ay T*M — M
(x?, xP) — (x?) (x?, pp) —> (x?)

TEx 1 TE® — E*

(Xa,gi,).(b,éj) — (Xa’gi) Vl =X 85@ + 518&

Ty : TE* — TM V2 = &g + 0
(x?, &, xP, &) — (x2, %P)
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First example: TE*.

7:E— M T E*— M

(x%, ") — (x7) (x?, &) — (x?)

™ :TM — M am TM — M

(x?, xP) — (x?) (x?, pp) —> (x?)
TE*

/ \ V1= %0 + éiaél
\ / Va = 5"85" t éjaé/
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First example: TE*.

7:E— M T E*— M

(x%, ") — (x7) (x?, &) — (x?)

™ :TM — M am TM — M

(x?, xP) — (x?) (x?, pp) —> (x?)
TE*

TE/ j \TZ Vi = 505 + £0;
E* E* ™ _
\ iny Vo = £ + &0,
M
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@ We can add vectors v, w such
that
v
/‘\
//;ﬁ

Tr(v) = Tr(w).
e
d

Tr(v)=Tn(w)
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@ We can add vectors v, w such
that

Tr(v) = Tr(w).
e
d

e For v, w take curves 7, Yu:

TOYy =TOYy.

Tr(v)=Tn(w)
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@ We can add vectors v, w such
that

Tr(v) = Tr(w).

e For v, w take curves 7, Yu:

TOYy =TO V-
Y [ﬂ @ viw is tangent to
Tr(v) =T (w) t =7 (t) +yw(t).
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Second example: T*E*.

E*
NE*I mgs D TEY — EF
(Xaagivpbvyj) L (Xavgi)
C:TE* — E
_QE_* ____________ (Xaagiaptnyj) — (Xa’yj)
M [”

V1 = pa0Op, +yi(9y;

Vo = pa0 . + 5;85,
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Second example: T*E*

E*
I T*E*
E* E
O \ /
‘ M

Vi = py0 . +yi(9yi

Va2 = pa0p, + &0,
JG, KG (IMPAN, UW)
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Second example: T*E*.

E*
I .
~ E'* B VT C

E* S .

_QE__j_E_* R \ T

| ~ v

t '

Vl = paapa + ylayi
ToE* ~ Ef & T M

TOE" = EOTiM

V2 = paOp, + §i0k;
JG, KG (IMPAN, UW)
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Second example: T*E*.

T*E*

RERS
N

M

(x?, &, pb,yj)
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Second example: T*E™*.

Nl

™M E
X lﬂ-V
M M
(Xaaé.i;pbayj) (Xaayivpbvgj)
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Second example: T*E™*.
T*E* TE
E* ™M E E* ™M E
\ lﬁy \ &V
M

M

(Xavé.ivpbvyj) (Xa’yivpbagj)

T*E* is isomorphic to T*E. The graph of the canonical isomorphism R is
the lagrangian submanifold generated in

TY(E*XE)~TE*XT'E by E*xpmE>(&y)—&(y) €R.
R: (Xaﬂ.yi7pb7€j) — ( 617 —Pb,Y )
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Definition
A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined

by the vector bundle structure 7.
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Definition
A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined

by the vector bundle structure 7.

@ Euler vector field is tangent to F;
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Definition
A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined

by the vector bundle structure 7.

@ Euler vector field is tangent to F;
@ F can be supported on a submanifold My C M.
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Definition

A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined
by the vector bundle structure 7.

@ Euler vector field is tangent to F;

@ F can be supported on a submanifold My C M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D C K such that it is invariant with respect to both families of
homotheties defined by the vector bundle structures 71 and 7.
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Definition

A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined
by the vector bundle structure 7.

@ Euler vector field is tangent to F;

@ F can be supported on a submanifold My C M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D C K such that it is invariant with respect to both families of
homotheties defined by the vector bundle structures 71 and 7.

@ Both Euler vector fields are tangent to D;
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Definition

A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
such that it is invariant with respect to the family of homotheties defined
by the vector bundle structure 7.

@ Euler vector field is tangent to F;

@ F can be supported on a submanifold My C M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D C K such that it is invariant with respect to both families of
homotheties defined by the vector bundle structures 71 and 7.

@ Both Euler vector fields are tangent to D;
@ D defines subbundles F; C Ky, F» C K5 supported on My C M.
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Dirac algebroids

Linearity of different geometrical structures is connected with double
vector bundles.
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Dirac algebroids

Linearity of different geometrical structures is connected with double
vector bundles.

@ A connection [ on a vector bundle F — M is linear if the map
T:TF — VFOr (FXpy TM) = F xp F xp TM

is a double vector bundle morphism.
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Dirac algebroids

Linearity of different geometrical structures is connected with double
vector bundles.

@ A connection [ on a vector bundle F — M is linear if the map
T:TF — VFOr (FXpy TM) = F xp F xp TM

is a double vector bundle morphism.

@ A Poisson tensor 1 on a vector bundle F is linear if the corresponding
map B
n:TF—TF

is a double vector bundle morphism.
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Dirac algebroids

Linearity of different geometrical structures is connected with double
vector bundles.

@ A connection [ on a vector bundle F — M is linear if the map
T:TF — VFOr (FXpy TM) = F xp F xp TM

is a double vector bundle morphism.

@ A Poisson tensor 1 on a vector bundle F is linear if the corresponding
map B
n:TF—TF

is a double vector bundle morphism.
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identity on E*:

@ A general algebroid is a double vector bundle morphism covering the
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

TE*
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

TE < TE*
* e m
T E ”/ ™
E* id / £ /
M id M

e(x%, ¥ pp, &) = (X7, & pR(X)YS, cf(X)y & + 02 (x)pa)
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

TE < TE*
* e m
T E ”/ ™
E* id / £ /
M id M

e(x ', P, &) = (X, &, pR(X)yN, cf(X)y & + 02 (x)pa)

M, = C;(X){kagi X 851. + plb(X)agl. & 8Xb — Jf(X)@Xa ® 8@..
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TE* &g TE*

E*

™

7

M

JG, KG (IMPAN, UW)
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E*@MT*M TM@ME
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TE* ®g- TE*

VIR

E*oyTM TMoyE

AN

M

E*

JG, KG (IMPAN, UW)
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T1 - (Xa7€i7kbaéj7pcayk) = (Xaafi)a



TE* ®g- TE*

TL: (Xa7§i7kbaéj7pcayk) = (Xaafi)a

T (Xa7€i7kbaéj7pcayk) = (Xa7).<bayk)a
E*

E*oyTM TMoyE

AN

M

JG, KG (IMPAN, UW)
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TE* ®g- TE*

TL: (Xa7§i7kbaéj7pcayk) = (Xaafi)a
/ X

T (Xa7§i7kbaéj7pcayk) = (Xa7).<bayk)a
E*

E*oyTM TMoyE

AN

M
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TE* DPEx T*E* T1 - (Xa7§i7kbaéjvpmyk)’_>(Xa7§i)’

/ K T2 - (Xa7§i7kbaéjapmyk) — (Xa7).<bayk)a

E* E*eyTM TMeyE

\ / Vi = palp, + éljaéj + y"é?y,- + )?ba)-(b ,

M Va2 = paOp, + &0 + éjaéj
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TE* DPEx T*E* T1 - (Xa7§i7kbaéj7pmyk)}_)(Xa7§i)?

/ \ T2 " (Xa)fh).(baéjypmyk) = (Xa)).(ba.yk)a

E* E* Dm ™M TMGBME

\ / V1 = padp, + &0, + Y0y + X050,

M Va2 = paOp, + &0 + éjaéj

Definition

A Dirac algebroid (resp., Dirac-Lie algebroid) structure on a vector bundle
E is an almost Dirac (resp., Dirac) subbundle D of T E* being a double
vector subbundle, i.e., D is not only a subbundle of 7 : TE* — E* but
also a vector subbundle of the vector bundle 75 : TE* — TM & E.
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‘I'D 7_D
e TN
E* E* EBM T* TM EBM E PhD CD Ve/D
M Mp

e Php = 11(D) - phase bundle
e Velp = (D) - velocity bundle (anchor relation)
o Cp C E*®p T*M - core bundle for D

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011
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The graph of any linear bivector field is a Dirac algebroid,
1
n= Ecif(x)&ka&; A aﬁj + pf’(x)@g, A axbv C,-k(X) = _CJ!;(X)v
Dn = {(x*,&, %", &, pe, y*) : X° = pR(x)y*, & = cf(x)y' &—p?(x)pa} -

The phase bundle is E*, the velocity bundle is the graph of
p: E — TM, the core bundle is the graph of —p*.
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@ The graph of any linear bivector field is a Dirac algebroid,

1
M= Ec/j(x)gkagi A 651 + p,b(X)agl. N Oy, C,k(X) = —CJ!;(X),

Dn = {(x*,&, %", &, pe, y*) : X° = pR(x)y*, & = cf(x)y' &—p?(x)pa} -

The phase bundle is E*, the velocity bundle is the graph of
p: E — TM, the core bundle is the graph of —p*.

@ The graph of any linear two-form is a Dirac algebroid,

1 .
w = S Cp(X)&kdx™ A dx® + ph(x)dg Adx®, c(x) = —cp(x).

Dy = {(x, &, %%, &}, pe, ¥¥) 1y = pl(x)X®, pa = cl(x)E&xP—ph(x)&i}.

The phase bundle is E*, the velocity bundle is the graph of
p: TM — E, the core bundle is the graph of —p*.
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Due to isotropy condition for D we have the following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Velg C T*M &y E* of the anchor relation Velp:

Cp = Velp®.

JG, KG (IMPAN, UW) Dirac Algebroids 23/03/2011
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Due to isotropy condition for D we have the following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Velg C T*M &y E* of the anchor relation Velp:

Cp = Velp®.

For Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle Velp.
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TE* &g TE*

E* E*o

M TMay E

7

™

M
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TE* &g TE*

/ X TE* Gp. TE*

|~ |

E* xpm (E®pn TM)
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TE* &g TE*

/ x TE* Gp. TE*

|~ |

E* xpm (E®pn TM)

(X7£7)'(7§:,p7y)

|

(x,&,%,v)

JG, KG (IMPAN, UW)
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E*

E* xum (E o TM) Xy (T*M @ E¥)

TE* &g TE*

E* D

™

M Mo E

7

M

|

E* xp (E®dpm TM)

JG, KG (IMPAN, UW)
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TE* Bp. TE*

|

E* xpm (E®pn TM)

(x, &, %, €, p,y)

|

(x,&,%,v)
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E*xm (Edy TM) xy (T*M enm EY)

|

E* xp (E®dpm TM)
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E* xy (E oy TM) xpm (T*M @y E*)

|

E* xp (E®dpm TM)
(Xaévkvéap’y) .

~

(X7§,7777A7,C, C)
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E* xm (E Dm T/Vl) XM (T*M Dm E*)

|

E* xum (E Dm TM)
(x.& 5%, py) «—

~

(X7 g? 777 /;\]7 C? C)
@ Coordinates in E ®p TM = Velp ® V,

(x,m,m): Velp ={n=0}.

JG, KG (IMPAN, UW)
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E* xp (E @y TM) %y (T*M @y E*)

|

E* XM (E Dm TM)

(X’é").(?é?p’.y) A (X’§7777ﬁaC7<)

@ Coordinates in E ®p TM = Velp ® V,
(x,m,m): Velp = {j =0}.

@ Dual oordinates in T"M &y E = VOg Ve/DO.
(x,¢,0) 0 Velp® ={¢ =0}.
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E* xm (E Sm TM) XM (T*M Sm E*)

|

E* XM (E Dm TM)

~

(X’§’X7é7 p’.y) (—> (X’§7 777/;7’ C? C)
@ Coordinates in E ®p TM = Velp & V,

(x,m,m): Velp ={n=0}.

@ Dual oordinates in T"M @y E = VO @ Velp?,
(x,¢,0) 0 Velp® ={¢ =0}.

@ For D we have now

~

(Xagynaﬁa<7C) : ;7\: 0, Z arbitrary,
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@ For D we have now

(Xagvnaﬁa<7é\) . ';7\: 0, Z arbitrary,
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@ For D we have now

~

(x,6,1,7,(,(): 7=0, C arbitrary,

@ More conditions

Ck = ¢ (x)1/&,  isotropy gives cf(x) = —cj;(x).
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@ For D we have now

~

(,&m0,¢,C): =0, ( arbitrary,

@ More conditions

Ck = ch ()€, isotropy gives  ch(x) = —cj;(x) .

o If Php C E*
(X’?;’g,é\): MD:{?:O}, PhD:{?:O,gZO}
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@ For D we have now

~

(,&m0,¢,C): =0, ( arbitrary,

@ More conditions
G = ch(x)s, iotropy gives  h(x) = ).
o If Php & E*

(x,%,6€): Mp={x=0}, Php={x=0,=0}.

Theorem
In the introduced coordinates we have

D= {(Xa?aé-van?ﬁvga&\) DX Oa g: 07 7/7\: 07 Ck - Cjk(X)njfl}

v
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Example with application
We start with a Dirac algebroid D and a vector subbundle V' C Velp.

D
P j P
PhD CD Ve/D
L7
Mp
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Example with application

We start with a Dirac algebroid D and a vector subbundle V' C Velp.

D
P j P
o VCVelpCEdyTM
PhD CD Ve/D
L
Mp
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Example with application

We start with a Dirac algebroid D and a vector subbundle V C Velp.

D
0 JA 0
e VC VelpCE®NMTM
Php Cp Velp ~
N7 o V= (2 (V)
Mp
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Example with application
We start with a Dirac algebroid D and a vector subbundle V C Velp.

D
P j P
e VC VelpCE®NMTM
PhD CD VelD -
| o V= (D))
M o VO T*May E*Y, VOO (Cp
D
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Example with application
We start with a Dirac algebroid D and a vector subbundle V C Velp.

D D
1 T2

j e VC VelpCE®NMTM
V= (r2)(V);

A
AN

o VOCT*May E*, VOO Cp
DV =V 4 V0
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Example with application
We start with a Dirac algebroid D and a vector subbundle V C Velp.

CH-
3
No
[ ]

V C Velp C E @y TM
V= () (V)

A
AN

o VO T*May E*, VOO (Cp

Mp
e DV =V V0
DV
/JA \ Definition
Phv V0 v The Dirac algebroid DV is called
D

\ l / induced from D by the subbundle V.
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Dirac algebroids in mechanics

How to obtain phase equations from a Lagrangian (or Hamiltonian):
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Dirac algebroids in mechanics

How to obtain phase equations from a Lagrangian (or Hamiltonian):

@ Bundle of configurations: TM, phase bundle: T*M.

T*T*M il TTM — il
s
dH \ \M
™

Dy = oy (dL(TM)), Dy = Gy (dH(T*M)).
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@ Bundle of configurations: E (skew-algebroid), phase bundle: E*.

TE* < T*E <_dL
dl/ \ TE* \Tf ¢ 7r><\\
e E ——E
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e Bundle of configurations: E (skew-algebroid), constraints W C E.
» Wdefines V={y+veEdyTM:yec W, v=p(y)}C Velp,.
» We induce D).

» DY gives the relations

ev  T"E—>TE*, By :T*E*—>TE*.

TEF VL TEr - v T*E <_dL
d”/ N e/ N AN
E* CEF E*

Moo M M

Dy =ey(dL(E)), Dy = Bv(dH(E™))
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J. Grabowski, K. Grabowska: "Dirac Algebroids in Lagrangian and
Hamiltonian Mechanics” arXiv: 1101.2497.
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