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The proof of existence of a differentiable structure in the space of states in Agp* theory
is given. This structure renders possible applications of the Kijowski-Szczyrba formalism.

Introduction

The canonical structure in classical theory is one of the most imporiant objects on
the way leading to correspondence quantum field theory. Usually the principal elements
of this structure (e.g. Poisson brackets) are rather postulated than deduced. Kijowski
and Szczyrba [1] have proposed a method allowing to deduce the infinite-dimensional
canonical structure from the finite-dimensional formalism. Their method is based on the
concept of the finite-dimensional multisymplectic space—a natural (for the field theory)
generalization of the phase space in mechanics.

In order to apply the Kijowski-Szczyrba construction one must have an appropriate
structure of a differentiable manifold in the space of states. Namely, the model space
should be a space of initial data with a suitable differential structure. This structure should
have the following properties:

(1) Different initial surfaces should lead to the same differentiable structure in the
space of solutions of field equations.

(2) Lie brackets of vector fields exist.

For smooth solutions Kijowski and Szczyrba propose an idea of the “inductive dif-
ferentiable manifold”. Unfortunately, in the case of the A¢* theory there are difficulties
with such structure. It should be replaced by another one by admitting a larger class
of solutions, so this is what we do.

Results

We shall consider the Ap* field theory, i.e. the equation ([J+m*)¢g = 4¢3, 1 < 0, in
the four-dimensional space-time. In the space 2# of solutions of this equation we shall
introduce a differentiable structure with the model space &(¢) of initial data given om
a surface ¢ = {t = y(x)}. Elements of &(¢) are pairs of functions (f, g) where f is the
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value of the field, g its time derivative on . We equip £(¢) with the énergy norm

3 2
16,00 = {4+ > (L) - tgrmazrgfans.
i=1 :

Of course we take &(c) ~ H(R®) x HO(R®) where H' are Sobolev spaces. The fact that
the differentiable structure does not depend on the choice of ¢ follows from the following

TuEOREM. Let ¢, o, be asympiotically constant space-like surfaces. Then the natural
mapping
£(c1) 2 (f1,81) — (/2. 82) € £(02),
where f5 = ule,, 82 = |, and (O+m*)u = Au® with initial values' (f, 1), is a C™-
diffeomorphism.

Now, we can comstruct (following [1]) a symplectic form I on . Let us fix ¢
= (¢ = @(x)), then the clement of the tangent space T,(), u € 5 can be represented
by X, = (Q, P) e £(c). We have ([1])

Lx2,x2) = §{(P.— (gr2d 0, |grad ) @, — (P, — (erad 0, |grad 9))Q, | .

I does not depend on the choice of ¢ and is continuous in the energy norm. Hence
T gives us a symplectic structure, weakly nondegenerate, i.e. the canonical mapping b:
T(3t) - T*(2¢) is an injection (but not surjection: duality between T,2€ and T is
equivalent to that in L2, but as for the last one, TF3# ~ (H*@H®% = H'®H°. On
the other hand, the image of the tangent space under b is equal to H°@H?").

Two physical quantities, i.e. smooth functions G, F € C*(5£) such that dG, dF e H°®
@H?', generate canonical fields X and X;. Let us take any spacelike surface and the
coordinate system connected with it. From the definition I'(Xz, X) = X(F) = dF(X). Now,
we have

X,=(Q,P) and (Xp)u= ©Qr., Pr),
s0
T(Xe, X) = {{IPr— (eradQr|grad ¢)Q] - [P— (gradQlgrad )]z } 4
and on the other hand

oF oF \ ..
aFEx) = S(Q su T F au,(x)) &x,

where OF[0u(x) and SF|du,(x) are variational derivatives with respect to the first and
to the second component in £(c) respectively.
Let us introduce new coordinates in &£(6):
&(0)> (f, ) > (f, g—(gradf|gradg)) =: (u, us).
We have
oF oF - oF oF oF
ey~ eaey  EHOIEN) G T T e
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Hence

s ‘
dF(X) = S{QTEL) + [P—(gradQ|grad ¢)] %}d"'x-

Comparing with I,(Xz, X) we get

oF :
T(x) = Pp—(gradQr|gradg) =: P§,

oF
@ o

The Poisson bracket can be written in the following form:

T 1| | = I | B |

which coincides with standard formulas.

Proof of the theorem

In the sequel we assume that o, = (# = 0) and ¢, = (¢ = @(x)). Since o, is asymp-
totically constant there exist 7, and 7, such that #; < ¢(x) < #,. For simplicity let us
take z, > 0. .

. A. Continuity. Let us start with

Levmva 1. Letubea so-Iution‘af wave equation with smooth initial data (with compact
support) (f, g). Ther ||ul|,, < const||u]|,, .

Proof: We bave the explicit formula for the solution of wave equation:
4mu(x, 1) = § flxrendi+e § (madfix+ene)ae+e § gGe+enae.
lg=1 el=1 : 1&]=1
Hence

Unywrr, ) < 3] § foranag +302] § (eadfi+ e06)a) 1302 § ax+enag)”

l&l=1 1§=1 18l=1

< 2e{rarands+120n § (gadfe+snae+ 12me § g2 ds.
1&f=1 l&l=1

We obtain
§u2 (x, p))d2x < const {{{ (x4 oy )2+ ...} dox.

Let us introduce new variables y = x+¢(x)&. Hence dy = |1+ (gradg|§)|dx, but |1+
+(gradg|é)|| = 1—||gradg|| so since o, is spacelike: 1—|gradg|* > 0, 1—|gradg| > 0,
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and as it is asymptotically constant, we have
1 < 1
[1+(gradgl|8)] ~ 1—|gradgl
Now our inequality takes the form

S w2 (x, 9(x))dx < 347 {S FAx)d*x+ I§S lerad f(x)|2d3x+ 2 S g(x)2d3x} ]

Now, we use the energy equality and obtain
3 2 2
S {mzuz(x) +2 (____u (J;’x?(x)) ) +(1—|grad ¢|?) uf}dix .
_ i=1 '

< 342 {2 (7209 + 1graa 0P + 280} 23+ { larad P + 8o 2

< 34%m*+-13) |lullZ,, qed.
In order to solve the problem of continuity, we have to analyse the difierence
w:i=u,—#,. From now we assume that initial data, and in consequence u;, are
smooth functions.

Recall that #; are solutions of the integral equation
t

u(x, t) = v(x, t)—-S (t—7) M {m*u—2ud|x, 7; t—7}dr,
0

< 4% < .

where M{f|x, t;r} = 4—1”- S fx+rE, £)dE and v is a solution of the free wave equation.

* le=1
Thus we have
1

W, O] < ou(x, ) —o2(x, D +5 ¢~ DM{(1 +3 +ad)wllx, 73 t—7}de
0
and

{Sw(x, cp(x))"d-”x}lfz < { S |2, —92|2d3x}”2 +

?(x) 2 }1 12

b S{ OS (tp(x)-z)%(ms=l F(x+(g-)E, %) ds) dt} a3x

(f = Q+ui+u3)w)

o {S{ S f(x+(p()—7)é, T)d§}2d3x}1/z N

's

'5){41 S S fz();il-(qp(x)ur)«f, 'a:)dé‘d%} dt

lef=1

< llo1=22lls, +5

< lloy —2lle, +6 1 (
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iz
12
< 24m+ 1)l +84§ (a0 {{ G+ +ywra e
(1]
2 15}

/2 1/2
< 24(m+-) [ wils, + 2AbS (t,—7) {S wzd”x} dr +2AbS(t2 —7) {S @+ u%)zwzdsx} dr
6

9
z 2

3 i/2 1/3 1/6
S[S w2d3x] dt+24bt, S[S @ +u§)3d3x] [S w6d3x] dt
0 0
2z

29 .
i/2 1/2
< 24(m+ )l Wlls, +24b2, S [S w2d3x] dr+ 2Abtzs {[S uSd3x] +
0 [1]

< 24(m+1,)|Wll., +24bt,

iz

1/3 1/2
+[S u§d3x] } [S |gradw|2d3x] dr < 2A(m+t2)||w||.,l+ctzs Iw|l.d=.
1

Since w satisfies the equation ([ +m*)w—w(u} +u, u, +u3) = 0, therefore

3
f 0

0= W{wf-1-|g1rach4;|2}—-2—_"—a;x—_ (wew) +wyw(m? — a3 +u, uy +u3).
i=1 '

Integrating this identity over the domain 0 < ¢ < @(x), x € R® we obtain

S {Z (3_;}, (, (p(x)))z'*'(l —lgradg|?)wf (x, tp(x))} d3x—

iz
—S{Igradw(x, O +wi(x,0)}d3x < ZS {S wyw(—m?+ui +u u, -l-u%)dt}dsx
[t]

L
12

» /2
< ZbS{ S w:llwl (1 +uf+u§)dt}d3x < ZbS [S w,zdsx] [S w2(l+us +ud)’d3x| dt.
H

We have already estimated the last term, so
(2w 00| §
w(x, o(x
(I (22Co 2NV 1~ gradpiym, (s, )]s < i e e
i=1 ' 0
(llw||; stands for the energy norm on the surface # = const). In the estimations above
we have used Schwarz, Holder and Sobolev inequalities.

Combining all the inequalities obtained we get
iz

W2, < c(i+ eIl +e(t +2) [Iwiizde.
0
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If we put o(z) := sup ||w]|2 the following inequality holds
0

SPsiz

o() < c(l+D) W2 +e(1+15) § o)t
0

and we obiain

W2, < o) < CA+e3)exp(r, + 19) |Iw]l2,.
Since the estimation above is uniform with respect to the energy norm, continuity follows
immediately.

B. Differentiability. We shall prove existence and continuity of the Géteaux derivative.
Let us introduce the following notations

uo—solution corresponding to the data (f, g),

us—the solution corresponding to the data (f+sy, g+sv),

1
Vs 1= 5 (s —11g).

v, satisfies the equation ([0 +m?)v, = (42 +u,u+u3)v, with the initial data )
on o;. We are going to show that v; — 9, uniformly with respect to the energy norm.
The following lemma will be needed.

LemMA 2. Let be (O+m*)u = V(x, t)u+F(x, t). The following inequality holds
23 iz
lelle)” < { Qlelle >+ § 1711z} oxp (§ atr) )
] 0

where a(t) = cl|V|lra+1.
Proof: As in point A we have

(%) o(x)
(Ul = (ol +2§{ § ¥0x, yutx, Dyuge, nat}arx+2§ § Fox, s, oydea
(1 0

2 i
< (el > +28 § V| d2xde 2§ § | P a3 x
0 0

&2

22
< (ledlle,?+28 17220 calllle it +2 § 11 1] ol e

0 (1]
2 .
< (llul|a1)2+25 ||u||:||V||lelu||Lsdf+2S E ealleel ] A
1] (1]
iz i

< Qlalle)* +¢§ 171 gollall? it +2 § 1ol el
0 1]
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iz i
< (lllo >+ 1P Ncallall? de+§ QUFIZ -+ 11all?} e
0 0
iz £z
< (llle )+ N1FIZa+§ a@lllizd.
0 (1]

As before we obtain
¢

2 iz
llull2, < {||u||.%l+§ \VF|2:dt) exp (§ a(t)di),  ged.

In order to apply Lemma 2 we need one estimation
i

1102 + 1,00+ 31z < A4S w82+ § a2} < e lllli? + 1o}
Now we have by Lemma 2 and A
”7)s"62 < "‘z’s”n‘l eXP(‘z CODSt) = ”(x > ?I’)llaleXP(ConStfz)-
On the other hand, v,—o, satisfies the equation
(O+m>) (@s—v0) = 3Au5(Vs—D0) + 3A(uts +2u10) (s — o)V
with zero initial values.
From the Lemma 2 we infer that v —» v,. In fact

e+ 200) G0y 5 < | s 2aopod sl | ool

i 1
< ef§ @+ 2u0y°a2x)*{§ o8 aox® i ~uolle < cQllualle+2Alorolle) lots— sl <5 0.

From the obtained estimations it follows that there exists a Gateaux derivative which
is continuous.

COROLLARY 1. The mapping in the theorem is of class C* for o, = {t = 0} and
o, = {t = p(x)}. _

COROLLARY 2. The derivative at each point is an isomorphism and hence the mapping
is locally reversible.

In fact, in the proof of Lemma 2 we can change the roles of o, and a,.

CorOLLARY 3. The mapping in the theorem is globally reversible.

This follows from reversibility for the smooth data ([4]).
This completes the proof for C1. Analogously, we obtain smoothness of higher order
(see e.g. [2].
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