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NONHOMOGENEOUS MIXED NEUMANN PROBLEM FOR
NONLINEAR WAVE EQUATION

Summary: Symplectic approach to the mixed problem is presented. As an application the
proof of existence of generalized and classical solutions is given.

Introduction.

In an unpublished paper [1] W.M. Tulczyjew outlined a symplectic fra-
mework for linear field theories. This framework based on concepts derived
from physics contains a new approach to variational problems in the theory
of partial differential equations. Applications of the framework to linear el-
liptic equation are given in reference [6]. Many elements of the general fra-
mework apply to linear as well as nonlinear equations. Other elements can
be easily extended. In the present paper the framework is used to obtain
a variational formulation of nonhomogeneous mixed Neumann problem
for nonlinear hyperbolic equations. Within the framework we make use of
the Ritz-Faedo-Galerkin method to prove existence and uniquness of classi-
cal and generalized solutions. The Klein — Gordon equation with a nonlinear
term Ax> is used as an explicite example. Solutions of the homogeneous
mixed Dirichlet problem can be found in references [3] — [51].

The success of the Ritz-Facdo-Galerkin method applied to initial-
boundary value problem depends crucially on the correct choice of the
topology in the space of initial values. It can be easily scen that arguments
used in references [3] — [5], based on interpolation technics do not extend
to nonhomogeneous problems. The value of the symplectic approach con-
sists in suggesting a natural - choice of Sobolev spaces of initial data in all
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cases. This choice is consistent with the physical meaning of initial data. The
physical aspect is ignored in usual approaches to differential equations.

The basic technic of Ritz-Faedo-Galerkin method is that of apriori e-
stimates. The version of this technic used in references [3] — [5] has to be
significantly modified and improved in order to be applicable to the non-
homogeneous Neumann case. Modifications given in the present paper regard
mainly the proof of existence of classical solutions (see 111, 2, 3). In the case
of generalized solutions the required modifications are less significant.

The paper begins with a short review of the unpublished paper [1].
This is followed by an example and a general discussion of the topology of
the spaces of data (Chapter I). Chapter II deals with generalized solutions.
Classical solutions are considered in Chapter III.

0. Notation.

Let §2 be bounded domain in R3, with the smooth boundary 9£2.
Q,: = Qx{t}CD: = Qx[0, T] CR*
(,) — scalar product in L*(Q),
(,). — scalar product in L*(2,),
H°(S2) — Sobolev space with index s=>0
H3() = () , Il — norm in H.
x — functions on D (or £2;) ,
f=fdt.dx'.dx?.dx* — 4form on D,
p=p°dx'.dx?.dx* + ... 3-form on D,

Glag (@0, %~ gzp —afgf ,
y=pr1-

I. Variational formulation of the probilem.

1. Symplectic spaces.

In this section we shall describe the symplectic space associated with the

3
curret T given by £, and vector field g on it:
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<T, f> = sfz f _jgat—, We use the procedure described in [1]. According to it we

have the mapping
<, >x: @, %) > <T,d(xp) —xf>=

—f(d(xp) xf)_J f}—(xp) d(xp_l ) f_J
__asztxp _|§+{Zj&(xp)—xf_|$%:

= fxpdo+ [ x(@p°—dv+[ dxp°dv
0Q; 2 Q;

Symplectic space is obtained as a direct sum of quotient spaces by
left and right kernels of the bilinear form <,>q. We shall denote them by
X and Y respectively. Duality between Xy and Yy will be denote by
the same symbol <,>g. Symplectic structure is the canonical structure in
a dual pair. We see that an element xq = [x] of Xq can be described by
the pair (xIQt, 9;xq,) and an element yqr = [p,f1 by the triple (¢ on 9£2,, (9,p° —

—Dla,, £°12,)-

2. Dynamics.

Elements of XqxYq compatible with dynamics form a Lagrangian sub-
space Aq. Its generatmg function Wq is the following (see [1])
W(eq) = <T, L°j'x> where x is a representative of Xr, jlx its first
jet, L is Lagrangian density.
Thus we have:

This is variational formulation we are interested in.

3. Nonlinear Klein - Gordon equation (Ax* case).

In the following we shall deal with the following Lagrangian:
1 A
Lojla=", | = m?x? + (%" - 3 (30)? +Jat >0
i=1
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Lagrange form of field equations is:
pP=dx , pi=—0x i=1,2,3,
9:p° + o' —f=—m?x + \x® |
In this case Aq is given by the equation

W, %)= 18.x d,x' — s Oix Ox' —mxx' —Ax3x"} =
. Qz é

(x', x represent X, Xr).
Taking %7 such that x'lg, =0 we get p°= 9:x.
Taking xg such that 9,x'lg,= 0 we get

[ - $ 9% 9’ —mPxx' —Ax3x")= [ x'p+[ (8 p° -’
ﬂt 2’=1 aﬂt Qi

Now, we can rewrite our eqﬁation in an equivalent form:
f ;afxx' + % Ox 9%’ +mixx' +N3x"{=f fx'— [ px' (3.2)
Q; =1 Qf agt
or
(8%x, x") + blx, x") + A%, x") = — (3, x)q,

where b(x,x")=f g S O;x 0;x' -+ m?xx'
ﬂg i=1

4. Topology.

We saw that canonical conjugate pairs are:
x and 3;p° —f, xlaq and p, 9,x and p°.

It means, that if x EHXQ,), xlag, EH 2(3Q,), dx EHF'(Q) ie. Xq=
i
= H(S2,)x ' (€2,) (s > 3 ), then conjugate elements should be treated as ele-

ments of:

1
f-ap° €HNQ,) , pEH Z(0R,) , p° EH Q)
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in order to obtain Yy = (Xg)'

1
It seems to be natural to put —s, ——2—=—s+; ie. s=s; + 1. In the fol-
lowing we shall consider the case s=1 only, ie.

1
x CHW(S,), fEHNQ,), 32 EH () =LY () , pEH *(3Qy).

5. Formulation of the mixed Neumann problem.

Given: p, f, %o , ¥o. We are looking for an element x € H'(D) such that:

(i) (3.2) is satisfied for each t €10, T] (5.1)
(i) x(0)=xo , 3,x(0)=%o .

x satisfying (5.2) is called ““a generalized solution of the mixed Neumann pro-
blem”.

assuming that the expressions below have the sence, the formulation above
is equivalent to the following one

() (32 —Ax +mPx+Ax*=f inD
(i) 8,x=-p on 3Q[0, T] (5.2)
(i) x(0)=x0 , 3,%(0)=xo

1I. Generalized solution of the mixed Neumann problem.
In order to prove existence we use Galerkin-Faedo method.
1. Approximate solution.

First we choose a basis w,, w,, ..., Wy, ... in H'(2). We define ap-
proximate solution X, (t) by:

m . . .
Xm(E) = 2 Zim(t)w;, where functions g, (t) satisfy system of equations
i=1 v

(07 %, W) + by, w) + N3, w)=— (¥, w)Q, i=1,...m (1.1)
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d
with initial data £;,(0) =& ;i; Zim(0) = Ny, Where

?ﬁl Ein W; > Xo 72}22 Nime W; > Xo in HI(Q) . Ho(ﬂ)
i=1" i=1

=

This means that g;, are given as solutions of systems of ordinary dif-

ferential equations. By well known theorems such systems have unique lo-
cal solutions provided y = (p, f) where

1
p €EHYO, T; H 2(3Q) , fEH(0, T; H ().
Global existence follows from the a priori estimates.
2. A priori estimates.

From (1.1) it follows that

(atzxma atxm) + b(xm, atxm) + }\(xisn: atxm) =

— &, 0:%m)a,
and
4 l(Z)t.vc 9,x )+lb(x x )+17‘\(x2 x2)+ [ pxm (=
de |2 T M g T Tm g T T e,

= f at?xm + (f: atxm )
09,
Hence for A >0

W2(t) : = (0% p, (1), 0:%,, (2)) +
+ D%, (), % () < (3;%,(0), 8:%,,(0)) + b(x,(0), %, (0)) +

+ 120, 52N+ S prm
2 39

~ f pxm+S J Oprmdr+
aﬂ] (1] aﬂT

+ [(f, 8, ())dr.

But (x2,(0), x%(0)) <c,; lIx,, (O} (Sobolev inequality),

| [ pxm 1< sup |l 4
00, r€[0, 1] 2

o6 (T = €2 W6 (T4
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and 1T [ 3.pxml? < FpI2 1 dr Tl I dr =
J 1

o 9Q, 2 e
= ¢4 f N6 (Pl .
Thus we have:
W) - % ¢,)2 SW0) + ¢, WHO0) + ¢, W(0) + c4 + 5 Z UG —% ¢,)2dr.

where ¢; dependson T and norms of p and f only. By Gronwall Lemma
W(z) is uniformely bounded on [0, T] and by standard arguments we have
global existence of xy.

In the same way we can get estimates for the solution of the problem
1. (3.2).

3. Generalized solution.

By standart compactness arguments (for details see [3]) we have that
w,, converges (weakly) in HY(D) and the limit satisfies (3.2) (or rather
(3.1)). Also uniqueness is easy to prove. Thus we have proved the following:

1
Theorem 1. For p €HYO,T;H 2(3%2)) , fEH (0, T; H°(2)) there exist
exactly one solution x € H'(D) of 1. (3.1) such that x(0) = xo €EHY () ,
2°0) = x, € HY).

Remark. One can treat f and p jointly taking y € H'(0, T; H ().

I11. Classical solution.

By well known embedding theorem it is sufficient to show that the ge-
neralized solution is in H3(D), i.e. in H0, T; H3(S2)) N H*(0, T; H(2)).

1. A priori estimates of the time derivatives of approximate solutions.

. 1 .
Suppose w; €EHY () i=1,2,.. , pEH(0, T:H 2(3%2)), fEH3*(D). We
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know, that g;, are differentiable and the following equality holds:
(22, wi) + (B %, wi) + NBF 27, wi) = — (3Fy, wi)

k=1,..4, (1.1)
Hence
1d k+1 k+1 &
PN (051 5, , B8 12, ) + (%, B2, )} =
(1.2)
= — N@kx3,, 3 x,) — (Fy, 0F % )a
We have to prove uniform boundedness of (@%x3,, 9%+ x,,).

21(3kx3,, 38+ 1x,,)| <UOKxd |12 + 195+ 1x,, 112, but 108x3, 112 < 3110FxmxZ | +
terms with derivatives of an order <k — 1, and ||0%x,, %2 |I*> < c|lofx,, II?iIImeILI.

Since we have already proved boundedness of |lx,,|l; and [10.x,|l then
by induction, using (1.2) and Gronwall Lemma (as in section II) Ilafx,,,,(t)lll
and ||a%*1 x,,(2)ll are bounded if bounded are ||8%x,,(0)ll, and |185*" x,, (O)I.

2. Boundedness of 19% x, (O],

From now we assume that data are compatible, ie.
a,,(a_fx(o»= 2%p(0) on 39,. (2.1)
(8%x(0) can be expressed by x,, %, using 1. (5.2)).

m -
Moreover we assume that 2 &, w; ~>x, in H>(S2) and
i=1

b NimW;i > %, in HY(K2). 2.2)
i=1

Let A be a self-adjoint, positively definite operator on H°(2) such that
llxlls = lAx)l. Of course norm |lx|l, is equivalent to A x|l. Let w, be
eigenfunction of A, i=1, 2...

Now, we pass to the proof:
k=0,1 — evident,
k=2.

(8% (0), w3) = = b(x (0), w;) — N(x% (0), w;) — (¥(0), wy)g, = ((—m?
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+ N)x,, (0), w; + (f, w) — Mx3,(0), wy) — af w{8,%,(0) +p(0)) i=1,..,m.
Qo

But 9,%,(0)>—p(0) (m*—>) and we can write 87x,(0)=P,(~ m? +
+ MN%,,(0) + P, f — P, x3,(0) + €, where P, is ortogonal projection onto
subspace of H°(S2) spanned by w;, ..., Wy ; €, are small in H(S2). Hence

182, (0|5 < 1Py (— 22 4 D), (O3 + 1P, fll3 + NP, 5, (0I5 + €
But P,,A=AP, and
192, (O3 < ll(— 2 + A) %, (0)3 + IIfllz + Alx3, (0I5 + € < clix, (Olls +
+ IFOMs + ¢, lIx, (O)I3 + €. Now, boundedness follows from (2.2).

k=3

Using (2.1) we have, as in the case k= 2, that

133 %, (Ol < N(— 722 + A) 3,2, (OMl + WD XOM, + 118:%3. (Ol + €<

< cll8:%,, (Ol + 13,£(0), + ¢, (18,2, (O3 + X, (O)lI3)* + €

k=4

187 %, (Dl; < cll0? %, (O3 + 1187 f(ONI, +

+ ¢2(187 %, (O3 + 13:%,, (Ol + 1%, (Ol2)° €

k=5

193 5, (ON < €133 ,,, (O)l, + N0 O + ¢3(1107 % (OM]; + ...)° + €

3. Classical solution.

Results of previous sections show existence of 9kx k=1, .., 5. Mo
reover, 8kx € H°(0, T; H°(Q)).
It remains to prove that x € HX(0, T; H3(2)).
We have

(3%x, w) + b(x, w) + Nx>, w) =—~(y, w)q, w € HY(Q).
Hence
b(x, w) = —(87 x, w) + Mx>, w) — (¥, w)g, (3.1)

1
Let p €H%(0, T; H*(9€2)) and fEH(0, T; H°(S2)) then righthand side in
(3.1) is continuous with respect to
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1
(w, wlag) EHX(Q) xH 2(3Q) (x € H(S), x* EHAQ)).
On the other hand b(x, w) = (Ax, w)g where (see [6])

Ax = (8,xlaq, (- A+ m?)x.

1

It follows that Ax € H2(dQ)xH(2). But A is an isomorphism between
3

H(£2) and H 2 (BQ)xE"2(2) (s = 2) (see [2], [6]). It means that x(z) € H*(Q)

and x € H(0, T; H*(X2)).

Next step:

x=—(CA+m?)x—Ax>+f and (3.1) implies b((— A+ m?)x, w)=
= b(\x® — f, w) ~ (8% x, w) — N(87x3, w) — (8%y, w). As before we get (- A+
+ m?)x € HY(2) and because

3
d,xlag =~ p €H?(08)

we have, by isomorphism theorem, that x € H*(£2). Repeating twice this
procedure we obtain x € H°(0, T; H(2)).
Now, we can formulate results as a theorem

1 7
Theorem 2. Let fEH3(D), p €H0, T;H ?(082)) NH™0, T; H? (352)),
x, EH*(Q2), x, € H*(Q).

Suppose that this data are compatible, then there exists exactly one solution
x of the problem II. (5.2) and x € C*(D).
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