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I. A motivating analogy

I.1. The lagrangean description of a charged point-like particle

A theory of C1-maps x ∶ Γ→M determined by the PLA for

Sp[x] = −1
2 ∫Γ

gx(ẋ, ẋ) + Stop[x] , Stop[x] = ”∫
Γ

x∗d−1F” ,

● Γ – WORLD-LINE, assumed closed, ∂Γ = ∅;

● M – TARGET SPACE;

● (g,F) – BACKGROUND fields:

– g ∈ Sym2(M) – metric on M ;

– F ∈ Z2(M) – electromagnetic field strength.

Problem: H2(M) ∋ [F] ≠ 0 Ô⇒ ¬∃d−1F

Solution: Abstractly, we need

LINE BUNDLE C↪ L πLÐ→M , curv(∇L) = π∗LF ,

Stop[x] = −i logHolL(x) ≡ [x∗L] ∈ H1(Γ,U(1)) ≅ U(1) .

Less so, given a GOOD OPEN COVER OM = {Oi}i∈I of M ,

cohomological constraints:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

F∣Oi
=∶ dAi , Ai ∈ Ω1(Oi)

(Aj −Ai)∣Oij
=∶ i d log gij , gij ∈ U(1)Oij

,

‘quantum’ constraints: (gij gjk)∣Oijk
= gik∣Oijk

yield a local formula for Stop[x].
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I.2. The canonical structure of the theory

The PHASE SPACE: Pp ≅ T∗M
πÐ→M , equipped with

SYMPLECTIC STRUCTURE Ωp = dθT∗M + π∗F , θT∗M – canonical 1-form on T∗M .

The HILBERT SPACE Hp = Γpol.(Lp) of the theory determined by

PRE-QUANTUM BUNDLE C↪ π∗L⊗ (Pp ×C) =∶ Lp → Pp ,

where the second tensor factor has the (global) connection 1-form θT∗M .

I.3. (Internal) Symmetries of the theory

Infinitesimally, generated by K ∈ Γ(TM),

xµ ↦ xµ + εK ⌟ dxµ Ô⇒ δεK Sp[x] = ε( − 1
2 ∫Γ (−LK g)x(ẋ, ẋ) + ∫Γ x∗(K ⌟ F)) .

Conclusion: Symmetries described by K ∶= K ⊕ k ∈ Γp(E(1,0)M) ⊂ Γ(E(1,0)M),

GENERALISED TANGENT BUNDLE E(1,0)M ∶= ∧1TM ⊕ ∧0T∗M →M ,

Γp(E(1,0)M) ∶= { V ⊕ υ ∈ Γ(E(1,0)M) ∣ dυ +K ⌟ F = 0 ∧ −LK g = 0 } .

Observation: Γ(E(1,0)M) admits

F-TW. VINOGRADOV BRACKET [V1 ⊕ υ1 , V2 ⊕ υ2 ]FV = [V1 , V2 ]⊕ (V1 ⌟ υ2 − V2 ⌟ υ1 + V1 ⌟ V2 ⌟ F)

with the properties:

● [ ⋅ , ⋅ ]FV ∶ Γp(E(1,0)M)2 → Γp(E(1,0)M);

● (Γp(E(1,0)M), [ ⋅ , ⋅ ]FV)
hom.↪ (Γ(E(1,0)Pp), [ ⋅ , ⋅ ]Ωp

V ) .
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II. The two-dimensional (non-linear) σ-model

A theory of C1-maps X ∶ Σ→M determined by the PLA for

Sσ[X;γ] = −1
2 ∫Γ

gX(dX∧, ⋆γ dX) + Stop[X] , Stop[X] = ”∫
Σ

X∗d−1H” ,

● Γ – WORLD-SHEET, assumed closed, ∂Σ = ∅;

● M – TARGET SPACE;

● (g,H) – BACKGROUND fields:

– g ∈ Sym2(M) – metric on M ;

– H ∈ Z3(M) – torsion field strength .

Problem: H3(M) ∋ [H] ≠ 0 Ô⇒ ¬∃d−1H

N.B. The choice of (g,H) is severely constrained by the requirement of a
non-anomalous symmetry Diff 0(Σ)⋉Weyl(γ) of the quantum theory.

Solution: [Alvarez ’85;Gawȩdzki ’86] Locally, given a good open cover
OM = {Oi}i∈I of M ,

CURVINGS Bi ∈ Ω2(Oi) , CONNECTIONS Aij ∈ Ω1(Oij) ,

TRANSITION FUNCTIONS gijk ∈ U(1)Oijk
,

H∣Oi
=∶ dBi

(Bj −Bi)∣Oij
=∶ dAij

(Ajk −Aik +Aij)∣Oijk
=∶ i d log gijk

(gjkl ⋅ g−1
ikl ⋅ gijl ⋅ g−1

ijk)∣Oijkl
= 1

mod

Bi ↦ Bi + dΠi

Aij ↦ Aij + (Πj −Πi)∣Oij
− i d logχij

gijk ↦ gijk ⋅ (χ−1
jk ⋅ χik ⋅ χ−1

ij )∣Oijk

define – for a triangulation △Σ of Σ subordinate to OM wrt. X –

Stop[X] = ∑
p∈△Σ

[∫
p

X∗
p Bip +∑

e⊂p
(∫

e
X∗

e Aipie − i ∑
v∈e

logX∗gipieiv(v)εpev)] .
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III. Abelian (bundle) gerbes with connection

III.1. The local (cohomological) description

Recall: given a sheaf S over M , and a cover OM = {Oi}i∈I , we have

ČECH OPERATOR δ̌(p) ∶ Čp(OM ,S)→ Čp+1(OM ,S)

∶ (c[i0i1...ip])↦ (
p+1

∑
k=0

(−1)k ci0i1...
îk

ip+1
∣Oi0i1...ip+1

)

defined on sections c[i0i1...ip] ∈ S(Oi0i1...ip).

Consider the DELIGNE COMPLEX of differential sheaves

D(2)● ∶ U(1)
M

1
i d log≡d(0)

ÐÐÐÐÐ→ Ω1(M) d≡d(1)
ÐÐÐ→ Ω2(M) .

Its Čech extension defines the ČECH–DELIGNE BICOMPLEX

Č0(OM ,Ω2) δ̌(0) // Č1(OM ,Ω2) δ̌(1) // Č2(OM ,Ω2) δ̌(2) // . . .

Č0(OM ,Ω1) δ̌(0) //

d(1)

OO

Č1(OM ,Ω1) δ̌(1) //

d(1)

OO

Č2(OM ,Ω1) δ̌(2) //

d(1)

OO

. . .

Č0(OM ,U(1)) δ̌(0) //

d(0)

OO

Č1(OM ,U(1)) δ̌(1) //

d(0)

OO

Č2(OM ,U(1)) δ̌(2) //

d(0)

OO

. . .

.

Defn: The DELIGNE HYPERCOHOMOLOGY is the cohomology
of the Čech–Deligne bicomplex, i.e. the cohomology of the diagonal subcom-
plex (additive notation!)

A●
M ∶ A0

M

D(0)ÐÐ→ A1
M

D(1)ÐÐ→ . . . , Ar
M =⊕p,q∈N

p+q=r
Čp(OM ,D(2)q) ,

DELIGNE DIFFERENTIAL D(r)∣Čp(OM ,D(2)q) = d(q) + (−1)q+1 δ̌(p) .
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Defn: Given a good open cover OM = {Oi}i∈I of a differentiable manifold
M , a Deligne 2-cocycle

(Bi,Aij, gijk) =∶ b ∈ A2
M , D(2)b = 0

defines an ABELIAN GERBE WITH CONNECTION G.
Its EQUIVALENCE CLASS [G] ∈ H2(M,D(2)●) is

b ∼ b +D(1)p , p = (Πi, χij) ∈ A1
M .

The Classification Theorem: The set W(M ;H) of equivalence classes
of gerbes of curvature H ∈ Z3

2πZ(M) over M is a Ȟ2(M,U(1))-torsor wrt.
the action

([(cijk)], [(Bi,Aij, gijk)])↦ [(Bi,Aij, cijk ⋅ gijk)] .

Idea of proof: Clearly, W(M ;H) is a W(M ; 0)-torsor wrt. the action

([(βi, αij, γijk)], [(Bi,Aij, gijk)])↦ [(Bi + βi,Aij + αij, gijk ⋅ γijk)] .

Furthermore, W(M ; 0) ≅ Ȟ2(M,U(1)).
Implication: Cohomological classification of (inequivalent) σ-models for
given (g,H), e.g., for M = G a simple compact 1-connected Lie group,

∀k∈N ∃! Gk = G⊗k
1 , curv(Gk) = k

12π trg(θL ∧ θL ∧ θL) .

Here, G1 is the so-called BASIC GERBE.

Physical result: Given [(cijk)] ∈ H2(Σ,U(1)) s.t. W(Σ;0) ∋ [X∗G] =
[(0,0, cijk)], the triviality of the Bokshteyn homomorphism H2(Σ,U(1)) ≅
H3(Σ,2πZ) implies the existence of [(ρ)] ∈ H2(Σ,R)/H2(Σ,2πZ) s.t.

[X∗G] = [(ρ,0,1)] ≡ [Iρ] , and Stop[X] = ∫
Σ

ρ ≡ −i logHolG(X) .
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III.11
2 . Constructions – examples & un bout d’histoire:

● basic gerbes over SC1C Lie groups: SU(2) [Gawȩdzki ’86], SU(N)
[Chatterjee ’98], G arbitrary [Meinrenken ’02]

● gerbes over SCCnsC Lie groups G ≅ G̃/Z , Z ⊂ Z(G̃) (G̃ is a simply

connected cover)
1∶1←→ gerbes over G̃ with the Z-equivariant struc-

ture [Gawȩdzki & Reis ’02,’03]

● gerbes over orientifolds G̃/(Z2⋉Z) of SC1C Lie groups
1∶1←→

gerbes over G̃ with the twisted Z2⋉Z-equivariant structure [Schreiber,
Schweigert & Waldorf ’05;Gawȩdzki, Suszek & Waldorf ’07,’08]

● multiplicative gerbes over SCC Lie groups [Carey, Johnson, Murray,
Stevenson & Wang ’04;Waldorf ’08;Gawȩdzki & Waldorf]

● (continuously) equivariant gerbes for the gauged σ-model, in par-
ticular, over semi-simple compact connected Lie groups [Gawȩdzki,
Suszek & Waldorf ’10]

● gerbe modules for D-branes [Carey, Johnson & Murray ’02]

● maximally symmetric modules of gerbes over SCC Lie groups [Gawȩdzki
& Reis ’02,’03;Gawȩdzki ’04]

● gerbes bi-modules for bi-branes, and maximally symmetric bi-modules
of gerbes over SC1C Lie groups [Fuchs, Schweigert & Waldorf ’07]

● the full gerbe 2-category for the multi-phase σ-model [Runkel &
Suszek ’08]

● inter-bi-branes for the maximally symmetric bi-branes of gerbes over
SC1C Lie groups vs Verlinde fusion rings [Runkel & Suszek ’09,’10]

● transgression [Gawȩdzki ’86] and geometric quantisation of the WZW
model [Felder, Gawȩdzki & Kupiainen ’88]

● canonical interpretation of the gerbe 2-category, and 2-categorially
twisted generalised geometry [Suszek ’10]

8



III.2. The geometric construction – bundle gerbes

Problem: The lack of a natural choice of a good open cover.

Solution-Defn: [Murray ’94] An ABELIAN BUNDLE GERBE
WITH CONNECTION G of curvature H over a manifold M is a
quadruple (Y M,B,L,µ) in which

● πY M ∶ Y M →M is a surjective submersion;

● the curving 2-form B ∈ Ω2(Y M) satisfies

π∗Y MH = dB ;

● C↪ L→ Y [2]M is a line bundle over the fibred product

Y [2]M ≡ Y M ×M Y M ∶= { (y1, y2) ∈ Y M × Y M ∣ πY M(y1) = πY M(y2) } ,

pri(y1, y2) = yi , i ∈ {1,2}

with connection ∇L of curvature

curv(∇L) = pr∗2B − pr∗1B ;

● µ engenders a groupoid structure on L
//
// Y M via

µ ∶ L1,2 ⊗L2,3
≅Ð→ L1,3 , Li,j ∶= (pri × prj)∗L

over Y [3]M that is associative in the sense of

L1,2 ⊗L2,3 ⊗L3,4

↻µ1,2,3⊗id

²²

id⊗µ2,3,4 // L1,2 ⊗L2,4

µ1,2,4

²²
L1,3 ⊗L3,4 µ1,3,4

// L1,4

.

9



IV. The canonical structure of the σ-model

The CONFIGURATION SPACE of the theory is given by LM =
C∞(S1,M), and we have the natural identification

PHASE SPACE Pσ = T∗LM
πT∗LMÐÐÐ→ LM .

Denote by ev ∶ LM × S1 → M the standard evaluation map, and by
θT∗LM the canonical 1-form on T∗LM . Using the first-order formalism of
Gawȩdzki–Kijowski–Szczyrba–Tulczyjew, we derive

(PRE-)SYMPLECTIC FORM Ωσ = δθT∗LM + π∗T∗LM ∫S1
ev∗H ∈ Z2(Pσ) .

It gives us access to the Poisson-bracket algebra of hamiltonian functions
C∞(Pσ,R), or – equivalently – to

Defn: The CANONICAL VINOGRADOV STRUCTURE on a sym-

plectic manifold (P,Ω) is the triple (E(1,0)P, [⋅, ⋅]ΩV , αTP) composed of

● the GENERALISED TANGENT BUNDLE OF TYPE (1,0)

E(1,0)P ∶= ∧1TP⊕ ∧0T∗P→ P ;

● the Ω-TWISTED VINOGRADOV BRACKET

[V ⊕ f,W ⊕ g]ΩV ∶= [V , W ]⊕ (V ⌟ dg −W ⌟ dg + V ⌟W ⌟Ω) ;

● the ANCHOR MAP αTP ≡ prTP ∶ E(1,0)P→ TP.

Observation: The bracket closes on

HAMILTONIAN SECTIONS H ⊕ h =∶ Xh ∈ ker (V ⊕ f ↦ δf + V ⌟Ω) ,

[Xh1
,Xh2

]ΩV = X{h1 , h2 }Ω
.
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IV.1. Reminder on the KGST formalism & geometric (pre)quantisation

To a theory given in terms of an action functional (D = dimM )

S[φA] = ∫
M

dDxL(xµ, φA, ξB
ν )∣ξB

ν =∂νφB , dDx = dx1 ∧ dx2 ∧⋯ ∧ dxD

on sections (φA)A∈1,N of the CONFIGURATION BUNDLE πF ∶ F →M ,
we associate the CARTAN FORM on the first-jet bundle J1F →M

Θ(xµ, φA, ξB
ν ) = (L − ξC

λ
δL
δξC

λ

)(xµ, φA, ξB
ν )dDx + δL

δξC
λ
(xµ, φA, ξB

ν ) δφC ∧ (∂λ ⌟ dDx) .

The latter has the all-important properties:

(i) the PLA for the functional

SΘ[Ψ] ∶= ∫
M

Ψ∗Θ , Ψ ∈ Γ(J1F )
yields the Euler–Lagrange equations of S;

(ii) upon defining a functional

S12[Ψcl.] ∶= ∫
M12

(Ψcl.∣M12
)∗Θ ,

for a region M12 ⊂ M cobounded by two homotopic Cauchy surfaces
C1 and C2, we readily establish

δS12[Ψcl.] = ΞC2
[Ψcl.] −ΞC1

[Ψcl.] ,

and so Θ canonically defines a closed 2-form

Ω[Ψcl.] ∶= δΞC [Ψcl.] , C ∈ [C1]hom.

on the space P([C1]hom.) of extremal sections of J1F , i.e. also a sym-

plectic structure on the phase space P([C1]hom.) of the field theory.
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Let, next, C ↪ L πLÐ→ P be a line bundle with connection ∇L of curva-
ture π∗LΩ and, for a choice {Oi}i∈I of an open cover of P, fix local data
(θi, γij) ∈ A1

P
of L, so that

D(1)(θi, γij) = (Ω∣Oi
,0,1)

PREQUANTISATION assigns to every h ∈ C∞(P) a collection Ôh =
(ĥi)i∈I of local (linear) operators on Γ(L),

ĥi ∶= −i −LXh
−Xh ⌟ θi + h∣Oi

satisfying [Ôh1
, Ôh2

] = −i Ô{h1,h2}Ω
.
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IV.2. Prequantisation via transgression

Given a choice OM = {OM
i }i∈IM

of a good open cover of M , consider the
non-empty open sets

Oi = { X ∈ LM ∣ ∀e,v∈△(S1) ∶ X(e) ⊂ OM
ie

∧ X(v) ∈ OM
iv

} ,

with the index i given by a pair (△S1, φ) consisting of a choice △S1 of
the triangulation of S1, with its edges e and vertices v, and a choice
φ ∶ △S1 → IM ∶ f ↦ if of the assignment of indices of OM to elements
of △S1. By varying these two choices arbitrarily, all of LM is covered, thus
yielding an OPEN COVER OLM = {Oi}i∈ILM

of LM .

The above choice of an open cover of the configuration space of the σ-
model, together with the corresponding choice of local data for G, is the
basis of a constructive proof of the following remarkable

Thm: [Gawȩdzki ’86] An abelian (bundle) gerbe G over a differentiable
manifold M with connection of curvature H ∈ Z3(M,2πZ) canonically
induces a line bundle C ↪ LG → LM , termed the TRANSGRESSION
BUNDLE, with connection ∇LG of curvature

curv(∇LG) = ∫S1
ev∗H ,

and the assignment G → LG defines a cohomology map

TRANSGRESSION MAP H2(M,D(2)●)→ H1(LM,D(1)●) .

Corollary: The torsion gerbe G over the target space M of the σ-model
canonically determines

PRE-QUANTUM BUNDLE Lσ ∶= π∗T∗LMLG ⊗ (Pσ ×C)→ Pσ

over the phase space Pσ = T∗LM
πT∗LMÐÐÐ→ LM of the σ-model, in which the

trivial tensor factor comes with the (global) connection 1-form θT∗LM .

13



Explicitly, taking the induced open cover {O∗
i }i∈ILM

, O∗
i ∶= π−1

T∗LM(Oi) of
Pσ, we find LOCAL DATA of Lσ in the form

θσ,i ∶= θT∗LM ∣O∗
i
+ π∗T∗LMEi ∈ Ω1(O∗

i ) ,

γσ,ij ∶= π∗T∗LMGij ∈ U(1)O∗
ij
,

where (Ei,Gij) ∈ A1
LM are local data of LG associated with OLM ,

Ei[X] ∶= − ∑
e∈△S1

∫
e
X∗

e Bie − ∑
v∈△S1

X∗Aie+(v)ie−(v)(v) ,

Gij[X] ∶= ∏
e∈△S1

e−i ∫e X∗
e Aieje ⋅ ∏

v∈△S1
X∗(gie+(v)ie−(v)je+(v) ⋅ g−1

je+(v)je−(v)ie−(v)
)(v) .

These satisfy the standard cohomological identities

Ej −Ei = iδ logGij , Gjk ⋅G−1
ik ⋅Gij = 1 ,

and transform as

(Ei,Gij)↦ (Ei,Gij) +D(0)(Hi) ,

with

Hi[X] = ∏
e∈△S1

ei ∫e X∗
e Πie ⋅ ∏

v∈△S1
X∗χ−1

ie+(v)ie−(v)
(v)

under “gauge transformations”

(Bi,Aij, gijk)↦ (Bi,Aij, gijk) +D(1)(Πi, χij) .

14



V. Dualities of the σ-model from dessins d’enfants, & the gerbe 2-category

Consider the symplectic space (P = T∗LM , for now)

(Pσ × Pσ,Ω
−
σ ∶= pr∗1Ωσ − pr∗2Ωσ) , pri ∶ Pσ × Pσ → Pσ canonical ,

together with the pair of line bundles (with connection) Lσ,i ∶= pr∗iLσ.

Defn: A PREQUANTUM DUALITY of the σ-model is a pair (Jσ,Dσ)
composed of

(i) a graph Iσ ⊂ Pσ × Pσ, isotropic wrt. Ω−
σ and such that the difference

H −
σ ∶= pr∗1Hσ − pr∗2Hσ of pullback hamiltonian densities Hσ of the

σ-model satisfies H −
σ ∣Iσ

= 0;

(ii) an isomorphism Dσ ∶ Lσ,1
≅Ð→ Lσ,2 .

World-sheet intuition: Consider an oriented closed time-like discontinu-
ity contour Γ at t = t0, or a DEFECT LINE. The limiting field configu-
rations ψ∣1(ϕ) ∶= limη→0− (X,p)(t0 + η,ϕ) and ψ∣2(ϕ) ∶= limη→0+ (X,p)(t0 +
η,ϕ) define a (local) correspondence between states in Pσ.

Γψ∣1 ψ∣2

CFT1 CFT2

t

Formalisation: Pass from C1-maps X from Σ to M (with (g,G)) to
patchwise C1-maps X ∶ ℘→M, ℘ ∈ PΣ with extensions X ∶ Γ→M ×M

lim
η→0−

X(t0 + η,ϕ) = pr1 ○X(ϕ) , lim
η→0+

X(t0 + η,ϕ) = pr2 ○X(ϕ)

and additional structure

Φ ∶ pr∗1G
≅Ð→ pr∗2G .

15



V.1. Bi-branes vs. dualities

Generalisation: A σ-model for patchwise C1-maps X ∶ ℘→M with dis-
continuities at a DEFECT QUIVER Γ ∶= ⊔e∈EΓ

`e, `e ≅ S1 embedded in

Σ = ⊔℘∈PΣ
℘ , and, for some Q

ιαÐ→M, α ∈ {1,2} with ια smooth,

X ∶ ℘→M , X ∶ `i → Q, { X∣1 = ι1 ○X
X∣2 = ι2 ○X

.

Derivation:

(i) Choose OM and △Σ subordinate to it and such that △Σ∣Γ =△Γ.

S
(0)
top[(X ∣Γ)] = −i ∑

p∈PΓ

HolG(Xp) .

(ii) Independence of Stop of the choice of (Bi,Aij, gijk) ∈ A2
M implies the

need for (Pi,Kij) ∈ A1
Q associated with a choice OQ = {OQ

i }i∈IQ
and

such that, for OQ chosen so that the ια are covered by index maps

φα ∶ IM →IQ such that ια(OM
i ) ⊂ OQ

φα(i),

(Pi,Kij)↦ (Pi,Kij) + ι∗2(Πφ2(i), χφ2(i)φ2(j)) − ι∗1(Πφ1(i), χφ1(i)φ1(j))

whenever (Bi,Aij, gijk)↦ (Bi,Aij, gijk) +D(1)(Πi, χij). Then,

S
(1)
top[(X ∣Γ)] = S

(0)
top[(X ∣Γ)] + ∑

e∈△Γ

(∫
e
X∗

e Pie − i ∑
v⊂e

εev logX∗Kieiv(v)) .

N.B. For ∂Γ = ∅, we may further allow proper “gauge freedom” (or
cohomological equivalences)

(Pi,Kij)↦ (Pi,Kij) −D(0)(Wi) , (Wi) ∈ A0
Q .

(iii) Invariance of Stop under changes of i⋅ ∶ △Γ → IQ calls for a global
ω ∈ Ω2(Q) such that (for ι̌α = (ια, φα))

ι̌∗1(Bi,Aij, gijk) − ι∗2(Bi,Aij, gijk) +D(1)(Pi,Kij) = (ω∣OQ
i
,0,1) .
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Recapitulation: To defect lines, we associate a G-BI-BRANE

B ∶= (Q, ια, ω,Φ ∣ α ∈ {1,2}) , ια ∶ Q→M , Φ ∶ ι∗1G
≅Ð→ ι∗2G ⊗ Iω ,

with ια smooth and Φ a (ι∗1G, ι∗2G)-BI-MODULE, i.e. a distinguished

Defn: [Carey, Mickelsson & Murray ’97] A STABLE ISOMORPHISM
between abelian bundle gerbes with connection (Y aM,Ba, La, µa) , a ∈ {1,2}
(over the same manifold M) is a pair Φ = (E,α) composed of

● a line bundle C ↪ E → Y 1M ×M Y 2M =∶ Y 1,2M with connection
∇E of curvature

curv(∇E) ∶= pr∗2B
2 − pr∗1B

1 ;

● an isomorphism

α ∶ (L1)1,3 ⊗E3,4
≅Ð→ E1,2 ⊗ (L2)2,4

over (Y 1,2)[2]M , compatible with the µi in the sense of

(L1)1,3 ⊗E3,4 ⊗ (L2)4,6

α1,2,3,4⊗id

''PPPPPPPPPPPPPPPPPPPPPPPPPPPPP

(L1)1,3 ⊗ (L1)3,5 ⊗E5,6

(µ1)1,3,5⊗id

ÃÃA
AA

AA
AA

AA
AA

AA
AA

AA
A

id⊗α3,4,5,6

77nnnnnnnnnnnnnnnnnnnnnnnnnnnnn ↻ E1,2 ⊗ (L2)2,4 ⊗ (L2)4,6

id⊗(µ2)2,4,6

~~}}
}}

}}
}}

}}
}}

}}
}}

}}

(L1)1,5 ⊗E5,6 α1,2,5,6

// E1,2 ⊗ (L2)2,6

.

In the newly defined two-dimensional field theory, we still need to impose

DEFECT GLUING CONDITION Ω1(Q) ∋ p∣1 ○ ι1∗ − p∣2 ○ ι2∗ −X∗t̂ ⌟ ω(X) != 0 ,

where t̂ ∈ TpΓ ⊂ TpΣ and n̂ = γ−1(t̂⌟Vol(Σ, γ)), and where p∣α = g(X∣α)(X∣α∗n̂, ⋅).
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Returning to σ-model dualities, we find

Thm: [rrS ’10] A G-bi-brane (Q, ια, ω,Φ ∣ α ∈ {1,2}), in conjunction with
the DGC canonically define a prequantum duality of the σ-model iff

(i) the induced loop maps ι̃α ∶ LQ → LM ∶ X ↦ ια ○X, α ∈ {1,2} are
surjective submersions (onto connected components of M);

(ii) the network-field configuration (X ∣Γ) is TOPOLOGICAL, i.e.
the energy-momentum tensor

T ab ∶= 2√
∣detγ∣

δSσ

δγab

is continuous across Γ (⇐Ô DGC);

(iii) extra conditions (technical) are satisfied.

Idea of proof: Consider the subspace

Iσ(B) ∶= { (ψ1, ψ2) ∈ Pσ × Pσ ∣ { (X1,X2) ∈ (ι1 × ι2)(LQ)
∃X∈(ι1×ι2)−1{(X1,X2)} ∶ DGCω(ψ1, ψ2,X) = 0

} .

We readily establish the following:

(i) TIσ(B) ⊂ T(Pσ × Pσ) is isotropic wrt. Ω−
σ;

(ii) explicit expressions for local data of the isomorphism Dσ(B) can be
found – these are determined by local data of Φ;

(iii) the remaining conditions ensure that Iσ(B) be a graph of a sym-
plectomorphism preserving Hσ ∼ T/Γ.

Amidst bi-brane dualities, we find the familiar “geometric” dualities, or
SYMMETRIES, with

B = ((idM × F )(M), ια = prα, ω = 0,G ΦÐ→ F ∗G) , F ∈ Iso(M,g) .

18



V.2. A “stringy” example: the T-dual pair

Let the target space contain, as a disjoint component, a torus bundle

TN ↪M
πMÐ→ B with ΘA ⊗ eA ∈ Ω1(M)⊗RN ,

with a metric

g = π∗Mγ + (π∗MhAB)ΘA ⊗ΘB , (hAB) invertible

and a gerbe G of a TN -invariant curvature

Observation: G induces another torus bundle,

TN
∗ ↪ Q

ι2Ð→M

Idea: Equivariantly lift the TN -action to Q, to obtain

TN
∗ ×TN ↪ Q→ B ,

and, subsequently, endow ι∗2G with a TN -equivariant structure.

Idea: [Gawȩdzki & rrS – wip]
TN∗ ×TN

Ä _

²²

(Q,ΦT , ωT )
ι1

vvllllllllllllll
ι2

''OOOOOOOOOOOO

²²

TN∗ Â Ä // (M∗,g∗,G∗, . . .)
πM∗ ))RRRRRRRRRRRRRR

(M,g,G)
πMwwoooooooooooo

TN? _oo

(B,γ,hAB)
with

ΦT ∶ ι∗1G∗
≅Ð→ ι∗2G ⊗ IωT

N.B.: For (M,M∗) Calabi–Yau manifolds, we can thus reproduce
MIRROR PAIRS.
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V.3. The 2-category for generic world-sheets

Heuresis: Factorisation of path integrals,

∫ DX = ∑
ψ
∫

ψ∣∂Σ1
=ψ

DX ∣ψ⟩ ⟨ψ∣ ∫
ψ∣∂Σ2

=ψ
DX ,

and state-field correspondence,

r

∣ψ⟩

r→0ÐÐ→ O∣ψ⟩ ,

lead us to consider world-sheets with arbitrary embedded defect quivers

X ∶ ℘→M , ℘ ∈ PΣ , X ∶ `→ Q, ` ∈ EΓ , X ∶ {υn}→ Tn , υn ∈ V
(n)
Γ ,

for which we find a FIELD SPACE F = M ⊔ Q ⊔ ⊔n∈N≥3 Tn and
a BACKGROUND B with components

TARGET M = (M,g,G) , G-BI-BRANE B = (Q, ια, ω,Φ ∣ α ∈ {1,2}) ,

(G,B)-INTER-BI-BRANE I = (Tn, (εk,k+1
n , πk,k+1

n ∣ k ∈ 1, n), ϕn ∣ n ∈ N≥3) ,

where ϕn ∶ ○n
k=1 πk,k+1∗

n Φεk,k+1
n

≅ÔÔ⇒ id
π1,2∗

n ι
ε
1,2
n ∗

1 G
is a distinguished 2-isomorphism.
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Defn: [Stevenson ’00] Let ΦA = (EA, αA), A ∈ {1,2} be a pair of sta-
ble isomorphisms between the two abelian bundle gerbes with connection
(Y aM,Ba, La, µa), a ∈ {1,2} over a differentiable manifold M .
A 2-ISOMORPHISM ϕ = (β) between Φ1 and Φ2, denoted as ϕ ∶
Φ1 Ô⇒ Φ2, is an isomorphism

β ∶ E1 ≅Ð→ E2

that intertwines the αA in the sense of

L1,3 ⊗E1
3,4

↻id⊗β3,4

²²

α1
// E1

1,2 ⊗L2
2,4

β1,2⊗id

²²

L1,3 ⊗E2
3,4 α2

// E2
1,2 ⊗L2

2,4

.

Statement: [Stevenson ’00] One has a natural notion of composition of
1-morphisms and 2-isomorphisms, alongside their respective tensor prod-
ucts. This structure gives rise to the (monoidal) 2-CATEGORY OF
ABELIAN BUNDLE GERBES with CONNECTION over a dif-
ferentiable manifold M , denoted as BGrb∇(M ).

Conclusion: Thus, G,Φ and the ϕn are distinguished 0-cells, 1-cells and
2-cells, respectively, of the 2-category BGrb∇(F ).

Implications:

(i) A definition of the σ-model for arbitrary network-field configurations:

Sσ[(X ∣Γ);γ] = Skin[X;γ] − i logHolG,Φ,ϕn
(X ∣Γ) .

(ii) (G,B) canonically induce a pre-quantum bundle for both the un-
twisted and the twisted sector of the σ-model, and J gives rise to a
canonical picture of the (twisted-)loop fusion.

(iii) A classification of inequivalent G-bi-branes (∼ dualities) for given
(Q, ια, ω) by H1(Q,U(1)), and that of (G,B)-inter-bi-branes (∼ in-

tertwiners) for given (Tn, π
k,k+1
n ) by H0(Tn,U(1)) ≅ U(1)∣π0(Tn)∣.
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VI. Rigid symmetries of the σ-model

We want to understand the geometry of those field transformations X ↦
f ○X, f ∈ Diff(F ) which preserve Sσ and hence descend the space of
classical field configurations.

Consider a flow ψ⋅ ∶ [−1,1] × F → F of a vector field K on F , with
restrictions K ∣M ≡ MK , M ∈ {M,Q,Tn} aligned as

πk,k+1
n∗ (TnK ) = QK ∣πk,k+1

n (Tn) , ια∗(QK ) = MK ∣ια(Q) .

Since HolG,Φ,ϕn
is a generalised differential character, we find

d
dt ∣t=0Sσ[(ψt ○X ∣Γ);γ] = −1

2 ∫
Σ
(−LMK g)

X
(dX∧, ⋆γ dX) + ∫

Σ
X∗(MK ⌟H) + ∫

Γ
X∗

Γ(QK ⌟ ω) ,

and so symmetries correspond to those globally smooth sections

K = (MK ⊕ κ, QK ⊕ k, TnK ⊕ c) ∈ Γσ(EF )

of the GENERALISED TANGENT SHEAVES

EF ≡ E(1,1)M ⊔ E(1,0)Q ⊔ ⊔
n∈N≥3
E(1,−1)Tn →M ⊔Q ⊔ ⊔

n∈N≥3
Tn , E(1,q)M ∶= TM ⊕ T ∗q M ,

written in terms of sheaf components T ∗−1M ∶= R and T ∗p≥0M ∶= Ωp(M ) of

T ∗● M ∶ 0→ T ∗−1M
d(−1)=id↪ T ∗0 M

d(0)=dÐÐÐ→ T ∗1 M
d(1)=dÐÐÐ→ ⋯ ,

that are Killing for g and satisfy the section descent relations

d
(1)
H (MK ⊕ κ) = 0 , d

(0)
ω (QK ⊕ k) = −∆Qκ , d

(−1)
0 (TnK ⊕ c) = −∆Tn

k

wrt. ∆Q ∶= ι∗2 − ι∗1, ∆Tn
∶= ∑n

k=1 εk,k+1
n πk,k+1∗

n and d
(q)
H(q+2)

(V ⊕ υ) ∶= d(q)υ + V ⌟H(q+2).
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On Γ(EF ), there exists a canonical ANCHOR (MAP) αTF ∶ EF →
TF , a CANONICAL CONTRACTION with restrictions

(⋅, ⋅)⌟ ∶ Γ(E(1,1)M )×2 → Γ(T ∗0 M ) ∶ (V ⊕ υ,W ⊕$)↦ 1
2 (V ⌟$ +W ⌟ υ) ,

(⋅, ⋅)⌟ ∶ Γ(E(1,m<1)M )×2 → Γ(T ∗−1M ) ∶ (V ⊕ υ,W ⊕$)↦ 0 .

and an essentially unique (H, ω;∆Q)-TWISTED BRACKET such that

⟦⋅, ⋅⟧(H,ω;∆Q) ∶ Γσ(EF )×2 → Γσ(EF ) , αTF ○ ⟦⋅, ⋅⟧(H,ω;∆Q) = [⋅, ⋅] ○ αTF .

Given Vi = (MVi ⊕ υi, QVi ⊕ ξi, TnV ⊕ ci), i ∈ {1,2}, it restricts as

⟦V1,V2⟧(H,ω;∆Q)∣M = [MV1,
MV2]⊕ (−LMV1

υ2 − −LMV2
υ1 − 1

2 d(MV1 ⌟ υ2 − MV2 ⌟ υ1) + MV1 ⌟ MV2 ⌟H) ,

⟦V1,V2⟧(H,ω;∆Q)∣Q = [QV1,
QV2]⊕ (QV1 ⌟ dξ2 − QV2 ⌟ dξ1 + QV1 ⌟ QV2 ⌟ ω + 1

2
(QV1 ⌟∆Qυ2 − QV2 ⌟∆Qυ1)) ,

⟦V1,V2⟧(H,ω;∆Q)∣Tn = [TnV1,
TnV2]⊕ 0 .

We thus obtain a (H, ω;∆Q)-TWISTED BRACKET STRUCTURE

M(H,ω;∆Q)(F ) = (EF , ⟦⋅, ⋅⟧(H,ω;∆Q), (⋅, ⋅)⌟ , αTF) .

N.B. M(H,ω;∆Q)(F )∣M is the canonical Courant algebroid with the bracket
twisted by H à la Ševera–Weinstein. The algebroid is central to the
Gaultieri–Hitchin definition of GENERALISED GEOMETRY. It can
be related, via the Hitchin morphism, to a Courant algebroid with an un-

twisted bracket but for E(1,1)
G M . A similar phenomenon occurs for M(H,ω;∆Q)(F ).

Canonical interpretation: We have a Noether mapping

Γσ(EF )→ Γ(E(1,0)Pσ,...) ∩ kerδ
(1)
Ωσ,...

∶ K↦ K̃ HAMILTONIAN SECTION.

Propn: [rrS ’10] [K̃1, K̃2]Ωσ,...

V = ̃⟦K1,K2⟧
(H,ω;∆Q)

.
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VII. The Gauge Principle

The next logical step consists in understanding the mechanism of gauging
for rigid symmetries Gσ of the σ-model.

Motivation:

(i) The topography of the theory space: Working out systematic
tools for constructing new σ-models, with field spaces given by Gσ-
cosets of the original ones.

(ii) Stringy dualities: Obtaining ancillary tools for a rigorous study
of bona fide dualities of the σ-model (e.g., the mirror symmetry for
Calabi–Yau field spaces).

(iii) “Non-geometry”: Getting hints as to possible extensions of the
smooth category Man via stringy-duality quotients.

Challenges:

(i) Gσ-equivariance: Lifting the geometric symmetry from F to B.

(ii) A principal extension: In the case of continuous symmetries, the
introduction of the world-sheet G-gauge field and coupling them to
X∗B, in particular in the topologically non-trivial setting.

(iii) The coset construction: Understanding the descent B → B/Gσ

in purely geometric terms.
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VII.1. Insights from the study of the next-to-trivial case

Observation: gσ ∶= αTF(Γσ(EF )) is a Lie subalgebra of Γ(TF ).

Let Ka, a ∈ 1,D be generators of gσ ≡ LieGσ, satisfying

STRUCTURE RELATIONS [Ka,Kb] = fabc Kc , fabc ∈ R .

Complete the Ka to the respective

Ka = (MKa ⊕ κa) ⊔ (QKa ⊕ ka) ⊔ (TnKa ⊕ 0) ∈ Γσ(EF ) .

Gauging Gσ calls for the introduction of

PRINCIPAL Gσ-BUNDLE Gσ ↪ P
πPÐ→ Σ with r ∶ P ×Gσ → P ∶ (p, g)↦ p.g

PRINCIPAL Gσ-CONNECTION A ∈ Ω1(P)⊗ gσ s.t.

⎧⎪⎪⎪⎨⎪⎪⎪⎩

PKa ⌟A = ta

A(p.g−1) = AdgA(p)
.

Consider, first, a Gσ-invariant top.-trivial background

H = dB , ∆QB + ω = dP , ∆Tn
P = −i d log fn ,

−LMKa
B = 0 = −LQKa

P = 0 = −LTnKa
fn , with Ka = (eB ⊔ eP )(Ka ⊕ 0) ,

and a top.-trivial principal Gσ-bundle, P = Σ ×Gσ, with A ∈ Ω1(Σ)⊗ gσ.

A particle-physicist’s intuition:

MINIMAL COUPLING dXµ(σ)↦ e−Aa(σ)Ka(X(σ))⌟ dXµ(σ) ≡ DAXµ(σ) ,

DA(g.X)µ = ∂(g.X)µ

∂Xν DAXν .
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Upshot: Upon simple rearrangement, we obtain

M ↦ Σ ∖ Γ ×M ,

EXTENDED FIELD SPACE Q↦ Γ ∖VΓ ×Q,

Tn ↦V
(n)
Γ × Tn

g ↦ pr∗2g , G ↦ pr∗2G ⊗ IρA

EXTENDED BACKGROUND Φ↦ pr∗2Φ⊗ JλA
,

ϕn ↦ pr∗2ϕn ,

where

ρA = pr∗2κa ∧ pr∗1A
a − 1

2 pr∗2(MKa ⌟ κb)pr∗1(Aa ∧Ab) , λA = −pr∗2ka pr∗1A
a .

Ansatz: For P = Σ ×Gσ with A ∈ Ω1(Σ)⊗ gσ, we take

(i) Skin – minimal coupling;

(ii) Stop – decorated-surface holonomy for an extended background

((Σ ∖ Γ,pr∗2g,pr∗2G ⊗ IςA), (Γ ∖VΓ,pr∗2Φ⊗ JµA
), (V(n)

Γ × Tn,pr∗2ϕn)) .

Upshot: Infinitesimal-invariance analysis yields

ςA
!= ρA , µA

!= λA , with the Ka subject to

GAUGEABILITY CONSTRAINTS

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−LMKa
κb = fabcκc ∧ −LQKa

kb = fabckc ,

MKa ⌟ κb + MKb ⌟ κa = 0 .
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VII.2. An algebroidal interpretation of the gaugeability constraints

The action ` ∶ Gσ ×F →F gives rise to

ACTION GROUPOID G⋉F ∶ G ×F
s=pr2 //

t=`
// F ,

i.e. the small category

G⋉F = (F ,Gσ ×F ,pr2, `,m
IdÐ→ (e,m), ○)

with all morphisms invertible, as per

Inv ∶ Gσ ×F → Gσ ×F ∶ (g,m)↦ (g−1, g.m) .

As for any Lie groupoid, we define its

TANGENT (LIE) ALGEBROID gσ⋉F = (Id∗ker(ds), [⋅, ⋅], αT(Ob(Gσ⋉F ))) ,

with αT(ObGr) inducing the map dt ○ i between spaces of sections, defined
in terms of the canonical vector-space isomorphism

i ∶ Γ(Id∗ker (ds)) ≅Ð→ Xs
R−inv(MorGr) ,

and with [⋅, ⋅] given by the unique bracket on Γ(Id∗ker (ds)) for which i
is an isomorphism of Lie algebras.

In the case in hand,

gσ⋉F ≅ (⊕D
a=1 C∞(F ,R)Ra, [⋅, ⋅]gσ⋉F , αTF) , Ra ≡ Ra ○ pr1∣Id(F )

[λa Ra , µb Rb ]gσ⋉M = fabc λa µb Rc + (−Lλa Ka
µb − −Lµa Ka

λb)Rb .

Propn: [rrS ’10]

gσ⋉F ≅ (⊕D
a=1 C∞(F ,R)Ka, ⟦⋅, ⋅⟧(H,ω;∆Q), αTF) .
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VII.3. The global gauge anomaly

Invariance of the gauged σ-model under large gauge transformations calls
– via a cohomological argument – for the existence of

Υ ∶ `∗G ≅Ð→ pr∗2G ⊗ IρθL
over Mor(Gσ⋉M) ,

and a consistent 2-extension thereof to Φ and ϕn.

At this stage, we need to comply with the following requirements

(i) Incorporation of topologically non-trivial gauge bundles (∼ Gσ-twisted
sectors, or – less evidently – a solution to the field-identification prob-
lem).

(ii) Preservation of the original count of the physical degrees of freedom,
given by dimF .

Problem: Goal (i) readily achieved via

PRINCIPAL EXTENSION F ↦ (P∣Σ∖Γ ×M) ⊔ (P∣Γ∖VΓ
×Q) ⊔ ⊔

n∈N≥3
(P∣

V
(n)
Γ
× Tn) ≡ F̃ ,

with obvious Ansätze:

G̃A = pr∗2G ⊗ IρA , Φ̃A = pr∗2Φ⊗ JλA , ϕ̃n,A = pr∗2ϕn .

However, the typical fibres here are

Gσ ×M ↪ M̃ → Σ ∖ Γ , Gσ ×Q↪ Q̃→ Γ ∖VΓ ,

Gσ × Tn ↪ T̃n →V
(n)
Γ .

Idea: Lift the geometric action of Gσ from F̃ to the extended back-
ground.
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VII.3*. Intermezzo: The Descent Principle, or (bundling,) gerbing and gauging

Given a pair (M̃,M) of manifolds and a surjective submersion $ ∶ M̃ →
M , define over the simplicial manifold

⋯
pri,j,k //////// M̃ ×M M̃ ×M M̃

pri,j ////// M̃ ×M M̃
pri //

// M̃
$ // M

the DESCENT 2-CATEGORY Desc($), with objects (G,Ψ, χ), where

pr∗1G
≅Ð→
Ψ

pr∗2G , pr∗2,3Ψ ○ pr∗1,2Ψ
≅ÔÔ⇒
χ

pr∗1,3Ψ ,

pr∗1,3,4χ ● (id ○ pr∗1,2,3χ) = pr∗1,2,4χ ● (pr∗2,3,4χ ○ id) ,

1-cells (Φ, η) ∶ (G1,Ψ1, χ1) ≅Ð→ (G2,Ψ2, χ2), where

G1
≅Ð→
Φ
G2 , pr∗2Φ ○Ψ1

≅ÔÔ⇒
η

Ψ2 ○ pr∗1Φ ,

(χ2 ○ id) ● (id ○ pr∗1,2η) ● (pr∗2,3η ○ id) = pr∗1,3η ● (id ○ χ1) ,

and 2-cells ϕ ∶ (Φ1, η1) ≅ÔÔ⇒ (Φ2, η2), where

Φ1
≅ÔÔ⇒
ϕ

Φ2 , (id ○ pr∗1ϕ) ● η1 = η2 ● (pr∗2ϕ ○ id)

Thm: [Stevenson ’00]

$∗ ∶ BGrb∇(M) ≡Ð→Desc($) ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩

G ↦ ($∗G, id, id)
Φ ↦ ($∗Φ, id)
ϕ ↦ $∗ϕ

.

The beautiful:

(i) BGrb∇(M ) ≡ (π∗Y M )−1(Triv−BGrb∇(Y M )), the latter being de-

fined in terms of smooth 2-forms and Bun∇(Y M ), with Bun∇(Y M ) ≡
(π∗Y ′Y M )−1(Triv−Bun∇(Y ′Y M )).

(ii) Descent for the action groupoid over Gσ ↪ M
$Ð→ M/Gσ, where

Gσ ⊂ Iso(M,g) is a group of σ-model symmetries, determines the
Gauge Principle (due to a remarkable interplay between Σ and F ).
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A 2-birds-with-1-stone solution:

(i) Demand of (G,Φ, ϕn) a full-blown Gσ-EQUIVARIANT STRUC-
TURE (i.e., morally speaking, pass from Čech–Deligne- to Čech–
Deligne–Gσ-hypercohomology).

Propn: [Gawȩdzki, Waldorf & rrS ’10] A Gσ-equivariant structure on
B relative to arbitrary (ρ⋅, λ⋅) canonically induces a Gσ-equivariant
structure on B̃A relative to (ρ⋅, λ⋅) = (0,0).

(ii) Employ the Principle of Descent, in the guise

BGrb∇(ρ⋅,λ⋅)=(0,0)(F̃ ) ≡ BGrb∇(F̃ /Gσ)

valid for the distinguished surjective submersions $F̃F̃ → F̃ /G ≡
P×Gσ

F (engendered by the free action ̃̀∶ Gσ×F̃ →F ), to descend

(G̃A, Φ̃A, ϕ̃n,A)→ (G(A),Φ(A), ϕ
n
(A))

to the associated bundles.

Upshot: The GAUGED σ-MODEL

Sσ[(X ∣Γ);γ,A] = SMC
kin [X;γ,A] − i logHolG(A),Φ(A),ϕ

n
(A)(X) ,

manifestly invariant under the action of the GAUGE GROUP

Γ(P ×Ad Gσ) ∶ [(p, g1)] ⋅ [(p, g2)] ∶= [(p, g1 ⋅ g2)] .

The latter is induced by the action

λ ∶ (P ×Ad Gσ) × P→ P ∶ ([(p, g1)], p.g2)↦ p.(g1 ⋅ g2)

and reads

(χ,X)↦ (λχ, idM) ○X , (χ,A)↦ λ∗χ−1A .
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VII.4. The coset model

For the topologically trivial gauge field (or locally), we may define the
COSET σ-MODEL as

e−Weff[(X ∣Γ);γ] ∶= ∫[A]
DAe−Sσ[(X ∣Γ);γ,A]

N.B. The above path integral is gaussian, whence

Wσ,eff[(X ∣Γ);γ] ∼ Sσ[(X ∣Γ);γ,Acl.] .

Under certain (mild) technical assumptions regarding B, the effective field
theory is, indeed, a σ-model with a field space F and

EFFECTIVE BACKGROUND $∗
F̃

G , G ⊗ I∆ , Φ⊗ Jδ , ϕn .

The remarkable, again: The effective background is Gσ-equivariant rel-
ative to (ρ⋅, λ⋅) = (0,0) iff the original one is Gσ-equivariant.

Conclusion: Beff descends to a unique equivalence class B over the coset
space F /Gσ iff B is endowed with a Gσ-equivariant structure.

Outlook: Towards “non-geometry” via gauged stringy dualities associated
with groupoidal backgrounds. . .

LA FIN,

Pour qu’on n’en ait pas (que) la gerbe. . .
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