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I. The field theory of interest – the two-dimensional σ-model

The physics: propagation of loops in an ambient space(time) target.

I.1. The mono-phase σ-model

The standard setting: loops sweep out metric WORLD-SHEETS (Σ, γ)

X ∶ Σ
C1

ÐÐ→M

embedded in a metric TARGET SPACE (M,g), and undergo

SPLITTING-JOINING INTERACTIONS

t
Lout

L1
in L2

in

Σint

as determined by the TWO-DIMENSIONAL NON-LINEAR σ-MODEL

Sσ[X;γ] = −1
2 ∫Γ

gX(dX∧, ⋆γ dX) + Stop[X] , dX
loc.Ð→ ∂aX

µ dσa ⊗ ∂µ ,

with the topological term

Stop[X] = −i logHolG(X)

written in terms of the 2-SURFACE HOLONOMY HolG along X
of an ABELIAN GERBE G WITH CONNECTION, i.e. a Cheeger–
Simons differential character that explicitly realises

H2(Σ,U(1)) ≅ U(1) as per HolG(X) = [X∗G] .
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The gerbe G is a differential-geometric structure

(L,∇L, µL)
πL

²²

Y[2]M
pr1 //
pr2

// (YM,B)
πYM

²²

(M,H)

associated with a class [ 1
2π H] ∈ H3(M,Z) ⊂ H3(M,R) such that

Rµν(∇g
L−C) − 1

4 (g−1)αβ (g−1)γδ
Hµαγ Hνβδ = O(α′) ,

and admitting the following cohomological description:

Given an open cover OM = {OM
i }i∈IM

of M , there exist local

CURVINGS Bi ∈ Ω2(Oi) , CONNECTIONS Aij ∈ Ω1(Oij) ,

TRANSITION FUNCTIONS gijk ∈ U(1)Oijk
,

subject to cohomological constraints

H∣Oi
=∶ dBi

(Bj −Bi)∣Oij
=∶ dAij

(Ajk −Aik +Aij)∣Oijk
=∶ i d log gijk

(gjkl ⋅ g−1
ikl ⋅ gijl ⋅ g−1

ijk)∣Oijkl
= 1

mod

Bi ↦ Bi + dΠi

Aij ↦ Aij + (Πj −Πi)∣Oij
− i d logχij

gijk ↦ gijk ⋅ (χ−1
jk ⋅ χik ⋅ χ−1

ij )∣Oijk

These define, for a triangulation △Σ of Σ subordinate to OM wrt. X,

Stop[X] = ∑
p∈△Σ

[∫
p

X∗
p Bip +∑

e⊂p
(∫

e
X∗

e Aipie − i ∑
v∈e

logX∗gipieiv(v)εpev)] .

N.B. Local data (Bi,Aij, gijk) define a class in H2(M,D(2)●).
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I.1. The poly-phase σ-model

A generic setting: the mono-phase picture valid only locally on Σ, i.e. we
have a poly-phase field theory over

Σ

Γ

with phases supported on patches ℘ ∈ PΣ,

X ∶ ℘→M , with (g,G) ,

separated by DEFECT LINES ` ∈ EΓ of a DEFECT QUIVER Γ ⊂ Σ,

X ∶ `→ Q, with ια ∶ Q→M , α ∈ {1,2} and

1-ISOMORPHISM Φ ∶ ι∗1G
≅Ð→ ι∗2G ⊗ Iω , ω ∈ Ω2(Q) ,

joining at DEFECT JUNCTIONS n ∈ V
(n)
Γ (of valence n ∈ N≥3),

X ∶ {n}→ Tn , with πk,k+1
n ∶ Tn → Q, k ∈ 1, n and

2-ISOMORPHISM ϕn ∶ ○n
k=1 πk,k+1∗

n Φεk,k+1
n

≅ÔÔ⇒ id , εk,k+1
n ∈ {−1,+1} .

Thus, a σ-model for NETWORK-FIELD CONFIGURATIONS (X ∣Γ)
prerequires

FIELD SPACE F = M ⊔Q ⊔⊔n∈N≥3 Tn , together with

BACKGROUND B = (M,B,I) with components

TARGET M = (M,g,G) , G-BI-BRANE B = (Q, ια, ω,Φ ∣ α ∈ {1,2}) ,

(G,B)-INTER-BI-BRANE I = (Tn, (εk,k+1
n , πk,k+1

n ∣ k ∈ 1, n), ϕn ∣ n ∈ N≥3) .
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Given a family of open covers:

OM = {OM
i }i∈IM

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

OQ = {OQ
A}A∈IQ

with φα ∶ IQ →IM

s.t. ια(OQ
A) ⊂ OM

φα(A)

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

OTn
= {OTn

λ }λ∈ITn

with ψk,k+1
n ∶ ITn

→IQ

s.t. πk,k+1
n (OTn

λ ) ⊂ OQ

ψk,k+1
n (λ)

,

the background B can be presented by its local data

G loc.Ð→ (Bi,Aij, gijk) ∈ Ω2(M) ×Ω1(M) ×U(1)
M

,

Φ
loc.Ð→ (PA,KAB) ∈ Ω1(Q) ×U(1)

Q
,

ϕn
loc.Ð→ (fn,λ) ∈ U(1)

Tn

,

subject to cohomological constraints

(dBi,dAij −Bj +Bi,−i d log gijk +Ajk −Aik +Aij, g
−1
jkl ⋅ gikl ⋅ g−1

ijl ⋅ gijk) = 0 ,

(dPA,−i d logKAB + PB − PA,K−1
BC ⋅KAC ⋅K−1

AB)

= ∑
α∈{1,2}

(−1)α ι∗α(Bφα(A),Aφα(A)φα(B), gφα(A)φα(B)φα(C)) + (ω,0,1) ,

(−i d log fn,λ, fn,λ ⋅ f−1
n,µ) = −

n

∑
k=1

εk,k+1
n πk,k+1∗

n (Pψk,k+1
n (λ),Kψk,k+1

n (λ)ψk,k+1
n (µ)) ,

and serving to define the action functional of the field theory:

Sσ[(X ∣Γ);γ] = −1
2 ∫

Γ
gX(dX∧, ⋆γ dX) − i logHolG,Φ,ϕn(X) ,

−i logHolB(X ∣Γ) = ∑
p∈△Σ

[∫
p

X∗
p Bip +∑

e⊂p

(∫
e
X∗

e Aipie − i ∑
v∈e

logX∗gεpev

ipieiv
(v))]

+ ∑
e∈△Γ∖VΓ

(∫
e
X∗

e PAe − i ∑
v∈e

logX∗K−εev

AeBv
(v))

−i ∑
∈VΓ

logX∗fn,λ() .
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II. Rigid symmetries of the σ-model

We want to understand the geometry of those field transformations X ↦
f ○X, f ∈ Diff(F ) which preserve Sσ and hence descend the space of
classical field configurations.

II.1. The infinitesimal picture

Consider a flow ψ⋅ ∶ [−1,1] × F → F of a vector field K on F , with
restrictions K ∣M ≡ MK , M ∈ {M,Q,Tn} aligned as

πk,k+1
n∗ (TnK ) = QK ∣πk,k+1

n (Tn) , ια∗(QK ) = MK ∣ια(Q) .

Since HolG,Φ,ϕn
is a generalised differential character, we find

d
dt ∣t=0Sσ[(ψt ○X ∣Γ);γ] = −1

2 ∫
Σ
(−LMK g)

X
(dX∧, ⋆γ dX) + ∫

Σ
X∗(MK ⌟H) + ∫

Γ
X∗

Γ(QK ⌟ ω) ,

and so symmetries correspond to those globally smooth sections

K = (MK ⊕ κ, QK ⊕ k, TnK ⊕ c) ∈ Γσ(EF )

of the GENERALISED TANGENT SHEAVES

EF ≡ E(1,1)M ⊔ E(1,0)Q ⊔ ⊔
n∈N≥3
E(1,−1)Tn →M ⊔Q ⊔ ⊔

n∈N≥3
Tn , E(1,q)M ∶= TM ⊕ T ∗q M ,

written in terms of sheaf components T ∗−1M ∶= R and T ∗p≥0M ∶= Ωp(M ) of

T ∗● M ∶ 0→ T ∗−1M
d(−1)=id↪ T ∗0 M

d(0)=dÐÐÐ→ T ∗1 M
d(1)=dÐÐÐ→ ⋯ ,

that are Killing for g and satisfy the section descent relations

d
(1)
H (MK ⊕ κ) = 0 , d

(0)
ω (QK ⊕ k) = −∆Qκ , d

(−1)
0 (TnK ⊕ c) = −∆Tn

k

wrt. ∆Q ∶= ι∗2 − ι∗1, ∆Tn
∶= ∑n

k=1 εk,k+1
n πk,k+1∗

n and d
(q)
H(q+2)

(V ⊕ υ) ∶= d(q)υ + V ⌟H(q+2).
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On Γ(EF ), there exists a canonical ANCHOR (MAP)

αTF ∶ EF → TF

a CANONICAL CONTRACTION with restrictions

(⋅, ⋅)⌟ ∶ Γ(E(1,1)M )×2 → Γ(T ∗0 M ) ∶ (V ⊕ υ,W ⊕$)↦ 1
2 (V ⌟$ +W ⌟ υ) ,

(⋅, ⋅)⌟ ∶ Γ(E(1,m<1)M )×2 → Γ(T ∗−1M ) ∶ (V ⊕ υ,W ⊕$)↦ 0 .

and an essentially unique (H, ω;∆Q)-TWISTED BRACKET such that

⟦⋅, ⋅⟧(H,ω;∆Q) ∶ Γσ(EF )×2 → Γσ(EF ) , αTF ○ ⟦⋅, ⋅⟧(H,ω;∆Q) = [⋅, ⋅] ○ αTF .

Given Vi = (MVi ⊕ υi, QVi ⊕ ξi, TnV ⊕ ci), i ∈ {1,2}, it restricts as

⟦V1,V2⟧(H,ω;∆Q)∣M = [MV1,
MV2]⊕ (−LMV1

υ2 − −LMV2
υ1 − 1

2 d(MV1 ⌟ υ2 − MV2 ⌟ υ1) + MV1 ⌟ MV2 ⌟H) ,

⟦V1,V2⟧(H,ω;∆Q)∣Q = [QV1,
QV2]⊕ (QV1 ⌟ dξ2 − QV2 ⌟ dξ1 + QV1 ⌟ QV2 ⌟ ω + 1

2
(QV1 ⌟∆Qυ2 − QV2 ⌟∆Qυ1)) ,

⟦V1,V2⟧(H,ω;∆Q)∣Tn = [TnV1,
TnV2]⊕ 0 .

We thus obtain a (H, ω;∆Q)-TWISTED BRACKET STRUXTURE

M(H,ω;∆Q)(F ) = (EF , ⟦⋅, ⋅⟧(H,ω;∆Q), (⋅, ⋅)⌟ , αTF) .

N.B. The restriction M(H,ω;∆Q)(F )∣M yields the familiar Courant alge-
broid of E(1,1)M with the Courant bracket twisted by H à la Ševera–
Weinstein. The algebroid is central to the Gaultieri–Hitchin definition of
GENERALISED GEOMETRY.

The (G,Φ, ϕn) enter the definition of the bracket structure through the
tensorial twist fields curv(G) and curv(B). However, . . .
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II.2. The gerbe-theoretic interpretation

Propn: [rrS ’10] Automorphisms of M(H,ω;∆Q)(F ) are of the form

⎛
⎜
⎝

Mf∗ 0

0 (Mf−1)∗
⎞
⎟
⎠
○ e

MB ⊔
⎛
⎜
⎝

Qf∗ 0

0 (Qf−1)∗
⎞
⎟
⎠
○ e

QB ⊔
⎛
⎜
⎝

Tnf∗ 0

0 (Tnf−1)∗
⎞
⎟
⎠

,

with Mf ⊔ Qf ⊔ Tnf ∈ Diff(F ) such that

Mf ○ ια = ια ○ Qf , Qf ○ πk,k+1
n = πk,k+1

n ○ Tnf ,

Mf∗H = H , Qf∗ω = ω ,

and with MB ∈ Z2(M) and QB ∈ Z1(Q) acting as per

e
MB ⊳ (V ⊕ υ) ∶= V ⊕ (υ + V ⌟ MB)

and such that ∀V ∈Γ(TM) ∶ ∆Q(V ⌟ MB) = 0.

Furthermore, using the proof of the above, we readily establish

Propn: [rrS ’10] (Hitchin-type isomorphisms)

M
(H,ω;∆Q)
(ια,πk,k+1

n )(F )
(e−Bi)⊔(e−PA)⊔id

ÐÐÐÐÐÐÐÐÐÐ→ (E(1,1)
{e−dAij }M ⊔ E(1,0)

{ePA−PB }Q ⊔ ⊔
n∈N≥3

E(1,−1)Tn, ⟦⋅, ⋅⟧(0,0;∆Q), (⋅, ⋅)⌟ , αTF )(ια,πk,k+1
n )

where the E(1,q)
{gij}M → M are TWISTED GENERALISED TAN-

GENT SHEAVES, with TRANSITION OPERATORS

gij ∈ End(E(1,q)
{gij}M (OM

i ∩OM
j ))

subject to the cocycle relation

(gij ○ gjk)∣OM
i ∩OM

j ∩OM
k
= gik∣OM

i ∩OM
j ∩OM

k

and defining the gluing of the local sections of the sheaf as per

Vj ∣OM
i ∩OM

j
= gij ⊳ Vi∣OM

i ∩OM
j

.
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II.3. The canonical interpretation

The phase space of the σ-model is neatly parameterised by Cauchy data
localised on twisted (space-like) loops, i.e.

Pσ,B∣{εk} =
⎧⎪⎪⎨⎪⎪⎩

(X,p, qk, Vk ∣ k ∈ 1, I) ∈ T∗C∞(S1
{Pk},M) ×TQ×I ∣

∧
⎧⎪⎪⎪⎨⎪⎪⎪⎩

limε→0+ p(Pk + (−1)α+1 ε) = gι
εk
α (Pk)(εk ιεk

α∗Vk, ⋅)

g(ι1(Pk))(τ̂1(Pk), ι1∗(⋅)) − g(ι2(Pk))(τ̂2(Pk), ι2∗(⋅)) = Vk ⌟ ω(qk)

⎫⎪⎪⎬⎪⎪⎭
.

where S1
{Pk} = S1∖{Pk}k∈1,I for arbitrary Pk, where τ̂α(Pk) ∶= −εk limε→0+ X∗t̂(Pk+

(−1)α+1 εk ε), and where (ι+1
1 , ι+1

2 ) ∶= (ι1, ι2) and (ι−1
1 , ι−1

2 ) ∶= (ι2, ι1), i.e.

Pσ,B∣{εk} =
⎧⎪⎪⎨⎪⎪⎩

⋯

q1
V1

q2
V2 qI

VI

DGCω

⎫⎪⎪⎬⎪⎪⎭

Using the first-order formalism of Gawȩdzki–Kijowski-Szczyrba–Tulczyjew,
we derive from Sσ a SYMPLECTIC FORM for Pσ,B∣{εk} ⊂ Pσ,

Ωσ,B∣{εk}[(X,p, qk, Vk)] = pr∗T∗C∞(S1
{Pk},M)(δθ + π∗∫

S1
{Pk}

ev∗kH) +
I

∑
k=1

εk pr∗
Q(k)ω ,

the latter being written in terms of the canonical maps:

prX ∶ Pσ,B∣{εk} →X , π ∶ T∗C∞(S1
{Pk},M)→ C∞(S1

{Pk},M) ,

evk ∶ C∞(S1
{Pk},M) × S1

{Pk} →M ,

and the canonical 1-form θ[(X,p)] = ∫S1
{Pk}

Vol(S1
{Pk}) ∧ p.

10



II.3∗. Reminder on the KGST formalism

To a theory given in terms of an action functional (D = dimM )

S[φA] = ∫
M

dDxL(xµ, φA, ξB
ν )∣ξB

ν =∂νφB , dDx = dx1 ∧ dx2 ∧⋯ ∧ dxD

on sections (φA)A∈1,N of the CONFIGURATION BUNDLE πF ∶ F →M ,
we associate the CARTAN FORM on the first-jet bundle J1F →M ,

Θ(xµ, φA, ξB
ν ) = (L − ξC

λ
δL
δξC

λ

)(xµ, φA, ξB
ν )dDx + δL

δξC
λ
(xµ, φA, ξB

ν ) δφC ∧ (∂λ ⌟ dDx) .

The latter has the all-important properties:

(i) the PLA for the functional

SΘ[Ψ] ∶= ∫
M

Ψ∗Θ , Ψ ∈ Γ(J1F )
yields the Euler–Lagrange equations of S;

(ii) upon defining a functional

S12[Ψcl.] ∶= ∫
M12

(Ψcl.∣M12
)∗Θ ,

for a region M12 ⊂ M cobounded by two homotopic Cauchy surfaces
C1 and C2, we readily establish

δS12[Ψcl.] = ΞC2
[Ψcl.] −ΞC1

[Ψcl.] ,

and so Θ canonically defines a closed 2-form

Ω[Ψcl.] ∶= δΞC [Ψcl.] , C ∈ [C1]hom.

on the space P([C1]hom.) of extremal sections of J1F , i.e. also a sym-

plectic structure on the phase space P([C1]hom.) of the field theory.

11



We have a Noether mapping

Γσ(E(M ⊔Q))→ Γ(E(1,0)Pσ,B∣{εk}) ∩ kerδ
(1)
Ωσ,B∣{εk}

∶ K↦ K̃ HAMILTONIAN SECTION.

E.g.: Introduce the (1-)twisted loop space

LQ∣ε = { (X,q) ∈ C∞(S1
π,M) ×Q ∣ lim

ε→0+
X(π + (−1)α+1 ε ε) = q } ,

and the canonical projection prL ∶ Pσ,B∣ε → LQ∣ε.

For any (MV , υ) ⊔ια (QV , f) ∈ Γ(E(1,1)M ⊔ E(1,0)Q)), we have

L∗ ≡ (ML∗, QL∗) ∶ (MV , QV )↦ (∫
S1

π

MV , QV ○ prQ) ∈ Γ(T LQ∣ε) ,

CANONICAL L-LIFTS

(ML∗, QL∗) ∶ (υ, f)↦ (∫
S1

π

ev∗1υ,pr∗Qf) ∈ Γ(T ∗0 LQ∣ε)×2 .

These can be used to induce

L̃∗ ∶ Γ(TM ⊔ια T Q)→ Γ(T Pσ,B∣ε) ,
CANONICAL P-LIFTS

(M̃L∗, Q̃L∗) ∶= pr∗L ○ (ML∗, QL∗) ∶ Γ(T ∗1 M ⊔ T ∗0 Q)→ Γ(T ∗0 Pσ,B∣ε)×2 ,

with the former fixed by the standard conditions

prL∗ ○ L̃∗ = L∗ ∧ −LL̃∗(MV ,QV )pr∗T∗C∞(S1
π,M)θ = 0 .

This gives us a lift

L̃∗∗(ε) ∶ Γ(E(1,1)M ⊔ια E(1,0)Q))→ Γ(E(1,0)Pσ,B∣ε)

∶ (MV , υ) ⊔ (QV , f)↦ L̃∗(MV , QV )⊕ (M̃L∗υ + ε Q̃L∗f) .

Propn: [rrS ’10]

K̃ = e
pr∗

T∗C∞(S1π,M)θ ⊳ L̃∗∗(ε)K , [K̃1, K̃2]Ωσ,B∣ε
V = ̃⟦K1,K2⟧

(H,ω;∆Q)
.
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III. The Gauge Principle

The next logical step consists in understanding the mechanism of gauging
for rigid symmetries Gσ of the σ-model.

Motivation:

(i) The topography of the theory space: Working out systematic
tools for constructing new σ-models, with field spaces given by Gσ-
cosets of the original ones.

(ii) Stringy dualities: Obtaining ancillary tools for a rigorous study
of bona fide dualities of the σ-model (e.g., the mirror symmetry for
Calabi–Yau field spaces).

(iii) “Non-geometry”: Getting hints as to possible extensions of the
smooth category Man via stringy-duality quotients.

Challenges:

(i) Gσ-equivariance: Lifting the geometric symmetry from F to B.

(ii) A principal extension: In the case of continuous symmetries, the
introduction of the world-sheet G-gauge field and coupling them to
X∗B, in particular in the topologically non-trivial setting.

(iii) The coset construction: Understanding the descent B → B/Gσ

in purely geometric terms.

13



III.1. Insights from the study of the next-to-trivial case

Observation: gσ ∶= αTF(Γσ(EF )) is a Lie subalgebra of Γ(TF ).

Let Ka, a ∈ 1,D be generators of gσ ≡ LieGσ, satisfying

STRUCTURE RELATIONS [Ka,Kb] = fabc Kc , fabc ∈ R .

Complete the Ka to the respective

Ka = (MKa ⊕ κa) ⊔ (QKa ⊕ ka) ⊔ (TnKa ⊕ 0) ∈ Γσ(EF ) .

Gauging Gσ calls for the introduction of

PRINCIPAL Gσ-BUNDLE Gσ ↪ P
πPÐ→ Σ with r ∶ P ×Gσ → P ∶ (p, g)↦ p.g

PRINCIPAL Gσ-CONNECTION A ∈ Ω1(P)⊗ gσ s.t.

⎧⎪⎪⎪⎨⎪⎪⎪⎩

PKa ⌟A = ta

A(p.g−1) = AdgA(p)
.

Consider, first, a Gσ-invariant top.-trivial background

H = dB , ∆QB + ω = dP , ∆Tn
P = −i d log fn ,

−LMKa
B = 0 = −LQKa

P = 0 = −LTnKa
fn , with Ka = (eB ⊔ eP )(Ka ⊕ 0) ,

and a top.-trivial principal Gσ-bundle, P = Σ ×Gσ, with A ∈ Ω1(Σ)⊗ gσ.

Particle-physics’ intuition:

MINIMAL COUPLING dXµ(σ)↦ e−Aa(σ)Ka(X(σ))⌟ dXµ(σ) ≡ DAXµ(σ) ,

DA(g.X)µ = ∂(g.X)µ

∂Xν DAXν .
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Upshot: Upon simple rearrangement, we obtain

M ↦ Σ ∖ Γ ×M ,

EXTENDED FIELD SPACE Q↦ Γ ∖VΓ ×Q,

Tn ↦V
(n)
Γ × Tn

g ↦ pr∗2g , G ↦ pr∗2G ⊗ IρA

EXTENDED BACKGROUND Φ↦ pr∗2Φ⊗ JλA
,

ϕn ↦ pr∗2ϕn ,

where

ρA = pr∗2κa ∧ pr∗1A
a − 1

2 pr∗2(MKa ⌟ κb)pr∗1(Aa ∧Ab) , λA = −pr∗2ka pr∗1A
a .

Ansatz: For P = Σ ×Gσ with A ∈ Ω1(Σ)⊗ gσ, we take

(i) Skin – minimal coupling;

(ii) Stop – decorated-surface holonomy for an extended background

((Σ ∖ Γ,pr∗2g,pr∗2G ⊗ IςA), (Γ ∖VΓ,pr∗2Φ⊗ JµA
), (V(n)

Γ × Tn,pr∗2ϕn)) .

Upshot: Infinitesimal-invariance analysis yields

ςA
!= ρA , µA

!= λA , with the Ka subject to

GAUGEABILITY CONSTRAINTS

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−LMKa
κb = fabcκc ∧ −LQKa

kb = fabckc ,

MKa ⌟ κb + MKb ⌟ κa = 0 .
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III.2. An algebroidal interpretation of the gaugeability constraints

The action ` ∶ Gσ ×F →F gives rise to

ACTION GROUPOID G⋉F ∶ G ×F
s=pr2 //

t=`
// F ,

i.e. the small category

G⋉F = (F ,Gσ ×F ,pr2, `,m
IdÐ→ (e,m), ○)

with all morphisms invertible, as per

Inv ∶ Gσ ×F → Gσ ×F ∶ (g,m)↦ (g−1, g.m) .

As for any Lie groupoid, we define its

TANGENT (LIE) ALGEBROID gσ⋉F = (Id∗ker(ds), [⋅, ⋅], αT(Ob(Gσ⋉F ))) ,

with αT(ObGr) inducing the map dt ○ i between spaces of sections, defined
in terms of the canonical vector-space isomorphism

i ∶ Γ(Id∗ker (ds)) ≅Ð→ Xs
R−inv(MorGr) ,

and with [⋅, ⋅] given by the unique bracket on Γ(Id∗ker (ds)) for which i
is an isomorphism of Lie algebras.

In the case in hand,

gσ⋉F ≅ (⊕D
a=1 C∞(F ,R)Ra, [⋅, ⋅]gσ⋉F , αTF) , Ra ≡ Ra ○ pr1∣Id(F )

[λa Ra , µb Rb ]gσ⋉M = fabc λa µb Rc + (−Lλa Ka
µb − −Lµa Ka

λb)Rb .

Propn: [rrS ’10]

gσ⋉F ≅ (⊕D
a=1 C∞(F ,R)Ka, ⟦⋅, ⋅⟧(H,ω;∆Q), αTF) .
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VII.3. The global gauge anomaly

Invariance of the gauged σ-model under large gauge transformations calls
– via a cohomological argument – for the existence of

Υ ∶ `∗G ≅Ð→ pr∗2G ⊗ IρθL
over Mor(Gσ⋉M) ,

and a consistent 2-extension thereof to Φ and ϕn.

At this stage, we need to comply with the following requirements

(i) Incorporation of topologically non-trivial gauge bundles (∼ Gσ-twisted
sectors, or – less evidently – a solution to the field-identification prob-
lem).

(ii) Preservation of the original count of the physical degrees of freedom,
given by dimF .

Problem: Goal (i) readily achieved via

PRINCIPAL EXTENSION F ↦ (P∣Σ∖Γ ×M) ⊔ (P∣Γ∖VΓ
×Q) ⊔ ⊔

n∈N≥3
(P∣

V
(n)
Γ
× Tn) ≡ F̃ ,

with obvious Ansätze:

G̃A = pr∗2G ⊗ IρA , Φ̃A = pr∗2Φ⊗ JλA , ϕ̃n,A = pr∗2ϕn .

However, the typical fibres here are

Gσ ×M ↪ M̃ → Σ ∖ Γ , Gσ ×Q↪ Q̃→ Γ ∖VΓ ,

Gσ × Tn ↪ T̃n →V
(n)
Γ .

Idea: Lift the geometric action of Gσ from F̃ to the extended back-
ground.
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VII.3*. Intermezzo: The Descent Principle, or (bundling,) gerbing and gauging

Given a pair (M̃,M) of manifolds and a surjective submersion $ ∶ M̃ →
M , define over the simplicial manifold

⋯
pri,j,k //////// M̃ ×M M̃ ×M M̃

pri,j ////// M̃ ×M M̃
pri //

// M̃
$ // M

the DESCENT 2-CATEGORY Desc($), with objects (G,Ψ, χ), where

pr∗1G
≅Ð→
Ψ

pr∗2G , pr∗2,3Ψ ○ pr∗1,2Ψ
≅ÔÔ⇒
χ

pr∗1,3Ψ ,

pr∗1,3,4χ ● (id ○ pr∗1,2,3χ) = pr∗1,2,4χ ● (pr∗2,3,4χ ○ id) ,

1-cells (Φ, η) ∶ (G1,Ψ1, χ1) ≅Ð→ (G2,Ψ2, χ2), where

G1
≅Ð→
Φ
G2 , pr∗2Φ ○Ψ1

≅ÔÔ⇒
η

Ψ2 ○ pr∗1Φ ,

(χ2 ○ id) ● (id ○ pr∗1,2η) ● (pr∗2,3η ○ id) = pr∗1,3η ● (id ○ χ1) ,

and 2-cells ϕ ∶ (Φ1, η1) ≅ÔÔ⇒ (Φ2, η2), where

Φ1
≅ÔÔ⇒
ϕ

Φ2 , (id ○ pr∗1ϕ) ● η1 = η2 ● (pr∗2ϕ ○ id)

Thm: [Stevenson ’00]

$∗ ∶ BGrb∇(M) ≡Ð→Desc($) ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩

G ↦ ($∗G, id, id)
Φ ↦ ($∗Φ, id)
ϕ ↦ $∗ϕ

.

The beautiful:

(i) BGrb∇(M ) ≡ (π∗Y M )−1(Triv−BGrb∇(Y M )), the latter being de-

fined in terms of smooth 2-forms and Bun∇(Y M ), with Bun∇(Y M ) ≡
(π∗Y ′Y M )−1(Triv−Bun∇(Y ′Y M )).

(ii) Descent for the action groupoid over Gσ ↪ M
$Ð→ M/Gσ, where

Gσ ⊂ Iso(M,g) is a group of σ-model symmetries, determines the
Gauge Principle (due to a remarkable interplay between Σ and F ).
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A 2-birds-with-1-stone solution:

(i) Demand of (G,Φ, ϕn) a full-blown Gσ-EQUIVARIANT STRUC-
TURE (i.e., morally speaking, pass from Čech–Deligne- to Čech–
Deligne–Gσ-hypercohomology).

Propn: [Gawȩdzki, Waldorf & rrS ’10] A Gσ-equivariant structure on
B relative to arbitrary (ρ⋅, λ⋅) canonically induces a Gσ-equivariant
structure on B̃A relative to (ρ⋅, λ⋅) = (0,0).

(ii) Employ the Principle of Descent, in the guise

BGrb∇(ρ⋅,λ⋅)=(0,0)(F̃ ) ≡ BGrb∇(F̃ /Gσ)

valid for the distinguished surjective submersions $F̃F̃ → F̃ /G ≡
P×Gσ

F (engendered by the free action ̃̀∶ Gσ×F̃ →F ), to descend

(G̃A, Φ̃A, ϕ̃n,A)→ (G(A),Φ(A), ϕ
n
(A))

to the associated bundles.

Upshot: The GAUGED σ-MODEL

Sσ[(X ∣Γ);γ,A] = SMC
kin [X;γ,A] − i logHolG(A),Φ(A),ϕ

n
(A)(X) ,

manifestly invariant under the action of the GAUGE GROUP

Γ(P ×Ad Gσ) ∶ [(p, g1)] ⋅ [(p, g2)] ∶= [(p, g1 ⋅ g2)] .

The latter is induced by the action

λ ∶ (P ×Ad Gσ) × P→ P ∶ ([(p, g1)], p.g2)↦ p.(g1 ⋅ g2)

and reads

(χ,X)↦ (λχ, idM) ○X , (χ,A)↦ λ∗χ−1A .
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VII.4. The coset model

For the topologically trivial gauge field (or locally), we may define the
COSET σ-MODEL as

e−Weff[(X ∣Γ);γ] ∶= ∫[A]
DAe−Sσ[(X ∣Γ);γ,A]

N.B. The above path integral is gaussian, whence

Wσ,eff[(X ∣Γ);γ] ∼ Sσ[(X ∣Γ);γ,Acl.] .

Under certain (mild) technical assumptions regarding B, the effective field
theory is, indeed, a σ-model with a field space F and

EFFECTIVE BACKGROUND $∗
F̃

G , G ⊗ I∆ , Φ⊗ Jδ , ϕn .

The remarkable, again: The effective background is Gσ-equivariant rel-
ative to (ρ⋅, λ⋅) = (0,0) iff the original one is Gσ-equivariant.

Conclusion: Beff descends to a unique equivalence class B over the coset
space F /Gσ iff B is endowed with a Gσ-equivariant structure.

Outlook: Towards “non-geometry” via gauged stringy dualities associated
with groupoidal backgrounds. . .
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