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Introduction and motivation

@ A Lie system is a non-autonomous system of first-order
ordinary differential equations admitting its general solution to
be written in terms of each finite 'generic’ family of particular
solutions and a set of constants by means of a function, the
superposition rule.

@ During the last thirty years, the theory of Lie systems have
frequently been analyzed, many new results have been
derived, and multiple generalizations of the Lie system notion
have been proposed.

@ As a result, Lie systems and their generalizations can
nowadays be used to analyze diverse problems in Classical
Mechanics, Quantum Mechanics, Financial Mathematics,
Control Theory, etc. Moreover, applications of these systems
have been found in the theory of integrability of differential
equations, geometric phases, etc.
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Introduction and motivation

Linear superposition rules (1)

Each homogeneous system of first-order ordinary differential

equations
n

dx’ i ; .
—:Zaj(t)xf, i=1,...,n,
dt =

admits its general solution to be cast into the form
n
(1) =Y kixy(b),
Jj=1

with x(1)(t), ..., x(n)(t) being a set of fundamental (linearly
independent) solutions and ki, ..., k, a family of real constants.
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Introduction and motivation

Linear superposition rules (II)

Therefore, there exists a (linear) function F : (R")" x R" — R",
such that the general solution of the homogeneous system can be

written
X(t) F(X(l)( ) n)(t) kla“'a )a
in terms of the family x(1)(t), . x(,,)(t) of linearly independent
particular solutions and the set k1, ..., kn of constants.
Note that:

@ Not all the particular solutions are valid. Only those families
made of n linearly independent ones.
@ The number of constants and the dimension of the space

coincide. Indeed, this is caused by the relation of constants
and initial conditions.
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Introduction and motivation

Non-linear superposition rules

Now, every change of variables y = (x) transforms the previous
homogeneous system into the (generally nonlinear) one
i

— = Xi(t,y), i=1,...,n, (1)

whose general solution can be expressed as

y(t) = o(x(t) ijw Yyvp () ] (2)

with y(1)(t),. .., y(n)(t) being any 'generic’ family of particular
solutions for equation (1) and ki, ..., k, a set of constants.
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Introduction and motivation

Non-Linear superposition rules (II)

Therefore, there exists a non-linear function F : (R")"” x R" — R",
such that the general solution of the previous non-linear system
can be written

y(t) = F(y(l)(t), R 7y(n)(t); ki,..., kn),

in terms of certain families y(1)(t), ..., ¥(n)(t) of particular
solutions of the non-linear system and the set kq,...,k, of
constants.
Note that:

@ Not all the particular solutions generate the general solution.
It depends on .

@ The number of constants and solutions coincides again.
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Introduction and motivation

Non-linear superposition rules (llI)

Similarly, each linear systems of first-order ordinary differential
equations

dx’ noo . .
Y e b, =1
j=1

admits its general solution to be cast into the form
x(£) = kilxrn)(t) = x (1) + ) (1),
j=1

with x1)(t), - -, X(n+1)(t) being any generic family of particular
solutions and ki, ..., k, a set of real constants.
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Introduction and motivation

Non-linear superposition rules (V)

In this case, a nonlinear change of variables y = ¢(x) transforms
the previous homogeneous system into the nonlinear one whose
general solution can be expressed as

y(©) = | Dk [ i+ (®) — ¢ v ()] + ¢ vy () |
=1

with y(1)(t), ..., ¥(nt1)(t) being a generic family of particular
solutions for equation (1) and a set of constants ki, ..., kn. In
other words, there exists a time-independent function

F: (R")"™1 — R” such that

y(t) = F(Y(l)(t)> ce 7Y(n+1)(t); ki, kn). (3)
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Introduction and motivation

Definition

A non-autonomous system of first-order differential equations is
said to admit a superposition rule, if there exists a time
independent function F : R x R” — R” such that given each
generic family of particular solutions x(1)(t), ..., X(m)(t) and a set
of constants ki, ..., kp, its general solution, x(t), can be written as

X(t) = F(X(l)(t), ce ,X(m)(l'); ki, ..., kn).

Question (Vessiot & Guldberg):

Which non-autonomous systems of first-order differential equations
admit a superposition rule?
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Introduction and motivation

Answer (Lie 1893): Lie Theorem

The non-autonomous system

o _
dt

X(t, x), i=1 n

g ooy lly

admits a superposition rule if and only if the t-dependent vector
field X(t, x) which describes its integral curves, namely,
X(t,x) =371 X'(t,x)9/Ix', can be written as

X(t,x) =) ba(t)Xa(x), (4)
a=1

in terms of a family of vector fields, X,, closing on a
finite-dimensional Lie algebra of vector fields V. The Lie algebra V
is called a Vessiot-Guldberg Lie algebra of the Lie system (4).
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Superposition Rule for Riccati equations

Riccati equations are differential equations of the form

d
= = bu(t) + ba(t)x+ ba(£)x2,

whose general solution can be cast into the form

_ xa(8)0a(t) — (1) — kxa(t)(xs(t) — x(t))
(Oa(t) —x2(1)) = kOa(t) —x(t))

in terms of any family of generic (three different) particular
solutions xi(t), x2(t), x3(t) and a constant k € R. In other words,
the Riccati equation admits the superposition rule F : R3 x R — R
of the form

x(t)

x1(x3 — x2) — kxa(x3 — x1)
x = F(x1,x2, x3; k) (5 —x) — k(s — )




Superposition Rule for Riccati equations

Riccati equations determine the integral curves for the t-dependent
vector field

0

X(t,x) = (ba(t) + ba(t)x + b3(t)X2)$,

admitting the decomposition
X(t,x) = bi(t)Xa(x) + bao(t)Xa(x) + b3(t)X3(x),

where
0 0

— Xo = x—
ox’ 2 Ox
closing the commutation relations

d
X; = X3 = x>~
1 > 3 X Ox’
[Xi, Xo] = X1, [X1,X3] =2Xa, [Xo, X3] = Xa.

In other words, the vector fields X1, X>, X3 span a
finite-dimensional Lie algebra of vector fields.




Introduction and motivation

Some examples

@ Homogeneous systems of linear differential equations (linear).

Linear systems of linear differential equations (affine).

°
@ Riccati equations and matrix Riccati equations (non-linear).
o Certain equations on Lie groups (non-linear).

°

The Hamilton equations for second-order Riccati equations
(non-linear).

Disadvantage

In general, respect to the general case of non-autonomous systems
of first-order differential equations, there are a few systems (but
very interesting) admitting a superposition rule.
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Introduction and motivation

Objectives

First aim: description of two geometric approaches to Lie systems
© Group approach.
@ Distributional approach.

Second aim: detailing some generalizations of the Lie system

notion

@ Quantum Lie systems.
@ Lie families.
© Superposition rules and second-order differential equations.

@ Quasi-Lie schemes and quasi-Lie systems.
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Introduction and motivation

Third aim: application of our results

@ Quantum Lie systems = Spin Hamiltonian, Quantum
time-dependent harmonic oscillators with dissipation, etc.

@ Lie families = Dissipative Milne—Pinney equations, Abel
equations, etc.

© Second-order Lie systems = Painleve—Ince equations,
Kummer—Schwartz equations, time-dependent harmonic
oscillators, Milne—Pinney equations.

@ Quasi-Lie systems =—> Non-linear oscillators, Emden
equations, Abel equations, dissipative Milne—Pinney equations,
second-order Riccati equations, soliton solutions, etc.
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Lie group approach

Geometric theory of Lie systems e S

Lie systems and equations on Lie groups

Consider again the Lie system

r

X(t,x) =Y ba(t)Xa(x),

a=1

with X, spanning a Vessiot—Guldberg Lie algebra V. There always
exists an effective left action ® : G x R" — R", where T.G ~ V,
whose fundamental vector fields are those in V. Take a basis
{aa|a=1,...,r} of TeG such that

Xa(x) = tiOCD(exp(—taa),x).

Note that the linear morphism p : T.G — X(R"), satisfying
p(aq) = Xa, is a Lie algebra morphism.

Javier de Lucas Aratjo Lie systems: theory, generalizations, and applications



Lie group approach
Distributional approach

Geometric theory of Lie systems

Consider the restriction map

o, G — R,
g — O.(g)=o(g,x).

In terms of this map, we have that X, (x) = —T.®x(as). Hence,

Zb x) = X(t,x) = ( Zb )

Consequently,

r

if a(t) ==Y  ba(t)aa, then X(t,x) = TPy (a(t)).

a=1
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Lie group approach
Distributional approach

Geometric theory of Lie systems

Let Xc’f(g) = TeRga, be a basis of the set of right-invariant vector
fields on G, consider the solution, g(t), of the Lie system

dg
— = TeRe(a Zb(t g(0) =e.
Now, given x(t) = ®(g(t),xop), we get that

Te(t)Px0TeRg(r)(a(t)) = Te®y(r)(alt)) = X(t, x(1)).

The solution of every Lie system can be reduced to solve a Lie
system on a Lie group!!!

J
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Lie group approach
Distributional approach

Geometric theory of Lie systems

Note also that given a Lie system on G of the form
dg ‘ R
E ()= -2 bu(0)Xf(e),  g(0) =,
a=1

then, if we take a, = XF(e), we can define

a(t) = —; bt — % — T.R,(a(t)).

Now, for any effective action &’ : G x R" — R”", the curves
x'(t) = ®'(g(t), x0) are the solutions of the equation

dx’

—7 (0= Ty ®0oTeRe()(a(t)) = Te®lo(alt)) = X (2, X(2))-

Javier de Lucas Aratjo Lie systems: theory, generalizations, and applications



Lie group approach

Geometric theory of Lie systems e S

Scheme |

Lie System on R” Lie System on G
<:q>,>
X =301 ba(t)Xa(x) X = =31 ba(t)XE(8)
Integral curves ¢ Integral curve
x(t) g(t)
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Lie group approach

Geometric theory of Lie systems e S

Scheme I

Lie System on R” Lie System on G (oY% Lie System on R”

La=1 b ()X ()~ Y1 ba()XF (&) Xt ba(t) X4 (%)

Integral curves () Integral curve >/ Integral curve

x(t) g(t) X(t)
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Lie group approach

Geometric theory of Lie systems S e

Distributional approach

Consider again the Lie system X(t,x) = >, _; ba(t)Xa(x)
admitting a superposition rule F : R"™ x R" — R". lts general
solution, x(t), can be written as

X(t) = F(X(l)(t), ce ,X(m)(t); ki, ..., k,,),

in terms of any generic family of particular solutions and a set of
constants to be related to initial conditions. Indeed, note that at
t = 0, the above relation implies that, fixed x(1)(0), ..., x(m)(0),
for every x(0), there must be a unique set of constants ki, ..., ks
such that

x(0) = F(x1)(0), -+, x(m)(0); k1, - - -, kn).
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Lie group approach
Distributional approach

Geometric theory of Lie systems

The Implicit Function Theorem vyields that there exists a map
W RM(M+L) 5 RP such that

k = W(x0), X(1)s - - s X(m))>
with k = (ki, ..., kn) the only point in R"” such that
X(O) = F(X(]_)7 ce ,X(m); k)

Consequently, given a (m + 1)-tuple of particular solutions, we
have that

X(o)(t) = F(X(]_)(t), . ,X(m)(t); k),
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Lie group approach
Distributional approach

Geometric theory of Lie systems

implies

ki = \III(X(O)(t),X(l)(t)7 . ,X(m)(t))7 i=1...,n.

Superposition rules are related with the existence of constant of
the motion.

Differentiating the above relation in terms of the time, we obtain

d . _
E\U (X(o)(t),X(l)(t), . ,X(m)(t)) =0, i=1,...,n,

and
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Consequently,

ZZX(tx(a 6;"’:0, i=1,...,n, (5)

j=1 a=0 (a)
for every set of particular solutions x(gy(t), ..., X(m)(t). Therefore,
v
ZZX t, X(5)) ——— 0 =0, i=1,...,n. (6)
Jj=1a=0 X()

Diagonal prolongations
Given the time-dependent vector field X =37, XI(t,x)0/0x,

we call its diagonal prolongation, hereby )A<, to R7(m+1) the
time-dependent vector field




Lie group approach
Distributional approach

Geometric theory of Lie systems

Taking into account the above definition and (6), we have that
Xvi=0, i=1,...,n
The vector fields {)?t}te[R span a distribution
Dy = {X(t,p) | t € R} C T,RA™HD),

on R™MM+1) " |ts vector fields are tangent to the level sets of the
function V. Consequently, the Lie brackets among vector fields of
the above distribution are also tangent to the level sets of V.
Consider the distribution D defined on R7(m+1) spanned by the
vector fields of D and their succesive Lie brackets, i.e.,

Dy = ((Xt)ps [Xe, Xerlps [Xers [Xe, Xellps -+ ), 8,7, ... €R.

Obviously, the distribution D is involutive and finite-dimensional.
Hence, around a generic point where it becomes regular, it gives
rise to a p-codimensional foliation Fg, with p > n.
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Lie group approach
Distributional approach

Geometric theory of Lie systems

This gives rise to the existence of a n-codimensional foliation F
whose leaves contain several leaves of Fy. Note that if p > n,
there are several ways to obtain a n-codimensional foliations F out
of Fo. This leads to the existence of different superposition rules
for the same Lie system.

Given a point (x(),---,Xm)) and a leaf Fy of F, there exists just
a X(o) such that (x(0), X(1) - - - s X(m)) € Fk. Indeed,

\U(X(O),X(l), R 7X(m)) =k = X(0) = F(X(l), -y X(m)s k)
Hence, the projection pr : R(M+1) — R of the form

pI‘(X(O), X(l), e ,X(m)) = (X(1)7 . ,X(m)),

induces diffeomorphisms among the leaves Fx and R™ (and,
therefore, among different leaves of F also).
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Geometric theory of Lie systems Eicjercuniappoach

Distributional approach

Each superposition rule in terms of m solutions defines a local
n-codimensional horizontal foliation F on R™™*1) with respect to
pr and such that the vector fields {X;}+cr are tangent to its leaves.

Conversely, a foliation F provides a superposition rule F. Actually,
if we take a set of particular solutions x(1)(t), . .., X(m)(t) and a leaf
Fy of the foliation F, there exists just a unique curve x(g)(t) such
that (x(0)(t), x(1)(t); - - -, X(m)(t)) € Fk. Therefore, we can define

X(O)(t) = F(X(l)(t), e ,X(m)(t); k),

where x(o)(t) is a new solution.
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Geometric theory of Lie systems Eicjercuniappoach

Distributional approach

Each local n-codimensional foliation F on R™™+1) horizontal with
respect to pr and with {X:}+cr tangent to the leaves, defines a
superposition rule in terms of m particular solutions.

Proposition

Giving a superposition rule for a non-autonomous system of
differential equations is equivalent to giving a n-codimensinal
foliation on R™™+1) horizontal with respect to the projection

pr: R(MtDn s R0m for which the diagonal prolongations {)AQ}teR
of the vector fields {X;}+cr defining the system are tangent to its
leaves.
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Lie group approach

Geometric theory of Lie systems S e

Geometric Lie Theorem

Proposition

A system on R"” admits a superposition rule if and only if its
associated t-dependent vector field X(t, x) can be locally written
in the form

tx)—Zb ) Xa(x)

where the vector fields X,, @« = 1,...,r, span a finite-dimensional
Lie algebra.
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Suppose that the non-autonomous system admits a superposition
rule depending on m particular solutions and let F be its related
foliation on R™(M+1) \We know that the vector fields {)A(t}teR are
tangent to the leaves of F. Consequently, we can choose, among
these vector fields, a finite family )?1, . ,)?s spanning the
distribution D, = {(X¢), |t € R}. By means of their successive Lie
brackets, we can get a family of vector fields of the form

{Xa | @ =1,...,r} spanning an involutive distribution D
containing D. Therefore

.
[Xar Xs] = cap Xy, (7)
=1
where the coefficients c,3” are constant, so also

[Xou Xﬁ] = Z CapB 7
v=1



Lie group approach
Distributional approach

Geometric theory of Lie systems

Since every X(t) is in D, there are functions b (X(0ys - - - s X(m))
such that .
)= by X,
a=1

But )A((t) is a diagonal prolongation, so, using the fundamental
lemma once more, we get that the by = b“(t) are independent on
X(0)s - - s X(m)- Hence

Zbo‘(t ) Xo = X(t Zba (8)

a=1

(Converse property) Assume that X(t,x) is a Lie system, i.e.
X(t,x) =361 DU ()Xo = X(t) = 2oy b7(t) Xa.
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Lie group approach
Distributional approach

Geometric theory of Lie systems

Thus they define an r-dimensional Lie algebra with structure
constants c,g+. There is a number m < rn such that their diagonal
prolongations to R"™ are generically linearly independent at each
point. The distribution spanned by the diagonal prolongations
X1, .. X to R(M+1) is clearly involutive, so it defines an
r—dimen5|onal foliation Fp on R,

Moreover, the leaves of this foliation project onto the product of
the last m factors diffeomorphically and they are at least
n-codimensional. Now, we can extend this foliation to an
n-codimensional foliation F with the latter property, and this
foliation defines a superposition rule.

Javier de Lucas Aratjo Lie systems: theory, generalizations, and applications



Quantum Mechanics

. Lie families
Generalizations

Scheme of generalization

Our aim is to “copy” the structure of the previous diagram in order
to construct Lie systems on a Hilbert space H, i.e.

Lie System on N Lie System on G bunitary Lie System on H
r
> =1 ba(£)Xa(x)3 = — Y1 ba(t)XF(g) ?
Integral curves Integral curve ¢unitary Integral curve
x(t) g(t) ¥(1)
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Quantum Mechanics

. Lie families
Generalizations

Quantum Lie systems

Geometrization

o Hilbert space 7 = real manifold .

@ The C-operator A : H — H = vector field
A e His (1, AY) € TH.
@ The t-dependent operator A(t) : R x H - H =
XAW) : (t,9) €R x H = (¢, A(t)y) € TH.

The integral curves, t — 1, of a vector field X hold the equation

dips
Tzi = Ay, = Xzft where XAW)) = (7/17X{p4)-
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Quantum Mechanics

. Lie families
Generalizations

Vector fields and Quantum Mechanics

Note that each vector field XA related to a skew-self adjoint
operator A admits the flow

FI:(t,) € R x H — Fle(¢) = exp(tA)(¢) € H.

Proposition

Given two skew-self-adjoint operators A and B, we have that the
Lie bracket of their associated vector fields satisfy

X4, xB] = —xABl,
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Quantum Mechanics

. Lie families
Generalizations

Vector fields and Quantum Mechanics

2
XAXP] = g, () e (e (B) xp () 1)
o 1 d? 00 (—tB)nl 9] (ftA)”2
= Eﬁ t=0 <,§::0 n1! ) (ruZ::o n2! >
(Z (tB)In3> (Z (tA)|”4> »
m—0 ¥ =, nal
2
- %% » (£2[B, Al) (¥) = [B, Al(v) = —X [P,

We can get the value of Lie brackets of the form [X*, XB] in terms
of commutators between operators.

J
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Quantum Mechanics

. Lie families
Generalizations

Geometric Schrodinger equation

Given a t-dependent quantum Hamiltonian, i.e. self-adjoint family
of operators H(t) : H — H, the associated Schrodinger equation

reads o o

Obviously, the above equation describes the integral curves of the
t-dependent vector field XA() with A(t) = —iH(t).

Which Schrodinger equations can be reduced related to solutions
on a Lie system on a Lie group?
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Quantum Mechanics

Lie families

Generalizations

Definition

We say that a time-dependent Hermitian Hamiltonian H(t) is a
Quantum Lie system if we can cast it into the form

H(t) = zr: ba(t)Ha,
a=1

where the H, are self-adjoint operators such that the iH, span a
Lie algebra V of skew-self-adjoint operators, i.e. they satisfy the
relations

.
[iHaiHg] =) capyity, o, B=1,....r,
v=1

for a certain set of real constants c,g,.
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If H(t) is a Quantum Lie system, its corresponding Schrodinger
equation describes the integral curves of the time-dependent vector
field XA with A(t) = —iH(t), i.e.

31/} . O VA(R)
But, hence,
X0 =57 ba(t)(~iHat) = > ba(t) XS,
a=1 a=1

where X% is the vector field associated with the skew-self-adjoint
operator B, = —iH,. Moreover,

a Bu.B 0 4 _
[X X:B] [ 5] [IHa, IHB]qZ) = — Z Caﬁ'y’H'yz/)'
v=1



Quantum Mechanics

. Lie families
Generalizations

And, consequently,

[XaaXB]TZJ = an,BWX{Z = [Xa7X5] = anﬂvx’yy

v=1 v=1
fora,3=1,...,r.
The Lie algebra of skew-self-adjoint operators V' induces an
isomorphic Lie algebra of vector fields on H. J

We have copied the usual structure of Lie systems on a Hilbert
space in order to describe certain Quantum systems.
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Quantum Mechanics

Lie families

Generalizations

The Schrodinger equation corresponding to a quantum Lie system
describes the integral curves of a time-dependent vector field XA(t)
associated with a skew-self-adjoint time-dependent operator A(t)
such that

XA =3 " by (£)X,
a=1

for a given family of vector fields X< associated with
skew-self-adjoint operators —iH,, closing on a finite-dimensional
Lie algebra of vector fields.
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Let H(t) be a quantum Lie system associated with a Lie algebra of
skew-self-adjoint operators V and G a connected Lie group with
Lie algebra T.G ~ V/, there exists an effective unitary action

® : G x H — H whose fundamental vector fields are those
associated with the operators in V.

Indeed, consider a basis of {iH, |a=1,...,r} of V and a basis
{aq | =1,...,r} of TG closing on the same commutation
relations. In a neighborhood U such that e € U C G, we can
write every element in a unique way, i.e.

g = exp(ciai) X ... x exp(cra,). In this way, the conditions

d(exp(cadn), V) = exp(icaHa ), a=1...,r.

induce the existence of the required action.



Quantum Mechanics
Lie families

Generalizations

Proposition

Given a quantum Lie system H(t), its associated action
®: G x H — H allows us to relate the Schrodinger equation
associated with H(t) to an equation of the form

g=-) ba()X3(g), £(0)=e,
a=1

on G. Moreover, the general solution for the Schrodinger equation
is

Pe = (g(1), ¢o).
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Quantum Mechanics

. Lie families
Generalizations

Spin Hamiltonians

Consider the t-dependent Hamiltonian
H(t) = B«(t)S« + B, (t)S, + B.(t)S:,

with Sx, S, and S, being the spin operators. Note that the
t-dependent Hamiltonian H(t) is a quantum Lie system associated
with a Lie algebra V isomorphic to su(2,R). Moreover, its
Schrodinger equation is

Zﬂ = B (£)S.(¥) — iBy(£)S, (v) — iBa(t)S. (1),
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Quantum Mechanics

Lie families

Generalizations

that can be seen as the differential equation determining the
integral curves for the t-dependent vector field

X(t) = Be(t)X1 + By (t) X2 + B,(t) X3,

where (X1)y = —iSx(¢), (X2)y = —iSy(¥), (X3)y = —iS(¥).
Therefore our Schrodinger equation is a Lie system related to a Lie
algebra of vector fields isomorphic to su(2).

The solution of the above Schrédinger equation can be reduced to
solving the equation on SU(2) of the form
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Quantum Mechanics

Lie families

Generalizations

Recently, the study of integrability conditions for this equation
allowed us to explain the integrability of the Hamiltonian

H(t) = B(sin(@) cos(w)tSx + sin @ sin(wt)S, + cos#S;).

Another example of Quantum Lie systems is given by the family of
time dependent Hamiltonians

H(t) = a(t)P?*+ b(t)Q? + c(t)(QP + PQ) + d(t) Q@+ e(t)P+f(t)!,

or the family of time dependent Hamiltonians

H(t) = a(t)P? + b(t) <C)2 4+ (;) .
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Standard superposition rules do not admit any time-dependent
dependence. Obviously, systems admitting a time-dependent
superposition rule contain those systems admitting a
time-independent one.

What kind of non-autonomous systems admit a time-dependent
superposition rule? Solution: ALL!!

Indeed, the flow of each time-dependent vector field X is a map

F : R x R" — R" such that the general solution, x(t), can be cast
into the form

x(t) = F(t; k1, .-, kn)-

The time-dependent superposition rule associated with the flow of
a unique time-dependent vector field is, generally, useless.
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Recently, it was found that various families of systems could admit
a common time-dependent superposition rule depending on one or
more particular solutions.

Definition

We say that a family of non-autonomous systems {Xc(t, x)}cen
admits a common time-dependent superposition rule, if there
exists a function F : R x R™(™+1) _ R" such that the general
solution, x(t), for any particular instance X. of the family can be

written as

X(t) = /_’_(t,X(l)(t), boa ,X(m)(t); ki,..., k,,),
in terms of each generic family x(1)(t), ..., xm)(t) of particular
solutions of X, and a set of constants ki, ..., k,. Families

admitting such a superposition are called Lie families.
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What kind of families of first-order differential equations admit a
common time-dependent superposition rule?

Consider the family of tiem-dependent vector fields {X:}cen
admitting a common time-dependent superposition rule
F:R x R™ x R" — R". The general solution, x(t), of any
instance X, of the above family reads

X(t) = I_:(t,X(l)(t), R ,X(m)(t); ki, ..., kn),

in terms of any generic family of particular solutions of X, and a
set of constants. The Implicit Function Theorem implies that there
exists a map ¥ : R x R"(M+1) _y R" sych that

k= \T/(t,X(O),X(l), ... ,X(m)),

with k the only point of R” so that x(g) = F(t, X(1)3 -+ - X(m): K)-
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Consequently, given a (m + 1)-tuple of particular solutions, we get
the time-dependent constants of the motion

k = \D(t,X(O)(t),X(l)(t), - ,X(m)(t)).
Differentiating in terms of the time, we obtain
d -, )
E‘U (t,X(o)(t),X(l)(t), R ,X(m)(t)) =0, i=1,...,n,

and

- n m de s/
6;; +zzd(a)a“f':0, i=1,...,n.
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Consequently,
U
8 Z XI( txa)(t) i=1,...,n
Jj=1a=0 )

As the above equality holds for every (m + 1)-tuple of particular
solutions, we get

aw' . oV _
ZZX t,X(a)) —— i=1,....,n. (9
j=1 a=0 ax{)
Common time-dependent superposition rules are related to
time-dependent constants of the motion. J
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Definitions

Given the time-dependent vector field X = 2}1:1 XI(t,x)0/0x,
we call its pure-prolongation, hereby X”, to R x R"(m+1) the
vector field on R x R™M+1) of the form

n m . 8
xP=X ij(t’x(a)){?T’

j=1 a=0 (a)

and its time-prolongation, hereby X, to R x R"(m+1) the vector
field on R x R™(m+1) of the form

_ 9 n..m )
X = a +ZZXJ(1.',X(3))87.

Jj=1 a=0 (a)
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Taking into account the above definitions and (9), we get

XV =0, with i = 1,...,n. The vector fields {Xc}cen span a
distribution of vector flelds on R x R"M+1) tangent to the level
sets of the function W.

Consider the set of vector fields

Xe, [Xers Xel, [Xers [Xen Xl ..., e, c,c”,... €N

Obviously, they span an involutive distribution. As they are all
tangent to the level sets of W, this distribution gives rise to a
foliation Fo with codimension greater or equal to n. In this way,
we can always get obtain a n-codimensional foliation F.

Given a point (t,x(1),- - X(m)) and a leaf Fi there exists just a
X(0) such that (t, x(0), - -, X(m)) € Fk. Hence, the projection

ﬁ(t‘,X(o),X(]_)7 R 7X(m)) = (t’,X(]_)7 R ,X(m)),

induces diffeomorphisms among the leaves F; and R x R"™.
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Each common time-dependent superposition rule in terms of m
particular solutions defines a local n-codimensional foliation F on
R x R”(N’"H) horizontal with respect to pr and such that the vector
fields {Xc}cen are tangent to its leaves.

Conversely, given a n-codimensional foliation F on R x R"(m+1)
horizontal with respect to pr provides a common time-dependent
superposition rule F. Indeed, if we take a set of particular solutions
X(1)(t); - - X(m)(t) and a leaf Fy of the foliation F, there exists_
just a curve x(g)(t) such that (t,x(0)(t), X1)(t), - -, X(m)(t)) € Fi.
Therefore, we can define

X(O)(t) = /_:(t,X(l)(t), ... ,X(m)(t); k)

Moreover, it can be seen that x()(t) is another solution of the Lie
system.
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Each local n-codimensional foliation F on R ><~R”(’"+1) horizontal
with respect to pr and with the vector fields {X.}.ca being
tangent to its leaves, defines a common time-dependent
superposition rule in terms of m particular solutions for the
systems {Xc}cen.

Proposition

Giving a common time-dependent superposition rule for a family of
system of differential equations on R” is equivalent to giving a
n-codimensional foliation on R x R™™*1) horizontal with respect
to the projection pr : R x R(MT1)1 s R % R for which the
time-prolongations {)N(C}Ce/\ of the systems {X.}.ca are tangent to
its leaves.
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Lemma

Let )~<j with j =1,...,r, be the time-prolongations to

R x R™M+1) of a family of time-dependent vector fields X; on R”
such that pr,(X;) are linearly independent at a generic point of
R x R"™ theLefore, a vector field on R x R™mM+1) of the form

X =374 biXj, with bj € C°(R x R"(™)) and Y77, b; =0, is
a pure-prolongation if and only if the functions b; are
time-dependent only.

There exists an equivalent proposition with Z}Zl bj=1and X
being a time-prolongation.
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Generalized Lie Theorem

A family of systems {X.}.ca admits a common time-dependent
superposition rule if and only if each element X.(t, x) of the family
admits it autonomization X, to be cast into the form

Xe(t,x) =) bea(t)Xa(t, %),
a=1

where the X, are time-dependent vector fields on R"” such that
that there exist r3 functions f,4,(t) satisfying that

r

Koo Xs](£, %) =) fapr()X(t,X),  a,B=1,...,r.
v=1
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Abel equations

Abel equations

Consider the family of Abel equations

dx
5 = (EEx) F ()1 +t+ x)3,

with b(t) any arbitrary time-dependent function. The general
solution of any instance of the above equation can be written as

x(t) = ((a(t) +t+1) 2+ ke ) V2t 1

in terms of a particular solution x(;)(t) of such an instance and a
real constant k.
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Abel equations Il

The considered Abel equations are described by the family of
time-dependent vector fields

Xo(ry = ((t+x) + b(t)(1 + t + x)?) ;X,
which, according to Generalized Lie Theorem, holds that
Xp(ry = (1= b(t)) X1 + b(t) Xz,
and

0 0
Xi=(t+x) 5, X2:((1+t+x)3+t+x)a,

which satisfy that [X1, Xo] = 2Xo — 2X].
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