VECTOR ANALYSIS IN CURVELINEAR OR-
THOGONAL (LAME) COORDINATE SYSTEMS

We are used to work in the Cartesian coordinate system in which points of the space
are identified by values of x, y and z. Associated with this system is the basis of
three vectors
i, =e,, i, =e,, i,=e,.
These three vectors have by definition unit lengths (we use the symbol e; for unit
length vectors) and are mutually orthogonal:
(ei]ej) = ei'ej = (51']' .
They also satisfy the rule
€; X €; = €k € = € €jj -
From these rules, the identity
€ijk€kim = 5z‘l5jm - 5im5jz )
and the possibility of writing any vector V as a linear combination V = e;V? all
vector identities can easily be proved. For example
Ax (BxC)=¢e; x (e xe,)ABC™
=€; X €L €Lim AZBlCm
= € €jik €kim AiBlCm
= ej(5j15im - §jm(5il) A’LBlCm
=e;B/(A'C") — e;C7(A'B")
=B(A-C)-C(A-B).
Usually in this type of calculations one does not write explicitly the unit vectors e;.
This makes the notation more economical but is possible only either if the vectors are
decomposed into the Cartesian unit vectors e,, e,, e,, or (for vectors decomposed

into unit vectors e (£), es(£), e3(€) associated with some curvelinear coordinates &*,
€2, &3 - see below) if no differentiations are involved: for example, if in the example
above C(§) = €;(£)C*(z) and B(&) = €;(£)V?, where V' is a differential operator
acting on everything standing to the right of it, then one cannot drop the vectors
€;(&) because they too get differentiated.

In numerous special problems of classical electrodynamics it proves more con-
venient to use coordinate systems &° other than the Cartesian ones. Curvelinear
systems are introduced by giving three functions

=z, &, &,
y=y(&' &, ¢,
z=2(¢", &, €.
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Associated with each point of the space are then three vectors

0 =e %—l—e @+e %
agi - xagi y(%i Z@gi’

i(€) =

(the notation 9/0¢" used by differential geometers - rézniczkowych ometréw zwanych
gdzieniegdzie jeszcze rézniczkowymi skoczybruzdami - should not terrify you as we
will not use it). More precisely, with each point of the space (which should be
thought of as a differential manifold) there is associated a vector space (the tangent
space) in which vectors attached to this point live. The vectors i;(§) form a basis
of the vector space attached to the point labeled by &, €2, &3, The vectors iy, is, i3
are not the same for different points and for an arbitrary choice of the coordinates
£ are not of unit length and even not mutually orthogonal. Their scalar product
defines the metric tensor g;;(§)

ey Oxdx Oy Oy 0z Oz
9i5(§) = (iili;) = o8 081 + o€t 9 + Pz

Here we work in the Euclidean three dimensional space and the metric tensor g;;(£)
can be computed directly because we assume that the three functions z(§), y(§),
z(€) are known.! As in the usual algebra, any vector V attached to the point labeled
by £ or a vector field V(£) can be written in the form

V(&) = iV (€) = ik(OVH(E)

where V(’f) is the notation borrowed from my Algebra notes (available from the web
page of J. Wojtkiewicz) indicating explicitly that these are components of the vector
V in the basis i;. The scalar product of two such vectors (vector fields) V and W
is then given by

(VIW) = (is]ig) VIW* = g VIW* = V;IV?,

We have defined here covariant components V; = g;;V7 of the vector V (as opposed
to its contravariant components V*). Of course V' = ¢V, where ¢g* is the matrix
inverse with respect to the matrix g;;. Mathematically Vj are components of a
linear form 1% or, if V; depend on &/, components of a field of forms called also a
differential one-form associated with the vector V (with the vector field V(§)) which
on all vectors attached to the point £ acts through the scalar product

V)= (V).

'In General Relativity we do not assume this and try instead to reconstruct all features of the
space-time from the metric tensor which in turn is determined by the differential Einstein’s equa-
tions; the space-time is then in most cases non-Euclidean, that is it has a nonvanishing curvature
- a quantity which is independent of the choice of the coordinate system.




All such linear forms attached to the point £ form a vector space (the adjoint vector
space with respect to the vector space of vectors attached to this point) for which
different bases can be chosen; the two natural bases will be defined below.

In the following we will be concerned with a special class of coordinate systems
- the Lamé systems - singled out by the orthogonality (in each point of the space)
of the three vectors i;. In such systems the metric tensor is diagonal:

gi; (&) = h?(f) 0ij » hi =/ (ili;) = [ii] -

h; are called Lamé coefficients. Of course, ¢¥/(£) = h;?(£) . In the Lamé systems,
to make vector analysis easier, i.e. to make it similar to the vector analysis in the
Cartesian coordinates, one introduces three normalized vectors

i; 1.
h-lli,

€ =77 =
T

(no summation over ¢ here) such that
(eile) = hi thy (iilij) = hi thy gy = hi thy thihyiy = 65

(Of course, these vectors still depend on &, because their orientation in the space
varies from point to point). Any vector V can be then decomposed in two ways
(and, of course, in many other ways too)

V =i,V =iV
= ekV(’Z) = ekvk .
From the relation between the vectors i, and e it follows that

V(k = Vk = th’“ = hk‘/(lf) y

e)

(no summation over k here). The scalar product of two vectors can be then written
as

(VIW) = VIVE =V vF,

i.e. it looks as in the Cartesian system. The barred covariant components Vj, of the
vector V are identical to the contravariant ones

‘_/k = Vk >
and are related to the unbarred covariant components Vj of V by
Vk = hI;IVk ,

(again no sum over k here). Thus, the whole point of introducing “physical” com-
ponents V* is to get rid of the metric tensor in the scalar product.



Gradient

Consider a function S defined on the space (on the manifold). In coordinates &' it
is a function S(§). At each point its total differential

oS

a5 = o

det .

is a linear form, or more precisely, a differential one-form (two- and three-forms will
of course appear soon!). As every linear form, it is a machine with a hole into which
one inserts a vector and obtains in return a number; moreover the action of such
a form is linear. The differentials d¢® form a basis in the space of one forms; their
action on any vector follows from the rule

d€k<ij) = 6kj )

and the linearity. The factors 95/9¢" are simply components of the one-form dS in
the natural basis d€® of one-forms associated with the coordinates €. On a vector
0& = i,06" of a small displacement by §¢ the total differential dS gives

2; de'(ip0e®) = 2—2 de' (i) 66% = 95 66" = S(€486) — S(6),

dS(5€) = 5

- the first approximation to the difference of S at & and the neighbouring point
£+ 6€°, that is what an average physicist, not mislead by mathematicians, would
call dS.

In the Lamé systems one introduces also another basis fi of one-forms singled
out by their action on the e; vectors:

f F (e;) = 5kj .
From linearity it then follows that

f* = hyde*,
because then

Frley) = f(hti)) = hit fR (i) = dek(i;) = o,

The action of a linear form M@ = wyd€F attached to the point & (or a field of
one-forms M@ (€) defined for each point of the manifold, if the components w; are
functions of £%) on a vector V attached to the same point £ (or a vector field defined
on the manifold) is given by

WH(V) = wpde®(i;V7) = wp VF = by by ' VE = G, V"
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This shows that components of a one-form can be treated as (covariant) components
of a vector and the action of the one-form M& on a vector V can be represented by
the scalar product of V with the vector i; w’ = e; @ associated with the form M.

In Lamé systems gradient (the “physical” gradient) of a function S is by defini-
tion the total differential dS referred to the basis f*:

98 . (1 0S\ 4 =
48 = 5 deh = (hk aék)f = (V) f*.

The gradient of S : ¢ — R, or in other words, the total derivative of S, is a liner
function mapping the vectors living in the tangent space into R:
oS oS

dS(V) = V’a—é_kdf’“(il) | 9eF =Vk(VS),.

Of course, in physical calculations the bars over “physical” components are omitted
(as components of vectors and forms in the bases i; and d¢’ never appear in such
calculations).

Divergence

Divergence of a vector field V(&) = i,V*(¢) is in the most general case defined as
follows: We associate with the vector field V a one-form V:

V= V;de' = gikvk dfka
and apply to it the Hodge star operator:
~ 1 . )
V=3 Ve Vi de A de

where g = det(g;;) and finally take the exterior derivative of the resulting two-form:

%ezjk a% (VFy/g) dé' A dét A de

0
:8_5"5(

d(xV) =
VFVg) dEt A dE? N dEP
We have used here the relations

de' NdE N dET = ey dEN N dER N dEP, and  €;p€i5 = 201 -

“Physical” divergence is the three-form d(*V) but referred to the canonical volume
form fL A f2 A f3:

. 10
" hihohs OEF

U
—
*

(h1h2h3 )f AN PR

5



1.e.
1 0

Vk
divV = V.V = hihah
WV =V hihahs OEF ( 1l hk)

Curl

Curl of a vector field V(§) = ixV*(€) is defined as follows: first associate with V
the form V = V;d€'. Then take its exterior derivative

0
e {
obtaining a two-form. Finally apply the Hodge star operation:

~ 0 .
x(dV) = \/_gklg’maélC (9iV7) €tmn dE™ .

dV = gi; V) deF A dE

In a Lamé system, components of the resulting one-form in the basis f’ is just what
is called the “physical” curl of V:

«(dV') = hihohs hi2h7? (VY Rt f = (V x V), f".

0
€kin So7
k o¢F
Simplifying a bit, the “physical” component of the curl of V is
ho, 0

V mn
(VxV), = hihahs P 9k

(heV?").
Laplacian

The Laplacian acting on a function S(£) is just the divergence of its gradient - it is
a three-form:

d(xdS) = (V28) f* A f2 A f2.
Explicitly:
oS
(- (5) -

1

21

10 ik J l m

5@(88\/_9 Ekzm)df NdE A dE
0 0S8

= 55 (\/Eg” a_gz> det N dE® N dgP .

We have used the same relations as in the derivation of the divergence. The “physical
Laplacian” (in Lamé coordinate systems) is referred to the canonical volume three-
form:

V28 =

1 9 (hhahs DS
hihohs 961\ h2  0¢') "



Example

We illustrate all these considerations by considering the spherical coordinates (£7, £2, £3)
= (r,0, ¢) introduced through the well known relations

r=rsinfcoso,

y=rsinfsing,

z=rcosf.
One then has
sin @ cos ¢ r cos 0 cos ¢ —rsinfsin ¢
i, = | sinfsing |, ig=|[ rcosfsing |, iz=| rsinfcos¢
cos —rsin 6 0

The Lamé coefficients read
hy = (i,|i,) =1, ho = (iglig) =, hy = (igliy) = rsind,

and the vectors e,, ey, e, have the form

sin @ cos ¢ cos 6 cos ¢ —sin¢
e, = | sinfising |, ey=| coslsing |, e;=| cos¢
cosf —sinf 0

The canonical volume three-form
FAFON fo =12 sinbdr AdO A do,

looks familiar for anybody who at least once has integrated something over a three
dimensional domain using spherical coordinates, but what these “A’s” serve for?!
Be patient and look below how the integration of differential forms is defined.

Using the Lamé coefficients given above it is straightforward to write down “phys-
ical” components of the gradient of a function S

S ——— 108 — 1 S
T or (v )9:;%’ (vs)d’:rsinea_gb’

(VS)

of the rotation of a vector field V = e, V" + e, V? + e¢\7¢

—_——— 1 0 - ov?

_ = (VP o _ 2
(VxV)r—rsine (89<V sin 0) ),
—_—— 1 ovVr 10, _
(VXV>9:TSin08_¢ r or

Vi, =1 (- 50,




as well as the “physical divergence” of V:
1 0 - 1 ov?
— (V’sing —
+ rsind 00 (Vsin6) + rsing d¢ ’
and the “physical” Laplacian of a function S(§):

V3iS = — L0 85 +—1 9 sm€§ —l——l 82—5
“rzoar\" or r2sind 00 00 r2sin? 0 0p?

Integration of p-forms over p-dimensional domains

A pform P& = w;, ; (§) d€™ A ... A d€™ can be integrated over a p-dimensional
domain (a p-dimensional submanifold) €, of the d-dimensional space (d-dimensional
manifold). The integral

[ 9o [ wns@dehn.ndev,
Q Q

P P
is defined as follows. We have first to parametrize the domain €2, with p parameters
T, .., TP

One then has p vector fields t(y), ..., t):
¢! &l
5 + g 75— 5 )
ort ort
all of which are tangent to the submanifold €2,,. It is easy to see that t(;) is tangent
to the curve traced in §, by varying the parameter 7 keeping all other 7’s fixed.

t(l)—ll iZl,...,p.

By definition

/ ) _/dT /dpr“ ip )dfﬂ ./\déip(t(l),...,t(p)).
Qyp

The domain of integration over the parameters 7 follows of course from the parametriza-
tion of €2,. Since (see the definition of the action of a general p-form on p vectors)

A" AL NdEP (b, b)) = Y sen(m) dE (ba) - dET (bay)

k1 OEkp '
— Z sgn(ﬂ) an 87_3. d{'“( ) N dgzp (ikp)

S s 2L 08 e, 6)
— LN G o) T g, e




so, the final practical formula for the integral reads
AN, ..., &)
(p p ) )
/ /d’r /dT Wi .. ’Lp )) 8(7_71.(1)7 - ,T’T(p)) .

Stokes theorem

The fundamental Stokes theorem states that

/d((p_l)d)):/ (p—l)d)’
Qp 29,

where 0€2, is the p — 1-dimensional boundary of the domain €2,,.

Exterior derivative of a zero-form, i.e. of a function S(§) is a one-form dS which
can be integrated over a curve ' 4p going from a point A to a point B. The Stokes
theorem reduces then to the trivial statement that

l m&iéjsEsgn—sm%

because the boundary of the curve I'4p consists of the points A and B.

What is the physical interpretation of an integral of a one form M& = w;d€* over
a curve I'yg? Let’s see. To evaluate the integral we parametrize the curve with
some parameter T € [14,7p): £ = &(7), where £(74) = &4 and &(7p) = £4. Then

g — [ are l.d£’“) e 4€°
/FABlw—/TA dr w;(&(T ))d§< ir —/TA drw;(£(7)) it

To get the physical interpretation let’s however rewrite the integrand differently:

i ek I O der Oy de* 0z dek
”zdf( dT)—‘”zf (e$T@E+eyTﬁE+eZT@E

i dx dy dz
_wzf ( —l—eyd +ezd7_>

We have used here the definition of the vectors i, and the ordinary chain differenti-
ation rule. On the other hand, in the Lamé systems one can also write

o fi = 0, f + @, f¥ + @.f7,

because both (@, @, @) and (f*, f¥, £7) are related to (@, @s, @s) and (f1, f2, f3)
(associated with the coordinates &) by the same orthogonal transformation. Intro-
ducing a vector field V with the Cartesian components V* = w,, VY = @,, V* = ©,

we get
B d
/ m@:/ mlvxvuﬁ»:/ dl-V,
TaB TA dr I'aB
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where V is a vector field associated with the one-form (&. The last equality is
obvious from ordinary mechanics: dl = dr (dr(7)/d7) is just the vector dr(r) of
the displacement along the curve I' 45 corresponding to the change of the parameter
from 7 to 7 4 d7; the integral of the scalar product of dr(7) and V(7) is just what
one calls the integral of V along the curve I'45.

Thus, to compute the integral of a vector field V over a curve I' one takes this

field decomposed into vectors i associated with some curvelinear coordinates £ and
integrates the form V =V, d¢' = g;; V7 d¢'.

And how to get a flux of a vector field V through a surface %7 To get the hint
let’s look at the Stokes theorem and compare it with the ordinary Gauss theorem
for a closed surface ¥ = 09 (2 being a three-dimensional domain):

/dide(Volume) = /d(*V) = Stokes Th. :/ V.
0 Q

o0

This shows that *V must be the right object to integrate over X, i.e.

[
b
should give the flux of the vector field V through the surface ¥. Indeed,
~ 1 ) .
/*v_ /—\/Eeijkadfz/\dgfj
b 2
1 1 .
= //d71d72 = hahohg € hi'VE—— fPA 7 (), to)) -
2 hih;

Due to the presence of the totally antisymmetric symbol ¢, the three Lamé coeffi-
cients h; 'h; 1hj_1 must be simply h; 'h,'hs' and they cancel out the factors hyihyhs,
so that

N _ .1 o o _ o
/Z WV = / / artdr? V* 2 e (Toytly) = Tyt ) = / / dr'dr? V¥ e Ty,

The factor €;;x (drlfél))(dﬁf{z)) is nothing else than the vector perpendicular to
the parallelogram spanned by the vectors dr't(;y and dr?t() of the infinitesimal
displacements corresponding to varying the two parameters from 7! and 72 to 7! +
dr! and 724 d7? respectively, and has length equal to the area of this parallelogram.
It follows that the expression under the integral is just what one physically interprets
as the flux of V through the small element of area of the surface . This completes
the demonstration.
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Example

As an example let us compute the flux of the electric field E produced by a uniformly
charged ball (of radius R and total charge @) through a flat disc also of radius R,
tangent to the ball.

Outside the ball the electric field has the form as if it was produced by the
point charge () located in the center of the ball. We will work with the spherical
coordinates &' = r, €2 = 0, €3 = ¢ with the origin (r = 0) in the center of the
ball. In these coordinates only the radial component of the electric field is nonzero:
E" = E" = k;Q/r? (because h, = 1). According to the general considerations the
flux is given by

~ 1 . .
Flux = / B = / 5 \/§€ijk Ek xit A\ dfj
disc disc

:/ TZSme( IQ) do A dg .
disc T

We have used (/g = h,hohy = r2sin@ and the specific form of the components of
the electric field E.

™

We parametrize the disc by the parameters o € [0, ] and 8 € [0, 27]:

r=R/cosa,

0=qa,
o=,
so that the tangent vectors read
¢ . Or n + 0¢p . Rsina
o =1 — +1i i =i, ig ,
() da ' da 8 ? da cos? o
) 87’ ) (9¢

Hence,

i A do (t(a), ts) = db (tw) do (ts) — db (ts) do (tw) =1-0=1,

and

2 w/4
Flux = / dﬂ/ dak1Q sina = k1 Qm(2 — \/5) )
0 0
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Useful formulae

1. A p-form P& is a p-linear totally antisymmetric mapping of p vectors into R.
p-forms form a vector space; for their basis one can take Z (d is the space

dimension) antisymmetrized tensor products of p basic one-forms d¢':

AP NdER N . NdEP = Z sgn(m) dén @ dE® @ ... @ dEw)

7 is a permutation and sgn(7) its sign. Action of a general p-form
W) = Wiy iy AE" NAEZ AL A dEP,
on p vectors V(i) = i, V(%, oo Vi) = ika(];’)’:
DoV, .. Vi) = Vi Vi wiy iy d€Y AL A dEP (i, . ik,
= “sen(m) ViV Wiy, dE (k) )A€ (i, ) ) - - - AE™ (i)

k kp
= Z s () Viy) - Vi) Wheayokng -

2. Exterior derivative of a p-form P& = w;, ; (£)dE AdE= A ... NdE™ is p+1-form:

(9%'1..4',, (5)

d((p)@) — g

deF A dEB N dER N A dE .

3. Action of the Hodge star operator on basic one-forms

H(dE) = 2 /3™ v de! A dE™
and on basic two-forms
*(dEE N dE7) = \/§gik G €gpm dE™ .
Action on general one- and two-forms follows from linearity of the x operation.
We can also check that #x =Id:
x(x(d€")) = * (v/g 9" €xtm dE' A dE™)
= % \/§gik €kim ¥ (dfl A dﬁm)
= % \/ggik €klm \/gglj 9" €jsp 8P
ik lj ms

1 .
= 59(9 97 9™ €pim) €jsp dEP = dE'
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because the expression in the last bracket is just det(g*') ¢ (and det(g*) is the
inverse of g = det(g;;)) and €7%¢;, = 257,

Similarly,
«(x(dg" N dET)) = x (\@gm 9" €xim de™)
= V35" ¢ et 5 /GG e A dE°
599" 9" 9" €prs d€T N dE°
g e €prs AE" N dE®

g
(6,087, — 6" ,57,) de™ A d&®
(

[\DI»—tl\')IHl\DIHl\') —

A& AN dE —dg N dEY) = dE' N dE

4. Divergence referred to the canonical volume form /gd¢* AdE* NdE* = f FLAF2N f3
is what in General Relativity is called the covariant divergence:

VF o Vgde AdE? A dER = (0 VF + T, V7)) \Jgdet A dE? A dE?

We recall the definition of the Christoffel symbols (Krzysztofelki po naszemu) I' ki
in terms of the metric tensor:

, 1.
Iy = 3 9" (Ocgij + Oiq — Org;) -

Hence,
& 1 4 Lo
D% = 597 (kg + Oigu — 0u915) = 5.9 99
= (7 9,0) = 5 8 In(g) = & (v5)
19
= 58

This should be compared to d(xV):

d(+V) = 388' (Vg V) det A de® ndg?
= (VgORV" + V" 0y\/g) d€" N dE® A dE?
= (BRVF T, VF) Jgdet Ade® A deg? .
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