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U,VXWZYK[ O ⊂ RN \S]Z^`_ VaW _�\ VabdceWZf�bTgih�jMcegikGfml _ jTn f : O → R oqpsr`t(u YivxwyYZVawGzG{sw`|U,VaW�YK[

x ∈ O |(}~kG�(VX� _ f�k�vxj�h t VaW�� u {sj ^ b�h�W x �
x = (x1, x2, . . . , xN), f(x) = f(x1, x2, . . . , xN).

}~k \ VXWZc _ f�k�gxWZcxj _ k ∈ {1, 2, . . . , N} V2gxc�j u g r vef�k _ fyVXW t(t W xl l(z ^(_ VXW l 6= k
vxj u by�"gKjG{�WT|��b _ h�jM�Zf�kzTc�j t VXY ] �

∂

∂xk
f(x1, x2, . . . , xN) = lim

h→0

f(x1, . . . , xk−1, xk + h, xk+1, . . . , xN )− f(x1, . . . , xk, . . . , xN )
h �e�M�

��G�x����b�h�kG�Z� _ w�zdcxj t VaY ] t j _ kNh�jTf�k��`�����8���T�S��K���M�O�s�M�M !� psr(t(u YiveV f �Sb _ fyVXW t(t WDv xk �¢¡ VaY _ b t wh.� r`t(u Y�VaW x � |�%�N���:U�VaW�YK[ O ⊂ RN \S]Z^`_ VaW _Z\ VabdceWZf£bTgih�jTc"gik8f�l _ jTn f : O → R opsr(t(u YDvxw	YZV�wNz8{¤w`| �¢¥ W tbd�eg�jMg t V2h�jMc r(t W u �(Va� _ W�f�k�g�W�� � f ∈ C(O)
� |

¦¨§�h©Vaf�kTl���W
f
veW��egce§d� t VaY _ u b�h�j ¡ t j r c�j _ kªh«�e�0bT�x§ \ Y�V�wNz8{�kTl0veWZ�ZW ¡ V�Va�"g t VXWDvxw¬h©� _ kG�"g u VaW�0bGYK[(b ^ t WQY _ wT�eg u b�h�WjT� ^ b	c _�]Z^ r r V®�xw	b t W�Y�V�wNz8{¤WM|¯: !°²±d°N³�´i�¶µ�·¹¸»º¤�0�T¼½�K±Mº¢�K���S°Z¾ ¥ W t bT�egKj¿g t V!h�jTc r(t W u _ jM�(Va� r veWZf�k u cx§GYZWiv�vxj u b � f ∈ Cr(O)

l
z ^(_ VaWÀ�(c _ W _ Cr(O)

b _ t jMY _ jMf�k _Z\ Va§dc psr`t(u YiveV�cx§d� t VaY _ u b�h�j ¡ t kGYK[ r
c�j _ kÁhÂ�x�Sbd�x§ \ Y�V�wNz8{�kT|

Ã g�bT� r veW�f�k¨gxWZ�»b _ t jTY _ W t VXW C∞(O) ^ ¡ j psr(t`u YDveV¢l u g�§dceW»�0bT�xV�j ^ j²vxwq�Sb8YK[`b ^ t W»YZV�wNz8{�W ^ b�h�b ¡ t VXWh�kG�xb u VaW�zdb©c _�]Z^ r |²Ä r(t`u YDveWÅg�j u VaW t j _ kNh�jMf�k�ÆKÇG�È�M�¢ÉO°T¸»ºN±¿ÊË°6�T��º¤¸»º � t j ¡ WZ�Zw ^ b t VaYK[ t �2|Zh©VaW ¡ bdf	V�j t k � |Ì�Í ��U,VXWZYK[ O o bTgih�jMcegik%�Sb ^(_�\ Va§Tc RN lÈbdc�j _ f ∈ C1(O)
|ÎU�VaW�YK[

x0 ∈ O
lÈV t VXWZYK[ h ∈ RN

o ^ bd�eg�jMg�W�Y _ t VaWQfyjG{¤WMl`g _ t | ||h|| < ε ^ ¡ j�0WOh t WZzdb ε o g�j u l \ k x0 + h ∈ O Ï>ÐÀÑ �Ò ^ W�Ó t V r vef�k r(x0, h)
�(c _ W _ �

f(x0 + h)− f(x0) =
N∑

k=1

∂f

∂xk
(x0)hk + r(x0, h).

}Ôg�W ^ k _ jMYK[(b ^`_ V �
r(x0, h)
||h||

h→0−→ 0
�¶Õ6�

¯: !°²±d°N³!Ò t jTY _ W t VaW�gxWZzdbÖh _ bdc r�� ��b _ h�j ¡ j¬b t h�k _ t jTY _ jT×��(c _ kGcxbd�"g psr`t(u YiveV ��Ø fÙf t VaWive� _ W h lgikGf ¡ W��(VaWiv��`c _ kGcebd�eg�veWZ�"g,�`c _ k \ ¡ Va�Zj t k�(c _ W _ Y _�] nx× ¡ V t Vab�h�w`|�%Ú Í �TÛ ]�^(_ VXW ^ ¡ j � t j²v"h�jT� t VaWDve� _ W�zdb�h _ jM�eg�bT�xb�h�j t V�jTYK[ � �`c _ kG�Èj ^ uNr N = 3 Ü ^ ¡ j ^ b�h�b ¡ t W�zdb
N
veWZ�"g)j t j ¡ bTzdVaY _ t kd|

f(x0 + h)− f(x0) = f(x1
0 + h1, x2

0 + h2, x3
0 + h3)− f(x1

0, x
2
0, x

3
0) =

f(x1
0 + h1, x2

0 + h2, x3
0 + h3)− f(x1

0, x
2
0 + h2, x3

0 + h3) I

+f(x1
0, x

2
0 + h2, x3

0 + h3)− f(x1
0, x

2
0, x

3
0 + h3) II

+f(x1
0, x

2
0, x

3
0 + h3)− f(x1

0, x
2
0, x

3
0) IIIÒ¬gih©VXWZc ^(_ W t V�jÞÝ:jTzdcxj t zdWMßàj»b»h�jMceg�bTnxYZV:necxW ^ t VaWiv ^ ¡ j psr(t(u YiveV`veW ^ t Wiv _ fyVXW t(t Wiv�fyjTf�k

III =
∂

∂x3
f(x1

0, x
2
0, y

3)h3,

�



z ^(_ VaW y3 o � r`t(u g)�Sbdf	V ]Z^`_ k x3
0
j
x3

0 + h3 Ü

II =
∂

∂x2
f(x1

0, y
2, x3

0 + h3)h2, y2 ∈]x2
0, x

2
0 + h2[;

I =
∂

∂x1
f(y1, x2

0 + h2, x3
0 + h3)h1, y2 ∈]x1

0, x
1
0 + h1[.

¥ j u h©V ] Y

r(x0, h) = f(x0 + h)− f(x0)− ∂f

∂x1
(x0)h1 − ∂f

∂x2
(x0)h2 − ∂f

∂x3
(x0)h3

=

[
∂

∂x1
f(y1, x2

0 + h2, x3
0 + h3)− ∂

∂x1
f(x1

0, x
2
0, x

3
0)

]
h1

+

[
∂

∂x2
f(x1

0, y
2, x3

0 + h3)− ∂

∂x2
f(x1

0, x
2
0, x

3
0)

]
h2

+

[
∂

∂x3
f(x1

0, x
2
0, y

3)− ∂

∂x3
f(x1

0, x
2
0, x

3
0)

]
h3

�ËáG�

Ã u {sj ^ b²h�WQh�W u gxbdc�j h � _ jTY r vxw	�eV ] �(c _ W _ �
|hk|
||h|| ¬ 1.

��b t j ^ g�b`l¿veWZ��W ¡ V h→ 0
l`g�b �

y1 → x1; y2 → x2; y3 → x3.

��b t VaW�h�jT�Q�Sb8YK[(b ^ t WQY _ wT�"g u b�h�W��xw	Y�V�wNz8{¤WMl8g�bÞce§d� t VXYZW�h �¢áG� ^ wT�Zw ^ b _ WZcxj	V®fyjTf�k

r(x0, h)
||h||

h→0−→ 0.
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�! ¶æ #%$�&(')$�*,+)BçHKJ,+,74&MLNAÞ/:è¹$4@2$4+)-dL
é,�"k8�"g�W�fqjMgik _ r vef�k%b _ t jTY _ W t Vaj`lÈ�(c _ k ^ j²vxwTYQVXfml�veWZn ¡ V�g�c _ W \ j`l ^ b ^ jMg u b�h�W�veWZ� _ Y _ W�h�k�vxjTn t VaW t V�j �
� |
h = ∆x o �(c _ kGcxbd�"g _ fyVXW t(t Wiv �¤ê kGYK[ � Ü

Õ |
f(x+ h)− f(x) = ∆f o �(c _ kGcxbT�eg psr(t(u YDveV Ü

á | N∑

k=1

∂f

∂xk
(x0)hk = df o cx§d� t VaY _ u j psr(t(u YDveV Ü

ë |
r o cxW�� _ gKj`|

�ÅjTf	V ] gKj²vef�kdl`��W�h©� _ kG�"g u VaW��0b�h�kG�Z� _ W�b \ VaW u gik � ∆x,∆f, df, r
��w psr(t(u YivxjTf	V�b ^ x V h |¦ÀjTf�k�gxWZ� �

∆f = df + r;

Õ



Vafçf t VaWive� _ W h lNgik8fìf t VaWive� _ W r VShÔh©VXW ¡ r _ jM�eg�bT�xb�h�j t V�jTYK[�Ó _ kGY _ t kGYK[ t j�bTzd§8{2�(c _ k�vef r veW)�eV ] l�ZW ^ ¡ jfqjG{akGYK[ h l r veW��eg _ j t VaW ^`\ kNh�j ¡ t kT|Ì�Í � �xí®î�ïTðDïMð¢ñ6ò�ðôó©õ÷ö¿î�ø6ùOöMúdõ÷û�ïQòdïGüMý²ïGø(ú²ö¶þ2ïGøTó�ù�ï6îaï�ó�ûNúdõ÷û�ùOÿaï��Oï`ú²ö��dïG� U�VaWZYK[
g : U → O l�z ^(_ VaW

U ⊂ R l O ⊂ RN l bdc�j _ f : O → R
| � �4VX� _ wMY�vxj�h t VXW�jTcez r f	W t gikdl:fyjTf�k � f(y1, y2, . . . , yN)bdc�j _ g(x) = g1(x), g2(x), . . . , gN(x)
� |�U,VXWZYK[

k = f ◦ g l g _ t | k(x) = f(g(x))
¡ r \ lÅ�`Va� _ wTY\ jTc ^(_ VXWDv vxj�h t VaWTl(j ¡ W>gxWZ� \ jTc ^(_ VXWDv�cxb _ h ¡ W u ¡ W�jMcxz r f	W t gik � k(x) = f(g1(x), g2(x), . . . , gN(x))

|
�dWZ�ZW ¡ V

f ∈ C1(O), g ∈ C1(U)
l8g�b

k ∈ C1(U)
bdcxj _

d
dx
k(x) =

N∑

i=1

∂f

∂yi
(g(x))

dgi

dx
(x).

� ë �

�%Ú Í ��Ý®VaY _ kGf�kV ¡ bdcxj _ cx§T� t VXYZb�h�k �
k(x+ h)− k(x)

h
=
f(g(x+ h))− f(g(x))

h
= ♠

� g r h ∈ R � |�� _ t jMY _ f�k � ∆y = g(x+ h)− g(x)
� g _ t | ∆yi = gi(x+ h)− gi(x)

� |

♠ =
f(g(x) + ∆y))− f(g(x))

h
=

∑N
i=1

∂f
∂yi

(g(x))∆yi + r(g(x),∆y)

h

=

∑N
i=1

∂f
∂yi

(g(x))∆yi

h
+
r(g(x),∆y)

h

���N�
�4VaWZc"h©� _ kh�k8cxj _ h.�Sb�h�k8��� _ k8f�h�kGc�jM�ZW t V r �	�N� g�b)veW��eg©g�bÞYZbÞg�c _ W \ j`lÈ�Sb t VaWOh�jM�

∆yi

h
=
gi(x+ h))− gi(x)

h
h→0−→ ∂gi

∂x
(x)

U)jMgxbdf	V�jT�"g ^ c r zdVÅh�kGc�j _ h h�kGcxjT�ZW t V r ���N� b u j _ r veWÞ�xV ] l ��W ^ wM��k ^ b�
z ^ k h → 0
|:Û�b�h©VaW�fml

z ^ k ∆y �

`l`gxb r(g(x),∆y)

h
= 0

|(U)jMgxbdfyVajT�eg�z ^ k ∆y 6= 0
l`gxbyfyjTf�k �

r(g(x),∆y)
h

=
r(g(x),∆y)
||∆y|| · ||∆y||

h

} �(VXWZc"h©� _ kGf«Y _ k t(t V uNr fyjTf�k � ∆y h→0−→ V®Y�b _ jÞgikGf�V ^`_ VaWMlÈY�jG{ak�h�kGc�j _ g�W�� ^ wM��k ^ b _ W�c�j � _h>{sjT� t bdneYZV®cxW�� _ gik � |�)c r zdV®Y _ k t(t V u l(g _ t |ÈV ¡ bTc�j _ ||∆y||
h

lÈ�x�SW¿{ t V�j �
||∆y||
h

=

∣∣∣∣∣

∣∣∣∣∣
∆y
h

∣∣∣∣∣

∣∣∣∣∣
h→0−→

∣∣∣∣∣

∣∣∣∣∣
dg
dx

∣∣∣∣∣

∣∣∣∣∣
â!ã�ä�å

Û ]Z^`_ VaW�f�k ^ j ¡ WDv��SbTg�c _ W \ b�h�jT× ^ h r �(cebd�egikGYK[ p j u g�§�h ^ bMgik8Y _ wTYOkGYK[ t bdcxf�k�V®b ^ ¡ W�z8{¤bdneYZV¢|� �ô �³ÎU,bdcefqj,veW��eg psr(t(u YDvxwÞYZV�wNz8{¤w�eh�bdVaYK[mjTcxz r fyW t g�§�h � g _ t |È� u {sj ^ b²h�kGYK[¨h�W u gxbdc�j � |�%Ú Í �2�4c _ k�vec _ k�vef�k%�eV ] h�kGc�jT��W t V rmt j t bTcxf ] h�W u gxbdc�j x �
||x|| =

√
(x1)2 + (x2)2 + · · ·+ (xN )2

V�fyjTf�k �
� |©�Sb ^ t bd� _ W t VXW ^ b u h�j ^ cxjMg r veWZ�"g psr`t(u YivxwyYZVawGzG{sw`l

á



Õ |©� r fyb�h�j t VaW�veW��eg psr(t(u YDvxwÞYZVawGz8{¤w`l
á |©�(VXWZceh©VajT�egxW u veWZ�eg psr(t`u YDvxwÞYZVawGzG{sw`|

� �ô �³�� ^ ¡ W�z8{¤bTnx×�veWZ�"g psr(t(u Yivxw	Y�V�wNz8{sw8l8g _ t |MveWZ��W ¡ V xn n→∞−→ x
l
yn

n→∞−→ y
l8g�b

d(xn, yn) n→∞−→ d(x, y).
���G�

�%Ú Í ��U)j�ve��jTf	�(VaW�ceh �0b u jM�ZWZf�k t jT�"g ] � r vxwTY�w�Èº¢µ�·��M ��0������K�� ��M·x���K�M��Ç �
d(x, u) ¬ d(x, y) + d(y, z) + d(z, u);

\ b�h©VXWZf�l`�(VX� _ wMY ^ h r(u cxbTg t VaW t VXWZcx§�h t bTnx×�g�ce§¿v u wMgKj`l`fqjTf�k �
d(x, u) ¬ d(x, z) + d(z, u) ¬ d(x, z) + d(z, y) + d(y, u)

� � _ u b ^ j»g r �(Va�xjT× â�ã�ä�å � V�g�WZcxj _ l u bdc _ kG�egKj�vxwTY ^ h r(u cxbTg t VaW _ t VaW�cx§�h t bdneYZV®Y _ h�bdcxb \ b uNr��
d(xn, yn) ¬ d(xn, x) + d(x, y) + d(y, yn) =⇒ d(xn, yn)− d(x, y) ¬ d(xn, x) + d(y, yn);

d(x, y) ¬ d(x, xn) + d(xn, yn) + d(yn, y) =⇒ d(x, y)− d(xn, yn) ¬ d(x, xn) + d(yn, y);
Y _ k ¡ V�fyjTf�k

0 ¬ |d(x, y)− d(xn, yn)| ¬ d(x, xn) + d(yn, y);
�4c�j�h�jÞ�egxcxb t j	�Sb�h�k8��� _ WDv t VXWZce§²h t bdnxY�V _�_ jG{¤bT�ZW t V�j ^ wT�Ok ^ b _ WZcxj`lÎj _ g�WZzTbÞh�k t V u j ���G� |â!ã�ä�å

�! �� �Á?:9 +)$4EGF *�=(J��!AD&(' P�$�&`')$�*)+�R�&('�� AD-®3G/2B4+�R�&`'
Ì�Í � �¢ï;î ��ó�ú²ï�!"ü¿õ2ø(î	"#�8õ üMý¬òdïGüMý²ïGø(ú�ñ²üMý�$�õ ö�%"ùZû6ú�ñ²üMý'& | U,VaW�YK[ O ⊂ R2 o _�\ Va§dcQbTgih�jTc"gikd| U,VaW�YK[
f : O → R

l
f ∈ C2(O)

|(}ÔgxW ^ k �
∂

∂x1

∂f

∂x2
=

∂

∂x2

∂f

∂x1

��(N�

�Ú Í ��U,j²ve��jTf	�(VXWZceh b _ t jTY _ f�k x _ jTf	V�jT�"g x1 bTc�j _ y _ jTf	V�jT�"g x2 |
� _ t jTY _ f�k �

∆x = h, ∆y = k
bdc�j _

w = f(x+ h, y + k)− f(x + h, y)− f(x, y + k) + f(x, y)
é,�"gKj ¡ f�kqgxWZc�j _ x V h V _�^ W�Ó t V r vef�k

φ(y) = f(x + h, y)− f(x, y)
¦¨bd��WZf�k�h�kGcxj _ VX× w �`c _ W _ φ �

w = φ(y + k)− φ(y) = φ′(ξ) · k
z ^(_ VaW ξ ∈]y, y + k[ Ü veWZ�eg©gxb	h t VXbd�xW u _ gihQ|ÎÝ:jTzdc�j t zdWTß j»b»h�jTc"g�bdneYZV:nxceW ^ t VaWDv�|Î¦¨jTf�k ^ j ¡ Wiv

φ′(ξ) · k =

[
∂f

∂y
(x+ h, ξ)− ∂f

∂y
(x, ξ)

]
=

∂

∂x

∂f

∂y
(η, ξ) · h · k

ë



z ^(_ VaW η ∈]x, x + h[ Ü hçbd�"gKjMg t Vaf u ceb uNr _ t §²h � u bTc _ kG�"gKj ¡ Vanxf�k _ gihQ| Ý:jTzdc�j t zdWTß j%b�h�jTcegxbdnxY�VnxceW ^ t VXWDv�|Ò ^ W�Ó t V r vef�kyg�W�c�j _
ψ(x) = f(x, y + k)− f(x, y)

V��Sb ^ b \ t VaW�vxj u h�kG�ZWiv�lSf	bd��WZf�k�h�kGcxj _ VX× w �(c _ W _ ψ |Î¦¨jTf�k �
w = ψ(x+ h)− ψ(x) = ψ′(η̃) · h = ♠

� g r η̃ ∈]x, x + h[ Ü _ t §�h.� u bdc _ kG�eg�j ¡ VXnxf�k _ gihQ|ÎÝ:jTzTc�j t zTWTß j � V ^ j ¡ WDv

♠ =

[
∂f

∂x
(η̃, y + k)− ∂f

∂x
(η̃, y)

]
=

∂

∂y

∂f

∂x
(η̃, ξ̃) · h · k

z ^(_ VaW ξ̃ ∈]y, y + k[
|

} �Sb²h�kG��� _ kGYK[ h�kGc�jT��W t VajTYK[ ¡ VaY _ k ¡ VXnxf�kªg ] ��jMfqw h©VaW ¡ u bTnx× w t j ^ h�j cx§d� t W;�x�Sbd�xb \ kT|¦ÀjTf�kyh©V ] Y �
w =

∂

∂x

∂f

∂y
(η, ξ) · h · k =

∂

∂y

∂f

∂x
(η̃, ξ̃) · h · k

�dWZn ¡ V�gxWZc�j _ h → 0
l g�b¬h�g�W ^ k ξ → y

l
η → x

lÅbdc�j _ ξ̃ → y
l
η̃ → x

l _ j¿g�WZf bTg�c _ kGf r veW�f�kcx§�h t bdne×Q�0bGYK[(b ^ t k8YK[mY _ wT�eg u b�h�kGYK[¬fyVXWZ� _ j t kGYK[mh.� r(t(u Y�VaW (x, y)
|

â!ã�ä�å
)�·x�+*¿��Ê¶³-,�U,VXWyf	bd� t jmbd� r nxYZVX× _ jG{¤bT�ZW�. b¨YZVawGzG{¤bdneYZV Ü U,VaW�cx§�h t bdne×q�Sb8YK[`b ^ t kGYK[ f	VaWZ� _ j t kGYK[z ^ k p t VXW�veWZ�eg u ¡ | C2 |

�! 0/ 1 R�@038/0-.P�$�&(',$�*)+,-
2Q�T�¢°N�¢ÉO°��`�����8���T�3*d���%�K���M�O�s�M�M 4*6���8³(¦m§²h©VawTY�bÞ�0bGYK[(b ^ t Wiv�Y _ wT�"g u b�h�WDv©gxc _ W \ jÞ�0b ^ jT× t VaW>gik ¡ u bveWDvyc _ w ^ � V ¡ bdnx×�cx§d� t VaY _ u b²h�j5. � l�j ¡ W�gxWZ�À�Sb�h©VaW ^`_ VaW�×Tl��0b�vxj u VXYK[ _ f	VaW t(t kGYK[Ô�xV ] cx§d� t VaY _ uNr veWM|�>zd§ ¡ t VaW)�SbGYK[(b ^ t j r ê gxWZzdb»c _Z]�^ rmpsr(t`u YDveV N _ fyVXW t(t kGYK[¨fyj�Sbd�eg�jT× �

∂2f

∂x2
,

∂2f

∂x∂y
,

∂2f

∂y2
,

∂rf

(∂x1)r1(∂x2)r2 . . . (∂xN )rN
,

z ^(_ VXW r = r1 + r2 + · · ·+ rN ;

V2gKj u h©� _ k8�"g u VaW ^ c r zdVaW��SbGYK[(b ^ t W psr(t(u YiveV ^ h�§GYK[ _ fyVXW t(t kGYK[���w

∂2f

∂x2
,

∂2f

∂x∂y
,

∂2f

∂y2
,

�0bGYK[(b ^ t W�g�c _ W�YZVaW�zdbÞc _�]Z^ r��
∂3f

∂x3
,

∂3f

∂x2∂y
,

∂3f

∂x∂y2
,

∂3f

∂y3
,

VXg ^ |

�
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��b�h�kG�Z� _ W r h�jTzdV ^ bTgikGY _ kÈ{ak�ÆKÇ8�È�M�¢ÉKº N _ fyVXW t(t kGYK[�|�9 ^ k)fyjTf�k,b ^ h _ bdceb�h�j t V�j`l�ce§d� t VaY _ u b�h�j ¡ t bTnx×gikGYK[(�ZW ^ W�Ó t V r veW�f�k%j t j ¡ bdzTVaY _ t VaW �U,VaW�YK[
T
b ^ h _ bdceb²h r veW O ⊂ RN t j U ⊂ RM l O V U ��wbTgih�jTc"g�WT| Ï>ÐÀÑ � Ü�t VXWZYK[ x ∈ O l

y ∈ U |U,VaW�YK[
y = T (x)

|(};k8�`Va� _ f�k�g ] ce§�h t bdnx×�vxj�h t VXWQh � u {sj ^ b�h�k8YK[ �
yk = T k(x1, x2, . . . , xN ), k = 1, 2, . . . ,M.

��G�x�®¦¨§�h©Vaf�kTl(�ZW
T
veWZ�eg u ¡ jM�ek Cr lMveW��ZW ¡ V2h©� _ kG�eg u VXW psr(t(u YDveW T k ∈ Cr(O)

|
¦¨bd� t jqh�k8�`Va�ekNh�jT×»h©� _ k8�"g u VaW	�Sb8YK[(b ^ t W�Y _ wM�eg u b�h�W	c _�]Z^ r r ^ ¡ jqb ^ h _ bTcxb�h�j t V�j o h _ bdcek��w¬�Sb ^ b \ t W�vxj u~t j¬�0bGYK[(b ^ t w psr(t`u YDveV¢l�gik ¡ u b t VaWZY�b \ jTc ^(_ VXWDv� u bTfy� ¡ V u b²h�j t WM|�Û ]�^(_ VXWZf�k%veWh�kG�(Va�"kGh�jT×Ml,z ^ k \0]�^(_ VXW;gxb �SbTg�c _ W \ t WTl�j t jªcxj _ VXW¬h�k8�`Va� _ f�k vxj�h t VaWÀ�Îº¢µ�·¹ Å�x���;�SbGYK[(b ^ t wb ^ h _ bdceb²h�j t Vaj �

T ′(x) =




(T 1(x))′

(T 2(x))′|||
(TM(x))′




=




∂T 1

∂x1
∂T 1

∂x2 . . . ∂T 1

∂xN
∂T 2

∂x1
∂T 2

∂x2 . . . ∂T 2

∂xN||| |||
. . .

|||
∂TM

∂x1
∂TM

∂x2 . . . ∂TM

∂xN




�	:G�

g _ t | t j� u c _ kG�Zb�h�j t V r i ê g�WZzTb%h©VXWZce� _ jV j ê g�WDv u b ¡ r f t kÀfyjTf�km�0bGYK[(b ^ t w ∂T
i

∂xj
|��ÅjMfyV ] gKj�vef�kdl

�ZW u jT� ^ j _ �Sb8YK[`b ^ t kGYK[ ∂T i

∂xj
veWZ�eg psr(t`u YDvxj N _ f	VaW t(t kGYK[ x1, . . . , xN

|
; ���S°N�K��µ��Èºô°=< �¶µ�·¹¸»º¤�0�T¼½�K±Mºô° � ��bGYK[(b ^ t wyb ^ h _ bTcxb�h�j t V�j �	:G� b _ t jTY _ jÞ�xV ] gxWZ��Y _ jM�xWZf DT

|
¥ j u j�g�j \ ¡ VXY�j ¡ VaY _Z\ lGvxj u �ÈjTf	V ] gKjTf�k _ Y _Z] neYZV�j ¡ zTW \ cxjTVaY _ t Wiv)h�k u {sj ^ r l t j _ kGh�j%�xV ] ¸	°N��º¢µ�·x��� Üh gikGf u b t(u cxW�g t k8f �(c _ kG�Èj ^ uGr fqjTf�k ¸	°N��º¢µ�·x�À�`�����8���T�0µ¢É�b ^ h _ bTcxb�h�j t V�j j ¡ \ b.¸	°N��º¢µ�·x�
>G°N�K����º¢µi±6�T|

)�·x�+*¿��Ê¶³0¦ÀjTY�VaW�c _ �6jTY�b \ VaW�zdb _ jTf	V�j t kyh©�x�S§8{¤ce�ZW ^ t k8YK[ u jMceg�W _ vxj5.`� u VaYK[ t j \ VaW�z r(t b�h�WT|
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U,VXWZYK[ � X ⊂ RN

l
Y ⊂ RM

l
Z ⊂ Rk

bdc�j _ S : X → Y
l
T : Y → Z

|!�ÅjTf	V ] gKjTf�kdl4�ZW�¹Ç¿�`µ�·i�`���+*d�¢ÉO� � �OÊ¶�BA�µ��Èº¢µ�¸ b ^ h _ bdcxb�h�j5.
S
V
T t j _ kNh�jTf�k b ^ h _ bdcxb�h�j t VaW T ◦ S : X → Z

l
b u cxW�n ¡ b t W�vxj u b � (T ◦ S)(x) = T (S(x))

|
Ï>ÐÀÑ ��ÅjTf	V ] gKjTf�k%gxWZ�gih©VaW�c ^(_ W t VXWTl���W,veWZn ¡ V S V

T
��wb ^ h _ bdceb�h�j t V�jTf	V Y�V�wNz8{�kGf	VËlÈg�b T ◦ S g�W��

veWZ�"g,b ^ h _ bdcxb�h�j t VaW�f£YZVawGzG{�kGfm|
}~kG�(ceb²h�j ^(_ V ¡ Vanxf�k t VXW ^ j�h t b�h _ §dc � ë � t j��0bGYK[(b ^ t w�b ^ h _ bdceb²h�j t Vaj _ {�bd�Zb t WZzdb�h~�(c _ k8�(j ^ uNr lz ^ k X \ kÈ{¤b	�0b ^(_�\ VabdceWZf R l Y �Sb ^(_Z\ VXbdcxW�f Rn lÈbdcxj _ Z ⊂ R �
Ï>ÐÀÑ �Ò�jT�egxbd� r vef�kqg�W�c�j _ gxW t h _ §dc�h.�`c _ kG�Èj ^ uNr lÎz ^ kfyjTf�kq�0bGYK[(b ^ t w ∂(T ◦ S)k

∂xl
(x)

|
Ï>ÐÀÑ �¦ÀjTf�k �

∂(T ◦ S)k

∂xl
(x) =

∂T k(S1(x1, x2, . . . , xN), S2(x1, x2, . . . , xN), . . . , SM(x1, x2, . . . , xN ))
∂xl

(x)

�



=
∂T k

∂y1
(S(x)) · ∂S

1

∂xl
(x) +

∂T k

∂y2
(S(x)) · ∂S

2

∂xl
(x) + · · ·+ ∂T k

∂yM
(S(x)) · ∂S

M

∂xl
(x)

=
M∑

j=1

∂T k

∂yj
(S(x)) · ∂S

j

∂xl
(x).

�	CN�

¥ b \ kÈ{sj u b t(u cxWOg t jq� u {sj ^ b�h�j ∂(T ◦ S)k

∂xl
(x)

|D ¡ jÞY�jG{�WDv�fyjTY�VaWZc _ kE�6jMYZb \ VXWZzdb	f	bd� t j»h�kG�(Va�xjT×h _ §dc�l©�(c _ k8�Sbdf	V t j�vxwTY�k~vxj u bÁ�OkNh�b �SbGYK[(b ^ t w psr(t`u YDveV _ {�bd�Zb t WDv o j ¡ W~j \ k zdbª�(cxj�h©V ^ {¤b�h�bcxb _ Y _ kGg�jT×Tl(gxc _ W \ jÞ�ÈjTf	V ] gKjT×Ml(YZbÞb _ t jTY _ j²vxwÞ�0bd� _ Y _ WZzT§ ¡ t W��ekGf \ b ¡ W �
(T ◦ S)′(x) = T ′(S(x)) · S ′(x)

z ^(_ VaW u cxbd� u jÞb _ t jTY _ j%¸»�0�BA�µ��Èº¢µ�¸	°N��º¢µ�·x�+*��0bGYK[(b ^ t kGYK[�|�dWZn ¡ V _ jTce§²h t b S vxj u V T ��w,b ^ h _ bdcxb�h�j t V�jMfyV6ce§d� t VXY _ u b�h�j ¡ t kGfyV u ¡ jT�"k C1 l²gxb,VNVXYK[ _ {¤bd��W t VXWg�W��©veWZ�"g>b ^ h _ bTcxb�h�j t VaW�f ce§d� t VaY _ u b�h�j ¡ t kGf u ¡ jM�ek C1 |S};k t V u j	gxb�b ^ c�j _ r _ p j u g r lS�ZW�� r f�kV�V ¡ b8Y _ k t k�b ^ h _ bTcxb�h�j'.�ce§d� t VaY _ u b�h�j ¡ t kGYK[¨gikG� r � ë � gxWZ�Q��w»ce§d� t VXY _ u b�h�j ¡ t WMlÎj»h�W�h _ bdc _ W �	CG���wgik ¡ u by� r f�kV®V ¡ bGY _ k t kqg�j u VaYK[%h�kGc�jT��W�.�|F t j ¡ bdzdVXY _ t VaW��eV ] jMcxz r f	W t g r veW��0b u j _ r vxwTYMl��ZW0veW�n ¡ V S bTc�j _ T ��w�b ^ h _ bdceb�h�j t V�jTf	VMce§d� t VaY _ u b�h�j ¡ t kGfyV
u ¡ jT�"k Cr l(g�bÞV®VXYK[ _ {¤bd��W t VXW�g�WZ��veW��eg�b ^ h _ bdceb²h�j t VXWZf£ce§d� t VaY _ u b�h�j ¡ t kGf u ¡ jT�"k Cr |��b�h�kG�Z� _ Wf	bd� t j�Sb ^ � r f	b�h�jM×Qh gih©VaW�c ^(_ W t V r��Ì�Í �G�dWZn ¡ V

S
V
T
�xw	b ^ h _ bTcxb�h�j t V�jTf	V u ¡ jT�ek Cr l8g�bÞcx§�h t VXWZ�QVaYK[ _ {�bd�ZW t VaW T ◦ S veWZ�"g u ¡ jT�ek

Cr |(�4VaW�ceh©� _ j	�SbGYK[(b ^ t j	b ^ h _ bdcxb�h�j t V�j _ {¤bd��b t WZzTb ^ j t j)veWZ�eg©h _ bdcxW�f

(T ◦ S)′(x) = T ′(S(x)) · S ′(x)
�e� 
 �

bdcZl`V t fybTcxW�WIH8� ¡ VaY�VXg�fyj t(t W�cZl

∂(T ◦ S)k

∂xl
(x) =

M∑

j=1

∂T k

∂yj
(S(x)) · ∂S

j

∂xl
(x).

�e�d�¿�

)!·��+*¿��Ê¶³
S : R2 3 (r, φ) → (x = r cosφ, y = r sinφ) ∈ R2 l T : R2 3 (x, y) → (u =

exp(x+ y), v = exp(x− y) ∈ R2 |È� b ¡ VXY _ k8f�k��Sb8YK[(b ^ t wh©�(cebd�eg�bdcxj _ vxj u b	V ¡ bGY _ k t fyjTYZVXWZc _ k�0bGYK[(b ^ t kGYK[ S V
T
| Ø g r ^ b \ c _ W��ZW \ k \ kÈ{Èvxj u Van��`c _ k u {sj ^ |

(


