10 Decay rates and cross sections

In this chapter we relate S-matrix elements to measurable rates of physical processes.
This can be done in many different ways. In the spirit of our approach, we chose the
method which has direct connection with the general quantum mechanical approach to
transition rates presented in Chapter 2. To this end we generalize first the Fermi’s Golden
Rule to higher orders of the perturbation expansion.

10.1 Fermi’s Golden Rule to higher orders

To extend the Fermi’s Golden Rule to higher orders of the perturbative expansion it is
convenient to use a slightly different approach than the one adopted in Chapter 2. Here
from the beginning we specify the formulae to the case of particle interactions. We thus
have H = Hy + Viy, where

Vi — / X Hine (0,%) (10.1)

is a time independent interaction constructed out of free field operators and the eigenstates
of Hy are represented by the state-vectors |ag) introduced in Chapter 7. In Chapter 2
we were interested in the time developement of th system prepared in the state |ag) at
t = 0. Here insted the the initial conditions will be set at ¢ = —oo and correspondingly
the interaction Vi, given by (10.1) will be modified to

Vgnt — Vgnt eEt ) (102)

to ensure its adiabatic switching off in the far past, ¢ — —oo. The limit ¢ — 07 will
be taken at the end. We assume that for t = —oo the system was in a state |ag) and
compute the probability of it being in a state |5y) at some later time ¢. From the general
formulae (2.3) we obtain

t i(wga—ie)t
(1) _ i 7, (wpa—ie)t" _ i €
A = /_ Ve it i Ve (10.3)
where Vg, = (Bo|Vint|), and
1 W —ie
ARt = = dt Vg, e/@m =t (L) ¢!)
J oy el (wga —2i)t!
- t « %
<zh) / / 7 VeV — ig)
d wﬁa_m) Vi V. 10.4
B (zh) / 7 i(Wpa — 2i€)i(wWy — i€) e (104)
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The formulae for A(’;)(t) for n > 2 can also be readily written down.

The (Schrédinger picture) state-vector |W(#)) of the system at time ¢ is then given
(setting e = 07) by
Via

[W(t)) = e *Fat/ {\%) + /dﬁ Fn—Es+i0 | o)

Vo Voa
+/w/mu%_%+m%i_&+mwm+”}.(ma

The second term in the brackets resembles the ordinary first order correction to the wave
function obtained in the time-independent perturbation calculus. In fact, with A set to
zero, the perturbation Vj,; considered here is time independent and indeed one could guess
at the formula (10.5) on the basis of the Rayleigh-Schrédinger stationary perturbative
expansion.! The advantage of the procedure used here is that it automatically gives the
prescription “4:0” for avoiding singularities in the denominator in (10.5) occurring in the
integration over the continuous part of the spectrum.

According to the discussion of Section 2.1, the modulus squared of the amplitude of
finding the system at time ¢ in the Hy eigenstate |5o) # |ao) is given by |Aga(t)]* =

2
.A(Blo)l(t) + A(;O)C (t) +...| . Thus, still before setting ¢ — 0,

Vi, V.
Via + [ dy 200
ﬁ+/7&—&+m+

€2et/ h

(Eﬁ — Ea)z + 82

[Aga(t)[* = , (10.6)

(where we have redefined he — ¢). The rate (which, because the states |ag) are not
normalizable, has not yet the physical dimension allowing to interpret it as the transition
probability per unit time) per unit time can be now defined as?

2
s

wlo = ) = 4| As() = 2T5(B, ~ E.) - (07)

Vo V-
Voot [dy —22000
B‘ﬁ/vz%—£a+w+

where we have taken at the end the limit ¢ — 0. Thus we recover the result of Section
2.6 that the amplitude squared |Agq(t)|* of the transition grows linearly with time and,
therefore, the rate per unit time is constant.

!The Rayleigh-Schrédinger expansion usually gives corrections to discrete energy levels (discrete energy
levels of the full Hamiltonian H = Hy + Vi are shifted with respect to the corresponding discrete levels
of Hp). In the continuous part of the spectrum one cannot distinguish “unperturbed” and “perturbed”
energy levels and, consequently, there is no correction to the energy levels.

2We use here the formula

I :
1m ———5—-5c
e—0t (22 +€2?)

=d(x).
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10.2 Decay rates and cross sections

Comparing the expression (10.7) with the formula (7.62) for t3,(E,) we see that the rate
per unit time is given by

2
s

" 5(Es — Ea) ltaal” (10.8)

wla = f) =

In the case of particle interactions the final state |fy) always belongs to a continuous
spectrum of Hy. Experimentally it is almost indistinguishable from other states® with
momenta infinitesimally different from the momenta of particles in the state |Gy). There-
fore, following the arguments given in section 2.6, one is interested in the transition rate
to any of the states having energy between Ez and Ejs + dEjs (and other characteristics
like directions of the particle momenta and their spins also similar to those of the state

150)):

2
s

dw(a — ) = - (Es — Ea) tgal® p(E3)dEs . (10.9)

The factor p(Ejs)dEs gives the number of states with required characteristics (spin pro-
jections, directions of the momenta) in the interval (Ejs, Es+ dEj3).

The density of states p(E) can only be computed if the system is enclosed in a box
of finite volume V = L3 so that the H, spectrum becomes discrete. Recall, that the
state-vectors representing free particles |ag) = |p1071, ... Proyn) are normalized according
to the rule

(phol, ... .p1o1|p1o1, .. . Pnon) = 2Ep1(27r)35010/15(3)(p1 —py) ...
+ permutations, (10.10)

where “permutations” pertains to groups of labels of identical particles. Enclosing the
system in a box of volume V = L? and imposing periodic boundary conditions we select
only some subset of the one-particle wave vectors - namely those of the form p; = (27/L)n;
(n; are the vectors whose components take integer values). In the box the delta functions
are replaced with

(27)%63) (p — p') — / BPx P PIX V5 (10.11)
1%
and the multiparticle state-vectors one works with are normalized so that

(plol ... .potlpio1, .. Pnon) = 2Fp, V5,0, 0p, pt - -
+ permutations. (10.12)

3Such other states can also represent more particles than does the state |3p) itself provided the energy
of the additional particles is sufficiently low (i.e. they must be massless and “soft”) so that they cannot be
experimentally distinguished from the ones represeted by |5g). This observation is important for avoiding
infrared divergences arising due to massless virtual particle exchanges in quantum electrodynamics and
chromodynamics.
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In order to facilitate ascribing the usual probabilistic quantum mechanical interpretation
to the Fermi’s Golden Rule it is convenient to work with the state-vectors

1
V2B, V.. 2B,V

‘050>V = ‘plgla---pnan>V |p1017---pnan>7 (101?))

normalized so that

v(PnOn, - - - PLO1IP101, - . . PnOn)v = 0g1010p, ot - - -
+ permutations. (10.14)

In the box of volume V = L3 the number of states representing ngs free particles having
their momenta (or, rather, the wave-vectors) infinitesimally different from p;...p, is
given by

ng

as =] (2‘;)3 d&*p; = p(Es) dEj . (10.15)

i=1

The matrix elements V3, etc. in the formulae (10.5)-(10.7) must then consistently be
computed between the properly normalized state-vectors? |pyoy, ... pnon)v; the form of
the formula (10.8) leading to the proper probabilistic interpretation therefore is

27 oV
dw(a— ) = 0B = Ea) [Vayay + - P11 P d*p; (10.16)
Jj=1

with Vs,a, = v{(Bo|Vint|awo)v. Expressing the state-vectors |5o)y and |ap)y in (10.16)
back in terms of the vectors |5y) = |p101, ... Pnon) and |ag) = |Kkys1, .. .), respectively, we
obtain®

o 1 = dBp;
d = Z26(Es— E)) [Via+ ... J 10.1
w(a%ﬁ) A ( B )| Ba T ‘ 2Ek1V---£[(27T)32Epj7 ( 0 7)
that is,
o , 1 o dp;
d = 22 5(Es — E,) |tsa : 10.18
w(a—>5) A ( B )| B | 2Ek1V..-£[ (27T)32Epj ( )

The factors of V' corresponding to the final state |5y) have canceled completely against
the factors of V' in the density of the final states p(Ejs) and the factors 2E;,, from the

4These state-vectors are not properly normalized only if momenta of two or more identical particles
coincide (see Section 5.1), i.e. in a zero measure subset of the final states phase space.

®When the state-vectorss |y)y are normalized in the box, the integrals [dy in the formula (10.7) are
replaced by T[T, > g, In the limit V' — oo each ) goes over into [V/(2m)?] [d*q; which combines
with the appropriate factor (1/,/2F4,V)? arising from expressing |y)v v (7| through |y)(v| to give the
Lorentz invariant integral [dlg,.
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normalization of the state |3y)y have completed the integration measures making them
Lorentz invariant. The factors 2Ey, V ... in the denominator come from the initial state.

Next, to express |tg,|? in terms of the modulus square of the amplitude Ag, we use

the relation (7.88)
toa = (27)*6 (Pg — Po) Asa ,
which in the box (see (10.11)) takes the form®
toa =V 0p, p. Aga (10.19)

Thus

ltsal’ = V20p,p. [ Asal” = V| Agal? | d*xe®amFe)x (10.20)
1%

where we have used (513571)&)2 = 0p,p,- Hence, the final formula reads

v

dw(o = ) = ———— | Aga|®
2F). V
V...
27 . = dBp;
~6(Es—E,) | d®*xe®rP)x]] —L 10.21
x = 0(Ejp )/V xe E(2W>32Epj (10.21)

In the limit V' — oo the integral over d®x in this formula is replaced by (27)36®) (Ps—P,)
completing the four-dimensional Lorentz-invariant delta function (27)*6® (Ps — P,).

As explained in Section 2.6 the rate dw(aw — ) should be interpreted within the
statistical ensemble of identical systems: it is the fraction of the number of systems in the
ensemble which in the unit time make transitions from the initial state to the specified
final state.

Dividing dw(a — () (10.21) by the volume factor V' one obtains the quantity called
the differential reaction density

dB = IBI dr. = ﬁﬂ (10.22)
- p = 1l om3E, '
j=1 j=1 Pj

which gives the number of reactions leading to the specified final state occuring per unit
volume and per unit time. It is finds applications in e.g. cosmology and various kinetic
theory considerations (see Appendix G).

6We have already expressed |(p)y and |ag)y in terms of the states |3o) and |ap) but we still work in
the box and the momenta in the states |Gy) and |ag) are still discrete.
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Decay rates

In the case of a decay of a particle the initial state is a one-particle state |ag) = |k, o) (so
P, = k). The explicit volume factors in (10.21) cancel then out and in the limit V — oo
for dw(a — ) = dI" one gets (we set h = 1) the expression

_ b 2 (9,14 54) T
Al = o= | Agal* (27)10 O pi—k) H 27T 32E (10.23)

i j=1

in which Fy has been replaced by the mass M of the decaying particle (one usually
considers the decay of a particle at rest). With the adopted normalizations the last two
factors in (10.23): the squared matrix element |Ag,|*, and the final state phase factor
(wich includes the delta function) are separately Lorentz invariant. The differential rate
dI’ can be integrated over some or over all the momenta p; of the produced particles and
summed over their spin variables o;, depending on the actual experimental conditions.
The integrated partial decay width I'y of the particle 7 into the definite set f of other
particles is given by

dw(a — B)
/ 27r 32E Z a3

2M/ 27T 32E Z [Agil* 2m)* 60 " py — k). (10.24)

J

As the state-vector |ag)y is normalized so that there is one decaying particle in the
volume V, the rate dI' (10.23) is the (differential) transition probability per unit time.
Interpreted within the statistical ensemble of identical systems it gives the fraction of the
number of systems in the ensemble which make the transition to the specified group of
final states (infinitesimally close to |fp)) in unit time. Thus, in a real experiment occurring
during some time interval d¢ (which from the microscopic point of view is so large that
the Fermi’s Golden Rule is valid) the number of registered particles corresponding to
the final states around |fy) is proportional to the number of decaying particles and to
dw(aw — [) - dt. Correspondingly, the initial number N(0) of decaying particles decreases
in dt by dN(t) =, dNs(t) = —N(t) >_, I'ydt, where the sum is over all final states into
which the initial particle can decay. This leads to the standard exponential decay law
.li\;(z;) = N(0)exp(—>_;I'yt) = N(0) exp(—I't). The quantity //I" is called the particle’s
ifetime.

If the final state f is a two-particle state, the momenta p; and p of the two produced
particles are fixed by the delta function in (10.23) up to a common direction (the direction
of pf = p1/|p1| = —P2/|P2|). Then, if the decaying particle is unpolarized (either because
it is spinless, or the rate is averaged over all spin projections of the decaying particle - the
averaging, i.e. the factor (2s;+1)~' 3", is then in (10.25) and (10.26) implicit), the sum
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> orom |Afz'|2 can depend only on p; and py (but not on other vectors, like polarization
vectors) and one gets”

Pyl P/l
- T 397 2{/\42 Z |-Afz| def = 87T]\f42 Z |-Afi|2 . (10.25)

0102 0102

If there are n identical (indistinguishable) particles in the final state, the formula for
the decay width obtained by integrating the right hand side of (10.23) over the entire
phase space has to be divided by n! Thus, if the two final particles in a two-body decay
are identical (and have mass m) the formula (10.25) is replaced by

Py
0102

0102

Once again it should be stressed that strictly speaking within the rigorous formalism
of quantum field theory decay processes cannot be considered because the true asymptotic
states of decaying particles cannot be defined (quantities like decay widths should be de-
termined indirectly, from analyses of resonant behaviour of partial amplitudes of processes
in which only stable particles take part). Nevertheless, the formulae given here can be
applied to situations in which decays are induced by weak interactions - the amplitudes
of decays can be then computed in the lowest order approximation without encountering
any problems.

Cross sections

If the initial state is a two-particle state |ag) = |kj07, kaos), the factor in the denominator
in the first line of (10.21) is V?2Ey,2Ey, and the explicit volume factors do not cancel
out in dw(a — B): there is one factor V! left. To understand its presence one has to
inquire what in this case is really measured experimentally.

Experimentally one measures the number of events corresponding to the production
of a particular final state (e.g. the definite number and types of particles, with specified
momenta and spins) as a result of colliding particles 1 with particles 2 either per unit time
(if there is a constant flux of 1 particles falling on a fixed target consisting of particles 2)
or in a definite time interval (in colliders in which bunches of particles, usually colliding
“head-on”, have finite sizes). Obviously, the number of registered events depends not
only on the microscopic interaction but also on the experimental conditions, i.e. on the
density of particles 1 in the beam and on the density of particles 2 in the target/beam.

Let us consider first two typical experimental configurations. If Ny particles 2 forms
a fixed target at rest, the number of events of a specified kind registered by the detectors

"The integral over the final particles phase space yields also a factor §(M — m; — msg) which we omit
in (10.25) assuming implicitly that M > mq + mo.
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is proportional to Ny and to the flux F; (assumed to be uniform) of particles 1 falling
on the target. The cross section do (possibly still differential with respect to the event’s
kinematical characteristics) is then experimentally defined as the ratio

Jo = number of events of a specified kind per unit time . (10.27)
J1 Ny

If the target particles 2 are localized in a volume® V = A - dy, then F1 Ny = ny |vi| ny V,
where ny and n; are the densities of particles 2 and 1, respectively and |vy| is the velocity
of particles 1, all the quantities (ns, n; and |vy|) measured in the frame, in which the
particles 2 are at rest (the laboratory frame). It will be convenient to rephrase (10.27)
slightly differently: the number of reactions (collisions) leading to a specified final state
which take place in the volume V' in the time interval At is proportional to do and to the
factor (ny |vi|no V At)pas.

Consider now a frame O in which the target of particles 2 moves with velocity v, and
the particles 1 have velocity vy antiparallel to vo. This corresponds to the typical collider
experiment configuration. Let the target be a cylindrical bunch of length dy and cross
section area A in which the density of particles 2 is ny (do and ny are measured in the
frame O in which the detectors are at rest). The flux of particles 1 colliding with this
bunch is then? F; = ny |vi — vo| (again, n; and the velocities v; and vy are measured in
the frame ). Suppose now that particles 1 also form a cylindrical bunch, of length d;
and the section area A (in any case, what matters is the section area A of the overlap of
the two bunches). During the time interval At; = d;/|vy — v3| (measured in O) there is
then a constant flux F; of particles 1 falling on the moving target consising of particles 2.
Therefore, the number of events of a specified kind registered in detectors over the time
Aty will be

(number of events of a specified kind in At;) = do - Ny - Fy - Aty

This formula defines the cross section do measured experimentally in the frame O in the
conditions specified above. Usually the right hand side of (10.28) is expressed in terms of
the luminosity £ (of dimension [T]7![L]72) defined as

L=ny(t) C, (10.29)

where n(t) is the number of collisions of bunches occurring per second in the collider and
the quantity

C= /dzb/dzl dZQ nq (21, b) n2(22, b) y (1030)

8Part of this definition is the implicit limit do — 0, necessary to neglect possible multiple scatterings
of particles 1 inside the target.

9Note that this is as in the nonrelativistic kinematics. There is no conflict with relativity here, as
there is nothing wrong in obtaining the value, say, 1.8c¢ for the relative velocity of two particles as seen in
the same frame. If we see two electrons moving towards one another, each with the velocity 0.9¢ in our
frame, the time (again: measured in our frame) after which they will collide is correctly given by dividing
the (initial) distance separating them by 1.8c.
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in which b is a two-dimensional vector in the plane perpendicular to the common axis of
particle beams, generalizes the quantity d; - nq - A - ngy - dy in (10.28) to the more realistic
case in which the particles in the bunches are not uniformly distributed and the densities
ny and ns are not constant throughout the bunches. The reaction cross section do is then
determined by counting the number of events of specified kind registered in detectors in
some time interval (¢;,¢;) and dividing this number by the integrated luminosity

/ Taca. (10.31)

In practice, the luminosity £ (of a given experimental setup - the accelerator) is de-
termined by computing theoretically the cross section (see below) of some well studied
reaction (like the Bhabha eTe™ elastic scattering in the case of eTe™ colliders) and count-
ing the corresponding events produced by the collider over some period (t;,%y).

Thus in both typical situations the number of events of the specified kind which result
from reactions occuring in the volume V' of the target and in the time interval At during
which the target of particles 2 is exposed to the constant flux of particles 1 is proportional
to the relative velocity, the number densities of particles and to the product VAt of the
volume in which the reactions take place and to the quantity do of dimension of the area.

We now want to generalize these considerations to particles colliding in arbitrary
kinematical configurations, i.e. to non-parallel and nonzero velocities v; and vy of the
initial state particles. Doing this we will also show that the cross section do is a Lorentz
invariant quantity. Of course, if one counts “events” corresponding to momenta of the
final state particles in a specific domain of the phase space (i.e. one measures a differential
cross section) this domain should be transformed appropriately:

do(py,...,pn) = do*(pl, ..., py). (10.32)
The total reaction cross sections integrated over all final state momenta are then the same

in all Lorentz frames: ¢* = .

To this end we consider the number of events registered in the LAB system (in which
the particles 2 are at rest) occuring in the target volume Vjap during the time interval
(At)pap. This number is, on one hand, by definition Lorentz invariant (as is any quantity
defined in a fixed frame specified in some particular way) but can be expressed also
through quantities measured in an arbitrary frame (0. On the other hand, the number of
events occuring in the same physical target and in the corresponding time interval (At)eo
counted in the frame O in which the target volume is Vi, must be the same. These two
facts will lead to the result (10.32).

We thus express the number of events measured in the LAB frame as

(number of events of a specified kind produced in V in At)pap
=X-(n1-ng-V-At)o,
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where nq, ny, V and At are now all measured in O. X is a proportionality factor which
has to be determined. The product V' - At is by itself Lorentz invariant. Expressing the
densities n; and ny measured in O in terms of the (by their very nature Lorentz invariant)

(0) )

densities n; ’ and ngo measured in the respective rest frames of particles 1 and 2:

©) E
ng = —__ — 020 (10.33)

V1—v? Loy

we can write

(number of events of a specified kind produced in Vin At)pap

E1 E2 ngo) ngo)

ki-k
(lﬁ'/@) (1 2) myme

=X VAL (10.34)
The expression in the square brackets is Lorentz invariant. It then follows that the
prefactor must be Lorentz invariant too. In the frame in which the particles 2 are at rest
(the Laboratory frame) the expression in the square brackets reduces to ny - ny - V - At
(measured in the Laboratory frame). Thus,

EE,
(ky1-k2)

It remains to express |vi|pap through the velocities v; and v; measured in O. To this
end we notice, that in the Laboratory frame in which kb = (mas, 0),

by

= (do |[vi|)raB.- (10.35)

foy oy = M2
V91— |V1|%,AB
Hence,
mims (7471'7472)2
= —1. 10.36

Expressing under the square root four-momenta £!' in the frame O as (m;, m;v;)//1 — v2,

[VilLas = (b o) /(=)= D) \/(1 —vi-v)? — (1 = vi)(1—v3),
= (flliz) \/(1 —vive)2— (1 —=vH(1-v3), (10.37)

where F; and FE5 in the last line are the energies measured in the frame O. From
(10.35) it then follows that (writing the expression under the root in the equivalent form)
Y = dopap \/|V1 — vg|? — |v; X v3|2. Combining this with the formula (10.35) and using
(10.33) we finally get

(number of events of a specified kind produced in V'in At)pap
= dULAB Ny - No - V.-At- \/|V1 — V2|2 — |V1 X Vo 2, (1038)
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where all the quantities on the right hand side, except for dopap are measured in the
frame O. (In the nonrelativistic case the term |v; x v»|? under the square root is absent
because it is suppressed by 1/c¢? compared to the first term.) Since, as has been said, the
number of events produced in the target in the period in which it was exposed to the flux
is the same in any frame, dopag must be equal to the cross section do measured in the
frame O because the remaining factors on the right hand side are just those which are
used to define do in O. This proves the assertion (10.32).

To compute do theoretically one can therefore work in the frame O. The volume in
which the reaction occurs can be then identified with the volume V' in which the state-
vectors |ag)y, and |Bp)y (10.13) are properly normalized. (Recall again, that although
the formula (10.21) is expressed in terms of our standard states |ag) and |fy), it gives the
probability per unit time of the transition between the properly normalized states )y,
and |5y)y ). The differential cross section do, as follows from (10.38), is given by dividing
the corresponding differential reaction density!’

dw(a — B 1 -
( - ) _ E VIR | Agal*(2m)* 6™ (Ps — ky — ko) [ [ dTp, (10.39)
1 2 j=1

by 77,177,2\/|V1 —vy|? — |vy X vo]?2. Since with the adopted normalization of the state-
vectors |ag)y, and |By)y the particle densities (in the frame O) are just ny = ny = 1/V,

:]:

1
= = Maol* 2080 _pi — k1 —

7 z:l

10.4
32E (10.40)

where ' = 4Fy, Ex,+/|v1 — va|2 — [vi X vo[2. The factor F' can be written in a manifestly
Lorentz invariant form by combining the formulae (10.36) and (10.37) and using them in
the “opposite” direction:

F= 4\/(1{?1]{32)2 — m%m%, (1041)

so that in the formula (10.40) all the three factors: the one related to the initial state,
the matrix element A squared and the final state phase factor, are separately Lorentz
invariant. Moreover, the flux factor written in the form (10.41) is correct also in the case
of non-parallel k; and k.

Finally, as in computing the decay widths, if in the final state there are n identical
particles, the expression for the cross section obtained by integrating (10.40) over the
whole phase space has to be divided by the factor n!

10The rate dw(a — ) should again be interpreted within the statistical ensemble of identical systems:
it is the fraction of the number of systems in the ensemble which in the unit time make transitions from
the initial state to the specified final state.
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10.3 Cross sections and the phase shifts

As it was seen in Section 7.6, processes of collisions of two particles are most efficiently
analyzed in their ceenter of mass (CMS) frame. In this frame the three-momenta k; and
ks of the colliding particles of masses m; and my are opposite, k; = —ky = k and, if
the product of the reaction is another two particles of masses m, and my, the same is
true of the two final state three-momenta p, = —py = p. To the Mandelstamm variable
s = (ky + ko)? the absolute values of the three-momenta k and p are related by

1 ip| = 1
p —=

25 BN

where \(z,y, z) is the function defined in (7.130). In other words, in the case of a binary

scattering proces 1+ 2 — a + b the delta function in the formula (10.40) fixes completely

the lenght of the final particles three-momenta, leaving undetermined only their direction.
In the CMS system the flux factor (10.41) can be written as

k| = M2 (s, m2 m3), A2 (s, m2 m?), (10.42)

F = 4]k|v/s = 202 (s, m? m2) (10.43)
and the CMS differential cross section takes the form
do 1 MN2(s,m2, mj) 1 |p|
- 2¢ \1/2 2 g | ﬁa‘z = 2 \ ﬁa\ . (10.44)
dQps  64m2s AV2(s,mi,m3) 64n2s |k|

Expressing the amplitude Ag, using the partial wave amplitudes defined in (7.127) we
get

2
do _4|p| . : )
o Z(zj D) T s (DS a0, () | (10.45)

The angular dependence of the differential cross section can also be expressed in terms
of the Legendre polynomials by using the decomposition (4.124) of the products of two
D-functions and the Clebsch-Gordan coefficients (4.113)
D Dy = (=17 37 Cogy (i, —my |y — i)
J

Xlejz (mla _m2‘j7 my — m2)D(] (10.46)

m1 m2 mi1—mso

Since Dé%((ﬁ, 0,0) = Pi(cosf) (j1, j2 are either both integer or both half-integer), where P,
are the Legendre polynomials, this shows that the differential cross section for transitions
between definite helicity states (in which case in (10.46) m} — m), = m; — my = 0) does
not depend on the azimuthal angle ¢.

From the form (10.45) of the differential cross section, using the formula (6.109), one
arrives at the integrated cross section for transitions between definite helicity states

: 167 |p| . : 2
O-Aa)\lﬂ)\ly)ﬁ = : :Ug\‘ya),)\b;)q,)\g - |k| E (2.] + 1) ’73\(37)>\b;)\17)\2 (8) . (1047)
J

J
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The quantities O’&i )7 A, are called partial cross sections. They are constrained by the
unitarity bounds derived in Section 7.6. Indeed, from (7.147) one finds that the partial
cross section of any transition between states of two different particles, inelastic or elastic
one but with the helicities flipped, satisfies the bound

o) e < |k|2 (2j+1). (10.48)
while the partial cross section of an elastic process with no helicity flip in view of (7.146)
is bounded by

47
g\]1)7>\2,>\1,>\2 = ‘k|2 (29 + 1) (10.49)

The same bounds apply also to partial cross sections averaged over all helicity states of
the initial particles

S0 1 () 10.50
Txad = (25, 1 1) (255 + 1) 2 T (10.50)
A1,A2
giving rates of transitions from unpolarized states, and get multiplied by factors (2s, +
1)(2s, + 1) for cross sections summed over helicity states of final particles. Bounds on

partial cross sections with identical particles in the initial and/or final state can be derived
similarly using the unitarity bounds (7.147) and (7.146).

The differential cross section of elastic scattering with no change of helicities, A\, =
Al = A1 and A\, = N\, = Ay, can be expressed through the phase shifts using the formula
(7.138):

2
dO’ el

Qs 4\k|2

(10.51)

Z 2] + 1 225j(8)—25j(5) — 1) Dg\'yl)j)\%)\l_)\Q(Qf))
J

For A\ — Ay = 0, e.g. when applied to the scattering of two spinless particles, or longitu-
dinally polarized massive vector bosons, this reduces to the result familiar from nonrela-
tivistic quantum mechanics

daol 1 > . i6:(s)—28.: (s
0, = ae | 2 D (@O 1) Pyleosd) | (10.52)
P =0

where Pj(x) are Legendre polynomials and 6 is the scattering angle.

Integrating (10.51) over the solid angle with the help of the relation (6.109) one obtains
the elastic (with no helicity change) scattering cross section (of distinct particles)

T o 2i6;(s)—2B; (s
Uol—sz:(Qj—i—l)}l—e (s) Za : (10.53)
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Elastic scattering cross sections with helicities of the final state different than those of the
initial one can be given similar representations in terms of the phase shifts 0%(s) —26%(s)

and the matrix dlagonahzlng the partial wave amplitude T P LA A in the spin space.

The maximum of 001 reached for e=2%() = 1 (from (7.139) and (7.133) it follows that
e~ 2%(5) < 1) and €?%() = —1 agrees, course of, with the bound (10.49).

Using in the optical theorem (7.122) the partial wave expansion (7.127) of A,, with
(corresponding to the forward scattering = ¢ = 0) D/\J1 ) N —A, = 1, the total scattering
scattering cross section (for production of any final state) takes the form

[e.e]

2 ; 105 (s)—208;(s
Ttot = K Z(Qj +1) (1 — Reée? 0;(5)=285( )) . (10.54)
j

Hence, the total inelastic (absorptive) cross section (for production of anything except for
the same particles as in the initial state with unchanged helicities) is

JabsEUtot_aol—|kLZ 2]+1 (1_6 453()). (1055)
J

10.4 Muon decay

We apply first the formulae derived in section 10.2 to the calculation of the width of the
- — e” vy, decay.

This example serves to illustrate techniques which allow to efficiently compute |.A|?
summed over spin projections of the particles in the initial and final states. The first order
(in the perturbative expansion) term of the amplitude —iA of this process was written
down in Section 9.2. Since in the expression

, Gp
—Z.A = —1 E [u(e)(p, Up) ”)/)\(1 — ”)/5) U(Ve)(kl, 0'1)}
X [ﬂ(uu)(k% 02) 7)\(1 - 75) u(u) (q> O'q)} . (1056)
each term is a c-number (not a matrix), its modulus squared |A|* can be written as
G2

|AP? = > E T30 (1= ¥ )ve ] [2e7 (1 = 7))

X [ty (1 = 7" tt] [ 7 (1 = 7]
Using now the fact that taking the complex conjugation of c-numbers can be replaced
by taking their Hermitian conjugation, we can write (recall: y#1 = 404#A0 40T = A0
7T =19°)
@7y (1 =7")]" = a7 (1 =] = o'(1 = 47)1y1
= oM (1 = ")y u = 07"(1 = 7°)u
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Proceeding similarly with the second complex conjugation we obtain

G2

2
AP = ZE

= [a(p, o) 7 (1 = 7)ok, 01)] [0(ki, 01) 7" (1 = 7°) u(p, 7,)]
X [(ka, 02) (1 = 7 ulq, 09)] [U(a, 0) V(1 = 77) u(ke, 02)]

Usually one is not interested in the spin variables because polarizations of the final par-
ticles are not measured and the polarization of the decaying ;= is also unknown. In this
case one has to sum |.A|? over the spins of the final state particles and average it over two
possible spin projections of the muon:

AR S (10.57)

The necessary summations in (10.57) can be efficiently performed with the help of the
formulae (8.104). Following carefully the contractions of the spinor indices, one realizes
that

EZ (o, 02) (1 = 7°) (@, 0,)] [, 04) 71 = 7°) ke, 02)]

tr[ K2 va (1 =) (d +mu)ve (1 —7)]

DY [alp, o) Y1 =97 vk, 01)] [0(ki, 01) ¥ (1 = °) u(p, o))

= tr[#7 (1 = ") Fiy" (1= ")),

where the traces are taken over the spinor indices. In writing these formulae we have (for
simplicity) set to zero all particle masses except for the muon mass.!! Thus,

—ZZZZIAI = ZE e [foyn (1= 7°)(d +my) 7 (1 —77)]
xtr[ gyt (1 —~°) oy (1 =) .

Using now the fact that P, = 1(1 — ") is a projection matrix (P = P), the rules
dafPL=Ppdl, ¢P,=Prd, etc. and taking into account that tr(g § ¢Pr) = 0, the
above expression can be simplified to

1 G2
520D D AP = ZE16ulfen fPulw[py iy Pi].

HTf the neutrino masses are set to zero, the electron mass drops out from these formulae, in the same
way as does the muon mass. So in fact the electron mass can still be treated as nonzero.
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Next, using the formulae

tr(d § ¢ d) =4[(a-b)(c-d)+ (a-d)(c b)—(a-c)(b-d)],
tr(d ¥ ¢ d~°) = 4i €pvrp a'b’ P,

in which €go3 = —1 (i.e. €23 = +1), after a bit tedious but straightforward algebral?
one arrives at the surprisingly simple expression:

LY AR = 616k - k) ).

As usually, one is not interested in the probability of a transition to a particular
state in which the final particles have definite momenta, but rather in the probability
of a transition to a group of final states with the three-momenta p, k; and ks, in some
intervals around some specified values. The fully differential decay rate given by the
formula (10.23) takes here the form

ar=_1 64G%(q k1) (p - ko) (2m)*6W (g — p — k1 — ko)
2m“
dgp d3k1 d3k2

. 10.
2 2E, (2r)52ki| (27)32]ks] (1058)

X
(
The neutrino masses have been neglected here by setting Fy, = |k;|.

We now take into account that experimental setups usually do not register neutrinos
and all what can be measured is the distribution of energies of electrons prodeced in such
decays, i.e. the quantity dI'/dE,. Therefore we first integrate the fully differential rate
(10.58) over the neutrino momenta k; and ks. To this end we evaluate first the integral

&Pk; 3k,
"(Q)= [ — —Z k"kY6W(Q — ky — k 10.
(Q) /Q‘kl‘ 2|k2| 172 (Q 1 2)7 ( 059)

in which Q" is a four-vector. Since the measures d°k;/2|k;| as well as the four-dimensional
delta function are Lorentz invariant, I*” is a symmetric second rank tensor in the indices

pv, that is, if Q" = A - @, then

&Pky Pk -, - S
I /z/ L 2 RREE SO — ke — k
(@) i 2y 12 (Q" — k1 — k2)

o d3k1 d3k2 m v (4) /

120ne needs also the formula
EuukpeApmj =-2 (gu’{gud - guggun) ’

and the fact that ew)\pp“q”kfkg = 0 because the four four-vectors ¢, p, k1 and ks are not linearly
independent (¢ = p + k1 + k2).
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and, therefore, I'™(Q') = A* A”_I*(Q). (We have substituted k* = (A-k;)" and used
the Lorentz invariance of the measures and the fact that

SW(AN(Q = by — ka)) = |detA| ' 0M(Q" — by — ko) = 6(Q — k1 — ko),
because |detA| =1 - see Section 6.1). I*(Q) must therefore be of the general form
I"(Q) = ¢ A+ Q"Q"B. (10.60)

with A and B some Lorentz scalar functions of the four-vector Q. It is clear that if
Q" < 0, the integral is zero (the integration in (10.59) is over positive kY = |k;| only) and
it vanishes also if Q@ < 0, because (recall that k7 = k3 = 0)

(k’l +k2)2 = 2]{31'/{52 = 2|k1||k2| (1 —COS’&) 2 O,

where 9 is the angle between the three-vectors k; and ky. The functions A and B must be
therefore proportional to (Q°) and, apart from this dependence on the sign of Q° (which
is Lorentz invariant if, as it is here, Q% > 0), it can depend (including the proportionality
to 0(Q?)) only on the only available Lorentz scalar Q*. The dependence of A and B on
()? can be established in the following way. One contracts first I*” in two different ways:
with ,Q, and with g,,. This gives two relations

Pk, Pk
QA+QB = /2|k11| 2|k22| (- Q) @) 0HQ — i — ).
3k, dPk
4A+QQB=/;Z‘k11‘ g‘kj( 1k2) 6(Q — ey — k) . (10.61)

Next, these equalities are evaluated in the Lorentz frame in which Q* = (Q°,0,0,0). In

this frame 0™ (Q — ky — ko) = 0(Q° — |ky| — |ka|) 6® (k; + ky). The three dimensional

delta function allows to take one of the integrals, say over d°k,. After this operation,
= (|ki1|, k1) and k5 = (|ky|, — ki), so that ki-ky = 2|k;|?>. We thus have

3
(@PA+Q)'B = [ 15500 5" = 2kal) = § (@) (@),
3
4A+(Q°)’B /ijk‘g 2|k |*6(Q° — 2|ky]) = % (Q")20(Q"). (10.62)

This gives A(Q°) = (7/24)(Q°)?0(Q°) and B(Q°) = (7/12)0(Q°). In the original frame
the theta functions obtained in the above way are interpreted as 8(Q?%)0(Q°). Hence,

1"(Q) = 57 (@9" +20"Q") 6(Q"0(Q) (10.63)

In the muon rest frame
0(Q%) = 0(m?, — 2m, E,) = 0(my, — 2E,) (10.64)
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(0(Q°) imposes a weaker condition) and the decay rate differential with respect to the
outgoing electron variables is

064G ™

il — ™ 6(m, —2E,) d°p
2m,, 24

(2m)2  (2m)32E,

Qv [(a—p)*d"™ +2(q¢ — p)*(q — p)”]

Using now the equalities ¢* = m?, ¢-p = m,Ep, d°p = |p|*d|p| dQp, = |p|E, dEy, dQy
and neglecting the electron mass (i.e. setting p? = 0, that is E, = |p|) we arrive at the
electron energy distribution

dar 1 E

_ 2 2 P 2
I~ o GEm? (3 - 4m_u) E20(m,/2 — Ep). (10.65)

Integrating finally over the electron energy E, (from 0 to m,/2) we obtain the muon
decay width:

G%mz

19273
Comparison of the muon lifetime (the muon width) 7, = A/To = 2 x 107° sec with the
theoretical result is normally used to determine the value of the Fermi coupling constant
Gp. Including the one loop correction from the virtual photon exchange between the

muon and electron lines in Figure 9.1 and the decau width I'(x — ev,7.7v) one obtais
Gr = 1.16627(1) x 1075 GeV~2.

I'(p~ = e vy, = (10.66)

10.5 Simple cross section calculations

Next we consider simplest examples of the cross section calculation. Suppose we take a
theory of a single massive neutral spinless particle described by the field operator

o(x) = /df‘k (a(k) e ™" 4+ al (k) et ) (10.67)

and the interaction Hamiltonian Hy(7) = (A\/4!)p?(x) and we compute the cross section
for elastic scattering. The initial and final states are then

|Oé()> = aT(kg) aT(k1)|Qo> s
(Bol = (] a(p1) a(p2) - (10.68)

The S, matrix element is given by

S = (Fol1 — i / 2 Hone () + % / o / 'y T M (2 it (1)] + - - o)
A

= 0pa — i d*x (Bo|*(z)|ag) + . .. (10.69)
g — % d'z (G| [0 (@) + 0O (@)]* fao) + ...
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where we restrict the calculation to the first nontrivial term. Since the initial and final
states are two-particle states, only the term containing two positive frequency ¢*)(x)
and two negative frequency (7)(z) operators, i.e. the term with two creation and two
annihilation operators, can contribute to the connected part of the amplitude (that is
to the part containing a single delta function expressing the conservation of the total
four-momentum). This term has the binomial factor of 6, so we get

i\

4
where we have neglected terms with commutators arising in the course of placing the
©7)(x)’s to the left of o) (z)’s as they do not contribute to the connected part of the
S-matrix. Inserting the expressions for the field operators and integrating over x we get

A
(S - 1)501 = _Z drmdr%drl‘ldrl‘z (27T)45(4)(QI + g — 11 — T2)

Spa = Opa d'z (ol ()9 (@) o' (2) o (2)|awg) + ..., (10.70)

x{Bolat(qr)a’ (qa)a(ry)a(rs)|ag) + . ..
= —% dly,dl g, dly,dTy., (27r)45(4)(q1 +qo— 11 —7T9)

X [6r(p1 — a1) or(P2 — q2) + dr(p1 — q2) or (P2 — q1))]
X [(Sp(kl — I'1) 51"(1{2 — 1'2) + (Sr(kl — 1'2) 51"(1{2 — rl)] .

In the last step we have used (10.68), performed the commutations necessary to get rid of
all operators and finally used (€2y|Q20) = 1. After integrations over dI'’s all the four terms
give the same and finally one obtains

(S — 1)ga = —ix 2m) 6D () +py — ki — ko) +..., (10.71)

where the dots stand for higher order terms. Thus, to this order, using (7.87) we get
—1Ag, = —iA.

In this simple example the same can be also quickly obtained from the old-fashioned
perturbation calculus (7.62) with time-independent Viy: to this order TBJ’Q = (Bo|Vint|vo)
where Vi is given by

Ving = /d?’xH(o,x),
i.e. it is expressed in terms of operators taken at ¢ = 0. This leads to
lga = (27T)35(3)(P1 +p2— ki — ko) A,
and, through (7.88), to the same Ajg, as previously.

In the center of mass system (CMS) the differential cross section of the 2 — 2 scattering
is given by

1 |p
do(0,¢) = ST % |A|? dQ; . (10.72)
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where k; = k; = —k, and py = p; = —p2 are the CMS three-momenta of the initial and
final particles, respectively, and the Mandelstam variable s = (k; + ko)? = (py + p2)?. For

the elastic scattering |ps| = |k;| and the differential cross section is
do 1
—_— = 10.73
dQy  64n2s ( )

In the example considered the differential cross section is isotropic and falls of with
energy of the colliding particles as 1/s. To obtain the full elastic scattering cross section we
integrate (10.73) over the solid angle, which in this trivial case reduces to multiplication by
4. However, since the particles in the final state are identical, the two configurations with
the particle momenta interchanged are indistinguishable one from another and represent
therefore the same quantum state. Integration over the full solid angle counts then twice
each possible final state. Hence, the result should be divided by a factor of 2:

= 1 22
P27rs

In general, if there are n identical particles in the final state the cross section obtained by
integrating over all angles must be divided by n! to compensate for multiple counting of
the same final states.

o

(10.74)

More interesting is production of the heavy particles in a collision of two light particles.
To illustrate such a process let us take af(ky)a'(k1)|Q0) with &2 = k2 = m? as the initial
state, (Qo|A(p1)A(p2) with p? = p3 = M? > m? as the final one and let the interaction
have the simplest possible form H;, = (A\/4)p?*(z)¢*(z) in which ¢(z) (containing the
operators a and a') and ¢(x) (containing the operators A and A') are the field operators
of the light (mass m) and heavy (mass M) neutral spin zero particles, respectively. Pro-

ceeding as in the previous case we get —iAg, = —iA and to write down the formula for
o(f,¢) we express k; and p; through s = (k1 + ko)* = (p1 + p2)?. It is easy to find
NG 4m? NG 4M?
|ki|:7 1—7, |Pf|:7 I S (10.75)

so that from (10.72) we obtain the differential cross section

do 2 s —4M?
—_— = 9 =
dQ) o(0,9) 6472s \ s — 4m?

in which we have reinstated the theta function (omitted in the formula (10.72)) which
arises from the integral over the final state phase space. Since o (6, ¢) is isotropic, the full
production cross section is given by multiplying (10.76) by 47/2 = 2m. It is zero if the
energy of the colliding particles is not sufficient, starts to grow from s = 4M? and then
falls off as 1/s for s > M?>.

0(v/s — 2M), (10.76)

Since we are using the system of units in which A = ¢ = 1, the cross section has
the dimension [M]=2. To convert it to normal units one has to multiply it by (fic)? =
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Figure 10.15: Four diagrams contributing to the amplitude of the elastic scattering of
spinless neutral particles. Diagrams 2, 3 and 4 represent respectively the s, t and u
channel exchanges of a virtual “meson”.

0.38937966 GeVZmb (1 mb= 107%b, 1 b= 107?*m? = 107%'cm?). For example, for
A = 0.01 (dimensionless coupling constant), /s = 10 GeV, M = 1 GeV and m ~ 0 we
get from (10.76)

>\2
327s

o=

x h2c? =~ 4-10"mb = 4-10""%b = 4pbh. (10.77)

Experimentally the luminosity £ defined in (10.29) is known for a given accelerator and
its energy /s. For example, the LEP luminosity (at /s = 91 GeV) was £ ~ 25 -
103° cm~2sec™ = 25/(1073° cm?-sec) = 25/(107% b-sec)= 25-10"%pb~!- sec™!. Therefore,
one year (1 yeara 7 - 107 sec; the “effective accelerator year” is usually shorter by the
factor of ) of such an accelerator running at this energy is equivalent to

/dt L~10"x25-107 pb™*. (10.78)

Experimental groups usually announce “we have collected 250 inverse picobarns of data”,
which means that with the cross section ¢ =~ 4pb as in the example above they should
see some 103 events of heavy scalars pair production (slightly less if the experimental
acceptance - the factor which accounts for the fact that only a fraction of produced pairs
can actually be identified experimentally due to some limitations inherent in experimental
techniques - of the detector is taken into account). If no pair production has been seen,
the mass of the heavy particles is - if they exists at all - larger that initially expected by
theoreticians or its interactions are weaker...

10.6 Elastic scattering of spinless particles

As the second example, intended to illustrate how to deal with kinematics, we consider
a model of interaction of the two kinds of spinless particles. Let interaction Hamiltonian
have the simple form

K A
(@) = = P20+ 2 0", (10.79)
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in which the operator ¢ corresponds to some neutral spin zero particles, call them 7’s
(although they may have nothing to do with real pions!) of mass m and ¢ corresponds
to another kind of spinless particles n of mass M and compute the cross section of the
elastic scattering process

m(ky) m(ks) = 7(p1) T(P2) -

In the lowest order there are four Feynman diagrams shown in figure 10.15 contributing
to the amplitude of this process. According to the general formulae (10.40) and (10.41)
the fully differential cross section is given by

1

o= RN |A]? (27m)26™ (py + py — k1 — ko) dTp,dTp, . (10.80)
1°h2 -

In the lowest order the invariant amplitude, expressed through the Lorentz invariant
Mandelstam variables

s = (k14 k2)* = (p1 + p2)°,
= (p1 —k1)* = (p2 — k2)?, (10.81)
U—(l—k2)—(2—7€1)2,

which, because k? = m? k3 = m?, p? = m? and p3 = m?, satisfy the identity s +t +u =
2m? + 2m?, reads

—iA = —i (A + A + A + Ay)

= —id+ (—in)’ + (—ir)? + (—ir)?

7 7 7
— . 10.82
— M2 t— M u— M2 (1082)

The formulae (10.80)-(10.81) can be used in any Lorentz frame. We will work in the
CMS defined by the condition
ki +ky=0. (10.83)
In this frame the momenta k)" and k5 can be taken in the form
k= (B, 0, 0, k), K= (B, 0,0, —k), (10.84)
with By = vk2 +m2, so that s = (Ey + Fy)? = 4E} and

1 s NG 4m?
= — = _— 2 = — _——
Eic = 3V5, K= /5 —m? =T 1-—. (10.85)

/s = 2F) is called therefore the CMS collision energy.
In the CSM the four-dimensional delta function in (10.80) takes the form

8D (pr +py — k1 — ka) = 6 (p1 + P2) (Ep, + Epy —V/5). (10.86)
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Performing the integral over dI'p, and over the length of p; amounts then to expressing
A in terms of'3

h = (Ep> 0, |p| Sinep ’ |p| COS 91)) ’
pa = (Ep, 0, —|p|sinb, , —|p|cosby) , (10.87)

where (because the scattering is elastic)

1 /s s 4m?2

Thus, the amplitude A can be expressed in terms of s and the scattering angle 6,:

4 2
t:pf—l—k‘f—Qpl-kl:sz—g(l— <1—ﬂ> 0089p>,

S
9 9 5 S 4m?
u=pitky = 2pky=2m7 = o (14 (1= —= | cosby |, (10.89)
The differential cross section in this case is
do 1 9
- = 10.90
dQ)  64n?s A+ A + Ay + Adl”, ( )

where on the right hand side we have omitted the factor |p|/|k| which in the case of
elastic scatterings equals unity. With the formulae (10.89) the differential cross section
can be expressed through s and 6.

To get the full elastic scattering cross section one has to integrate the 10 terms of
(10.90) over dQ) = d¢pdb, sin B, and to divide the result by a factor of 2 (because the final
state particles are indistinguishable). The integrals over d¢, are trivial and yield 2. The
integrals over df, are a little bit more complicated. The necessary master integrals are
collected in Appendix H. In the considered case the general formulae of Appendix H give

2 2
/de,|A1+A2|2:47r()\+ i )

s — M?2

The integrals of [As|” and |A4|” are of the type (H.1) with a = 2m? — (s/2) — M? and
b= 4(s/2)(1 —4m?/s). Together they give
8Tk

/de) (Ml + A7) = (2m2 — 5/2 — M?)? — (s2/4)(1 — 4m?/5)?

The terms corresponding to the interference of the s-channel diagrams (diagrams 1 and
2 in figure 10.15) with the other two are integrated using (H.4) and give

4

/ A0 2Re [(A; + As)" (As + Ay)]

K> 252 | M?
n :
s—M?) s(1—4m?/s)  M? + s — 4m?

:87T<)\+

13More generally one could write p1 2 = (Ep, £|p|sinfy, cos ¢p, £|p| sin b sin ¢p, £|p| cosbp) but the
angle ¢p would cancel out in A.
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The terms corresponding to the interference of the ¢ and u-channel diagrams (3 and 4 in
figure 10.15) is integrated with the help of (H.7) with ¢ = a and d = —0b:

8wkt . M?
n :
(1 —4m?/s)(2m? — s/2 — M?)  M? + s — 4m?

/ 4025 2Re (A5A;) = -

Collecting all terms one gets

RN YU
0_2167TS s — M?2

_l_

2k4
(2m? — s/2 — M?)2 — (s2/4)(1 — 4m?/s)?
\ K> 4K? . M?
+< +s—M2) s(1 —4m?/s) MR T s —am?
2k1 In M? }
s(1—4m?2/s)(2m? —s/2 — M?) ~ M?+s—4m? |~

(10.91)

+

Obe can now consider the limit s < M?2. For simplicity we will set m = 0. Expanding
the successive terms in powers of s/M? we get

K2 K2 K2s
A = A= — — —
* s — M?2 M2 M? * ’
2kt B 2k4 B 2kt 2kis n
(—s/2 — M?2)2 —s2/4  M*+sM2 M+ MG
4K2 M? 4% [ s 52
—In = | — — +...),
S M2+ s s \M? 2M*4

2k M?+s  2k* s s 52
In = (1— —l—) — — + ...
s(524+ M%) N TME T sME\ 20 VeIV

Thus, for s < M? the integrated cross section can be approximated by

11 K2\ s 1 A%
_ 1 _ S VU2 A 10.92
2167s {(A 3M2) +O(M2>} 2167rsjL (10.92)

i.e. by the cross section which would follow from the second term of (10.79) alone, but
with X replaced by A\eg = A — 3x%/M?. This is an example of the decoupling of particles:
in most cases their physical effects, can - up to terms suppressed by inverse powers of
their masses - be absorbed into redefinitions of parameters of the effective model from
which the heavy particles are absent.

Another remark concerning the result (10.91) is that the cross section becomes singular
as s — M?. This results from the singularity at s = M? of the contribution A, to
the scattering amplitude of the s-channel exchange of the virtual n particle (the second
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diagram in figure 10.15); the contributions of the remaining diagrams are not singular
because the Mandelstamm variables ¢ and u are negative (see (10.89)) when s > 4M?2
which is the physical domain of the s variable in the case of the elastic #t7~ — 777~
scattering. As a result of this singularity near s ~ M? the partial amplitude 7=9(s)
seems to violate the bounds derived rigorously from the unitarity of the S-matrix in
Section 7.6. The problem is automatically cured by including higher order contributions
to the scattering amplitude (this is the perturbative unitarization mentioned in section
2.2 in figure 2.2). With the corrections included, the the denominator of the effective
propagator (of the two-point Green’s function) develops an imaginary part related to
the fact that the heavy particle n is unstable and, therefore, can decay into wm. Near
s = M? this effective propagator can be (if ', < M, - the n particle is long-living,
narrow resonance) approximated by
1

s— M?+iMT,’ (10-93)

in which I', is just the 7 decay width into w7 which in this case is also its total decay
width. The pole of the amplitude is therefore shifted from the real s axis and |7(=%2
(and with it the integrated cross section) exhibits near s = M? only a finite bump which
is interpreted as creation of an unstable resonance 7. It can be checked that in the leading
order in 1/, after the replacement of the original n propagator by (10.93) the unitarity
relation (7.133) is restored at s = M.

10.7 Antifermion-spin zero particle elastic scattering

As the last illustrative example we consider a theory of neutral spin zero particles m (of
mass M) interacting with fermions f and their antifermions f (having mass m). Let the
interaction have the form

Hing = ih "1, (10.94)

with some real coupling constant h, and compute the cross section of the elastic antifermion-
7 scattering

1) m(ky) = f(p2) m(ke). (10.95)

We take 7 to be a pseudoscalar (i.e. having negative intrinsic parity) because the cal-
culations are then somewhat simpler. The two lowest order diagrams contributing to
the scattering amplitude are shown in figure 10.16. The corresponding expressions follow
from the Feynman rules and read

5 1
! — - %1—7?’L-|-i()7

. _ i
—iAy = h*0(py, 51)7° T om0 7° v(pa, 52) . (10.96)

—’iAl = h2 @(pl, Sl) > U(p2> 52) )
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Figure 10.16: Two diagrams contributing to the elastic scattering of spinzero particles
and antifermions interacting through the Yukawa coupling.

(Notice how the four-momenta are ascribed to the internal lines of the diagrams shown
in figure 10.16 and compare with the form of the corresponding propagators in the
amplitudes (10.96)!)

The case of the Yukawa coupling with v° gives an opportunity to demonstrate a trick
allowing to simplify the amplitude. Let us rewrite (10.96) in the form
g puty P
A (157 (K = m) 7 0l s
= — U 5 S —m v ) S )
1 (p1 + k1)2 — m2 + 40 P1,81)7 (P1 1 7 UP2; 52
h2
(pl - k2)2 — m? + 40

Ay = B(p1,51) 7 ($1 — Ko — m) ¥’ v(p2, 52) .

In both terms one can now write

o(p1, 1)V’ ¥ = —0(p1,s1) b1 y° = 0(p1,s1) 7" m, (10.97)
upon using the (hermitian conjugation of the) property (8.100)
(p) (F+m)=0. (10.98)

The two amplitudes then simplify then to

h? _

A= (p1 + k1)2 — m?2 + 140 o s1) frv(pz, 52)
h2

(p1 — k2)2 —m? 410

Ay = 0(p1, 1) k2 v(P2, S2) -

The terms with masses in the numerators have disappeared due to the trick (10.98) after
which we have used v° §;v° = — K.

We will compute the cross section of the scattering of unpolarized antifermions assum-
ing that the spin projection of the final state antifermions are not measured. Tho thos
end we need

Z Z AL+ A|* = Z Z (AL + | A2” 4+ 2Re(ALA3)) - (10.99)

S1 52 S1 52
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Using the standard trace technique we find

h4
Z A" = mtf [(#1 —m) k(P2 — m) Ji]
spins
Ant 2 2172
" (s —m2)? [2(p1-k1) (p2-kr) — M*(pr-p2) + m*M?]
2 4h* 2 2772
D Al = o (20 ) () = M2(r-p2) + M
spins
and (A, differs from A; only by the replacement k; — —k)

S Ay = — s (1 = ) ( — )

spins

= e P ) + (k) )
—(p1-p2)(k1-k2) + m? (k1 -k2)] -

We have used the mass-shell conditions k¥ = k3 = M?. The scalar products can be
now expressed in terms of the Mandelstam variables s = (p; + k1)?, u = (p1 — k2)* and

t=(p2—p1)*%

1
p1~k1:§(s—m2—M2):p2-k2,
R VY 2 o L
p1-p2=—z(p2—p1)°+m*=m :
2 2
1 t
kl'k‘zz—§(k2—k1)2+M2:M2—§,
IS I T V- I e 2 N
p1~k2 = 2(]{72 pl) + 2m + 2M = 2(m +M u) —pg'kl.

Using these relations we find

> AP = ﬁ [(s 4+ w)(m® + M?) — (m® + M?)* — su+ M?t],

spins
2h*
Z Al* = u—m?)y? [(s +w)(m® + M?) — (m* + M?)* — su+ M?t],
spins
* 2h'4 1 2 2\2
2 A= ) 20 M

1 t
+§(u—m2 — M?*)? +t(M? — 5) :

One of the Mandelstamm variables, e.g. ¢, can be eliminated using the identity

s+u+t=2m>+2M?, (10.100)
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so that

Z|A1\ —7)[ m*(s +u) — (m* — M*) — su]

Z|A2\ —7)[ m*(s +u) — (m* — M*) — su
Z Atz = (s — mf)}zu —m?) (s ) = (= M) = su].

It follows that

) 1 1\
Z\A| :2h4<s—m2_ ) [M* —m* +m*(s +u) — su] .

U — m?2

spins

The CMS differential cross section can be now written using the general formula (10.72)
as

d
647T2$ 5 Z A (10.101)

spins

where we have already used the fact that for elastic scattering processes in the general
formula |py|/|k;| = 1. The factor 1/2 comes from averaging over the spin states of the
initial antifermion. The CMS kinematics is accounted for by writing the four-momenta
explicitly (defining thereby the CMS scattering angle 6,):

p1= (En(p), 0,0, [p]), p2 = (En(p), 0, |p|sinby, |p|cosbp),
ki = (Em(p), 0,0, —[pl), ke = (Ep(p), 0, — |p|sinfy,, — |p|cosby),
where
1
2_2 2 M?2) + (M2 —m?2)2 = )\1/2 M2 2
| = 5= V37 = 2 + ) + (WP =P = 5 M2, M%),

E, = 2\[ (s +m?— M?), (10.102)
Ey = (s+M>—m?).

e
The Mandelstam variable u is then related to s and 6, by

u=m?+ M* — 2(E,,Ex + |p|* cos )

= % (m? — M?)* — 2—)\8 (14 cosby), (10.103)

Instead of writing the differential cross section in terms of the angle 6, one can put it in
a manifestly Lorentz invariant form by using the relation

1
du = —2|p|*d cos O, = ~ 5. (s, M?,m?) d(cos @) .
s
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The differential cross section (integrated over d¢p) then reads

du ~ 167\(s, M2, m?)

do h 1 1\
(s—m2 _u—m2) [M* —m* + m?(s +u) — su .

In the CMS the differential cross section can be written explicitly in the form

do h4<1 1

2
— 4 4 2
0, 61 ) [M* —m* +m*(s +u) — sul,

s—m?2  u—m?

in which now u is treated as a function of cosf, and s given by (10.103).

444



G  Boltzmann H-theorem

The formula (10.22) for the differential probability per unit time per unit volume of the
transition between the properly normalized (in the box of volume V') multiparticle states
|ag)y and |By)y written in the form

1 dw(a — 1
F D L st (2m) 50 (s - ). @)
in which
Na ng 3
_ d°p;

and combined with the relation following from the unitarity of the S-matrix (see Section
7.6) can be used to prove in full generality the Boltzmann H-theorem which plays the
central role in the classical kinetic theory. Within this classical theory it is, however,
possible to treat particles not entirely classically by allowing them to take part in processes
of inelastic scattering and to decay by using rates of these processes computed in the
framework of a relativistic quantum theory (these rates play then the role of an external
input to the kinetic theory).

Starting with the S-matrix unitarity condition written in the alternative to (7.43) form

485,580 = [d55,5505 = 0.
and repeating the steps which led to the relation (7.117) one obtains
—i (AL, — Ay) = / dB (2m)*6W (Py — P.) A s ALy . (G.3)

This, taken for v = o and combined with (7.118) taken for § = « (and renaming then in
it v to 3), shows that

/ 45 (20)15 (P — Po)| Asal? = / 45 (20)'60 (P — Po)| Ausl? (G.4)

which, in turn, applied to (G.1) integrated over df and to the integrated over df relation
obtained from (G.1) by interchanging the labels a and § allows to write the equality

/dﬁ QW /dﬁ w. (G.5)

Let now P, be! the probability density of finding a set of classical particles in a
(classical) state a characterized by the distribution of their momenta and spin variables.

L As the total four-momentum of the state |ag) will no more appear in this Appendix, this should not
cause any confusion.
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In other words, P, is the phase space probability density of the classical micro-state a.
As a result of particle interactions P, changes in time:

d dw (B — ) dw (o — f)
it = [ S [ G (0

The first term on the right hand side of this equality accounts for the increase the popu-
lation of particles in the state v as a result of all possible transitions to this state from all
other states § and the second term accounts for the decrease this population as a result
of transitions from the state « to all other states. Of course

d

d
pr da P, = /dad P,=0, (G.7)

as can easily be seen by integrating (G.6) over da and renaming in the second term the
the integration variables o <+ 5.

The probability density P, is related to the classical statistical phase space probability
distribution po = poy,..00, (X1, P1, - - - s Xnas Pra) DY

pe= 2P, (G.8)
COC
Indeed, in classical statistical mechanics the probability of finding the system of n,, parti-
cles (for simplicity we assume there is only one kind of identical particles) in the classical
microstate a characterized by n, their momenta (taking into account in the classical way
their indistinguishability) anywhere in the volume V' is

Na 1 Na d p Na Vna o d3p
Na 3. _ 2 3 . _ ?
drstat (H[/d Xz) Pa = ol H (27’(’)3 (H/Vd Xz) Pa = na! H (27’(’)3 Pa s
i=1 1 i=1 =1

(it is assumed that p,, is independent of the space positions x;) whereas the same proba-
bility probability expressed through P, used in (G.5) is given by

Na

&p;
P, =
do P n'H (27)32E,,

The kinetic entropy? Siin = —kgH, where H is the famous Boltzmann H-function, of
a (nonequilibrium) statistical state of a system of interacting classical particles given by
the universal formula S = —kgln p (the bar means statistical averaging with respect to
the classical probability distribution p) can be therefore written as

Py
Skin: —]{ZB/dOéPahl—.

Ca

2Tt should not be identified with the thermodynamical entropy which can be ascribed only to equilib-
rium states of the system.
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Using (G.6) we get

d dP,
ESkin = —kB/dO{ (]_ + ln a) ?

:—kB/daln%</dﬁP5W /dﬁ%),

(the term with “1” in the bracket in the first line drops out due to the relation (G.7)).
The right hand side, after interchanging in the second term the labels, a <> 3, gives

Skm kB/da/dﬁcB—Bl <f§;“) dw(@: a) (G.9)

One can now use the inequality® x In(x/y) > x — y valid for positive x and y to write

Skm>k:B/da/d5<___a) BW
o fon fao 2 (o 0GP - )

(In the last step the labels o and § in the first term have again been interchanged.)
Since by (G.5) the expression in the bracket vanishes upon integration over da we get the
Boltzmann H-theorem

d

o Skin > 0. (G.10)
From (G.9) it follows that Sy, = const when P,/c, = Ps/cs. Replacing in the first term
of (G.6) Ps by P,(cs/ca) and using (G.5) shows that in this case the probability P, does
not change in time: the system is in equilibrium.

31t is equivalent to the inequality n — Inn > 1 (with nonnegative n = y/x) which is easily seen to be
true: it becomes the equality for n = 1 and the derivative of its left hand side is positive for n > 1 and
negative for n < 1.
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H Some integrals

In this appendix we collect some expressions useful for integrating differential cross sec-

tions over the scattering angle.

Integrals with (a + bcosf)? in the denominator:

/7r dfsing 2
o (a+bcosh)? a2 —b?

/7r df sin 6 cos 0 _a 2 +llna+b

o (a+bcosh)?  ba2—1b2 B2 a-—b
Tdfsinfcos’d 2 a2 a. a+b
smpceos ¥ _ 2 42 90,270
o (a+bcosh)2 b2 b?a®—b? B a—1b

Integrals with (a + bcos#) in the denominator:

/’T df sin 6 :llna_—l—b
o a+bcosf b a-—0>
/”d@sin@cos@zg_glna—l—b
o a-+bcost b b a-0»

/”dﬁsin@coszﬁ_ a a®> a+b
0

a -+ bcosb __26_2+§1na—b

Integrals with (a + bcos)(c + dcosf) in the denominator:

/’T df sin 6 1 (lna+b_lnc+d)

o (a+bcosh)(c+ dcosb) ad — bc a—1b c—d

/’T df sin 6 cos 6 _ 1 <glna_+b_glnc—l—d)

o (a+bcosh)(c+dcosf) ad—bc\b a—b d c—d

/’T df sin 6 cos® 0 2 1 <a_21na+b_c_2 nc+d
o (@+bcosh)(c+dcost) bd ad—bc\b> a—-b d*> c—d
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