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MAPKOBCKME. MHBAPW 1N 14 5EPORATHOCTHEX BAKOHOB
E.A.Mopo3oBa, H.H.4YeHLOB ( aHiOT auuA )

B MATeMATHUECKOH CTATUCTUKE LMPOKO MCIONB3YWLICA §CTECTBEH-
HHE KO2QPUUMUEHTH Dasnuuifl MEALY pacnpesicisH4AMA BEpOATHQOCTEH Ha
OZHOM ¥ TOM Xe NDOCTPBHCTBS cnyuafiiHX MCXO70B, TaKWe KEK\OTHOCU-
TenbHad BHTPONMA, BapHanus pasHoCTH, DAMEHOBO paccrodrue B arra-
yappa - Qumepa ¥ T.Nn, Bce OHA MOHOTOHHH OTHOCHTENBHO KaTeropuu
MABpDKOBCHMX OTOGpaxeH#l. B padoTe pasBuBaeTCA oSmud nonxdn R'nay-
YeHNO T0J06HHX KOJMYECTB KaKk B KIACCAYECKOH, TAK 4 B HEKOMMYT 8~
THBHOK TeopuM BepofATHncred#. B YacTHOCTH , ycmanbnﬁeﬂo, yTO BEpPUAE-
[IMA PA3HOCTH ZBYX 38KOHOB ABJNACTCH MAHOpaHToR (C TOYHOCTHK A0
MHOXMTSNA) B KNACCE BCEX MAPKOBCKM MOHOTOHHHX MEBTPUK. Kax cnez-
CcTBHEe, [OKA3HBASTCA, YTO KOrZA& OTCYTCTBYET anpuopHas KOonuYEeCcT=
BeHHad MHQOPMANMT O BepOATHOCTHOM 38KOHE, KIacCHuccKad 3&87aua
CTATHCTUUECKOH TOueUHOM OUEHKM 1O He3aBUCKMHM HACNKJIEHKAM ABIA-
gTCA HEKOPPEeKTHOU Npu JNKwGolt ME8pPKOBCKM MOHOTOHHO} (PYHKIAW HOTEPD.

MARKOV INVARIANTS OF COGPLES OF PROBABILITY MEASURES

E.A., Morozova, N.N. Cencov
(abstract)

in the mathematical statistics the distinction between pro-
bability distributions on the same elementary eveni space is usual-
Ly measured by some natural coefficient of divergence such as the
relative entropy, the variation of substraction, the Riemann dis-
tance of Bhatiachargya-Fisher, and so on., All of tnem are monoto-
ne under the category of Markov maps. In'the paper the common
approach to study such quantities is developped both in clasgical
and in noncommutative probability theory. In particular, the va-
riation of two distributions substraction is showed to be {up to
the norming factor) the minorant in the class of all markovly
monotone metrics. As the consequence, we prove the classical prob-
lem of statistical point estimation to be incorrect, when there
ig no a priori quantative about the observing probebility distri-
bution.
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1. COBOLYIHOCTD BCSX BEDOATHOCTHHX MED P(-) na uzmepuuon
npocTpaicTBe ( L2 , A ) DIEMEHTEPHHX MCXOAO0B s ABAHETCH BHIYE-
THM TDOAMHOXECTBOM NMONYYIODAAOUESHHOI'O0 NUHSHHOTO TPOCTDAHCTBA& BCeX
CUETHO-GAJATUBHHX 3a8DAJ0B R, T.2. MED OIPAHAUSHHON Banyauui
Ha ( 2 , 8 ). C 0oXyylIOPALOYSHHOCTRN ITOrC NPOCTPEHGTBA COTEa~
C0BaHa eCTECTBEHHAA HODMAa — [ciHasg Bapualig 3apnAzna

- ~
IRl = R¥Q) + R7(2) , (1.1)
+ - .
rrne R ¥i R COOTBSTCTB210 O0J0KATIHDPHER A OTPH{IaTuEBHEH Yac-—
m R

R*(A)= sup R(B), R (A)==- inf R(B) (1.2)
' Bc A Be A4 ‘

EcTeC¢TBEHHAA HODMA [IpeBpauasT COBOEYINHOCTE 3CEX BEPOATHOCTHHX
Mep Ha ( €2 4 &l ) B MeTDHUECKOC MDPOCTPAHCTBO C LETPUKOH
¢(P,Q)=I1P- QI . Omiaro, XOTH 3T MSTDUKA 4 BOTDEYAGTCA
B PALS BOIPOCOB TEOPMH BEPOATHOCTER, B CTaTACTUYECKUX NpoGiaeuax
C 3TOH XapakTepUCTHXOH G6au30CTH ABYX pachperLelieBu# BePOATHOCTEH
ZEN0 UMETH NOYTH HEe NMPUXOZUTCA. ADVrofl M3BECTHOM X8paKTSpHCTHEOH
ONV30CTH LBYX BEDOHTHOCTHNX 38KOHOB ABAAETCA paccTofAHue ExarrTa-
yapuna

! I ‘
s (P, Q)= 2 arc cos f*/ Pldw) v Q(de) . (1.3)
5 _
OHO ABIAETCH DUMAHOBOH METDMKOA M 387aeTof AmH FMCKDeTHOro G2
TudPepeHManbHoft kxpanpaTuuHoil $oproi

2 [(s P)(dee)]?
(8s) = .[ P (dw) ' - (1.4)
Q

Caua 1o cede dopMa (I.4), Haskvaemad 'MHGopmauxes no duwepy",
UI'DEST BARKHYX pONs Npu GOpMyTUPOEKE M ZOKA34TSABCTBE HEDAaBEHCTBA
ryfopManuy B TeOpHY CTATACTHUECEAX OLEHOK NapaweTpa, HO PO pac-
crosiuve (1,3) "B GoppmoM" 3TOr'oc CK83a8Th Hemb3d.

B PopMynuUPOBKY OCHOBHHX 38KOHOMEDHOCTEH TEOpMH ITPOBEpPKH
CTATMCTUUECKUX THNOTE3 BXOIAT MHPOpMamyuoHHOe yKmoHeH#e Kynnoaka-
Jleii6nepa-CaxoBa

3(P:Q) = [ [tnPldw) = tn Q(de)] Plaw), (1.5)
52 :
HasyBaeMoe TAKKEe OTHOCHTeNBHOR sHTponued. Kak Mu nokasamu [{] y
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(2] , ora sewsiwina asnsTeA CBOSOODasHLLE HECHMMSTDRUHHM &5 8/i0T 0l
(WOMOBAHM) KBSAPATA PACCTOAHAR MeXsy pacnpenencHuius P u & , 1
Il STOFO DACCTORHAA CHPEBEL/B HECAMMSTDUUHNHA 8HEZOP TEODEMH
Nubaropa. CyuecTByOT 4 LPJrLHe, MPEBAA HECKORBKO MoHes YHTEPECHHE
X8pAKTEpACTHKA OAM30CTA ZBYX DacUpeienchuil, C308T'0 DOAA HECHMUST-
pHNHE MEDH OTAMWAR OFHONOD DAcHDEZENeHMA NT ZDYroro, CM. [2],[3].

BaxHuM CBORCTBOM NMepEUWCAGHHHX XapaxXTepXcTHK OAM30CTH ABAA-
eTCA MX WHBAPMEHTHOCTH OTHOCHTERBHO OTOJpaXsHafl COBOXYMHOCTH BE—
POATHOCTHHX MEp, MHAYUMPYEIHX OOpaTHMbl M3NEDHML 4B 0T00D BXeHUA~
¥l BuGOpOuHoro mpocTpascTaa ( Q 4 H ). ITy UIBEPIMAHTHOCTH HE-
TPYZHO E¥BECTH #3 $OpMynN IAf p 4 S 4 I . HecKonbKO Cj0¥HEE HDO-
BEPUTH, UTG MPU HEOOPATHiX 0TOSPaMeMARX ALLYUIA0BAHHUG PAaCipeis-
A2LUA BEPOATHOCTM CONMMEWTCA B CHMCIS YKasailHux "XapaxlspHCTHI
HomoxoxecTH", Kax fmoxasaso Eawd 3 (2] , 3TO CBOACT30 "MOHOTOHHOI
ZHBapuauTHocTu" yXazsiHLX BSJAUSH UMEST MECTO W OTHOCHIEJILHO go-
i36 WAPOKOW cucTeun BCeX MaDKOBOKLX oToOpaxeHuid, T.e.” alpuHHx
oro6paxeunit [1 Buga :

N: P= PM=Q; Q¢)=]Plw)M@; -), (1.6)
3

rae [1(w 3 ¢ ) — OepexonnHoe Dacnpereneniie BepoATHeocTeld. MapKoB-
- gxMe OoToOpaxeHMA o6pasynT aiIreCpaduSCKyn KaTercpuw, CM. [4], [ﬁ],
T aKXE [2] . KnaccoM ee 00DBEKTOB MOXHO CUMTATH HJIACC BLEX M3MEDU~
uux mpocrpaHers. ( S2 , H ), uni, XaK OyAeM CUUTATH Mil, 130u0pQ-
HHF eMy KJacC COBOKYNHOCTE# BCeX DaclpeaeieHUH BepOoATHOCTE: HE

ragzom u3 ( & ,#A ).

CopepxarenpHeil ciblcl M8DKOBCHUX O0TOoODaXeHWd COCTOMT B TOM,
4T OHi OMUCHBANT CTATUCTHUECKME pelaoyue, Npasuna B CMHCAE Banp-
za [6] . OxasubaeTcA, uTO ABa CeMeHCTBA BEDOATHOCTHHX MEp {I3§’ ,

6 e GQ} COOTBETCTBEHHO Ha ( 52“), J4ﬂ6, i =1,2, napa ¢ oluuM
napaMeTpUuecKUM MHoXecTBOM (@ , OKBMBANEHTHH B TGOPAM CTaTUCTH-~
YEeCKOD'0 BHBOZ&, KOIAA CHM KOHTDYSHTHNW B KaTeTODHOH TeoMerph,
T.6. KOPAA CYyNECTBYNT TAKAE MAPKOBCKME OTOCDaXeHus %%y Wat
4T O

)
Pefﬂmia - P

& )

) 24 (1)
FE W = Pé , Ve @ . <
Onperenenue 1. YucnoByo QYHKUMED f , 3aNEHHYH HA BCeX
KBAZpaTax OCBEKTOB KAaTeropuu, Haaoséu MHBApPUEHTOM {nap), ecik

(F;,Pz)ru (di,Qz)éjP(H,Pz) =7€(Q1:az), (1.8)
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LN BCSX KOHIDYEHTHHX Nap, # M0-0xOnddM AHBADASHT 0 ecnn BCErA§ -
#(R.E) 2 ci(PiLu,PzLLI), e
Oqesnzﬁo, BCHKdﬁ MoH QPOﬁHHﬁ MHBAPUAHT ABHAETCA MHBADHEHTOM

B cuscne (1.8). :
Buwe ozHo# BaxHOE onepanued ABARETCA MPAMOE JMHO®EHHE #3Me-

PHMEIY TPOCTPALCTE M OTBGUAWESS My TeH30PHOE JiHOXEHHe COBOKYN-
HocTsil BCeX BeJOHTHSCThﬂX Mep H& HUX. BTO JiOXeRwe QyHELAOH BT~

HO OTHOZHTENLHO d&phOBCKOH KaTeropuu, CM. Eﬂ BHMGTHM 31€Ch,
YTQ OTHocuTennisa suTnonds {I.5) agaMTHBHE OTHOCHTENBHQ 3TOTO

JMilOKEHUA, UTO BUAENACT g€, 8 raxxe dopry (1.4) cpezi IEPYyTHX X&—
paﬁ“epnc¢nx HBHOXOHGCTH.

2 Cugqaﬁﬁms ABAGHAA mhhpounna He OHuPdBHWTCH cxexamu Kiac-
“YECHOMH (Hax Teﬁ°pb POBOPHT, - KoumyTamHBHoH) TEOPUH ‘BepOATHOC-
Ted, HOTozy YTO JOMKKA KBAHTOSKX codurnﬁ Ee ABIHETCH apucTorene-
Boil, HauGonse yzodﬂum CI0COGOM. aaﬁaﬁwﬂ 0658KT8 h&HoMMJTaTHBHo?
TEOp:iM OnﬂB&HBCB cﬂehymuaﬂ anreGpasyecKan CXeMa. 3afasTcR’ HeLoTe-
pat HHDBS KTHBE af anreﬁpa dor Hefiwana . orpasuyeHHHX AWHEHHHY
naparopOB, neﬁcTajmmAx Ha TuZE6eDTOBOM MPOCTPEHCT BE >, Hanpu—
Mep, airedpa If (# ) Besx: TAKHX 0P aTOpOB, Anreﬁpa A ABIAET-

ef dexouuvraruaﬁuu (Booﬁue POBOPA) AHANONOM KEACCHUECKOH (Houuy-

TaTHBHO/) anreCpH BCEX OUPAHHUEHHHX M3MEPUMBIX mynxuﬁg Ha fApocT~
DPAHCTEE BIEMEHTAPHHX WCXOROB. JPMUTOBH 3BIAEMEHTH anregpu L. Ha=
3LBANTCH ( OPPEHUYEHHHMHA) Hadnmnaeumuﬁ. BéDOHTHOCTHOB COCTORHAE
06BEKTA 38786TCHA HEOTPUIATEADHHM HOPMUDOBAHHHM HODMAIBHHM (T.&.
ynsrpacnado HeNnpepHBHHM, WJNH, UYTO TO X6, MOHOTLOHHO HENDEPHBHHN)
nuEeinnM Qyuxnmosamoy ® ma L , P : LR —aHATOTOM M&Te~
MaATHYECKOT 0 OMUZAHUA 1i0 BEpOHTHOCTHOﬁ Mepe, CM. [8] . [9] . Co~
BOKynHocTs & ( J» ) Bcex cocrosHuf P oGBEeRTA - BHIYIGIOE 3aM—
KEYTOE MHOXECTBO B IPEZCONPSAKSHHOM npocmpaﬂcwseiﬁk;( 13*)t=,1; ‘
SPMUTOBH MISMIOTEHTH E anre6pan Jt- Hnnﬂmicﬂ OPTOIPOEKTOPAMH Ha
cooTBeTCTEyNUAe (3aMEHyTHe) nopmpocrpancrea & = E (#) mpoce-

paicrBa 40 . 110 QHaNOTMM C KOMMYTaTMBHHM CIydaeM, DZe UZEMTOTEH-
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TH CYTh HHAMKATODH M3MEDMMHX UHOKSCTB, 3T¥ [IOANPOCTPAHCIBA Hagu-

BapT coburuAMi (& Takke "za - Her" - oKcnepuMenTarM). CusBUAHO
‘KASCCUYSCKaR CxeMa sABNAEeTcH q'ac:ruuu CryuyoeM HEKOMMYTaTHBEOH, C
KoMMyTaTHBHON anredpoif Jo OrpanuueHHNX HanepuMHx QyHKIMR Ha
NPOCTPANCTBE MCXOAOB. '

CnpeZenenve 2. [lo aWanoruu ¢ KOMWYTATHBHHM CHXYyuaeM ecTe-
CIBEHHO HA3BaTh MAPKOBCKMM BCAKOS afdunHoe ‘oroGpamesue [1 : |

(%) - 6 (%L,).

Mo nuuefinocty [1 mnpozonkaeTCR KO MOHOTOHHO HeNpPePHBHOTO

nnneﬁnoro o'rodpauenuﬂ NpSACONpPAKEeHHHX npochch'rB (3apﬂ,moxa), 1.
7N CA ConpaxenHoe oToSpaxenne [1 - : &, L JB'
ABARETCA TR — nuHeHHbM, HEOTPKUATEFBHHM, nopuanbnuu ( MOHOTOMHO
HenpepHBHHM) ¥ HODMUPOBAHHHM. OHO OZHO3HAUHO NMPOZONKAETCH 70 C-
nnHei"Horo orospaxesna L, — &, . Infi TPOCTOTH M He Gyzren
pasmmau M u 1% 3 yenosuMes, uro I'l nuueTcA CIP&BA OT COC—
TORHWA M cneBa of Hadnawzaemol. HeTpyZHo yCMOTPETH, UTO CHUCTEMA
BCEX MapRoBCKAX oToSpawsud BCexX cosokynnocreif & (Xfr) obpasy-
eT BNreGpayuecKyl KaTeropup B cuhcae 3maeHdepra - Marxnefina [{0_] .
30-1epBYX, TOXZIeCTBEeliHO8 OTOCpaxeHue Kamporo o6beKTa, OYEBHIHO,
MApKOBCKOE. BO-BTOPHX, HOMIOo3unMdA (MOCHEAOBATENBHOE BHITOTHEHNE)
ABYX M&EPKOBCKUX OToﬁpameHuﬁ CHOB& €CTH MApKOBCKOS orodpaxerne.
B—TpeTLH 5Ta onepanuA KOMITO3UIMM ACCOIMATHBHA, IIOGICOJILKy aTo
Beerza ¥MeeT MecTo mnd orodpaxenud. Huxe mu GyZeM Ha3HBarh ee
WApOKOH MapKoBCKOHl xaTeropueH.

AnreCpl Jo u ux npennnoﬁcrnenﬂug npOCTpaHéTBa MOXHO TeH-
30PHO NEPeMHOXAaTh. Cr afHcnpuHT [H]_ 3aMeTHA, YTO nﬁnyuupyeﬁpe
STUM YMHOKEHHEM TEH3OPHOE TDPON3BEAEHME MADKOBCKUX OTOCPaweHHH
MOXET He OWTH HEOTpHIATENLHHM M, TEM CamsM, HEMapKOBCKMM. OH
BHAEANI TIOZKAACC BIONHE 'ncnquen;BHux oro6paxenn, 3aMKHYTHH -

OTHOCHTENBHO ONepauui TEeH30PHOI'0 YMHOMEHWd,
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Onpezesenue 3. OrcCpakenae ] : fo, — F, HasuBaeTcHA

SMCAHE TOJCHHTE THHEM [H] , eca# BCe orodpawerua [l & id_ no-
MOXMTENBHY, TAE (d, TOKGECTBEHHOE OTOCDaxeHue l?(fJC;‘)B cedn,

dum ;i’z =2 . _ ,
Meid, >0 , Vz eN {21)'

Brionue HOﬁOYH”eHLHHG MApKOBCKHE owoﬁpaernﬂ Taxxe odpaay-
0T KaTeropwm KOTOUY My Laznee Oyznem Ha3HBaTh y3KO# MapKOBCKOA
karerop4ed. B yacTHOCTH, PE3yNBTAT B3AMMOZEACT BUSA KBaHTOBOR uac-
THOH C YACTAi(aMd (cnyqanﬂoa) CpenH ONUCHBAETCH Bnonne 110 OXUTEIIH~
HHM MApKOBCKAM OTOOD ameHueu. Janee, no nsaecrnoﬂ Teopeue Heftmap-
Ka [12] 0 ﬂpOﬂOﬂKGhHM.ﬂDﬁQPO Pa3JIOKEHNA CAAHMIH ZO opworonansno—-
ro, BmﬁonnTcﬂ {;I]_, YTQO BCE MADKOBCKHE OTOODaXeHHA B nouugwarus*
Hyw anreopy ¢oH HefiMaHa uau e oTOOpawkeHMA Taxo# anreSpH ABIAART-
Cfl BUMOJHE NOAOXMTEJNbHEMM. [locrezHue onucuBabT axKT (KmaccHuecKo-
o) A3MEPEHNA KAKO¥-INO0 UMCNIOBOX XapaAKTEPHCTHKM YACTHUHH [13] .

Tarum oﬁpaaou,onpeneneﬂne 1 nepeHeceHHOE B Hexouuymémnnﬂyh
TEODUK N&eT HaM JIBe reomempnqebxux SKBUBEJIEGHTHOCTK ceMeHcTB rcoc-
TOAHYA — WHPOKYKW ¥ y3Kyb. Kpome Toro, 10 cxeﬁe onpeneneﬂnﬁ'I
IfOKHO BBECTHM 3KBMBEJIEHTHOCTH cemeHcTB OTHOCHTEJNEHO Hauepennﬁ.
Herpyzno yCTaHOBHTB I 3THX 3KBUB&IEHTHOCTEH nemouky MK 8
Lui . '

{yaxaﬂ} SN {mupoxaﬂ} = {MBMGDHTBJIBH&H} (2.2)

CnpaBsenanBo creayuee NDEANOKEHUE O MAKCHMANLHHX MS8DKOBCKH

KOHT'DYEHTHHX CeMeilcTBax.
Teopema 2.1, EcIM BUoNHe MONOXATENbHHE MAPKOBCKME OTOGpE

12 24 .
xeuna W7 n W YCT aH 8B7IUB aKT HOHPyDBHTHOGTB ceMeilcTB

{"’ 9(@} < G(:&« )_* ;-—i 2, 70 .

o

@(ﬁ' )Lu,tj-a—@';(_t., )b {CPIJJ 86@} f:#J"":l 2 (2.3)
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’ v .
rae Ir‘. < ‘LL ~— HEKOTOpHE MHBEKTUBHHE noranredpu QoH Hehmaua,

CxoaHhe YTBEDXAEGHHMA CNPABELNMBH M XN wupoxoil MapxoBCKOd
KOHTyDEHTHOCTH. JlOKa3aTENLCTBO HEMEAJICHHO BHTEK&eT M3 3Prozuyec-
Kol TeopeMN AR WapKOBCKHX SHEOMODDMaMoB [14] , [15] , cm. ramss

[26] .. [17] -

_iz B arol pasore A yAOGCTHE \bl® OrpanMuAMCH CenEp asens- |
HHMA npocmpancnaun 3 . Yonomue. kkmici*ﬁbﬁocm» L~ noasomr or-
PEHHUMTECA NONHHMA TGP aus b(#H), (L (¥) = &(F).n
WCTIONB30BATE MATPHUHNE 0603HAYEHMA ZANA CONACEHMA W HaGJIOR8GMHX, M
coeToAHul u uapxoschnx 0T OGP aXeHM it [IB] [_19] . &na sToro creAy-
eT JIHub @uucnpoaa'ra xaxof-auéo OPTOHOPMUPOBaHHHHA Gasuc B H .
Torpa Hacnonaense A OYAyT ONMCHBATHCA IPMATOBHMM Marpuuasm
( ; o ), COCTOAHMA d - Heowpnﬁarensﬂumﬁ APMAT OBHMM MATPHLAMM
( GP; ) co creZoM ezuMHHua. YroGH paszauyarhk 3TH 00BEKTH B NEPBOM
CHyuse MHZEKCH OyAyT MUCATHCA CNE€BA. [ OMUCEHUMAPKOBCKOTO 0T 00~
pexenns [1 : G (2}6‘”) - & (#%'?) HaZo ykasars GasucH B

Jﬁw K. ?Cm. 9ru HauarbHu# ¥ KoHeuswd GasMCH MOXHO BHODaT®H
D 83T YHHMA naxe ecmu K@ = 2%,
Jewua 3.1. Mapxosckoe orodpaxenne (U : G (#P)-(#%)

%
4

OMMCHBABTCA USTHPEXBANEHTHHM (yHATApHHM) TeH30poM ( ;“’ ), €O

CBO#CTB aMH ik ;_;wé v £,}'J‘k,f ; .
i 8 i k7 '_ (8.1)
o 3wk = fF
trgm W= 2 % P9 (3.2)
Jie Dot >0, (3.3)
v(; gs' ) (Ei! Jgn; J V( 2) h ?J ) (1'2" ?3 )

31ech }S ~ CHKBOX KpoHexepa, uyepTa osHauyaeT KOMIIEKCHOE
CONpAKeNNAe, # NOAPAITMEBACTCA CYNMAPOBAHHS 110 COBNAZanmUM BGDXHB-
My ¥ HUOXHEMY KM IeBOMYy U NpaBoMy MHZEKcaM. CuHcn, B KOTODOM TMO-

H#K3ETCA CYMMADOBAHME B CUETHOMEDHOM Clyuae, yCTEHOBIEH B [19]
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Yenosae (3.1) o6ecneuuBaeT COXP&HEHUE 3pMUTOBOCTH, yeaosue (3.3)-

~ coxpaHeHWe HeoTpUaTeNbHOCT#, YyCIOBUS (3.2) - coxpaHeHWe BENH—
yuHH cnex8. Noxaxes Tenepb, Kak ynpouaerca Teopus CraidHcnprHra

[II] B KOHE@UHOME@DHOM CIYyYae.
Teuma 8.2. Marpdna ( ;UJ: ) BMONHE nonoxurenhnoro'uap- '
KOBCKOI'O OTOODAaXeHns yn'omzeswopﬁ‘e'r yonosuaum (3.1), (3.2) ® ycno-

BHD ) . . )
k< i

2% e Y 20,

c,;,k,e . (3.4)

V(“Gt--wngm{“f) = (154’-“’nzm5?"):-

Gojjee OTPaHAUYMTERBLHOMY, UCM YCAOBKE (3.3).

Jeuua 3.3. Marpuna ( ;.u.lt ) BrOnHE NOICXUTEIBLHOTO

MapPKOBCKOT'O omodpameunﬂ ZONyCKasT [20] paajoKenns

P & _ i . ..
;uj& = %:, m,,?s)ill!,((.‘:) ;o | (3:5)

4!.[4,*(5) = £LL5*(S) » %4 4'-,'4(,5.
Cngzcrane, - Kowmnosuuus BmMoNHE MONOMUTENLHHX MS8DKOBCEUX

0TOOpaNeHA#t BrONHEe NOJOKMTENDbHA,

NoxazarenpeTBo. W3 ycmosus (3.4) BHTEKAET, UTO MaTpHIa

( j ; ) MOXeT GHTH MHTEpPNpEeTHpOBaHA, KAaK uampuua HeOTPHILE~
TENHHOT'0 JpMATOBA ONepaTropa, ZeicTBYwWEIo B npocwpaﬂcmﬁe

#Ye Je®) . orxyna cmezyer (3.5). Ranes, muGod HeOTPHLATENE-
Hufl 'Hzr.epnun 3puur'03 oneparop B NpocTpaHcTBe HE t) ® }:‘5”") TAKKE
pa3naraeTcd B CYMMY TEH30DOB BUZA £ é’ﬂ ., & We id, - o6~

pas Kaxgoro TAKOr0 TeH30pa HeOTPHLATENeH B CHAY

P Ppu - b —
Z*@ 8:} u.,l, u'.'-c J"‘],d‘b”'_a'lfa._*.



HaxoHelu, ycioBiie (3.4) HeoSX0aUM0 LAA BIONHE 11070XKUTEILHOCTH,

. . (1) 4}
NMOTOMY 4YTO HeOTPMIATEAbHHA 3PMATOB ONEparop B H e T ¢ uar-
punedt ( §°F J” ) orodpaxaerca U@ id, B omeparop ¢ Marpi-

4 .
nei (?Ez -, DA e: = “m; npu BCeX 3HAUEHMAX AHAGKCOB.

B SaIUID‘IBHHG OTMGTHH, yTO 1)83310](81‘1“3 Kpayca cnpaseisinBo H B C'-IGT‘

HOMEDHOM CIyu&e.

4. BspeuexHad Pa3HOCTE ABYX cocTosunid ofHOTO 00BEKTA MPH-
HAIIeXAT SPMATOBOH. UACTH NpeNCONPAXEHHOTO MPOCTPEHCTEE &L .=
=Lin &(X) . Oua onucwsaercs H}IepHHH onepaTop oM.

Onpezexeing 5, fycrs | € i’y . Ero nonoxurennHyn e
4 orpunarensuyo [ ¢ uacTs onpeze;MM uepes CUEKTPanbHOe DasioNe-

Hue:
. ) |

Fr=%vy, E r“*’ = M == 2 Y B - (a1

X{( Ak 9 3{‘?0{“ k 9 y<0 & & ( )
Benuuuun
tr® [ =tr M®= fz’%g* , tr"l"-——Z %, , ITI=Z[g4-2)
HA30BEM COOTBETCTBEHHO HONOXMTENBHHOH, owpuuamenbﬂoﬁ u momHof
Bapuauneﬁ (" . Pagnosenus [ =¥ n H= Ve 5( g .
rge EM= 7 E, EH- ) E, Ha30BeM pACUEnNeHHANA,

>0 ko ¥<0

Jemma 4.7, JlomoxuTensHed H orpnuarenbnaﬂ Bapuvanuu

Lo H
e ABNAOTCA MOHOTOHHNMA MHBADAGHTSMM B HMDOKOM Map-
IcOBcrcoﬁ kareropur. Kaxmoe [ € Iv’ KOHTpyeHTHO 3apRiy [, Ha
ZIBYXATOMHOM M3MEDMMOM NpocTpaHcrBe S, = feo, , weo b

[ () = &

2

Mooy == tem (D)
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‘ . . . ) - . ) ) . . H
CnejcrBue. TONOXATENBHAA M OTPUUATEABHIA Baphauuu Fe I,
oSpazynT NoaHyo cucTeuy uusapuanToB [ B odonx uabr;qacxc‘ux Kare-
ropuaxe. '

JoKkazalelsCTBO, BudpaB .38 0Q3KCHNE B }f n R codcmnenaue
BEKTOPH [ u W, npososuu nocrpoennsn, @3BECTHHE B HOMMYTaTHEB-

HOH TEopMH, CM. [2] , 7emMa 5.9.
TpuMeHAR 3TH peay:xwa'ru K nnneﬁnoﬁ KOMOUH amui cocmormnﬁ

V-x% |, nomyuaew nBa cemefficTBa
ME ) = e (¥- z@)‘*’, u&a) - pa"’@)- t~z, V2 R, (4.4)

wosoTOHHHX uHBapuanTos nepH (P ¥ ) . InGoe M3 HHX 38%88T NOX-
Hyl CMCTEMY WHBAEPUEHTOB, Korag $ u ‘lP‘ KOMMYTHPYNT KaK onepa-
‘TopH, oM. [2] . |

"B ofueyM cayiae BOMPOC O JIETKO odoaspuuoifl nonHoH cHcTEMe an-sapnan— :
TOB U BOSMOKHHX SHAOT&X Gopuyn (4.5) ¥ (4.6) moxa He peudH. Co- .
OTBETCTBYyOUEE Hale yTBEPEJCHHE B [21] ABNAGTCA OUMGOUHHM, TAE

KaK KOMMyTMDYEMOCTH COCTOREHME 6CTH MHBApUEHTHOS cB0llcTBO B y3-

:40) | H&pRDBCHOﬁ Kareropuu.

5. TpocrpancTsa ¢ METPHKOHR. AOMKHH ynomernopﬂm AKCHOMA
1° P (o, 4)2 O 20 9(&:,\3)#0# 3=9c- s 30 P(“»5)= f‘(g,x),
40 p(x,®) < 9%, ?J)"' 9(y,%) , Korna BHIONHEHH TOTBKO SKCHOMH |
I°, 30, 40, POBOPAT © TCEeBIOMETPMKS. M DacCMOTDUM Gonea SK3OTH~
qecKui cnyqaﬁ HecHMMETPHUHON MBTPHKH, KOIZ8 HE BHHOJIHBHE! aKCHOMA
30(5o axcnoua 4° BHNOTHEHA HMEHHO B yxaaauHol qaopme)

TeopeMa 5. I, Ecan ma BCex 06BOKT 8X @ ( &) 3anasa MeTpi~
Ka f (P,¥) , MOHOTOHHO UHBApMAHTHEA B ysrcoﬁ MapKOBCKO# Ka-

TErOpHH, TO

RICR R L Ro) - 18- -vl, o

8
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rge |  — | — nonnas Bapuanud (clefoBaR HODME) PA3HOCTH

- , 'Re ~ pacnpeneneHue BePOATHOCTH HA anredpe G ABYMA
aTOMaMH , _ |
Ry: { R:01=80 , Rws 0) =14-0 f . (5.2)

Jayeuaine. ECJAK WETDMKE § HE cuuuetrpnqﬂa, T0

P(‘P,"f_) 2z '@ -Y|- min { ¢ (Ryz'> 4/4): g (RAM ’1?1/2)}
| Honaaamexscrso. Tyers H= &% ® &7 - pacuenuenve
78 A7EpHOro omeparopa b - W ., Cyxenue COCTORHAA HA ABYXATOM™

Byl OyneBy anreCpy C aToManu g g &) newmum 4.1 - BUONHE
OMOKMTENBHCE MADKOBCKOe oToCpaMenue. OTcuad 9 (&, ¥) >
:’}P(§red, red) " Icp Vl "'éred :q"'l*ed.'
(reZ0BaTENbHO, AOCTATOUHO AOKA3ATH TEOPeMy AN pacnpene:uelmﬁ
pepoATHOCTER HA ZABYXATOMHOA dy;ueBoﬁ anredpe. Kaxzoe pacnpezene~
Hue BEpOATHOCTEH Re HA Heﬁ onmuckeastTed (5.2) BepOATHOCTHL
nepBOTO aToMa R(w, ,0)=6, O0< @ € 1, MaproBokuft BHZO~
uopdi3M GOBOKYMHOCTH {Rg , 08 % ‘4% onucmBaercs abduH=

4HM orodpaxenuem orpeska {6 : 0< 6 <1} B ceds, llpy aroM
IR, -~Rerl=21687-06"1. (5.8)

Neuna 5.2. Ecmn O€ 9 6’ < 9 S 6, éi T0 MEPKOB-

cunit sumoMopduaM [T COBOKYHHOCTH {Rg} c ua'rpau;eﬁ

-8 e-8)- (- -6/)(1-65) w-07)6”~(-66L

62 - 6 6; - 9:
| #” 4 v (S.LI-)
ol (1-80) - €/ (1-6:) A 0, ~ & o; |
/ / .
o, - 8 el -] )
. QToOpaxaer 'Re B 'Raz/ ' R ’ B 7?9” o

Cnezcreue. Ecud d( ®,V) - uouomonm.m uaaapnaﬁ'r y3~-

Xoft MapKOBCKOR xareropus, TO.



a3

f.('R ’, ) 2 f ('R ,,_ ’ ,, . B yCROBHAX e,
. Jeuua 5 3, fNyers 0=6, =1, 0= ‘I/- | 94(‘-" &, q,k
Torza MapPKOBCKHO SHZOMOPGH I coBoKynEOCTH I Ret ¢ uaa-pnuaun '
" R

Wt = (¢ A9 ) o (5.5)
o'.codp'axam no npasuxy Ré w" o= R.g'*.,u". . Tipn aTomM e
R - R .. k=) R "R: R

sy 6.~ Re I = 9" “ 6o a (5.6)

0Ce neMMH ZOK83HBANTCH npocmma Bmmc.ueﬂuﬁuu. Hepeﬂnen K KOK&-
hawe.nscmny reoperi. Nycts Pred = (Po 1" 0 ) |
Vnd =(p . 4" P:) 6y = MpX {pe,pPe, ¢ Pi 2 4= Pa}
He orpannuuBad OOMHOCTH; MOXHG cudrars 6 ='p, ' . B npOTHBHOM .
cIyyae NepeHyMepyeM HCXOZH (4TO0 ONKCHBACTCH oﬁpamnmﬁ ME8DKOBCKUM
or’odpa’xenneu pacnpezeneHuit) iy NepecTasdM SPTyMEHTH. _3auemim-, ‘
cBepX TOr'O, YTO Mpu P, =, HEPABSHCTBO TPHBHANBHO mnoﬁméuo. :
MosToMy M MOXSM ctm'ratrs. uro 80 =p, >p, B 6§ = ﬂ > 142 .
OGosHawaM ¢ = P, P,~ t <1 M TOCTPOKM r'oqﬁulet = ea-°9,* '
k=1,. 4—_ , TIe B, , > é,' y 8, <Y . o, TEE
YyTO q, - 6, 1y, * = 0,4,...,v-4 - . Ilo MOHOTOHHOCTH
L " HepaBeHcTBy TPeyrONBHAKA, CHEGACTBHD 13 neunu 5.2 ouemce
(5.6) - S |
v f(cpred! red) > ?(RB ? e )*" +P(R91£ -Rev) 2

3?0?9: 8; ) Z ?(R'i/g') 1/:;),‘

. . -'i-'.‘ : '. . N -.
qlér’ed—?redl ;2190—911‘,’."‘"4.-2(1/ -’Qq__i-eylf
<816,-0,1 58"

Tonexks NepBoe 3 HEPEBEHCTS HE Bropoe, moayuaew (5.1) anf. AByx- -
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_aromi&.,{ pacnpez:enemn Bepomt{ocmeﬁ q;c ¥ 'rpeciona.nocb. Laa He- _
cnuvsemmuﬁux paccroﬂnnn uoxem 5&% : p., > pi . Torpa HaZO
crpowvr; chxn 9 = p 1, ’ rne 9 7/ P, P, i
5, Hayquu cwpoenue BG?SCTBGH*IH}C pynxumil uorepb L (‘i’ "I’) -

B amaq& eueurm cocroannn. uu npeznc.naraeu, aTo tI):fHKLII!H L _
Zang a: Bccx uaaamatrax octbemoa ges (.‘b) -, Heurpnuamenua.

L.(cp 2)=0 ; 4:#1! = L(‘P “i’) >0, ~ (6.1)
M MOHOTOHHA B yaxoﬁ KaTeropurs. o |
L(en,¥n) < L(2,7). - (8.2)

Mu nonycxaeu, yTo L NOXET NPUHKMATH 3Hauenue + oo ,
Paccuorpnu cnepBa- 3HayeHud f(ac 3) L. (R , 5)

nByxa'rouHoﬁ Gynesofl a.nredpe. -

_E_H_lli.ﬁ_ol:. dynrupa 2 (x, ‘J) Haxnanpare Os:z:,g.si
rox_;qecnenno paBsHa Hyao HA Zmaronany x =Y # CTPOro NOJOXUTENH=
H& BHE HeE. SYHKIMA

'4"(2) = inf - (=, y) o :
lx=-yl2 . ' (6.3)
MOHOTORHE H c'rporo NoNCOXMTENBEA TPK R > O . f(O) =

I[o:caaarenscmo. Mepeue ABA YTBEPREGHUA crefyer #3: (6 I),
a8 MOHOTOHHOCT® )Q caenyeTr H3 onpezxenennﬁ (6.3). PaccMOTPHEN no;u-
NHOXECTBO Q(%) {(x,g) lx-gl ,0sx, »Y <4 } . Uno ROI!IIalt-
THO. MlO3TOMY, cymecrnyer cxonﬂmaﬂcﬁ NoCNeA0BaTeNPHOCTS

(%n, Y0 ) (x Ly )e@) , fim: E(oc,,,g,,) —f’(z)
Iycrs x* < g . Bossuex 1wGofi OTpE3OK [3:0 . Y0] raxoft, wTO
S ¥<x, <Y, < Y™, Torza [:t,,,go] < (., y.]mpn n3 R,
‘Oiccn;qa Z('x ;%0 6(%,3“) apE N 2 A, , H a
0<lx,,y,) ¢« £(z) . Beam x> >y, nposesennoe paccyrae-

HA® HANO npumennTs K orpeskau peza [ Y , ],



Teopena 6.2, EC}"H 3a._aﬁﬂaﬂ ;—a Rsanparax o6vexTon & (I,)

Gy L. ,Y,J,OB?‘E"'BOPHBT yCJIOBHF!M (6 1) u (6 2), T0

Lew s fe-vi) (6:4)
rae QyHKUAR {i(‘:'c) " s OMPEZEISHHAA: q)opuynoﬁ (6.3), nonoronna e

-;-_cmporo nonoxmema rrpn >0~ F(0)= 0.
,‘L[oxaaarenmrsa. o MOEOTOHHOCTH. L7 w neuve .1, npnue-

— X PasHOCTH ($-V)e Ly , | L(®,¥) >
L-(él'td’ I"ed) k4 (C"j’rd_ r?,( l) f(,é YI)

'rne cpeaxee Hepasencrso BHTEKaeT M3 xeuMy 6.41. _ ,
Ecan woHoronnan gymmms F(®,¥)  mwecro (6.1) y.xonner-
BOPAET YCHOBKD F(P,¥) + F(®, ‘f) - npn PLv |, o )

F@wse+f(13-¥1) e c=F(2,E)=F¥,¥), a
' pynmumua § nocTpoeHa No (6.3) ma L (8,7)= F(&,¥)-c .

7. HHBapraKTHHE puuanonu ‘METDHMKH O0COCEHHO HHTEPEeCHH Teu,
‘o ompefensibmue KX IKBABEDKAHTHHE AMQPEPEHUHANBHHS KBAEP ATk UHHE
(opMH MO3BONANT BHIMCHBATH UHQODMALMOHHHE HepaBeHCTBA, CK. [13] .

Puxcupyem KaKoi-auéo coﬁcfrnenmﬂ gasuc AAEPHOrO oneparopa
cocroina @ , H = & x* . Buem € Oyzer OMUCHBATHCH -~
aronansHol warpHueft diag <{p,, Pe sess > 1 THO p;: = '(p‘." - -co0-
CTBEHHHE uKCI&, B 3rom xe O0asuce zmtmepeuuuan d@’ GyzeT ONMHUCH~
 BAaTBCA 3PMMTOBOH MaTpUued co creZoM HYNB:

de) =g/ +ip, . (7.1)

rze £ M P - BEmeCTBEHHHE M MHMMHE UacTH -rnddepeHnnanos, a

cumpon d  onymex amA ympomenua oGosHayenuil, Hmewr MecTo CBA3H

k !k £ ‘ T
5y = 4‘,34='?HV*:3? 2:=°V*; ZE:=O.~ (7.2)

Tannu odpaaou, TMONHYK CHCTEMYy NUHEeHHHX BBIL[BCTBBHHHX ROOP,’RHH&T B
k .

. Kacarenbﬁon X @’ ‘IIpocTpadcTBe 06pd3yHT HBPBMGHHHB ’5’ ¢ 2 ¢
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mpy k<€ , & Tam BCE nepeueunue 'gk , EpoMe OzHOR M3 RHX.

Hns ynponenua yZoCOHO 3alKCETh UCKOMY® KBazpaTHuHyb fopuy t:epea
'BCO Et s CM, [5] ' c noumn Roaix{munewron W,V ,wW Noxnfp-

Hoit OununedHoOH Qopusi:

- witsist e e Toitsial < T giaf o 0

' npocwemme BITONTHE 1O OXHTEBHEE napnonc:cue oroﬁpateuua
‘ xeﬁc'rnym no tpopxsme _ . : L
* R o |

Plig = 885 (1“‘ )—-(5;,-5,.) N ()
rie 5 ‘yuurapHui omeparop. OTo0paxeHne il g oqenmu{o, odpau-
MO, M P ~ éws y d§~d<PUJS . |
' _ Jlemca 7.1. Ecam aRpPepeHiManbHal Kpagparranas opua (7.3)
yHEMTapHO nHBapranTHE, @ (d®) = Q oy (dUR2U*) , =0 oxa

 7OMAECTBEHHO DaBHA

Zu“g; '+ Z(u"‘ﬂt‘)? ’s’ (7.5

c2 X wi [ ir]

I[orcaaa'.eenbc'rno. JIycTs CHMMETPHA - S ects oTo0p.axeHue nep-—
Boit ocu Il . OHO MEHAET 3HEK y SJEGMEHTOB nepBQﬁ CTPOKM M NepBoO~
1O c'ro.ndua, Kpoue AMaPoHamBHOTO. TaK KaK (€, di’)ﬂ(‘f’lﬂs, déws)
'ro 3Haqem1e Gopams QQ coxpansiercd, ¥ OHO TOXAECIBEHHO PABHO NO- -
AyCyMMe - KCXOFHOT'0 Q W BWDaKGHUd, OTAHYamerocd SHAKOM MHHYC
'_' npu YjeHax, B Rowopue uHZAEeKC I BXOZHT OJIHH WM TPH pasa. B mony- |
cyMue 31U UNEHH B3 AUMHO - yﬁnqwoxam'cﬂ, a oCTanbHHE COXPAaHANTCH. -
,Hpozenaeu 3TY onepan;wo nocne;rosa'renbao npn BCGX k=1 2,.-.,

- B pezynma:ve npuﬂeu K tI)opue Co



17

VNI RY Gk ki e k
Qg (dP) Z“jj (E}) .|. Z(t'ik+“k;')§j gk +__
o ' (7.6)
+ 5 Wi (£3)% 4 széi gé'-zf 4 7 et ( J'-)?f
ukk(gk) kg 2ktk k& 7x) >
rpe Bce ZBoAHHE CyMMH B3ATH IO NapaM 3 < <,
Teneps NMPUMEHKM K APTYMEGHTaM $ u d <P onepanumo IOBOPOTA
nepsoft "ocu" B cebe, ‘MHAYIMPOBALHOTO yMHOXGHMEM Ha MHUAMYD eAuHL~ -
. CHoBa ycperHAf NONY-

i - 4 S o i
ny. OpH 3TOM E* - pl o pl - x wor
£, 7, W oobemuieM

YeHHWE DE3yAbTaTH, yMHOX&EeM WIEHH MDY
CI1ar BEMHE (’é: )%+ (94)? . Ecnn B mexoxuoll (JopMe MOTOKMTH BCE
'Z: -0 , TO K3 - KHBapH.aHTHOCT'H hOpMH Q mofy4aeu

Wi = w~i% . Mpozenas MOBOPOTH MPH Boex § = 4sZs 1 s

npuxonuM or (7.6) ¥ (7.5). _
TeopeMa 7.2. Ecnd ZuddepeHuManbras KBaZpaTMUHAA (dopua

(7.3) MHBapMaHTHA B y3KOH MapKOBCKOf KaTreropuu, TO OHA TOXKECT~
BeHHO P&BHA

)= - : ' 7.7
Qpd®) = ¢ 2 (R) )+ 2 é%( c(py b lded 12, )

TIe c(ac,g)-q)ymcuuﬂ B 00NnacTH .0\soc,g'-€9c+}é' 4 , [pH-

géM C(x,x) = caxt, clx, y) = c(y,2%).

LoKa3aTeNECTBO. B KOMMYT &TnEHOHA TEOpMM MHBEDHAHTHEA DUME-
HOB& METDWKA SIMHCTBEHHA € TOUHOCTHD .AO uHOXUTENA. OTCURE 1O
{7 T ik _ : Kk
(I.30) Ui, =0 mpr f#Fk, Uy = ¢/ Py , ¥ TepBHE
zBa caaraemsse (7.5) AapT NEpBO8 cnaraemoe (7.7). TlocTponM TENSPD
MapKOBCKOE OTOCDEEEeHUS W s & (&) ra &, , =@’(l‘§r(im9'

at*)eC) no gopuyne YU = [ @ Y,
F= (e, +EOV(EE) , y=tr ¥ =¥} -t , @8
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u orodpaxenne X : &, , — & (L5)

Frey)X = y(H-E-E)P(H-E-E). (7.9)

Jlerko nposepurs no KpuTepmo (3.4) KX BUOsHE MONOXHTENBHOCTH. Ha
-oneparope P u audpepenmmare d P = Ei' oro6pamesns [/ ®

Y{ BBaAUMHO odparnu, Y(P) -—=i-—pj —p, » Orcuna uf{i () =
-u’-‘ (Pw) = r” ( BisPa) o MocKonsEy NMepeHyMepau#a oceft
I'.“" @CTE ynnrapnoe npeoﬁpaaonaﬁne, T0 u.” (x,4)=c(x,y).
~ Eom p;=p , TO ZNCOR MOBOPOT MIOCKOCTH 1@ x*
‘ocTaBiRer <P \ nnnapnaara&n. nosopom [T =a 5/ nepeBouT
e = (E ,2x) 3 420 = wi Vi ) TJ ’Ep‘ Z,J Ty "-aﬁl.
Yro naeTr ¢ (p,p) =¢c /p.
JieMua 7.8, FEonu yuBapuaHTHAA InQepeHIH aNbHanA RBaz:p'émnq-'
Hat JopMa Qs NGO HENPEPHBHA IO $ , ro gyuxuma c(oc, 4)
B €¢ pasyoxeuuu (7.7) HOZOXUTENBHO ONHOPOZHA B MUHYC mepBo# cTe-
NeHK ' -
clx,y)=2e(Ax,2y); VA:0<A<(x +y) 7 (7.10)
KoKasarTenserBo, P acCMOTPMM MADKOBCKOE OTOSDEXGHHE PasMio-
xema [1: G (L) = G(B'® Z(%n)) , ZIefcTByrmee mo Gop-
My7e - o
v -ve 4, . - (anp
OHo oSparuMo Ha ofpaze G (%) 1 . lo KOHTPyEHTHOCTH
(&, dP) u ero ofpasa | '
e(x,4y) = n-c(xnt,ynt)=v- C‘.(x_v"{ , 'j\"i)
OGosmauan x’= x "% Y ‘= yn - .- IpuxoznuM Kk (7.10) ¢
. pampMoHanBHEM A, &ipanémnaoqrs B o0mEM CHy4ae CAeAyeT 43 Hell-

DPEPHBHOCTH. _ _
Teopema 7.4.  Berxan AHBapUaHTHAA ZuddepeHnManbHas KBagpa-
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TuHad fopMa co caoﬁcmou(’?.iﬁ) B Ya8CTHOCTH cnado HenpepHBHAHA,

YZOBNETBOPAET MPHHUMIY CIOKGHUA MHQODMAIMy

NloKasarenrsCTBO. BuOepeM COGCTBEHHHS Ga3HcH 0Oneparopos
P = d‘-33<Pi,Pz,... u YW=dcag<qg,,9,,... > « B
TGH3O0PHOM NPOU3BEACHAH STNX 0a3ucoB TOABKO MATPHULA nnmepenunana
| d(F eV)= & @ (dv) + (dP)® Y  uweer muoro Hynei,

Qg e¥]) ='Z (p;,gk)-if p, dvl + 94 dﬂf‘ J% +

' +z§£ c(m%,ﬁwlPtd‘f"‘la-*Zch(a%Pa% /‘hd%/‘f
k<t t<q; '

< (g 1Y+ 5 )T Hae 1P

’2-

+Q Z <(9, »%¢) [dy; [ +2 Z c(P:,Py) ,‘{‘f’a
rze MH BOCIONB30BANUCE [P ABHIOM (7.10) X PaBEHCTBAMH

;Pc:z_"qfk-:i’ ?d‘f’ézz‘i‘f’k'{'

8. Ecn® NpeANONOXATH, UTO PUMEHOBA METPHKA C opmolt ' (X
He TOABKO MHBApM&EHTHA, HO H MOHOTOHHA B KaTeropuu, aAnd Koaddumm-
enra C(,Y) @gopws (7.7) MOKHO yK83aTh OLEHKM.

~ Jlevma 8.1. FEciu MeTDUKA MOHOTOHHAE, TO
c(x,y) > 6% c(8x,0y) , V0 :0<0<4. (8.1)

CrnezcrBe. B yCmoBAAX nemmu cBo#fierso (7.10) BHMONHACTCA
npu Bcex A 0eé3 TpeGopaHuA ciadoil HEMpepHBHOCTH.

JoxasaTensCTBO. 3AAAMMM BHCNHE MONOXKTENBHHA MEDPKOBCHUM
sunomopduam |l coBorynHocTH @’2_,1 =& (L-(?fz_) o C )
cocronnut ¥ =P e g A trP =4 , Qopmynoft

g T —
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Yi=6P & [¢+U-B)trP] . (8.2)

Ero MOXHO TNPOZONEMTE X0 3HAZOMODYM3MA COBOKYNHOCTH Y (.’r’f;,-) =
5@, onucuBaeuoro B.Gasuce H,& (=, yerupe - marpuueit
’ .

TPETHEr0 MNOPAZKA

8 0 O 0 e 0
o0 o 0 o0 O O
0O o 1-6 oo o0 '
.E)._O__E).*—__OOO'I
¢o 0 0 & 0 O
O o6 ¢ i Q0 01-9. _
Sm T T T T T T oo
‘ [
.' I(:)O‘.L

. E& BrnonHe MONOXMTENBHOCTS BHTEKEET U3 anmépufi (3.4).

Ecag P =diag<x,y,1-x-g> , ro Pli= dia‘g<&x,93,i-&x-%w
AHazorauso, d‘i’:(;’,g’)e 0 = 4P =(Ffr ng)e O =8d%,
QTcuza No NpSZNOAOXEHHOR MOHOTOHHOCTH Géw (dduw) = Qg (d&)
cnexyeTr (8.1), uTo ¥ TPeGOBANOCE.

Beuzy omHopoaHoct# (7.I0) dymxmuw € (X, Y) ecTECTBEHHO
OHEHMTH HA I'DaHANe OONacTM 3ajaHud, T.e. Ip¥ o +y = 1,

y=4-a, x,y >0,
Teopeus 8.2. EcaM pUMAHOBA MeTpMKA ¢ MOHOTOHHAR B KaTe—

TOpHM, TO BHITONHEHHW HEPABEHCTBA

el %) s e(x,1-x) £ ¢(%,%) /4z(1-x) , (8.3)

2

x>x’z 4 = clx,i-x)z c(x’,1-x7), (8.4)

Ce(x,d-%) o de(x,i-x)
2 ' > ) 3 : 8.5
1 - / T dax (8.5)
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JKOK438TENBCTBO BCEX JTUX HOPABEHCTB NPOBOZMTCAH 10 OZUHAKO~
BOMY [78HY, TOAGOPOM COOTBETCTBYWUETO MEPKOBCKOPO 3HZOMOpduaMa
copokynhocTd & (¥ LJC,,__)) . Nyerp x>% >4-x ., Paccuor—

puu sHpoMopduaM (1 ¢ uernpe-uarphuei BTOPOr0 .TOPAZKE

I A U
o - _A_' - r - e ,_.—- .._t;‘_-_","‘.a L e =."'-.':" .
0 & b 0 /
i- o 1 o 48 /
Ona BNOJHS nonoxmenbua' npd BCEX Ge [ 0,1-] . Ha.onepa'ropu ¢ uar-
puned diag (=, 1-x) Ze#cTBYET MO dopuyxe [dcas (:z,'l-:Jc>] f1=
x diag {x-%4, 1-X +8A) , P8 A = x - (4~x)=2x-4 > 0,
o ﬁpemonoxennn. A nns BeuecTBeHHOro audkpepsHiMana d$ = ( -,:j g‘),
dfn = 4@ . Tax xax np¥ uswenemuu & or C xo i',a:’=:z:-3A

npoderaer Bce sHaueHMR B MHTepBame [x ,{-x] , TO orcuna, 10

MOHOTOHHOCTH Qéﬂ ('o[éﬂ) < (lq, (d®) , caenyer (8.4). B ua .

cTHocTM, mpH O =44 , momyuaeM 16B0oe HepaBeHoTBO (8.3).
PaccMoTpuM Teneps npu 0 < x < 4 asEAOHOPOUIM K. c marpa~-

e

’ | _ :
. x 0 ' 0 Ve (4-x)
0 f{-x =A%) o

— —— | — —

4 6ro ZeilcTBMe HA ONEPaTODH A IuddepeRUMANE YKA3AHHOTO BHEE BUAA.
Hueeu diag % » %> K = disg (x,1-x>, d&H = 2yxli-x) d2.

BuNicAHHAA YETHPE—-MAaTPUIIa BIONHE MONOXMTENEHA O KPUTEPHN (3.4).
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Orcoza, o MOHOTOHHOCTH METDHMKM ¥ cBo#AcTBY (7.710) monyuaeM jeBoe

HepaBeHCTBO (8.3).
HaxoHen, paccMOTDPHM 3HZOMOPEH3M UL ¢ smom#e nomoxurens-

ot mpu 0 < & <1 yarpunmeht

, :
o o0 , © 0
_____ —‘, - - - = =7
0 o - 0

Ha uHTepecyouue Hac omeparopH k auddepeHunanH oH ZedcTByeT mo

dopMynam

[diag <o, 4-x>] UL = diag <ox + £({-x), A-x)(4-8) D,

d..‘PU.L = J1-% dé

- OTcKAa Mo MOHOTOHHOCTH NTONYYaeM

c(ax, 4~x) 2 G-&)-c(x-p-ﬁ(bx)-, i-—x—&fi-:)c)),
Belae+f , 1-x~8) > c(x+8,4-x-8) —c(x,i-x),

rie § = & (4-x)> O MogennB ofe yacTu Ha & , NPAXOZMM K

HepaBeHcTBy '
Q(:x-{-&‘,i—:?c-s‘)
1-x &

Clx+8,4-x-8) ~c(x, 1-2)

W

Bupaxenue cnpaBa HEOTPALATENLHO. BWpaxeHue ciesa OI'DAHMYEHO 110
(8.3) mpy anGoM & < 1-2 ,- T.6. & <4 , H MOHOTOHHO yONBa-
8T 10 (8.4). npH é"J, 0 . Ec,na npe.ne.n CHD&B&. CYWEeCTBYeT, T0 OH
.' "annﬂercﬂ npasof TP OH3BOAHOMA n Jmﬁ' Hee Bﬂncmae}m H&p&EEHCTBO R
(8. 5) Tak xak !IWHEHHH c(x,{- ac) uonomonna, TO OHA UMEET
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NPOU3BOZHYI NMOYTH BCXZY. B HMCKAWYMTOABHHX TOUKEX BHTONHAGTCA AHA-
AOPKUHOE HepaBeHCTBO AAA JoKanbHOH KoHeTauTH Jnnmkna. Teopema zo-
Kazana. 3
Tax KaK COBOKYHHOCTB CJ ( J=) sunyxna, TO MOXHO paccua*rpn—
BATHE 3HAUCHAA KBAADATMUHHX QODM «? (-) He TomBEO o zr.n@q:epeﬂ-'
K808, HO ¥ OT KOHEUHWX Mpupameruil, Jlad maccnqecxoﬂ guwepoBCKOR
augopuamy (r.e. ang . D P, xoumyrupymuux ¢ $ )
Q% ,%(amw]) ¢m@)'+ Q, (a¥) +
+ Cg(88) - Uy (O] . - (88
Teopema 8.3. EcaM 3a2amyas MOHOTOHHYN [MMAHOBY ue'.rfmzcy'_ _ |
KBazxpaTnuHan dopua & ynornerBopsaeT OCOGUEHHOMY NPHHUMNY CHOXe-—

1A vHpopMamuH (8.6) NPE JNNGHX CaKOCONPAXEHHHX NPHPaleHHAX ﬂfP' )
uAY , To orBeuamyad e PyHKuMA (:r,y) yaoBaeTBopAeT GyHKUMO-

HENBHOMY YPaBHEHHN

C(P“'a‘i"') + ¢ (PV »‘V"') = ZC(P"}) ) c,(bL,'U'l_) - (8.7) '
IPK BCEX ZOMYCTUMHX 3IHAUEHHAX aprymesToB |
0<F,?/<,n+c;,..‘ L 0 u, e Uty <1,

JoxasarearcrTBo. IlycTs <I> = diag ¢ Py Pas- ').,

Y =diag (44,9,,... > , npupanenne A® cBozurcd x HommaroHanb-
HOMY BO3MYIEHHD Atp; = Anfﬁ . -ananormuro A Y. , A\[‘J‘=

= Ayl . Nockomsky
A(deV¥) = @e(zw) + (%)oY + (A%) @ (AY¥),
Aoy (2[20Y] =2 clpgur hvo) [m Ayl 4
+2ZC(P11P9P3 ,,)[:;PMJ [* + 2[c(p %,p}%)

+°(P~9’E’P;%)] ,A‘f’ [ A‘le{
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Tak xak. 3. p, -=Z% =4 , to, muHOCH [ M g5 TO mpaBuny
(7.70),,MH TPUBOZMM NIeDBHE ABA NPABHX CJAraeMHX K-BUAY.

26(4409) (A7 = Qu V)5 2¢(p g B0 7= 05 (29)
' O:t'cnna. ,ecnn (8 6) Bunorﬂﬁernﬁ MOCNENHAS CYMMA B KBEIJIp&THHX
cRoGRax norxna npnsoanmscﬂ K TIPOM3BEACHAD, T.8. COOTHOUSHNS '
(8 7) HOTKHO BHIIOJIHﬂTbuH. HeprJIHo BHRJIE!JIKOH NPOBEPUTH, YTO yc—
noBHe (8.7) HBJIHB'I'CH ¥ ZOCTAaTOUHHM zulﬁ BHIIOJTHEHURA (8 6).

Jlesuma 8.4. diymc,morlanbﬁouy ypaBHeHmo (8.7) Y)IOBneTBopﬂroT

Gy HKIHE _ |
‘ " ol —-ol -t of ]
clu,v) = c-[u. oo uTT v ] (uv‘)ﬁ . v - {8.8)
np¥ JNOOHX BeweoTBeHHHX o ¥ f- . OHY BEUECTBEHHO OZHOPOXHH B
WMHYC NEPEOH CTENEHH MpU @ =- i/z L Iipn O£ X <42 oaru

nocneHKe YAOBASTBOPAKT HEepaBeHCTBY (8.3)
JoxasaTenbCTBO CHEXYyeT M3 TOXAECTBAS

-[!&"‘v“f" o] [prg T+ ‘VLJ:
= [pu)* Gv) ™5+ (g™ ] + [(pv) “Qu) T+ (p0) gu"]

B yacTHNX cnyuanx uMMeeM, CH. [ZZJ ,

Qg [d$) = ¢ tr f‘P"‘ (d@) ] o = 1/ |

?

Clq, (d@) = c tr [(d‘I” $™" (42 ‘P‘Ua] L =0,

OZHaKo, ZoKaswBaTh, 4YTO 3TH QOPMH ZeKCTBUTEIBHO NOPOXIALT
MOHOTOHHHE DMMAHOBH METDUKH, M HEe ymeeM. Bce Hamd mocTpoeHuA Oh-
M HeOGXOAMMNMHA, HO HE Z0CTATOUHHMA. OIHAKO, TO, UTO MX YK&ETCH
3amucaTs B‘Bumeyxéaaﬂﬁux OTEPATOPHHX TepMUHAX, NOKA3HBEET UX YHH-

TapHY WHBADMAHTHOCTR.
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9. Tecpewd 5.1 ¥ 6.2 TOKa3HBawT, UTO TONONOT'HA, TIOPOXZa-

eMasd paccTosdHWeM Mo Bapuanuu, fBIAETCA caMolt cnadoit U3 MeTpuvec-
KX Tononoruﬁ,'nnsapnanwﬁux OTHOCHTENBHO KaTeropiid M3pPKOBCHHX
orofpaxenuil, B 3TOM CMHCJE OHU ZAaNEKO oGoGuanT pesyneTarH pagor
[23] [3]'. Bocnonp3yeMcs MMM ceifyac ZnA pacuupeHud Hawero BhHl-
BOJZ A [24] 0 Heuoppeurnocwn Knaccuuecxoif ooparHod sazauu TEopUH
BEPOATHOCTEH — 3878YH OUEHHH pacnpeneneﬂuﬁ BGPOﬁTHOGTeﬁ cnyqaﬂ-
HOW BEJMUHHH O nocnenoaamenbnocmu g6 HESaBUCHMHX HaonwzeHui -
5, 5-- yE pyq... 1DH OTCYTCTBHM BCAKOH AoNMONHUTEIbHOH anpnopﬂoﬁ
uHPopMaLKK O STOM pacnpezeseHitu. Kax s moxasany [24] y €CHH mor-
PEmHOCTH PEUeHAA M3MEPATH Bapualueit PazHOCTH |'E’*3-f9| , T'Zie
F;? ecTh OLEHKA pacnpezencHus I , TO AnA AWGOH MOCTEACBATENL~
wocru pewapuux mpasut (1, (8.,...,Ex) » M =42, HAH-
neTcsA TaKoe pacrpenesneHue P , na Rowopoi NOCNEZOBATEABHOCTE
f1N, He cocToATenbHA. B cuny HepasencTs (5.1) u (6.4) ara Hecoc-
TOATENbHOCTD COXpaHuUTCH, OyAeM ¥ MH M3MEDATH MOIPEWHOCTH apyro#

MOHOTQHHOH MOTDMHON WIJIH .Xe uapFoacxn HOHOTOHHOﬁ ¢yuxuue#f moreps.,

MoCKOBCHKMHR PocyZapcTBeHHuH yHUBEpCUTET KM.M.B.JOMOHOCOBA

WHCTMTYT NpuEiazHOl MaremarurM uM.M.B.Kenzuuma AH ccep

-
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