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Classic convex body rolling without slipping on a plane

Nonholonomic system

Configuration manifold: Q = SO(3) X R?
(B,x) € 0

Nonholonomic linear constraint

Phase space: dim 8

SE(2)- symmetry on plane




Classic convex body rolling without shipping on a plane










Equations of motion:
M=MxQ+mpX(QXp)+mgpXy ® No invariant measure
y=QXy

® Generally chaotic
M =1Q+mp X(QXp), p=py)

First integrals:

1
H= 5<M, Q) —mglp,y), lylI*=1




Equations of motion:
M=MxQ+mpX(QXp)+mgpXy ® No invariant measure
y=QXy

® Generally chaotic
M =1Q+mp X(QXp), p=py)

First integrals:

1
H= 5<M, Q) —mglp,y), lylI*=1

For it to be integrable we need:

® 2 additional first integrals
® invariant measure.




Integrable cases



Integrable cases

Body of revolution (Chaplygin, 1897




Integrable cases

Body of revolution (Chaplygin, 1897

Routh’s sphere (Routh, 1834)

ply) = —ry — lE;




Integrable cases

Body of revolution (Chaplygin, 1897

Routh’s sphere (Routh, 1834)

ply) = —ry — lE;

Chaplygin sphere (Chaplygin, 1903)




Integrable cases

Homogeneous sphere




Integrable cases

Homogeneous sphere

L=L=L 0=C Moves in straight line
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What happens if the plane

is moving?

- Lose energy first integral
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What happens if the plane

is moving?

- Lose energy first integral

- Moving energy

(Fasso, Sansonetto, 2015)




Homogeneous sphere on rotating plane

Equations of motion:

M=MxQ
U=—-r(y XxQ)+UxQ

y =y XL

ny X U

1Q 4+ mr?y X (QXy) +ny X (y X U)

M =

First integrals

=0,

Iyl (U,7)

1M1, (M, 7),

1Q + nU||%,

Emov’

Invariant measure

dMdxdydy




Homogeneous sphere on rotating plane

Equations of motion:

Integrable

M=MxQ
U=—-r(y XxQ)+UxQ

y =y XL

ny X U

1Q 4+ mr?y X (QXy) +ny X (y X U)

M =

First integrals

=0,

Iyl (U,7)

1M1, (M, 7),

1Q + nU||%,

Emov’

Invariant measure

dMdxdydy




Homogeneous sphere on rotating plane

Equations of motion:

Integrable
M=MxQ
U=—-r(yXxQ+UXQ—nyxU
y =7 XL

Moves in circle

M =1IQ +mr’y x (Qxy)+ny X (y X U)

First integrals

”M”2/ <M,}/>, ”7/”2/ <U7}/>=O/

E,pw 1Q+nUl7,

Invariant measure

dMdxdydy




Homogeneous sphere on rotating plane

Anais-billiard phenomenon

(Levy- Leblond, 1986)




Homogeneous sphere on rotating plane

Anais-billiard phenomenon

(Levy- Leblond, 1986)
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Homogeneous sphere in plane with symmetric vector field

Anais-billiard phenomenon

(Levy- Leblond, 1986)
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What happens if the shell of the

?

is moving

sphere
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What happens if the shell of the
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What happens if the shell of the

sphere
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Homogeneous sphere with rotating shell

Equations of motion:

M=MXxX
y =y XL

M = IQ + mr?y X (Q X y) —mriny X (y X E;)
First integrals:

IMI1°, (M,y), N5 E

moy

Invariant measure:

dMdxdyddy




Homogeneous sphere with rotating shell

Integrable Equations of motion:

M=MXxX
y =y XL

M = IQ + mr?y X (Q X y) —mriny X (y X E;)
First integrals:

IMI1°, (M,y), N5 E

moy

Invariant measure:

dMdxdyddy




Generalization

Convex body rolling on a plane

to plane and body shell

Add general vector fields
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x) €0

= SO3) x R?
(B,

=B(pXQ)+BV+W

Affine nonholonomic constraint:
)

Configuration manifold:
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Body of revolution with rotating shell
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Body of revolution with rotating shell

Equations of motion:

M=MXxQ+mpX(QXp)+mgpXy
+mn(p X E3) X (p + Q X p)

y =7 X8

M = 1Q + mr?y X (Q X y) + mryy X (p X E3)

p = (HiB)r L)1, L(r3)




Body of revolution with rotating shell

First integrals:

_ M, p) _ Q,
fi Vil + m{p,Ip)

U solution matrix of U' = G(y3)U, U(0) = Id

u solution of u’ = Gu + b.

G = G(y3), b = b(y3)




Body of revolution with rotating shell

Theorem (C., Garcia Naranjo, 2023):

First integrals:

||y| |2/J1/J2

1

mo

m 2
+3llp X (Q+nEy) |- — mr{p,y)

Invariant measure:

dMdy

Vil +m{p,lp)




Body of revolution with rotating shell

Theorem (C., Garcia Naranjo, 2023):
Integrable

First integrals:

||y| |2/J1/J2

1

mo

m 2
+3llp X (Q+nEy) |- — mr{p,y)

Invariant measure:

dMdy

Vil +m{p,lp)




Routh's sphere with rotating shell

First integrals

711,
1
Jl - 7<M7P>/
L L\/m W 1)
— —ry—[E J, = Q, +n| ———=arctan - K|
,0(}/) Y 3 2 3 (I, — )32 (,, /m(I, — L) I —L

po= \/ L5 + m{p, lp)
1 m )
E,., = 5<ﬂ(§2 + nks), Q + nE3>+5 [lp X (Q+nEy)||"—mr{p,y)

Invariant measure

dMdy

VIl +m{p,lp)




Routh's sphere with rotating shell

First integrals

Integrable 7117,
1
J1 — 7<M7p>/
- B II\/m T ]
p(y) = —ry —lE; L= gy e ( G —L) > =t ||

po= \/1113 +m(p, lp)
1 m )
E,., = 5<ﬂ(§2 + nks), Q + nE3>+5 [lp X (Q+nEy)||"—mr{p,y)

Invariant measure

dMdy

VIl +m{p,lp)
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Equations of motion:

L#hL#L

M=MxQ
u=—-rByxQ)+BV+W

A

B = BQ

Theorem (C. Garcia Naranjo, 2023):

1Q + mr?y X (Q X y) +mry X (V+B~'W)

is constant in space coordinates

M
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First integrals
Invariant measure
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Generally chaotic




O
—
O
=
=y
9p
=
]9
L
=¥
=
=
-

Equations of motion:

W e X(R?)

M=MxQ

u=—rBy x Q)+ w

A

B = BQ

1Q + mr?y X (Q X y) + mry X (B~'W)

M =




1Q + mr?y X (Q X y) + mry X (B~'W)
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Chaplygin sphere

W = x ( Rz) Equations of motion:

M=MxQ
u=—rBy x Q)+ w
B = BQ

M = 1Q + mr’y X (Q X y) + mry X (B~'W)

First integrals

(M, a), {M,p), (M,y)

Theorem (C. Garcia Naranjo, 2023):
Invariant measure if divg,W =0

1
\/1 — mr¥(y, (I + mr?)=ly)

dMdxdydadfdy




Chaplygin sphere

Equations of motion:

M=MxQ
y =7 XL

M=1Q+mr’y X (Qxy)+mry XV
First integrals

Iyll% IMI*, (M,7)




Chaplygin sphere

Equations of motion:

M=MxQ
y =7 XL

No invariant measure
No moving energy

M=1Q+mr’y X (Qxy)+mry XV
First integrals

Iyll% IMI*, (M,7)




Chaplygin sphere with rotating shell

V = — ]/‘7]}/ X E3 Equations of motion:

M=MxQ
y =y XL

M = 1Q + mr?y X (Q X y) —m*ny X (y X E;)
First integrals:

7112, IM11%, (M, y)

3 dimensional level sets




Chaplygin sphere with rotating shell

V = — ]/‘7]}/ X E3 Equations of motion:
M=MxQ
y=rXQ
Generally chaotic
M = |]Q+mr2y><(Q><y)—mzmlx(yxE3)

First integrals:

7112, IM11%, (M, y)

3 dimensional level sets




incare map

Po




Equations of motion:

Poincaré ma
P M=¢e(kMXQ,)+MxQ,
y =¢elky X Q) +y X,



Equations of motion:

Poincaré ma
P M=¢e(kMXQ,)+MxQ,
y =¢elky X Q) +y X,

_ |IM]
e =

mr2n



e(kMxQ,)+MxQ,

}728(]{}/XQC)+}/XQCZ

Equations of motion:

M

Poincarée map
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Equations of motion:

Poincarée map

M=¢e(kMxQ,) +M X
y =elky X Q) +yXQ,




Equations of motion:

Poincarée map

M=¢e(kMxQ,) +M X
y =elky X Q) +yXQ,
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Homogeneous sphere
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Integrable
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Homogeneous sphere with rotating shell

We proved an analogous to the
Anais-billiard phenomenon




Conclusions




Conclusions

® Identified a rich class of examples to analyze dynamical
properties of affine nonholonomic systems

® Recognized a robust mechanism leading to existence of first
integrals (momenta)

® Found new instances of moving energy

® Observed integrable and chaotic behavior and transition as
function of problem parameters



Future work




Future work

® Role of reversibility in affine nonholonomic sistems
® Momentum first integrals for affine nonholonomic systems
® Develop a theory to frame these examples:

Integrability, perturbation theory and chaos of nonholonomic
systems



Thank you!



