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bm-Poisson geometry
We say a Poisson structure Π is bm-Poisson if, locally,

Π = zm ∂

∂z ∧
∂

∂t +
n−1∑
i=1

∂

∂xi
∧
∂

∂yi
.

A bm-symplectic form ω and the space of bm-vector fields are, respectively,
locally described by

ω =
dz
zm ∧ dt +

n−1∑
i=1
dxi ∧ dyi ,

Γ (b
mTM) = zm ∂

∂z ,
∂

∂t ,
∂

∂x1
,
∂

∂y1
, . . . ,

∂

∂xn−1
,

∂

∂yn−1
.
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bm-Poisson cohomology

Lemma — Let M be a bm-symplectic manifold with Poisson structure
Π. The Poisson differential dΠ admits a restriction to the sub-complex
ob bm-vector fields bmX•(M) ⊆ X•(M).

Theorem — The bm-Poisson cohomology bmH•Π(M) is isomorphic to
the bm-de Rham cohomology bmH•(M).

The Poisson cohomology is trapped inside the short exact sequence

0 bmX•(M) X•(M) X•Q(M) 0.i• π•
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A semi-local computation

Lemma — If U is the poset of tubular neighbourhoods of Z , the coho-
mology of X•Q(M) is

H•(XQ(M)) = lim−→U∈U H
•(XQ(U)).

• For any class [X ] ∈ Hk(XkQ(M)), the restriction Y = X |U determines a
class in HkΠ(U) because dΠ is local.

• Given a class [X ] ∈ HkΠ(U), we extend it through a bump function ψ with
ψ = 1 at Z ⊂ K ⊆ U and suppψ ⊆ U.
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The cohomology of the quotient complex

Theorem — In the previous notation,

Hk(XQ(M)) '
(
Hk−1Λ (FZ )

)m−1 ⊕ (
Hk−2Λ (FZ )

)m−1
.

Theorem — In the previous assumptions,

ker δk '
(
Hk−2Λ (FZ )

)m−1
,

coker δk−1 ' Hk(M)⊕
(
Hk−1(FZ )R

)m ⊕ Hk−2(FZ ).
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Corollary — The Poisson cohomology of a bm-symplectic manifold is
computed by

HkΠ(M) '
(
Hk−2Λ (FZ )

)m−1 ⊕ Hk(M)⊕
(
Hk−1(FZ )R

)m ⊕ Hk−2(FZ ).



Spectral sequence for bm-Poisson
In the notation of the a splitting ϕ : U → (−ε, ε)× Z , we set

F0 ∩ Xq(U) = Xq(U),
F1 ∩ Xq(U) = R ∧ Xq−1(U) + f m∂f ∧ Xq−1(U),
F2 ∩ Xq(U) = f m∂f ∧ R ∧ Xq(U),
Fp ∩ Xq(U) = {0} for p > 3.

F0 ∩ Xq
/
F1 ∩ Xq ' Xq(FU)⊕

(
Xq−1(FZ )

)m
,

F1 ∩ Xq
/
F2 ∩ Xq ' Xq−1(FU)⊕ Xq−1(FU)⊕

(
Xq−2(FZ )

)m
,

F2 ∩ Xq
/
F3 ∩ Xq ' Xq−2(FU).



Page of degree zero

d0 : R ∧ A′ + f m∂f ∧ B′′m + ∂f ∧ R ∧ (B′0 + fB′1 + · · ·+ f m−1B′m−1) 7−→
− R ∧ dΛA′ − f m∂f ∧ dΛB′′m + ∂f ∧ R ∧ (dΛB′0 + f dΛB′1

+ · · ·+ f m−1 dΛB′m−1),

d0 : A′′ + ∂f ∧ (B′′0 + fB′′1 + · · ·+ f m−1B′′m−1) 7−→
dΛA′′ − ∂f ∧ (dΛB′′0 + f dΛB′′1 + · · ·+ f m−1 dΛB′′m−1),

d0 : f m∂f ∧ R ∧ B′m 7−→ f m∂f ∧ R ∧ dΛB′m.

d0 : R ∧ A′ + f m∂f ∧ B′′m + ∂f ∧ R ∧ (B′0 + fB′1 + · · ·+ f m−1B′m−1) 7−→
− R ∧ dΛA′ − f m∂f ∧ dΛB′′m + ∂f ∧ R ∧ (dΛB′0 + f dΛB′1

+ · · ·+ f m−1 dΛB′m−1),
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dΛA′′ − ∂f ∧ (dΛB′′0 + f dΛB′′1 + · · ·+ f m−1 dΛB′′m−1),

d0 : f m∂f ∧ R ∧ B′m 7−→ f m∂f ∧ R ∧ dΛB′m.

H(E0,q0 ) ' HqΛ(FU)⊕
(
Hq−1Λ (FZ )

)m

H(E1,q−10 ) ' Hq−1Λ (FU)⊕ Hq−1Λ (FU)⊕
(
Hq−2(FZ )

)m

H(E2,q−20 ) ' Hq−2Λ (FU)
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− f m∂f ∧ R ∧

(
(m − 1)B′′1 + (m − 2)fB′′2 + · · ·+ f m−2B′′m−1

)
,

d2 : f m∂f ∧ R ∧ B′m 7−→ 0.

d2 : R ∧ A′ + f m∂f ∧ B′′m + ∂f ∧ R ∧ (B′0 + fB′1 + · · ·+ f m−1B′m−1)
7−→ 0,

d2 : A′′ + ∂f ∧ (fB′′1 + · · ·+ f m−1B′′m−1) 7−→
− f m∂f ∧ R ∧

(
(m − 1)B′′1 + (m − 2)fB′′2 + · · ·+ f m−2B′′m−1

)
,

d2 : f m∂f ∧ R ∧ B′m 7−→ 0.

H(E0,q2 ) ' HqΛ(FZ )R

H(E1,q−12 ) '
(
Hq−1Λ (FZ )R

)m ⊕ Hq−1Λ (FZ )⊕
(
Hq−2Λ (FZ )

)m−1
H(E2,q−21 ) ' {0}



Theorem — The Poisson cohomology groups of a bm-Poisson manifold
are

HkΠ(M) = HkΛ(FZ )R⊕Hk−1Λ (FZ )⊕
(
Hk−1Λ (FZ )R

)m−1⊕(
Hk−2Λ (FZ )

)m−1
.



Thank you for your attention!


