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M

TM

M4

T∗M4

M

P

R

R× Q

4/41



Sections of bundles1 Euler–Poincaré Reduction
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1st Order Jet Bundles1 Euler–Poincaré Reduction

M

P

J1P

πM,P

πP,J1P Jet Bundle
J1P affine bundle over P, for any y ∈ P

J1
y P = {γ ∈ T∗

x M ⊗ TyP,TπM,P ◦ γ = idxM, x = πM,P(y)}.

Vector bundle: T∗M ⊗ VP where VyP = ker(TyπM,P).
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1st Order Jet Bundles1 Euler–Poincaré Reduction

M

P

J1P

πM,P

πP,J1P

Hamilton’s Variational Principle
A section s : M → P is a solution of the Lagrangian system
(J1P,L) if

d
dε

∣∣∣∣
ε=0

∫
U
L(j1sε) = 0

for all compactly supported vertical variations, sε, of s.

Euler–Lagrange equations:
δL
δs

− divP δL
δj1s

= 0,
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Bundle of Connections1 Euler–Poincaré Reduction

J1P

P M

(
J1P
)
/G

G-ppal bundle

q

πP,J1P π̄

L : J1P → R, G-invariant.

Reduced Lagrangian
l : (J1P)/G → R, l

(
q(γ)

)
= L(γ).

j1s : U ⊂ M → J1P.

Reduced section
σ : U → (J1P)/G, σ(x) = q

(
j1
x s
)
.
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Euler–Poincaré reduction1 Euler–Poincaré Reduction
Theorem (Euler–Poincaré reduction)

Given principal connection A on P, the following are equivalent:
1. The variational principle δ

∫
U L
(

j1
x s
)
χvol = 0 holds, for vertical free variations δs.

2. s : U → P satisfies the Euler–Lagrange equations for L.
3. The variational principle δ

∫
U l
(
σ(x)

)
χvol = 0 holds, using variations of the form

δσ = ∇Aη − [σA, η],

where η : U → ad P.
4. σ : U → P satisfies The Euler–Poincaré equations

EP(l)(σ) := divA
δl
δσ

+ ad∗σA
δl
δσ

= 0.
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Reconstruction1 Euler–Poincaré Reduction

J1P C(P)

P M
G-ppal bundle

q

πP,J1P

j 1s
σ

s

Connection: σ = q ◦ j1s

σ : U → C(P) comes from a section s : U → P ifand only if σ is a flat connection with trivial
holonomy.

EL(L)(s) = 0 ⇐⇒

{
EP(l)(σ) = 0,

Curv(σ) = 0.
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Example: SO(3)-Strand1 Euler–Poincaré Reduction

Config. bundle: J1P, P = R2 → R2 × SO(3)
Symmetry group: SO(3)

L =
1
2

〈
R−1Rt, IR−1Rt

〉
− 1

2

〈
R−1Rs, JR−1Rs

〉

σ = Ωdt+Γds, Ω = R−1Rt, Γ = R−1Rs

Lagrangian:

l =
1
2
⟨Ω, IΩ⟩ − 1

2
⟨Γ, JΓ⟩

Equations:

∂t(IΩ)− IΩ× Ω− ∂s(JΩ) + JΓ× Γ = 0.

Reconstruction:

∂tΓ− ∂sΩ+ Ω× Γ = 0.
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Config. bundle: J1P, P = R2 → R2 × SO(3)
Symmetry group: SO(3)

L =
1
2

〈
R−1Rt, IR−1Rt

〉
− 1

2

〈
R−1Rs, JR−1Rs

〉

σ = Ωdt+Γds, Ω = R−1Rt, Γ = R−1Rs

Lagrangian:

l =
1
2
⟨Ω, IΩ⟩ − 1

2
⟨Γ, JΓ⟩

Equations:

∂t(IΩ)− IΩ× Ω− ∂s(JΩ) + JΓ× Γ = 0.

Reconstruction:

∂tΓ− ∂sΩ+ Ω× Γ = 0.

11/41



Example: SO(3)-Strand1 Euler–Poincaré Reduction
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Multisymplectic Field Theory2 Lie–Poisson Reduction

M

P

J1P J1P∗

πM,P

πP,J1P πP,J1P∗

Dual Jet Bundle
J1P∗ affine bundle over P,

J1
y P∗ = Aff(J1

y P,
n∧

T∗
x M)

for any y ∈ P and x = πM,P(y).
dim J1P∗ = dim J1P + 1

Canonical forms: J1P∗ ∼= Z ⊂
∧n T∗PCanonical n-form Θ, n + 1-form Ω = −dΘ dynamics
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Polysymplectic Field Theory2 Lie–Poisson Reduction

M

P

J1P J1P∗

ΠP

δ

Polysymplectic Space
ΠP = TM ⊗ V∗P ⊗

∧n T∗M

dimΠP = dim J1P

NO Canonical forms: Given δ ∈ Γ(J1P∗ → Πp), n-form δ∗Θ,
n + 1-form δ∗Ω dynamics
Hamiltonian system: (ΠP, δ)

Ehresmann connection Λ on P → M+ Hamiltonian H : ΠP →
∧n T∗M.
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Polysymplectic Field Theory2 Lie–Poisson Reduction

M

P

ΠP

Λ

Hamiltonian system: (ΠP,Λ,H = Hv)
Hamilton-De Donder equations:

∂H
∂pi

a
=

∂ya

∂xi − Λa
i ; − ∂H

∂ya =
∂pi

a

∂xi +
∂Λb

i

∂xa pi
a

Covariant Bracket Formulation
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Polysymplectic Field Theory2 Lie–Poisson Reduction

M

P

ΠP

Λ

Hamiltonian system: (ΠP,Λ,H = Hv)

Covariant Bracket Formulation
A section p of ΠP → M is a solution of a given Hamiltonian system
(ΠP,Λ,H), iff for any horizontal Poisson (n − 1)-form F:

{F,H}v ◦ p = d(p∗F)− (dhF) ◦ p,

where dhF is the horizontal differential of F with respect to aconnection on ΠP.
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Some Results on Poisson Forms2 Lie–Poisson Reduction

Poisson Forms on ΠP

A horizontal r-form F is Poisson if there is a vertical (n − r)-multivector field χF on J1P∗

such that
iχFΩ = dF,

Given F a Poisson r-form and E a Poisson s-form their Poisson bracket is the
(r + s + 1 − n)-form on J1P∗,

{F,E} = (−1)r(s−1)iχE iχFΩ.

18/41



Some Results on Poisson Forms2 Lie–Poisson Reduction

Poisson Forms on ΠP

A horizontal r-form F is Poisson if there is a vertical (n − r)-multivector field χF on J1P∗

such that
iχFΩ = dF,

Given F a Poisson r-form and E a Poisson s-form their Poisson bracket is the
(r + s + 1 − n)-form on J1P∗,

{F,E} = (−1)r(s−1)iχE iχFΩ.

18/41



Some Results on Poisson Forms2 Lie–Poisson Reduction

Proposition
A Poisson r-form on J1P∗ is projectable to ΠP = TM ⊗ V∗P ⊗

∧n T∗M.

Proposition
Any Poisson (n − 1)-form on ΠP is of the kind

F = ΘX + π∗
P,ΠP

ω + Z,

where Z is a closed (n − 1)-form on ΠP, ω is a (n − 1)-form on P, X ∈ XV(P) and
(ΘX)p = ⟨p, X⟩.
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Symmetry in Hamiltonian Field Theory2 Lie–Poisson Reduction

P

ΠP

M

ΠP/G

Λ

Symmetry: Lie Group G acts on P

ΠP = TM ⊗ V∗P ⊗ ∧nT∗M

ΠP/G = TM ⊗ g̃∗ ⊗ ∧nT∗M

Reduced Poisson (n−1)-forms
F = ΘX + π∗

P,ΠP
ω + Z, G-invariant Poisson (n − 1)-form on ΠP

f = Θξ̄ + π∗
M,ΠP/Gω̄ + Z̄,

where ξ̄ = Γ(g̃), ω̄ ∈ Ωn−1(M), and Z̄ ∈ Zn−1(ΠP/G).
Reduced bracket:

{f , h} = −
〈
µ,

[
ξ̄,

δh
δµ

]〉
.
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Reduced Dynamics2 Lie–Poisson Reduction
Theorem (Lie–Poisson reduction)

For any section p of ΠP → M, let µ = κ ◦ p ∈ Γ(ΠP/G) and let H = Hv be a G-invariant
Hamiltonian reducing to h. Then, the following are equivalent:

1. for every Poisson (n − 1)-form F on ΠP,

p∗{F,H}v = d(F ◦ p)− dhF ◦ p.

2. for every Poisson (n − 1)-form f on ΠP/G,

µ∗{f , h}v = d(f ◦ µ)− dhf ◦ µ

3. the section µ satisfies the Lie–Poisson equations

divΛµ = ad∗
δh
δµ

µ
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Reconstruction2 Lie–Poisson Reduction

ΠP (ΠP)/G

P M
G-ppal bundle

G-ppal bundle

πP,J1P
p

µ

s

(ΠP)/G ∼= TM ⊗ g̃∗ ⊗
∧n T∗M ∼= Ωn−1(M, g̃∗)

When does µ : U → ΠP/G comes from asection p : U → ΠP ?

Problems
1. Γ(ΠP/G) are not connections
2. Positions and mommenta are not related
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Reconstruction2 Lie–Poisson Reduction
Vertical derivative

δh
δµ

: ΠP/G = TM ⊗ g̃ ∗ ⊗
n∧

T∗M −→ T∗M ⊗ g̃⊗
n∧

TM

δ̂h
δµ

=

〈
δh
δµ

, χvol

〉
: ΠP/G −→ T∗M ⊗ g̃

µ∗

(
δ̂h
δµ

)
: M −→ T∗M ⊗ g̃

Connection: σ = Λ+ µ∗
(

δ̂h
δµ

)
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Example: SO(3)-Strand2 Lie–Poisson Reduction

Config. bundle: ΠP, P = R2 → R2 × SO(3)
Symmetry group: SO(3)

Hamiltonian:

h =
1
2

〈
µt, I−1µt〉− 1

2

〈
µs, J−1µs〉

Equations:

∂t(µ
t) + ∂s(µ

s) = µt × I−1µt + µs × J−1µs.

Λ = 0 σ = I−1µtdt − J−1µsds,

Reconstruction:

∂t(I−1µt)+∂s(J−1µs)−(I−1µt)×(J−1µs) = 0.
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Bundle of Connections3 Euler–Poincaré Reduction by a subgroup

J1P

P

C(P)

P/G = M

qG

G-ppal bundle

πP,J1P

L : J1P → R, K-invariant, K < G

Reduced configuration bundle

J1P/K ≃ C(P)×M P/K.

j1s : U ⊂ M → J1P.

Reduced sections

σ : U → C(P), s̄ : U → P/K

28/41



Bundle of Connections3 Euler–Poincaré Reduction by a subgroup
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Euler–Poincaré reduction3 Euler–Poincaré Reduction by a subgroup
Theorem (Euler–Poincaré reduction)

The following are equivalent:
1. The variational principle δ

∫
U L
(

j1
x s
)
χvol = 0 holds, for vertical free variations δs.

2. s : U → P satisfies the Euler–Lagrange equations for L.
3. The variational principle δ

∫
U l
(
σ(x), s̄(x)

)
χvol = 0 holds, using variations of the form

δσ = ∇ση, δs̄ = ηP/K

where η : U → ad P.
4. The Euler–Poincaré equations hold

EP(l)(σ, s̄) := divσ
δl
δσ

− P+
s̄

(
δl
δs̄

)
= 0.
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Reconstruction3 Euler–Poincaré Reduction by a subgroup

J1P C(P)

P M
G-ppal bundle

q

πP,J1P

j 1s
σ

s

j1s (σ, s̄) s.
σ : U → C(P) comes from a section s : U → P ifand only if σ is a flat connection with trivial
holonomy and s̄ is parallel with respect to σ.

EL(L)(s) = 0 ⇐⇒


EP(l)(σ, s̄) = 0,

Curv(σ) = 0

∇σ s̄ = 0.
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Example: SO(3)-Strand3 Euler–Poincaré Reduction by a subgroup

Config. bundle: J1P, P = R2 → R2 × SO(3)
Symmetry group: SO(2)

L =
1

2

〈
R−1Rt, IR−1Rt

〉
−

1

2

〈
R−1Rs, JR−1Rs

〉
−mg ⟨Re3, χ⟩

σ = Ωdt + Γds, Σ ∈ S2 = SO(3)/S0(2)

Lagrangian:

l =
1
2
⟨Ω, IΩ⟩ − 1

2
⟨Γ, JΓ⟩ − mg ⟨Σ, χ⟩

Equations:

∂t(IΩ)−IΩ×Ω−∂s(JΩ)+JΓ×Γ+mgΣ×χ = 0.

Reconstruction:

Σt + I−1µt × Σ = 0 Σs − J−1µs × Σ = 0

∂tΓ− ∂sΩ+ Ω× Γ = 0.
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Reduction4 Lie–Poisson Reduction by a subgroup

M

P

ΠP

Λ

(ΠP,Λ,H), Hamiltonian H is K-invariant, K < G.

ΠP/K ≃ (TM ⊗ g̃∗ ⊗ ∧nT∗M)×M P/K
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Λ

(ΠP,Λ,H), Hamiltonian H is K-invariant, K < G.
ΠP/K ≃ (TM ⊗ g̃∗ ⊗ ∧nT∗M)×M P/K

Reduced Poisson (n−1)-forms
F = ΘX + π∗

P,ΠP
ω + Z, K-invariant Poisson (n − 1)-form on ΠP

f = Θξ̄ + π∗
P/K,ΠP/Kω̄ + Z̄,

where ξ̄ = Γ(π∗
P/KAd(P)), ω̄ ∈ Ωn−1(P/K), Z̄ ∈ Zn−1(ΠP/K).
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Reduction4 Lie–Poisson Reduction by a subgroup

M

P

ΠP

P/K

ΠP/K

Λ

(ΠP,Λ,H), Hamiltonian H is K-invariant, K < G.
ΠP/K ≃ (TM ⊗ g̃∗ ⊗ ∧nT∗M)×M P/K

Reduced bracket

{f , h} = {ξ̄, h}LP + {f , h}P/K

where,
{f , h}P/K =

〈
δf
δs̄
, Ps̄

(
δh
δµ

)〉
−
〈
δh
δs̄

, Ps̄(ξ̄)

〉
.
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Reduced Dynamics4 Lie–Poisson Reduction by a subgroup
Theorem (Lie–Poisson reduction)

For any section p of ΠP → M, let (µ, s̄) = κ ◦ p ∈ Γ(ΠP/K) and H = Hv is a K-invariant
Hamiltonian reducing to h. Then, the following are equivalent:

1. for every Poisson (n − 1)-form F on ΠP, p∗{F,H}v = d(F ◦ p)− dhF ◦ p.

2. the section p : M → ΠP satisfies HDW-equations.
3. for every affine Poisson (n − 1)-form f on ΠP/K,

(µ, s̄)∗{f , h}v = d(f ◦ (µ, s̄))− dhf ◦ (µ, s̄)p

4. sections µ and s̄ satisfy

divΛµ− ad∗
δh/δµµ+ P+

s̄

(
δh
δs̄

)
= 0, ∇σK s̄ = 0,
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Reconstruction4 Lie–Poisson Reduction by a subgroup

ΠP (ΠP)/G

P M
G-ppal bundle

G-ppal bundle

πP,J1P
p

µ

s

Connection: σ = Λ+ (µ, s̄)∗
(

δ̂h
δµ

)

µ : U → ΠP/G and s̄ : U → P/K come from asection π : U → ΠP if and only if σ is a flat
connection with trivial holonomy.

HDW(H)(p) = 0

⇕

divΛµ−ad∗
δh/δµµ+P+

s̄

(
δh
δs̄

)
= 0, ∇σK s̄ = 0, Curv(σ) = 0.
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Example: SO(3)-Strand4 Lie–Poisson Reduction by a subgroup

Config. bundle: ΠP, P = R2 → R2 × SO(3)
Symmetry group: SO(2)

Hamiltonian:

h =
1
2

〈
µt, I−1µt〉−1

2

〈
µs, J−1µs〉−mg ⟨Σ, χ⟩

Equations:

∂t(µ
t)+∂s(µ

s) = µt×I−1µt+µs×J−1µs−mgΣ×χ = 0

Σt + I−1µt × Σ = 0 Σs − J−1µs × Σ = 0

Λ = 0 σ = I−1µtdt − J−1µsds,

Reconstruction:

∂t(I−1µt)+∂s(J−1µs)− (I−1µt)× (J−1µs) = 0.
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Open Problems5 Future Work

• Lie–Poisson Reduction without a choice of connection Λ on P → M nor volume form
χvol on M.
[ F. Gay-Balmaz, J. C. Marrero, and N. Martı́nez Alba. “A New Canonical AffineBracket Formulation of Hamiltonian Classical Field Theories of First Order”. In:
Revista de la Real Academia de Ciencias Exactas, Fı́sicas y Naturales. Serie A.
Matemáticas 118.3 (July 2024), p. 103

• Reduced Tulczyjew triplet in Field Theory.
[ K. Grabowska. “A Tulczyjew Triple for Classical Fields”. In: Journal of Physics A:
Mathematical and Theoretical 45.14 (Apr. 2012), p. 145207
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Thank you for listening!
Any questions?
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