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1st Order Jet Bundles

1 Euler-Poincaré Reduction

Jet Bundle

J1P affine bundle over P, for any y € P
JyP={y € T{M® T,P, Tmyp 0 y = idM, x = my p(y)}.

Vector bundle: T*M ® VP where V,P = ker(T,mum,p).
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1 Euler-Poincaré Reduction

Hamilton’s Variational Principle

A section s : M — Pis a solution of the Lagrangian system

(J'P, L) if
d S
oo 0159 =0

for all compactly supported vertical variations, s, of s.
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M, P

Hamilton’s Variational Principle

A section s : M — Pis a solution of the Lagrangian system

P, L) if
d S
oo 0159 =0

for all compactly supported vertical variations, s, of s.

Euler-Lagrange equations:

g— v @—0,
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Bundle of Connections

1 Euler-Poincaré Reduction

q L:J'P >R, G-invariant.

J'P »C(P)
Reduced Lagrangian

1: C(P) =R, 1(q() =L().

Tpjip 7 jls:UCM—JP.
Reduced section
v v o:U—C(P), o(x) = q(jzs) -
P n

G-ppal bundle
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Given principal connection A on P, the following are equivalent:
The variational principle § fU 1L (]is) Xvol = O holds, for vertical free variations Js.
s : U — P satisfies the Euler-Lagrange equations for L.

The variational principle & fU l(a(x)) Xvol = 0 holds, using variations of the form
do = VATI - [UAJ'?L

wheren : U — ad P.
o : U — P satisfies The Euler-Poincaré equations

A51+ ad? , (51_0.

EP() (o) :=div 5o Ao
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Connection: o = q oj's

o : U — C(P) comes from a sections : U — P if
and only if ¢ is a flat connection with trivial
holonomy.
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Example: SO(3)-Strand

1 Euler-Poincaré Reduction

oc=Qdt+Tds, Q=R 'R, TI'=R IR

Lagrangian:

1 1
1= (2,10) - 7 (0,JD)

Config. bundle: J'P, P = R? — R? x SO(3)
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Example: SO(3)-Strand

1 Euler-Poincaré Reduction

oc=Qdt+Tds, Q=R 'R, TI'=R IR

Lagrangian:
1 1
I=-(Q,10) — - (I, JT
s p 2< 9 > 2< 7°]] >
Equations:

Config. bundle: J'P, P = R? — R? x SO(3)

Symmetry group: SO(3) 0e(IQ) —IQ x Q — 8,(JQ) + JT x T’ = 0.

L= % (R'R.,IR"'R,) — % (R™'R¢, JR'Ry)
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1 Euler-Poincaré Reduction

Config. bundle: J'P, P = R? — R? x SO(3)
Symmetry group: SO(3)

L= % (R'R.,IR"'R,) — % (R™'R¢, JR'Ry)
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Example: SO(3)-Strand

oc=Qdt+Tds, Q=R 'R, TI'=R IR
Lagrangian:
1 1
I=—-(Q,IQ) — —(I',JT
2< 9 > 2< 7°]] >
Equations:

0(IQ) — I x Q — 95(JQ) +JT x T = 0.
Reconstruction:

o' =02+ Q xT' =0.
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n
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J'P — J1P* Polysymplectic Space

\ s Ilp = TM ® V*P® \" T*M
IIp

dimIIp = dim J'P
/ NO Canonical forms: Given § € I'(J'P* — II,), n-form 6*©,

n + 1-form §*C) ~ dynamics
P Hamiltonian system: (IIp, 0)

Ehresmann connection Aon P — M
+ Hamiltonian H : IIp — A" T*M.

<
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2 Lie-Poisson Reduction

IIp Hamiltonian system: (IIp, A, H = Hv)

Covariant Bracket Formulation

A section p of IIp — M is a solution of a given Hamiltonian system
(ITp, A, M), iff for any horizontal Poisson (n — 1)-form F:

{F,H}vop=d(p'F) — (d"F) op,

where d"F is the horizontal differential of F with respect to a
connection on IIp.
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2 Lie-Poisson Reduction

Poisson Forms on I1p

A horizontal r-form F is Poisson if there is a vertical (n — r)-multivector field xr on J!P*
such that
el = @l

Given F a Poisson r-form and E a Poisson s-form their Poisson bracket is the
(r+s+1—n)-formon J'P*,

{F.E} = (1) Vigiy, Q.
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Some Results on Poisson Forms

2 Lie-Poisson Reduction

A Poisson r-form on J1P* is projectable to IIp = TM ® V*P ® N T*M.

Any Poisson (n — 1)-form on IIp is of the kind

F = Ox + mp,w + Z,

where Z is a closed (n — 1)-form on Ilp, wis a (n — 1)-formon P, X € XV(P) and
(©x)p = (0, X).
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2 Lie-Poisson Reduction
Symmetry: Lie Group G acts on P

IIp =TM @ V'P @ A"T*M
Mp/6=TM ® g" @ \"T*M

ITp
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2 Lie-Poisson Reduction
Symmetry: Lie Group G acts on P

IIp =TM @ V'P @ A"T*M
Mp/6=TM ® g" @ \"T*M

II o
F \ Reduced Poisson (n—1)-forms
/G F = Ox + mp 1w + Z, G-invariant Poisson (n — 1)-form on Ilp
f=0g+ Ty, + Z,
P \ where £ =T'(g), w € Q"1 (M), and Z € Z"1(IIp/G).

M Reduced bracket:

(o 2])

20/41



For any section p of IIp — M, let u = k o p € I'(IIp/G) and let H = Hv be a G-invariant
Hamiltonian reducing to h. Then, the following are equivalent:

for every Poisson (n — 1)-form F on Ilp,
p*{F,H}v=d(Fop) —d"Fop.
for every Poisson (n — 1)-form f on I1p/G,
P hv=d(fop) —d'fop
the section . satisfies the Lie-Poisson equations

div e = ad*, p

21/41 S
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Reconstruction

2 Lie-Poisson Reduction

G-ppal bundle

(Ip) /6= TM® g* @ \" T*M = Q"1 (M, g*)

When does . : U — IIp/G comes from a
sectionp : U — IIp ?
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G-ppal bundle

(p)/G = TM ® §* ® \" T*M = Q" 1(M, §*)

When does . : U — IIp/G comes from a
sectionp : U — Ilp ?

Problems
I'(IIp/G) are not connections
Positions and mommenta are not related
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2 Lie-Poisson Reduction
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n n
5, Ip/C=TM®] 2 NT'M — T"M e g \ TM
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S
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o
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2 Lie-Poisson Reduction

Vertical derivative

sh A f o A
5 P/C=TM®§ © \NT'M—T'Me§o [\ TM
Sh /éh B

~ = { T Xvol :HP/G >T*M®g

op op

w* <6—h) M—TM®g
op
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Reconstruction

2 Lie-Poisson Reduction

Vertical derivative

Sh e N e A
5 P/C=TM®§ © \NT'M—T'Me§o [\ TM
sh  /oh
— ={( = (11 — T g
5M <5M7Xvol> P/G TM®g
oh 3
pl— ] M—TMxj
op

Connection: 0 = A + p* (g—ﬁ)
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\\\p 7w : U — Ilp if and only if o is a flat connection
TpJip . with trivial holonomy.

s
v"/— )
G-ppal bundle
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G-ppal bundle
IIp > (Hp)/G
Tpjip P I
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Y v
P > M
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Connection: 0 = A + u* (%)

u: U — TIp/G comes from a section
7w : U — Ilp if and only if o is a flat connection
with trivial holonomy.



G-ppal bundle
IIp > (Hp)/G
Tpjip P I
s
Y v
P > M
G-ppal bundle
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—

Connection: 0 = A + u* (%)

u: U — TIp/G comes from a section
7w : U — Ilp if and only if o is a flat connection
with trivial holonomy.

diVA = ad* ,
HDW(H)(p) =0 { K Sh/sutt

Curv(c) = 0.
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Example: SO(3)-Strand

2 Lie-Poisson Reduction

Hamiltonian:

h= 1<MH ) = <uJ1us>

Equations:

A=0 o=I"1utdt —J 1usds,
Config. bundle: [T, P = R? — R? x §O(3)
Symmetry group: SO(3)
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Example: SO(3)-Strand

2 Lie-Poisson Reduction

Config. bundle: [T, P = R? — R? x §O(3)
Symmetry group: SO(3)

26/41

Hamiltonian:
h= 1<u I™Hf) - <u I7%)
Equations:
Oe(p) + Os(pf) = p x T 4 8 x I
A=0 o=1'utde—J p'ds,
Reconstruction:
O (I H)+0s (I ") (T ) x (I 1)

=0.
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Bundle of Connections

3 Euler-Poincaré Reduction by a subgroup

L:J'P =R, K-invariant, K<G

k= R
J'P »J'P/K > C(P) Reduced configuration bundle
J'P/K ~ C(P) xy P/K.
TpJip
» P/K »P/G=M
K-ppal / /
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3 Euler-Poincaré Reduction by a subgroup

L:J'P =R, K-invariant, K<G

qx
J'P »J'P/K »C(P) Reduced configuration bundle
J'P/K ~ C(P) xy P/K.
TpJip

jls:Uc M —J'P.
» P/K »P/G=M Reduced sections

P
K-ppal
o:U— C(P), s:U— P/K
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The following are equivalent:
The variational principle & [;; L(jis) Xvor = O holds, for vertical free variations Js.
s : U — P satisfies the Euler-Lagrange equations for L.

The variational principle & [;;1(c(x),5(x)) Xvor = O holds, using variations of the form
6o =V, d5=npx

wheren : U — ad P.
The Euler-Poincaré equations hold

EP()(o,5) := div? o P <51> = 0.
o
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jls ~ (0,5) ~ s.

o : U — C(P) comes from a sections : U — P if
and only if ¢ is a flat connection with trivial
holonomy and s is parallel with respect to o.
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jls ~ (0,5) ~ s.

o : U — C(P) comes from a sections : U — P if
and only if ¢ is a flat connection with trivial
holonomy and s is parallel with respect to o.

EP()(o,s) =0,
EL(L)(s)=0 <«— Curv(c) =0
Vo =0.
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3 Euler-Poincaré Reduction by a subgroup

o=Qdt+Tds, X c§*=250(3)/50(2)

Lagrangian:
1 1
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Example: SO(3)-Strand

3 Euler-Poincaré Reduction by a subgroup

o=Qdt+Tds, X c§*=250(3)/50(2)

Lagrangian:

1 1

Equations:

O (IQ) —IQ2x Q=05 (JQ)+JT' x'+mgEx x = 0.
Config. bundle: J'P, P = R? — R? x SO(3)
Symmetry group: SO(2)

L= % <R_1Rt,]IR_1Rt> - % <R_1RS,.]]R_1RS>7mg (Res, x)
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Example: SO(3)-Strand

3 Euler-Poincaré Reduction by a subgroup

o=Qdt+Tds, X c§*=250(3)/50(2)

Lagrangian:

1 1

Equations:

0:(I1Q) -1 x Q=05 (IQ)+JT xI'+mgX xx = 0.
Config. bundle: J'P, P = R? — R? x SO(3)

Symmetry group: SO(2) Reconstruction:

L= % <R_1Rt,]IR_1Rt> - % <R_1RS,.]]R_1RS>7mg (Res, x) e+ H_l/f xN=0 X5— J_lus xX=0

31/41 O — 00+ QO xI'=0.
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4 Lie-Poisson Reduction by a subgroup
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4 Lie-Poisson Reduction by a subgroup

(ITp, A, H), Hamiltonian # is K-invariant, K < G.

tr \ Ip/K >~ (TM ® g* @ \"T*M) xp P/K
IIp/K
Reduced Poisson (n—1)-forms
P \ F = ©x + mp 1j,w + Z, K-invariant Poisson (n — 1)-form on I1p
N P/K f= @E+”;/K,HP/K‘D+Z’
/ where £ = T(3  Ad(P)), @ € "~ \(P/K), Z € Z"}(IIp/K).
M
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4 Lie-Poisson Reduction by a subgroup

(ITp, A, H), Hamiltonian # is K-invariant, K < G.

II
’ . Ip/K ~ (TM ® §* @ A"T*M) xy P/K
I1p/K
Reduced bracket
! L {fh} = {€ R} + {f M}
A P/K where,

1 on= (o (30)) - (e vs0)
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For any section p of ITp — M, let (11,5) = k o p € T'(Ilp/K) and H = Hv is a K-invariant
Hamiltonian reducing to h. Then, the following are equivalent:

for every Poisson (n — 1)-form F on Ilp, p*{F,H}v = d(F o p) — d"F o p.

the section p : M — 1lp satisfies HDW-equations.

for every affine Poisson (n — 1)-form f on IIp/K,

(uag)*{.ﬂ h}V - d(fO (uag)) o dhfo (:uvg)p

sections . and s satisfy

oh
div* p — adgy /5,1 + P <(5§> =0, Vo%s=0,
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G-ppal bundle
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G-ppal bundle
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Connection: o
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G-ppal bundle

Connection: o = A + (1,5)* <§TZ>

w:U—Tp/Gands: U — P/K come froma
section 7 : U — Ilp if and only if o is a flat
connection with trivial holonomy.



G-ppal bundle Connection: 0 = A + (u,5)* (6h>

Ip > (11p)/G u
w:U—Tp/Gands: U — P/K come froma
p section 7 : U — Ilp if and only if o is a flat
TpJtp iz connection with trivial holonomy.
s
Y Y
G-ppal bundle i
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G-ppal bundle Connection: 0 = A + (u,5)* <6h>

Ip > (11p)/G u
w:U—Tp/Gands: U — P/K come froma
p section 7 : U — Ilp if and only if o is a flat
TpJtp iz connection with trivial holonomy.
s
v \ 1;/'1 HDW(H)(p) =0
G-ppal bundle - T

oh
divAu—adﬁh/(mu—i-P;" <5s> =0, V% =0, Curv(o)=0.
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Example: SO(3)-Strand

4 Lie-Poisson Reduction by a subgroup

Hamiltonian:

1 1
ho= o (Tt ) =5 (', I ) =mg (3, x)

Config. bundle: ITp, P = R? — R? x §O(3)
Symmetry group: SO(2)
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Hamiltonian:

1 t 7—1, .t 1 s 7—1,s
h= 5 (T 00) =5 (8 I %) —mg (3, )
Equations:

Oe(p)+05(1°) = pEXT Tt x I~ it —mg B x =

Y+t x Y =0 B —J 1 xT=0

Config. bundle: ITp, P = R? — R? x §O(3)
Symmetry group: SO(2)
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h= 5 (T 00) =5 (8 I %) —mg (3, )
Equations:

Oe(p)+05(1°) = pEXT Tt x I~ it —mg B x =

Y+t x Y =0 B —J 1 xT=0

. 71t 71,5
Config. bundle: ITp, P = R? — R? x SO(3) A=0 o=I"Yrdt—J""rds,

Symmetry group: SO(2)
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4 Lie-Poisson Reduction by a subgroup

Hamiltonian:

1 t 7—1, .t 1 s 7—1,s
h= 5 (T 00) =5 (8 I %) —mg (3, )
Equations:

Oe(p)+05(1°) = pEXT Tt x I~ it —mg B x =

Y+t x Y =0 B —J 1 xT=0

. 71t 71,5
Config. bundle: ITp, P = R? — R? x SO(3) A=0 o=I"Yrdt—J""rds,

Symmetry group: SO(2) Reconstruction:
AT ) 4+ 85I 1) — (171 pf) x (I 1) = 0.
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Lie-Poisson Reduction without a choice of connection A on P — M nor volume form
Xvol ON M.

=) “A New Canonical Affine
Bracket Formulation of Hamiltonian Classical Field Theories of First Order”.

Reduced Tulczyjew triplet in Field Theory.
=] “A Tulczyjew Triple for Classical Fields”.
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Thank you for listening!
Any questions?

41/41



	Euler–Poincaré Reduction
	Lie–Poisson Reduction
	Euler–Poincaré Reduction by a subgroup
	Lie–Poisson Reduction by a subgroup
	Future Work

