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Abstract. We show that the standard method of deriving field equa-
tions (i.e. Euler-Lagrange equations) from a variational principle, based
on imposing a priori the field’s boundary conditions, cannot be ap-
plied to hyperbolic field theory because it leads to a contradiction. This
contradiction has been overlooked by theoretical physicists. A way to
avoid the problem is proposed. This method consists in describing La-
grangian field theory as a symplectic control system. Implications for
various branches of physics are discussed.
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1. Introduction

Variational principles in physics have a long history. The first “least some-
thing” principle was likely formulated by Willobord Snell in 1621. He ana-
lyzed the phenomenon of light refraction and observed that a light ray, when
passing from air to water, behaves like an intelligent horse rider who must
move from a favorable grassy terrain to a less favorable, sandy terrain, where
the horse’s speed is significantly slower. The straight line between the depar-
ture point A and the arrival point B is obviously not the quickest one: It is
namely worthwhile to lengthen the quick part of the journey over the grass
if the slow part, over the sand, can be shortened. It is a matter of a simple,
undergraduate mathematics to show, that the quickest trajectory is the one
which obeys what we call now the “Snell’s law”:

sinα

sinβ
=
V1
V2

. (1)
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Here, α and β are the “angle of incidence” and, respectively, “angle of refrac-
tion”, i.e. the angles at which the first and, respectively, the second interval
of the trajectory intersect the line perpendicular to the boundary of the two
regions at the transition point. Moreover, V1 > V2 denote the speed of the
horse over the first and the second terrain. Snell had absolutely no possibility
to measure the speed of light (neither in the air, nor in water) but he correctly
conjectured, that the refraction of light is due to the same phenomenon: both
the horseman and the light ray choose the quickest trajectory.

A simple mathematical proof of the formula (1) consists in minimizing
the following function of a single variable:

T (X) :=
d(A,X)

V1
+
d(X,B)

V2
, (2)

where d(., .) denotes the distance between two points, whereas X is the tran-
sition point at the boundary of the two regions (media).

The Snell’s “least time” principle was generalized in 1658 by Pierre
de Fermat. What we know now as the “Fermat principle” is the following
statement: when light travels between two points, it follows the path that
requires the least amount of time, which is a stationary time, not necessarily
the shortest distance. This means, in modern language, that value of the
following integral:

T :=

∫ B

A

ds

V
(3)

must be minimized, where the integrand dT = ds
V denotes the infinitesimal

time, i.e. the time it takes for the light to cover the infinitesimal distance ds
with speed V . Fermat formula is a consequence of the Snell’s principle, as
is easily seen if we approximate the material with the continuous change of
the light speed V (x) by the collection of N narrow strips of a homogeneous
material with the constant light speed Vi, i = 0, 1, . . . , N . The continuous
light ray is then replaced by the polygon line and formula (2) assumes now
the following form:

T (X1, X2, . . . ) :=

N∑
i=1

d(Xi−1, Xi)

Vi
, (4)

where Xi denotes the transition point between the strip number n and the
strip number (n+ 1). Because the above function must assume its minimum
with respect to each variable Xi separately, it assumes its minimum with
respect to the collection of all variables. But as the approximation gets finer
and finer, i.e. for N →∞, we have:

N∑
i=1

d(Xi−1, Xi)

Vi
−→

∫ B

A

ds

V
. (5)

This proves the Fermat principle as the limiting case of the Snell’s principle.
But the very advent of calculus of variations is due to Johann Bernoulli.

He formulated the “brachistochrone problem” as a challenge to the best
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mathematicians of his time (Newton, Leibnitz, de l’Hospital and others).
The problem is to find the shape of the ramp along which a ball released
freely will reach the end point most quickly (without friction, only the force
of gravity!!!). Again, the problem consists in minimizing the value of a certain
integral T . If we describe the shape of the ramp as a graph of the function

[0, L] 3 x −→ f(x) = y ∈ R1 ,

where L is the horizontal length of the ramp, the infinitesimal distance is
given by the formula

ds =
√

(dx)2 + (dy)2 =
√

1 + (f ′)2 dx ,

and the velocity V (x) at the height y = f(x) is derived from the energy
conservation law, where H is the height of the ramp:

mgH = mgy +
mV 2

2
⇐⇒ V =

√
2g (H − f(x)) .

Finally, the value of the following integral has to be minimized:

T :=

∫ L

0

ds

V
=

∫ L

0

√
1 + (f ′(x))

2√
2g(H − f(x))

dx , (6)

where only functions f fulfilling boundary conditions are taken into account:

f(0) = H and f(L) = 0 . (7)

Classical textbooks on the calculus of variations classify this problem as
a “single integral variational problem”. Multiple integrals soon entered the
theory, and today the calculus of variations is commonly used in economics,
logistics, and engineering sciences, wherever people try to find the optimal
configuration of a complex system and are able to express “optimization” in
terms of the “least something” principle.

However, a turning point in theoretical physics came when Pierre Louis
Maupertuis observed that the motion of a classical particle in a potential
force field also obeys a certain principle of “least something”. Maupertuis
Principle was a special case of the principle of “least action”, which was
later formulated in its full generality by W. R. Hamilton and which is now
considered a fundamental law of physics1.

Maupertuis’s motivation was entirely ideological: he was strongly influ-
enced by the optimistic philosophy of Leibniz, so much ridiculed by Voltaire in
his Candide. Maupertuis saw his “principle of least action” as proof that the
world we live in is the best possible one, and that the pursuit of optimization
(minimization of action) is a fundamental law of nature. Soon, differential
equations were discovered that constitute a necessary condition for the min-
imum (the so-called Euler-Lagrange equations), and the search for various

1A true theoretical physicist, when trying to describe the behavior of a new physical system

observed in the laboratory by his experimental colleague, does not even try to guess its
equations of motion, but rather tries to guess the corresponding variational principle.
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sufficient conditions became the subject of a large branch of mathematics
called now “calculus of variations”.

But the action, defined as the integral of a Lagrangian density, becomes
“least” only in problems of a static nature, i.e. those leading to elliptic equa-
tions. In truly dynamic problems, the action never reaches a minimum, but
assumes its saddle point. Some physicists are aware of this: for example, an
important semiclassical quantization method is called the “stationary phase
method” and not the “minimum phase method”. Thus, Maupertuis’s idea of
“universal optimization” is false, but the calculus of variations remains an
important tool in theoretical physics. However, the way the Euler-Lagrange
equations are derived and used in field theory is false and leads to a flagrant
contradiction with the hyperbolic nature of field equations. This paradox is
never discussed in physics textbooks. In this article, we show how to avoid this
paradox and correctly use the variational principle in field theory. Finally, we
apply those results to the theory of gravity and show what General Relativity
Theory would have looked like, had Einstein not abandoned his original idea
to relate the phenomenon of gravity with the properties of inertial frames.

2. Euler-Lagrange equations: the “brachistochrone approach”

Consider a physical system whose configuration is described by N functions
(dependent variables) ϕK(xµ) of n independent variables xµ. Geometrically,
these variables are often organized into a fiber bundle

π : E →M ,

where (xµ) are (local) coordinates in the basis manifold M , (yK) are coordi-
nates in its fibres and the physical configuration is understood as the graph
of a section of this bundle:

yK = ϕK(xµ) .

In physics, the basis is often identified with the spacetime (or space – in
statics), whereas the bundle E is usually a bundle of geometric objects (e.g. a
tensor bundle) over spacetime. Specific, additional structures of the bundle
can in some cases enable us to simplify the theory. But in what follows we
consider the most general case where no additional structure is used and the
coordinate description is sufficient. Let

L = L
(
xµ;ϕK , ϕKµ

)
, (8)

be a “scalar-density-on-M -valued” function on the first jet extension of E,
where the “jet-oriented” notation

ϕKµ := ∂µϕ
K

is used. We call L the “Lagrangian density”, whereas its integral over a fixed
region O ⊂M is called “action”:

A :=

∫
O
L . (9)
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If the base manifold M is equipped with a (privileged) volume structure
dρ (e.g. a metric structure) then any scalar density is proportional to the
volume and, whence,

L = L · dρ ,
where the proportionality coefficient L is a scalar function called the “La-
grangian function”. Having in mind application to the Gravity Theory, where
no a priori volume structure of spacetime is expected, we shall always use
the density L. In calculus of variations we consider one-parameter families
ϕK(xµ, ε) of the field configurations and the derivative with respect to the
parameter ε is called a variation:

δ :=
∂

∂ε
. (10)

The obvious identity:

δ∂µ = ∂µδ where ∂µ =
∂

∂xµ
(11)

is traditionally called “the fundamental Lemma of calculus of variations”.
The theory of calculus of variations begins with the following identity:

δL =
∂L
∂ϕK

δϕK +
∂L
∂ϕKµ

δϕKµ =
∂L
∂ϕK

δϕK +
∂L
∂ϕKµ

∂µδϕ
K

=

(
∂L
∂ϕK

− ∂µ
∂L
∂ϕKµ

)
δϕK + ∂µ

(
∂L
∂ϕKµ

δϕK
)
. (12)

Its first term on the right hand side will be called the volume term and the
second one – the surface term because, after integration over a volume O, we
have:

δA =

∫
O

(
∂L
∂ϕK

− ∂µ
∂L
∂ϕKµ

)
δϕK +

∫
∂O

(
∂L
∂ϕKµ

δϕK
)
, (13)

where ∂O denotes tho boundary of O. Next, the surface integral is killed
by imposing the boundary conditions (cf. formula (7)) on the value of the
“dependent variables”:

ϕK
∣∣
∂O = fK =⇒ δϕK

∣∣
∂O = 0 , (14)

where fK are fixed functions on the boundary. Under these conditions, opti-
mization of the action

δA =

∫
O

(
∂L
∂ϕK

− ∂µ
∂L
∂ϕKµ

)
δϕK = 0 , (15)

implies vanishing of the integrand for every one-parameter family of config-
urations, i.e. for every value of δϕK and, consequently, implies the so called
Euler-Lagrange equations:

∂L
∂ϕK

− ∂µ
∂L
∂ϕKµ

= 0 . (16)
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Above method of deriving field equations in physics, based on impos-
ing spacetime boundary conditions, will be called the “brachistochrone ap-
proach”. It works perfectly for true optimization problems, i.e. when the
resulting Euler-Lagrange equations are elliptic and the boundary-value prob-
lem for them is well posed. But in case of a dynamical problem, i.e. when
equations are hyperbolic, boundary value of the field cannot be fixed a priori
and the procedure leads to a paradox (see also [1]). We are going to propose
in the sequel a remedy for this paradox.

3. Boundary conditions in hiperbolic field theories

To illustrate the paradox with imposing spacetime boundary conditions in a
hyperbolic field theories, consider the “mother of all dynamical field equa-
tions”, namely the string equation, i.e. wave equation in two-dimensional
spacetime, parameterized by two coordinates (independent variables): time
x0 = t, space x1 = x, and equipped with the Lorenzian metric g:

ds2 = gµνdxµdxν = −dt2 + dx2 .

For a scalar field (a single dependent variable) ϕ consider the Lagrangian
density:

L := −1

2

√
|det g| gµνϕµϕν =

1

2

(
(ϕ̇)2 − (ϕ′)2

)
, (17)

where “dot” denotes the time derivative and “prime” denotes the space de-
rivative:

ϕ̇ := ∂tϕ and ϕ′ := ∂xϕ .

Euler-Lagrange equations (16) read now

0 =
∂L
∂ϕ
− ∂µ

∂L
∂ϕµ

= −∂tϕ̇+ ∂xϕ
′ = ϕ′′ − ϕ̈ = �ϕ , (18)

i.e. reduce to the 2D-wave equation, where

� =
∂2

∂x2
− ∂2

∂t2
,

denotes the two-dimensional D’Alembert operator. It is useful to represent it
in “light coordinates”:

u := x+ t
v := x− t =⇒ ∂t = ∂u − ∂v

∂x = ∂u + ∂v
. (19)

Consequently, we have:

� = (∂x)
2 − (∂t)

2
= (∂u + ∂v)

2 − (∂u − ∂v)2 = 4
∂2

∂u∂v
. (20)

Consider any rectangle R in coordinates (u, v):

R = {(u, v)|a ≤ u ≤ b ; c ≤ v ≤ d} , (21)
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and denote by: A = (u = a, v = d), B = (u = b, v = d), C = (u = b, v = c),
and D = (u = a, v = c) its corners. For any function ϕ satisfying the wave
equation (18) we have:

0 =
∂2ϕ

∂u∂v
and, consequently:

0 =

∫ b

a

du

∫ d

c

dv
∂2ϕ

∂v∂u
(u, v) =

∫ b

a

(
∂ϕ

∂u
(u, d)− ∂ϕ

∂u
(u, c)

)
du

= ϕ(b, d)− ϕ(a, d)− (ϕ(b, c)− ϕ(a, c)) = −ϕ(A) + ϕ(B)− ϕ(C) + ϕ(D)

= −ϕ(down) + ϕ(right)− ϕ(up) + ϕ(left) = 0 . (22)

It is easy to prove that above equation, satisfied for every rectangle (21) in
coordinates (u, v), is not only a necessary condition for (18), but actually is
equivalent to wave equation. Hence, for any square O in coordinates (t, x),
spanned by the corners A,B,C,D, e.g.:

O = {(t, x)|0 ≤ t ≤ T ; 0 ≤ x ≤ T};
we put: a = x; b = 2T − x; c = −x; d = x .

(23)

Identity (22) enables us to calculate the value of ϕ on each single wall of O, if
we only know its value on remaining three walls. Hence, choosing at random
boundary conditions at ∂O there is exactly zero probability to capture any
solution of the field equation (18). But knowing how to impose correctly
boundary conditions, such that admit any solution (i.e. knowing equation
(22)) is equivalent to know the field equation. This leads to a sad conclusion
that in case of a hyperbolic field theory we are able to derive field equations
from the variational principle using the “brachistochrone approach” if and
only if we already know them.

4. “On shell” approach to calculus of variations

Brachistochrone approach is based on killing a priori the boundary (i.e. sec-
ond) term in formula (12):

δL =

(
∂L
∂ϕK

− ∂µ
∂L
∂ϕKµ

)
δϕK + ∂µ

(
∂L
∂ϕKµ

δϕK
)
. (24)

This changes the status of (24) from “identity” to “equation” which has to
be solved. This way of thinking is so deeply rooted in theoretical physics that
Wheeler, Misner and Thorn – authors of the best textbook on the theory
of gravity (see [2, p. 520]) – when deriving Einstein’s equations from the
variational principle do not even bother to calculate the boundary term, so
convinced are they that it is completely irrelevant.

Without questioning the validity of this approach to optimization prob-
lems (i.e. elliptic), we propose a different, unifying approach that is also valid
for dynamic problems (i.e. hyperbolic). We call this approach “on shell” be-
cause it is based on killing a priori the volume (i.e. first) term in formula (24).
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What remain is no longer an identity but, again, an equation to be solved,
namely:

δL = ∂µ

(
∂L
∂ϕKµ

δϕK
)
. (25)

It is useful to introduce a new, auxiliary quantity in the theory:

p µ
K :=

∂L
∂ϕKµ

, (26)

which will be called “the canonical momentum”. The geometric nature of this
quantity is explained in detail in literature (see [3, 4]), but we emphasize that
– due to its transformation laws – the formulas written below are completely
invariant with respect to the choice of coordinates. Using momenta (26), field
equations (25) can be rewritten as:

δL
(
ϕK , ϕKµ

)
= ∂µ

(
p µ
K δϕ

K
)

= (∂µp
µ
K ) δϕK + p µ

K δϕ
K
µ (27)

which is equivalent to the system of first order differential equations:

∂µp
µ
K =

∂L
∂ϕK

; p µ
K =

∂L
∂ϕKµ

. (28)

We see that the last equation reproduces definition (26) of momentum, mak-
ing this way the first equation equivalent to the Euler-Lagrange equation (16).
We conclude that the second order equations for configurations ϕK obtained
in the “brachistochrone approach”, are here replaced by (fully equivalent)
first order equations for both configurations and momenta p µ

K . But, contrary
to the previous approach, we avoid here any integration procedure. There-
fore, functional analysis is not necessary to determine the class of functions
taken into account and to choose their topology. The main advantage of
this approach, however, is that we avoid the paradox of imposing space-time
boundary conditions, which is strictly forbidden in hyperbolic field theory.
Moreover, formula (27) allows us to describe the field dynamics as a sym-
plectic control system. Such a description greatly simplifies the Hamiltonian
approach to field theory, clarifies its possible quantization procedures (cf. [5]),
and demythologizes the notion of field energy, which is extremely complicated
in theory of gravity (cf. [7] and [8]).

5. Symplectic Control Systems

A control system (see also [10]) is a physical system which possesses the “con-
trol parameters”, say (qk), which describe the configuration of the system and
can be freely controlled in the laboratory, and the “response parameters”, say
(rα), which can be measured whenever the system assumes its configuration.
Relation between them, i.e. “control-response relations” describe entirely the
physical properties of the system.

By a symplectic control system we mean a control system equipped
with an additional structure, namely the infinitesimal work, i.e. a differential
one-form w = fkdqk, which is defined on the space of control parameters
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Q = {(qk)} and which measures work W , i.e. the costs necessary to change
the configuration along any path γ ⊂ Q:

W =

∫
γ

w . (29)

Components fk of w can be called “forces” – a specific kind of response
parameters. This way the phase space P describing both control and response
parameters: P = {(fk, qk)}, acquires the canonical symplectic structure ω

ω = dfk ∧ dqk , (30)

isomorphic2 to the cotangent bundle T ∗Q.
Even more specific case is mainly considered in the literature, in which

the work does not depend on the entire path γ but only on its endpoints.
Denote by D ⊂ P the collection of all points (fk, q

l) which are physically
admissible. The submanifold D will be called the dynamics of the system.
Independence of the work upon the path means that the pull-back θ := π∗w
of the one-form w, from Q to P , is complete when restricted to D:

θ|D = dλ̃ . (31)

Consequently, the submanifold D is a Lagrangian submanifold:

ω|D = dθ|D = ddλ̃ = 0 . (32)

We are going to restrict our discussion to such systems. To summarize: by
a symplectic control system we mean a system: 1) whose phase space P
(i.e. space of all parameters describing the state of the system) carries a
canonical (“God given”) symplectic structure, 2) its physically admissible
states constitute a Lagrangian (degenerate with respect to the symplectic
form and maximal) submanifold D ⊂ P called the dynamics, 3) each repre-
sentation of P as a cotangent bundle, i.e. a symplectomorphism P ∼= T ∗Q
for any manifold Q, is called a “control mode”. Once a control mode has
been chosen, coordinates (qk) on Q are called control parameters, parame-
ters (fk) in the fibers of T ∗Q are called response parameters and the function

λ̃ (more often: its projection λ onto Q) is called “a generating function of the
dynamics”.

Example 1. The configuration of a spring balance is measured by its position
x := h0 − h, where h0 is the height (e.g. above the floor) of the pan in the
“zero weight” position and h is the actual height. Any infinitesimal change
of the state of the balance costs infinitesimal work:

w = fdx . (33)

Here f denotes the force required to maintain the current position of the
pan. It can be measured using a weight placed on the pan. The phase space
P = {(f, x)} of the system carries a canonical symplectic form:

ω = df ∧ dx .

2Observe that “dqk” in the definition of w is a covector on the configuration space Q,
whereas the same symbol in formula (30) denotes its pull-back to the phase space P .
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The Hook Law: f = Hx, where H is the elasticity coefficient (Yang modulus),
defines the submanifold D ⊂ P of physically admissible states:

D = {(f, x)|f = Hx} .
Choosing x as control and f as response parameters, the generating function
of the dynamics λ fulfills on D:

dλ(x) = fdx = d
(
1
2Hx

2
)
, (34)

and, whence, λ(x) = 1
2Hx

2. However, instead of controlling x “by hand”,
we can control f by putting different weights on the pan of the balance and
treating x as the response parameter. Then

ω = df ∧ dx = −dx ∧ df = d (−xdp) , (35)

and, instead of (34), we obtain the following generating formula for the new
generating function χ:

dχ(p) = −xdp . (36)

But

dλ = fdx = d(fx)− xdf ⇐⇒ d (λ− fx) = −xdf = dχ , (37)

and, whence,
χ = λ− fx =⇒ χ(f) = − 1

2H f
2 . (38)

Possible additive constants (in both λ and χ) do not play any role since gen-
erating function is always defined “up to an additive constant” as it measures
the work from a reference state s0 to the current state s and the choice of
the reference is arbitrary. The minus sign in (36) (mathematically implied by
the sign of the symplectic form (35)) is physically implied by the fact, that
putting weights on the pan of the balance in order to change its position
we actually get some work from the system, i.e. we put into the system a
negative work.

Example 2. The state of a simple thermodynamical body is fully described
by four parameters (V, p, S, T ), namely: volume, pressure, entropy and the
temperature. The first law of thermodynamics:

dU(V, S) = −pdV + TdS , (39)

where U is the internal energy of the body, implies the following interpre-
tation: parameters (V, S) have been chosen as control parameters and the
remaining (p, T ) play role of the response parameter with respect to the
canonical (“God given”) symplectic form:

ω = −dp ∧ dV + dT ∧ dS = dV ∧ dp+ dT ∧ dS . (40)

Exchanging the role of control and response between V and p we obtain the
generating function in a new control mode:

dU = d(−pV ) + V dp+ TdS ⇐⇒ d (U + pV ) = V dp+ TdS . (41)

The generating function H := U +pV in the (p, S)-control mode is called the
enthalpy of the system. In a similar way we reconstruct the Helmholz free
energy as the generating function in (V, T )-control mode etc.
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Example 3. The “on shell” approach to Lagrangian field theory fits perfectly
into this framework. It has been proved (see [3, 4]) that, at every spacetime
point (xµ), the space of first jets of both field configurations ϕK and momenta
p µ
K is equipped with the canonical symplectic structure:

ω = ∂µ
(
dp µ

K ∧ dϕK
)

= djK ∧ dϕK + dp µ
K ∧ dϕKµ (42)

where the “current” jK is defined as the divergence of the momentum:

jK := ∂µdp µ
K . (43)

Choosing the first jet of configuration
(
ϕK , ϕKµ

)
as control and jets of mo-

menta as response, we see that, according to (27), the Lagrangian density L
plays role of the generating function in this mode:

dL
(
ϕK , ϕKµ

)
= ∂µ

(
p µ
K dϕK

)
= jKdϕK + p µ

K dϕKµ (44)

Example 4. A particular case of the above construction is obtained if the base
manifold is one-dimensional, i.e. when there is only one independent variable,
time: x0 = t. Consequently, there is only one momentum pK = p 0

K for each
degree of freedom ϕK , which we rather denote by qk, and the symplectic
form (42) reduces to

ω =
d

dt

(
dpK ∧ dqK

)
= dṗK ∧ dqK + dpK ∧ dq̇K . (45)

The symplectic form dpK ∧ dqK was known long time ago as a necessary
ingredient of the Hamiltonian formulation of mechanics. But its time deriv-
ative above was invented by W.M. Tulczyjew as a canonic structure arising
in calculus of variations (see [9] and [11]):

dL
(
qK , q̇K

)
=

d

dt

(
pKdqK

)
= ṗKdqK + pKdq̇K . (46)

We stress that the symplectic form dpK ∧ dqK has no analog in field theory
whereas, as shown in [3], the canonical form (45) generalizes in a natural way
to (42), i.e. to an arbitrary number of independent variables.

6. Legendre Transformation, constraints, field energy

Whenever a theoretical physicists says “Legendre transformation” he means
transition from Lagrangian to Hamiltonian formulation of classical mechan-
ics. But, both formulations describe phenomena which take place in the same
phase space P = {(p, ṗ, q, q̇) equipped with the symplectic form (45). Having
realized this, we see that they both describe dynamics by the same object:
a Lagrangian (maximal, singular) submanifold D ⊂ P , but in two different
ways:

D =
{

(p, ṗ, q, q̇)
∣∣∣p = ∂L

∂q̇ ; ṗ = ∂L
∂q

}
=
{

(p, ṗ, q, q̇)
∣∣∣ṗ = −∂H∂q ; q̇ = ∂H

∂q̇

}
(47)

The Lagrangian formulation is equivalent to the generating formula (46),
when we choose the first jet of configuration: (q, q̇), as control parameters
and the jet of momenta (p, ṗ) as response. The transition to the Hamiltonian
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formulation consists in exchanging the role of p and q̇. The corresponding
generating formula is obtained from (46) by a procedure analogous to the
Legendre transformation (41) between volume V and pressure p in thermo-
dynamics, or the Legendre transformation (37) between position and force in
statics:

dL = ṗdq + pdq̇ = d (pq̇) + ṗdq − q̇dp
⇒ d (L − pq̇) = d (−H) = ṗdq − q̇dp , (48)

where the functionH = pq̇−L is traditionally called the Hamiltonian function
of the system. Physically, the function H (and not the generating function
“−H” ) describes the energy of the system and this is the origin of the
above notation. This is how we obtain the standard, textbook version of the
Hamiltonian generating formula:

dH = −ṗdq + q̇dp . (49)

In field theory the concept of “Hamiltonian function” is sometimes used
in a misleading way. In classical variational problems (i.e. optimization prob-
lems which lead to elliptic equations) the “total Legendre transformation”,
consisting in exchanging all momenta p µ

K with all velocities ϕKµ is often
used (cf. [12, 13, 14]) which leads to the following generating formula as a
consequence of (44):

d
(
L − p µ

K ϕ
K
µ

)
= jKdϕK + p µ

K dϕKµ − d
(
p µ
K ϕ

K
µ

)
= jKdϕK − ϕKµdp µ

K . (50)

The resulting generating function:

− E := L − p µ
K ϕ

K
µ (51)

(or, rather, its inverse E) is then called the (density of) field Hamiltonian. We
emphasize, however, that this quantity, useful in optimization problems, has
nothing to do with the physical energy carried by the field, which appears
in hyperbolic field theories. Indeed, energy is not a scalar but a component
of the four-momentum vector and, whence, depends upon the choice of the
reference frame, i.e. upon splitting spacetime into the time t = x0 and the
space coordinates (xk). Given such a splitting, we denote time derivative
by a “dot” and select – among all components of momenta – their “time
component”:

πK := p 0
K . (52)

(In classical books on field theory (cf. [15] or [16]), only this component of
p µ
K is called by physicists “the canonical momentum of the field”.)

Once given this splitting (the reference frame chosen), we perform a
“partial” Legendre transformation consisting in exchange between the time-
like components πK of momenta and the time derivatives ϕ̇K of the fields in
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formula (44):

dL = ∂µ
(
p µ
K dϕK

)
=

d

dt

(
πKdϕK

)
+ ∂k

(
p k
KdϕK

)
= π̇KdϕK + πKdϕ̇K + ∂k

(
p k
KdϕK

)
= d

(
πK ϕ̇

K
)

+ π̇KdϕK − ϕ̇KdπK + ∂k
(
p k
KdϕK

)
. (53)

Defining the field energy (density):

H := πK ϕ̇
K − L , (54)

we finally obtain

d (−H) = −π̇KdϕK + ϕ̇KdπK + ∂k
(
p k
KdϕK

)
. (55)

Using the density H we can describe properly energy carried by the field,
analogously to formula (49) in mechanics, with the only difference, namely
the last term in (55) being the complete space divergence. Those who want to
describe field dynamics as an infinite-dimensional Hamiltonian system, must
kill this term imposing specific space boundary conditions, which is allowed in
hyperbolic theory (and not spacetime boundary conditions which is strictly
forbidden). However, these are issues related to functional analysis and are
beyond the scope of this article.

The above formulas were written as if all the control-response relations
considered here were not just any relations, but mappings. If P ∼= T ∗Q
is a control mode, then S = graph(dλ), where λ is a function of control
parameters is, however, a specific case of a Lagrangian submanifold of P . It
is characterized by the following properties: 1) the projection of S onto the
space of control parameters Q covers the entire Q (is a surjection), 2) for every
value q ∈ Q of control parameters there is a unique response r ∈ T ∗qQ. But,

consider a mechanical Lagrangian function L
(
qK , q̇K

)
which contains one

irrelevant parameter, say qn i.e. such that nothing depends upon qn and also
q̇n. Then, formula (46) implies Hamiltonian constraints pn = 0 and, whence,
the Hamiltonian function H resulting from Legendre transformation (48) is
defined only on the constraints manifold:

C =
{

(pK , q
K)
∣∣pn = 0

}
, (56)

and the Hamiltonian generating formula (49) seems to have no sense. This
situation constitutes the standard “horror” of the authors of textbooks on
classical mechanics. They feel obliged to assume constantly that the Legendre
transformation is reversible. But, as will be seen in the sequel, nothing wrong
happens in this example, even if it is not invertible. For this purpose, we
need to better precise our terminology: we declare that the differential df(q)
of a function defined on a constraints submanifold C ∈ Q is not a single
covector but, possibly, a set of covectors, namely: 1) an empty set if q /∈ C
and, otherwise, 2) the set of all covectors at q ∈ C which – when restricted
to TqC – give the same value as the differential of f . With this definition,
formula

dH = −ṗKdqK + q̇KdpK , (57)
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means the following: 1) The constraint pn = 0 is always valid, 2) for K 6= n
we have standard Hamiltonian equations: −ṗK = ∂H

∂qK
and q̇K = ∂H

∂pK
, 3) for

K = n we have: q̇n is arbitrary and ṗn = 0 because H does not depend upon
the irrelevant parameter qn. In classical textbooks, such arbitrary parameters
like qn above, are often called “Lagrange multipliers”, in analogy with the
true Lagrange multipliers that play an important role in real optimization
problems. In hyperbolic field theory, they appear as “momenta canonically
conjugate to constraints”, which simplifies considerably the theory and proves
that terminology borrowed from optimization problems and used when no
optimization is even possible, seriously confuses formulation of field theory3.

Constraints can appear in the Hamiltonian control mode, as in exam-
ple above, but can also appear in the Lagrangian control mode, as e.g. in
variational problems of higher order, when the Lagrangian function depends
upon higher order derivatives of the configurations. Because n-th derivatives
can be considered as a submanifold C in the set of “first derivatives of the
(n − 1)-th derivatives”, we can simply describe an “n-order Lagrangian” as
a “first order Lagrangian”, but defined only on constraints C (cf. [4]).

The dynamics S can, however assume a much more general position
in the cotangent bundle T ∗Q. In particular, it may cover some regions of
Q many times. This way the generating function can become “multi valued”
and change its character at boundaries of those regions. Such a situation gives
rise to the Theory of Catastrophes in the sense of René Thom. It often occurs
in robotics and similar engineering problems, but not in physically realistic
models of the field theory.

7. Example: Theory of Gravity

The authors of [2, p. 520] derive Einstein equations from the Hilbert vari-
ational principle (with components gµν of the spacetime Lorentzian metric
taken as field variables). For this purpose, they only calculate the volume
part of δLHilbert (the first term of formula (24)) and claim that the boundary
part is difficult to calculate and does not carry any significant information:
its calculation would be a waste of time4. But the boundary term can be
calculated! The paper [17] contains an easy proof that the variation of the
Hilbert Lagrangian is (in the “on-shell approach”, i.e. without volume part):

δLHilbert = ∂κ
(
π µνκ
λ δΓλµν

)
, (58)

where we denote

π µνκ
λ := πµνδκλ − πκ(νδ

µ)
λ ; πµν =

1

2k

√
det g gµν , (59)

3We stress that the so called “second-type constraints” never appear in our formulation of
the field theory.
4They are looking for the (non-existing!) extremum of the action and declare openly: “Vari-
ations of the geometry interior to this surface make no difference in the value of this surface

term. Therefore it has no influence on the equations of motion to drop the term (21.88)”.
Their formula (21.38) is exactly the boundary term of the variation.
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and k is the gravitational constant (k = 8π in geometric units). Formula (58)
proves that, in fact, the symmetric connection Γλµν and not the metric tensor
should play role of configuration in theory of gravity. This agrees with the
original idea of Albert Einstein who, after having formulated in 1905 the Spe-
cial Theory of Relativity which correctly describes electromagnetic field, tried
to extend this theory to gravity. As we know from his numerous statements,
his starting point was an attempt to understand what an “inertial system”
is and how to distinguish gravitational forces from inertial forces. He later
abandoned this idea and switched to Riemannian (or pseudo-Riemannian)
geometry. However, formula (58) suggests that his original idea was correct.

To follow this idea we remind that Isaac Newton introduced the con-
cept of an inertial frame in order to define “rectilinear motion with constant
velocity” i.e. to understand what happens when no force acts on a moving
body. The trajectory of such a “free falling body” (imagine a spaceship far
away from the Earth) fulfills equation:

ÿα = 0 . (60)

Here (yµ) are spacetime coordinates of the spaceship, and the “dot” denotes
the derivative with respect to, for example, the biological clock of its comman-
der. Equation (60) depends, however, upon a choice of coordinates. Indeed,
we can “translate” this equation to another system of coordinates, say (xλ):

ẏα =
∂yα

∂xν
ẋν

ÿα =
∂yα

∂xν
ẍν +

∂2yα

∂xµ∂xν
ẋµẋν =

∂yα

∂xλ

(
ẍλ +

∂xλ

∂yβ
∂2yβ

∂xµ∂xν
ẋµẋν

)
We see that the “rectilinear motion with constant velocity”, described by (60)
in inertial coordinates (yα), in arbitrary coordinates (xλ) is described by:

ẍλ +
∂xλ

∂yβ
∂2yβ

∂xµ∂xν
ẋµẋν = 0 . (61)

New coordinates (xλ) are also inertial if and only if the second derivatives

between them vanish: ∂2yβ

∂xµ∂xν = 0. When Newton formulated his theory, the
Universe was assumed to be nearly empty, with only a small fraction of it
filled with matter and coordinates were supposed to be global. But, after
Einstein, we know, that meaningful statements in physics should be local.
This suggests the definition of a local reference frame at a spacetime point
m ∈ M : it is an equivalence class [(yα)] of local coordinate systems, defined
in a neighborhood of m, with respect to the following equivalence relation:{

(yα) ∼m (xλ)
}
⇔
{

∂2yα

∂xµ∂xν
(m) = 0

}
. (62)

Observe that removing the point m from this definition, we obtain the correct
definition of a global reference system in the sense of Newton! This observa-
tion suggests the following, local version of the Newton’s First Law, which
we propose to call the Einstein’s First Law: at each spacetime point m ∈M



16 Jerzy Kijowski

there is a privileged reference system which we call an inertial frame. Equa-
tion (60) describes the motion of the freely falling body at each spacetime
point m ∈ M only in coordinates which are inertial at m. Otherwise, it is
described by equation (61), where the second term describes the “fictitious
forces” (centrifugal, Coriolis etc.) due to the non-inertiality of the coordinates
used.

Hence, according to Einstein’s First Law, the spacetime is filled with
the field of local inertial frames, one at each point m. To find a coordinate
description of this field observe that an inertial frame [(yα)] is uniquely char-
acterized in arbitrary coordinates (xλ), by the following table of numbers:

Γλµν(m) :=
∂xλ

∂yα
∂2yα

∂xµ∂xν
(m) , (63)

where (yα) is a representative of the class [(yα)]. It is easy to prove that
the right-hand side does not depend upon a choice of this representative.
A physical interpretation of the table Γλµν(m) follows from observation that

it is a quadratic correction to coordinates (xλ), necessary and sufficient to
“upgrade them” to inertial coordinates (zλ) at m:

zλ := xλ +
1

2
Γλµν(m)xµxν . (64)

(Without loss of generality, we have assumed that coordinates (xλ) are cen-
tered at m i.e. that m = (mµ) = (0, . . . , 0). Otherwise, xµ should be replaced
by “(xµ −mµ)”.)

The numbers Γλµν could be interpreted as coefficients of a connections in
the tangent bundle TM which (somehow, by chance – see (63)) is symmetric.
This would be, however, a very artificial interpretation. We stress that Γλµν(m)
describe the local inertial frame at m ∈ M – the fundamental concept of
contemporary physics (whereas the Newtonian physics was based on its global
version!).

The field of local inertial frames Γ describes entirely how the gravita-
tional field influences the motion of heavy objects. Indeed, equation of motion
of freely falling bodies is implied by (61):

mẍλ = −mΓλµν ẋ
µẋν =: Fλ , (65)

where Fλ is the gravitational force and can be eliminated if we use inertial
coordinates.

Having identified gravitational field with the field of inertial frames, we
would probably like to derive its dynamics from a variational principle. Its
Lagrangian density L should, therefore, depend upon the field configuration
Γλµν and its derivatives Γλµνκ := ∂κΓλµν . Using transformation laws for Γ, it is
easy to prove that L can depend upon its arguments only via the components
of the curvature tensor: L = L

(
Rλµνκ

)
: otherwise the field equations would

depend on the choice of a coordinate system.
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A considerable simplification of the theory is obtained (see [1]) if, instead
of the Riemann tensorRλµνκ, we use the following tensor to describe curvature:

Kλ
µνκ := −2

3
Rλ(µν)κ ; Rλ(µν)κ = −2Kλ

µνκ

which carry exactly the same information as the Riemann tensor, but is bet-
ter adapted to canonical structure of the theory. More precisely, the canonical
momenta are directly represented by derivatives of the Lagrangian with re-
spect to Kλ

µνκ and not to Rλµνκ. Finally (cf. [1] or [6] ), generating formula
for field equations reduces to:

δL
(
Kλ
µνκ

)
= ∂κ

(
Pµνκλ δΓλµν

)
= (∂κP

µνκ
λ ) δΓλµν + Pµνκλ δΓλµνκ

= (∇κPµνκλ ) δΓλµν + Pµνκλ δKλ
µνκ , (66)

and, whence, field equations reduce to:

∇κPµνκλ = 0 ; Pµνκλ =
∂L

∂Kλ
µνκ

, (67)

where nabla represents the covariant derivative with respect to the connec-
tion Γ.

But the curvature tensor (Kλ
µνκ or – equivalently – Rλµνκ) decomposes

algebraically into collection of three irreducible objects (see [1] or [6] for
details): 1) the symmetric part “Kµκ” and 2) the antisymmetric part “Fµκ”,
of the Ricci tensor:

Rµκ := Rνµνκ = Kµκ + Fµκ ,

and, finally 3) the remaining trace-free part Wλ
µνκ (the Weyl tensor). It has

been proved long ago (see e.g. [18]) that the first sector reproduces exactly
the standard equations of General Relativity Theory, with “tiny differences”
namely: 1) there is no room for any ad hoc modifications of Einstein equations
(like e.g. those resulting from the so called “f(R) theories”) and, moreover
2) the cosmological constant5 is necessary from the very beginning of the
theory. Indeed, there is only one method to manufacture a scalar density L
from the tensor Kµκ, namely:

L = C ·
√

detK . (68)

(The physical constant C is necessary because the curvature tensor and the
action have, a priori, different physical dimensions). Due to (59), the second
field equation (66) implies:

P µνκ
λ := πµνδκλ − πκ(νδ

µ)
λ where πµκ =

∂L
∂Kµκ

, (69)

and, whence, the first field equation (66) implies:

∇κπµν = 0 . (70)

5A. Einstein considered the cosmological constant to be “the greatest mistake of his life”,
even though he himself had discovered it several years earlier.
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Let us use formula (59) as a definition of the metric tensor gµν in terms of the
canonical momentum (69). Then Euler-Lagrange equation (70) of the theory
means that the connection Γλµν is the metric (Levi-Civita) connection of gµν :

Γλµν =
1

2
gλκ (gκµ,ν + gκν,µ − gµν,κ) . (71)

Moreover, the second equation of (69) implies the following relation between
metric (momentum!) and curvature (derivatives of configuration):

πµκ =
∂L
∂Kµκ

=
C

2

√
detK

(
K−1

)µν
, (72)

which can easily be inverted:

Gµν =
1

4πC
gµν , (73)

where G is the Einstein tensor:

Gµν := Kµν −
1

2
gµν

(
Kαβg

αβ
)
. (74)

We see that assuming that the Lagrangian density L feels only the first
sector of the theory, we have proved that its unique possible dynamics is
the standard Einstein theory with a (non-removable!) cosmological constant
Λ = 1

4πC . But, what is usually assumed a priori, namely the metricity (71)
of the connection, is here obtained as the Euler-Lagrange theory, whereas the
Einstein equation (74), usually obtained as the Euler-Lagrange equation of
the theory, here arises as the definition of the field momenta.

But restriction of the theory to the first sector of curvature (symmetric
part of Ricci) does not seem to be realistic. It can be shown that including
the second sector and choosing the Lagrangian density depending upon the
entire Ricci, for example:

L = C ·
√

detRµν = C ·
√

det (Kµν + Fµν) , (75)

leads to a unified Einstein-Weyl theory of gravity and electromagnetism
(see, e.g. [6]), whereas the third sector could possibly describe the “dark
matter”.
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