UNIVERSITAT
ROVIRA i VIRGILI

Multicontact brackets and multisymplectization

Xavier Rivas

2nd International Workshop on Geometric Field Theory < Warsaw < July 6-8, 2026



Outline

Introduction

Brackets induced by a differential n-form
Multicontact structures and multisymplectization
Multicontact field equations

Dissipative field theories

Conclusions

B estinu Multicontact brackets and multisymplectization



Introduction



Motivation and goals

Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way.
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Motivation and goals

Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way.

In this talk, we will deepen in the study of the geometry of multicontact manifolds. In
particular, we will
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Motivation and goals

Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way.

In this talk, we will deepen in the study of the geometry of multicontact manifolds. In
particular, we will

+ define and study brackets induced by an arbitrary n-form and relate them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry,
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Motivation and goals

Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way.

In this talk, we will deepen in the study of the geometry of multicontact manifolds. In
particular, we will

+ define and study brackets induced by an arbitrary n-form and relate them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry,

+ develop a multisymplectization procedure for the geometry induced by an
n-form,
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Motivation and goals

Multicontact geometry has been developed to study non-conservative field
theories in an intrinsic way.

In this talk, we will deepen in the study of the geometry of multicontact manifolds. In
particular, we will

+ define and study brackets induced by an arbitrary n-form and relate them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry,

+ develop a multisymplectization procedure for the geometry induced by an
n-form,

* introduce an abstract framework to study multicontact field theories.
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Brackets induced by an n-form



Infinitesimal conformal transformations

Let © € Q"(M) be a smooth n-form on M.

B estnu Multicontact brackets and multisymplectization



Infinitesimal conformal transformations

Let © € Q"(M) be a smooth n-form on M.

For p < n, a multivector field X € XP(M) is an infinitesimal conformal
transformation of @ if there exists a multivector field V € XP~'(M) such that

Zx© =10,

where Zx0 = dux© — (—1)pLX de.

\ J
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Infinitesimal conformal transformations

Let © € Q"(M) be a smooth n-form on M.

For p < n, a multivector field X € XP(M) is an infinitesimal conformal
transformation of @ if there exists a multivector field V € XP~'(M) such that

Zx© =10,

where Zx0 = dux© — (—1)pLX de.

\ J

For a vector field X € X(M) the condition reads
Zx©=9-0,

for g € €°°(M). We recover the notion of an infinitesimal conformal symmetry.
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Conformal Hamiltonian forms

A conformal Hamiltonian form is an (n — p)-form a € Q"~P(M) such that

tx,© = —a,

for some infinitesimal conformal transformation X, € XP(M). We denote by

Q%(M, ©) the space of conformal Hamiltonian a-forms. If the form © is clear
from the context we will use QF(M).
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Conformal Hamiltonian forms

A conformal Hamiltonian form is an (n — p)-form o € Q"P(M) such that
1x,© = —a,

for some infinitesimal conformal transformation X, € XP(M). We denote by
Q%(M, ©) the space of conformal Hamiltonian a-forms. If the form © is clear
from the context we will use QF(M).

Note that an (n — p)-form « is conformal Hamiltonian if and only if there exist
multivector fields X, € ¥P(M) and V,, € XP~' (M) such that

1x,© = —« and ix, d© = (=1)P*'(da + 1y, ©).
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Looking for a bracket

Let o« € Q" P(M) and 5 € Q" 9(M) be conformal Hamiltonian forms and let
Xa, Vo, Xg and Vg be multivector fields satisfying

1x,© = —a, ix, d® = (=1)P*'(da 41y, ©),
and
ix,©0=-8,  ix,d0 =(-1)""(dB+1y,0).
Then, the expression
X, X5 ©
only depends on « and 3 and is also a conformal Hamiltonian form.

\
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The bracket

The graded Jacobi bracket (or Jacobi bracket) of two conformal Hamiltonian
forms a € QF(M), 8 € Q%(M) is

{0, B} = —ipx, x,1© = (- 1)P9 (2, —11,) B,

where X,, X3 are conformal symmetries for each of these forms and a =
n—p, b=n-q. lts well-definedness follows from the previous theorem.

&
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The bracket

The graded Jacobi bracket (or Jacobi bracket) of two conformal Hamiltonian
forms o € Q& (M), B € QB(M) is

{0, B} = —txu x,© = (=PI (&, —11,) B,

where X, X3 are conformal symmetries for each of these forms and a =
n—p, b= n- q. Its well-definedness follows from the previous theorem.

The bracket defined by a differential n-form © € Q"(M) is a bilinear operation

() QM) © QM) — Q3D (wm).
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Recovering the contact Jacobi bracket

Remark. Suppose © = n a contact form on M. Then, the previous bracket
generalizes the usual Jacobi bracket of contact geometry. Indeed, we have

tx,n = —f and tx, dn = df — R(f)n,

where R denotes the Reeb vector field, the unique vector field satisfying
trm =1, and vg dn = 0. The graded Jacobi bracket reads

{f,9} = =X x,1M

which recovers the usual contact Jacobi bracket.
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Properties of the bracket

Corollary

Let o € Q" P(M), g € Q" 9(M) and v € Q" "(M) be conformal Hamiltonian
forms. Then, the bracket of conformal Hamiltonian forms is graded skew-
symmetric, satisfies the graded Jacobi identity, and the weak Leibniz rule,
namely

{aaﬁ}_ ( )p 1 q 1){6,(1}

(”) (71)p D= 1{0[, {Ba’Y}}jL(* )(r 1)(q_1){’77{aaﬁ}}+
(=1)@DE=D{B, {~,a}} =0,

(iii) supp{a, 8} C supp N supp /3.
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Cup product of conformal Hamiltonian forms

Infinitesimal conformal transformations are closed under exterior products, since

Lxny© = Lyix© + (—1 )qbyfxe
= (—1 )p(q—1) (L[yy)(]@ + Lxgye) + (—1)ql/y$x@,

where X € XP(M) and Y € X9(M). This motivates the following definition.
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Cup product of conformal Hamiltonian forms

Infinitesimal conformal transformations are closed under exterior products, since

Lxny© = LyixO + (—1)qu.$)<6
= (_1)p(q—1) (L[yyx]@ + foy@) + (—1)qby.,§/ﬂx@,

where X € XP(M) and Y € X9(M). This motivates the following definition.

Definition

The cup product of conformal Hamiltonian forms is defined as

aV B = —ix,nx;©.
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Graded Leibniz rule

Note that the cup product of conformal Hamiltonian forms is well-defined since

aVp= LXy O = (—1)pqLXa,3.
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Graded Leibniz rule

Note that the cup product of conformal Hamiltonian forms is well-defined since
aVpf=xa= (1) 5.

Remark. The cup product of two conformal Hamiltonian forms is again con-
formal Hamiltonian, since X, N\ Xs is an infinitesimal conformal transformation.
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Graded Leibniz rule

Note that the cup product of conformal Hamiltonian forms is well-defined since
aVpf=xa= (1) 5.

Remark. The cup product of two conformal Hamiltonian forms is again con-
formal Hamiltonian, since X, N\ Xs is an infinitesimal conformal transformation.

The cup product defines a bilinear operation
Vi QM) @ QY(M) — QFP"(M).
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Graded Leibniz rule

Note that the cup product of conformal Hamiltonian forms is well-defined since
aVp= LXy O = (—1)pqLXa,3.

Remark. The cup product of two conformal Hamiltonian forms is again con-
formal Hamiltonian, since X, N\ Xs is an infinitesimal conformal transformation.

The cup product defines a bilinear operation
Vi QM) @ QY(M) — QFP"(M).

Corollary (Graded Leibniz rule)

Given a € Q7 P(M), 8 € Q]9 (M) and v € Qf,"(M), then

{a, BV} ={a, B} Vy+ (-1)"DBV {a,7}.
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Some comments

Observe that this endows the set of conformal Hamiltonian forms with a structure of
a Gerstenhaber algebra, and the map

X — —Lxe

is a Gerstenhaber algebra homomorphism between infinitesimal conformal
transformations and conformal Hamiltonian forms.
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Some comments

Observe that this endows the set of conformal Hamiltonian forms with a structure of
a Gerstenhaber algebra, and the map

X — —Lxe

is a Gerstenhaber algebra homomorphism between infinitesimal conformal
transformations and conformal Hamiltonian forms.

Remark. [t is worth noting that, in the case where © = n defines a contact
form on M, the cup product f v g of two functions vanishes. Thus, we only have
the weak Leibniz rule in the contact case.
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(Pre-)Multisymplectic forms

Definition

A pre-multisymplectic form on M is a closed (n + 1)-form Q € Q™' (M). It
is said to be multisymplectic or non-degenerate if the vector bundle map
b: TM — A" M defined by b(v) := +,Q is a monomorphism.
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(Pre-)Multisymplectic forms

Definition

A pre-multisymplectic form on M is a closed (n + 1)-form Q € Q™' (M). It
is said to be multisymplectic or non-degenerate if the vector bundle map
b: TM — A" M defined by b(v) := +,Q is a monomorphism.

Let (M, Q) with Q € Q"'(M) be a (pre-)multisymplectic manifold. Then,
aform a € Q3(M) is (pre-)multisymplectic Hamiltonian if there exists a
multivector field X, € X"~4(M) such that 1x,Q = da. We denote the space
of multisymplectic Hamiltonian a-forms by Q(M, Q). If the form to be used is
clear from the context we simply write Q%(M).
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Poisson bracket of pre-multisymplectic Hamiltonian forms

Let (M, Q), where Q € Q"t'(M), be a pre-multisymplectic manifold and let
a € Q) P(M), B € Q] (M) be pre-multisymplectic Hamiltonian forms. Their
Poisson bracket is defined as

{o, 8} = (=) ix,x, Q.
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Relating both brackets

Leta € QF P(M,Q) and 3 € Qf, 9(M, Q) be (pre-)multisymplectic Hamiltonian
forms. Their Poisson bracket is

{@,BYp = (1) T ax, Q.
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Relating both brackets

Leta € QF P(M,Q) and 3 € Qf, 9(M, Q) be (pre-)multisymplectic Hamiltonian
forms. Their Poisson bracket is

{@,BYp = (1) T ax, Q.

der and dg are conformal Hamiltonian forms with V35 = 0 and Vdg =0.
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Relating both brackets

Leta € QF P(M,Q) and 3 € Qf, 9(M, Q) be (pre-)multisymplectic Hamiltonian
forms. Their Poisson bracket is

der and dg are conformal Hamiltonian forms with V35 = 0 and Vdg =0.

Then, the two brackets are related by

{da&,dp} = d{a, B}p.
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Relating both brackets

Leta € QF P(M,Q) and 3 € Qf, 9(M, Q) be (pre-)multisymplectic Hamiltonian
forms. Their Poisson bracket is

da and dg are conformal Hamiltonian forms with V; = 0 and Vdg =0.

Then, the two brackets are related by

{da&,dp} = d{a, B}p.

Remark. Ifn=1, we have {df,dg} = d{f,g}p, where {f, g}p is the Poisson
bracket of two functions from symplectic geometry. Thus, the graded Jacobi
bracket generalizes the graded Poisson bracket.
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Multicontact structures and
multisymplectization



Homogeneous (pre-)multisymplectic manifolds

An homogeneous (pre-)multisymplectic manifold is a pair (I\~/1, T), where
T € Q"(M) is such that

+ Q= —dT is a (pre-)multisymplectic form on M, and
- 3A € X(M), called a Liouville vector field satisfying t.anQ = —T.
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Homogeneous (pre-)multisymplectic manifolds

An homogeneous (pre-)multisymplectic manifold is a pair (I\7I, T), where
T € Q"(M) is such that
+ Q= —dT is a (pre-)multisymplectic form on M, and

+ 3A € X(M), called a Liouville vector field satisfying tnQ = —7.

Remark. A homogeneous symplectic structure is just an exact symplectic
structure w = — dv, since there always exists A such that ipw = —v.

However, this does not hold in multisymplectic geometry since we cannot
guarantee the existence of a vector field A satisfying .nQQ = —7.
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(Pre-)multisymplectization

Let © be an n-form on a smooth manifold M.
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(Pre-)multisymplectization

Let © be an n-form on a smooth manifold M.

Let 7: M — M be a (locally trivial) fiber bundle, where M is endowed with a
homogeneous (pre-)multisymplectic structure Q = —dT. Then, it is said to be
a (pre-)multisymplectization of (M, ©) if:
* it admits a vertical Liouville vector field A with respect to the projection 7,
* T = ¢ - 77O for certain nowhere vanishing function ¢ € %OO(I\N/I), called the
conformal factor.

The canonical (pre-)multisymplectization of (M, 0) is M x R, with Q =

—d(z©). In this case, A = Zo> and ¢ = z.
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Lifting multivector fields to the multisymplectization

Let © be a nowhere vanishing n-form on M and let 7: M — M, with (M, —dT)
be a (pre-)multisymplectization of (M, ©) with conformal factor ¢ € €>°(M).

Then, for every infinitesimal conformal transformation X € XP(M) of © there
exists a unique-up-to-kerp dT multivector field X € XP(M) such that

ZT=0 and 1nX=X.
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Lifting the Jacobi bracket to the Poisson bracket

Let © be a nowhere vanishing n-form on M and let 7: M — M, with (M, —dT),
be a (pre-)multisymplectization of (M, ©) with conformal factor ¢ € €°>°(M).

Then, the map

v QI P(M,0) — Q) P(M,Q=—dT)
o — (—1)PH . m*a

is well defined and, for every a € Q) P(M, ©) and 8 € Q) 9(M, ©) it satisfies

{V(a), ¥(B)}tp =V({a, 8}) + (=1)7dV¥(aV B).

exact term
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Some comments

Remark. If© = n is a contact form, taking the symplectization M x R,

v %OOf(M) — (i":f()/\/i XZR?,) and {V¥(f),v(g)}r = V({f,g}).

since f v g = —ux,nx,mn = 0, and we recover the usual symplectization of a
contact manifold.
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Some comments

Remark. If© = n is a contact form, taking the symplectization M x R,

v %OOf(M) — (i":f()/\/ixzﬂfi;) and {V¥(f),v(g)}r = V({f,g}).

since f v g = —ux,nx,mn = 0, and we recover the usual symplectization of a
contact manifold.

Remark. If© c Q"(M) is nowhere-vanishing and o € Q%(M,©) and 3 €
Qb (M, ©) with a+ b < n, we have

{V(e), W(B)}p = V({e, B}).
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Multicontact manifolds

Proposition

If ker; d© # {0}, then (M x R,,Q := —d(z©)) is a non-degenerate homoge-
neous multisymplectic manifold if and only if

ker1 © Nker; d© = {0} .
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Multicontact manifolds

Proposition

If ker; d© # {0}, then (M x R,,Q := —d(z©)) is a non-degenerate homoge-
neous multisymplectic manifold if and only if

ker1 © Nker; d© = {0} .

A multicontact manifold is a pair (M, ©) such that

ker1 © Nkery d© = {0} and ker1 d© # {0} .
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Multicontact manifolds

Proposition

If kery d© # {0}, then (M x R,,Q = —d(z©)) is a non-degenerate homoge-
neous multisymplectic manifold if and only if

keri © Nkery dO© = {0} .

A multicontact manifold is a pair (M, ©) such that

ker1 © Nkery d© = {0} and ker1 d© # {0} .

Condition kery d© # {0} ensures that the canonical pre-multisymplectization of a
multicontact manifold (M, ©) is non-degenerate.
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Some comments

Remark. Letn € Q'(M) such that
keri n N kery dn = {0} and kerq dn # {0}.
M is odd-dimensional since dim kery 7 = dim M — 1 and codim kery dn is even
dimensional. The conditions above guarantee that
b: TM — ™M
v — wdn+n(v)-n
defines a vector bundle isomorphism, and thus n defines a contact form.
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Some comments

Remark. Letn € Q'(M) such that
keri n N kery dn = {0} and kerq dn # {0}.
M is odd-dimensional since dimkery n = dim M — 1 and codim kerq dn is even
dimensional. The conditions above guarantee that
b: TM — M
v — wdn+n(v)-n
defines a vector bundle isomorphism, and thus n defines a contact form.

Remark. Note that a multicontact n-form © is necessarily nonvanishing: if
O©|p = 0, then kery ©|p = Tp M which would yield {0} = kery ©|p Nkery dO|p =
kery dO|p # {0}, contradiction.
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Some comments

Proposition

Let 7: M — M be a fiber bundle with at least 1-dim. fibers, where (I\~A,Q =
—d(¢7*©)) is a homogeneous multisymplectic manifold for some ¢ € €>°(M)
nonvanishing. Then, its Liouville vector field A is vertical.
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Some comments

Proposition

Let 7: M — M be a fiber bundle with at least 1-dim. fibers, where (I\~A,Q =
—d(¢7*©)) is a homogeneous multisymplectic manifold for some ¢ € €>°(M)
nonvanishing. Then, its Liouville vector field A is vertical.

Remark. For a multisymplectization T : M — M of a multicontact manifold
(M, ©) with conformal factor ¢, we have A(¢) = ¢.
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Some comments

Proposition

Let 7: M — M be a fiber bundle with at least 1-dim. fibers, where (I\~A,Q =
—d(¢7*©)) is a homogeneous multisymplectic manifold for some ¢ € €>°(M)
nonvanishing. Then, its Liouville vector field A is vertical.

Remark. For a multisymplectization T : M — M of a multicontact manifold
(M, ©) with conformal factor ¢, we have A(¢) = ¢.

Proposition

If 7: M — M is a multisymplectization of the multicontact manifold (M, ©),
then the fibers are necessarily 1-dimensional.
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Multicontact field equations



Setting the problem

In this section we study a possible definition of multicontact field equations in a
particular, but still quite general, subclass of multicontact manifolds.
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Setting the problem

In this section we study a possible definition of multicontact field equations in a
particular, but still quite general, subclass of multicontact manifolds.

We look for equations that not only are dependent on the geometry, but also
depend on a choice of Hamiltonian, as is usually done in symplectic and contact
mechanics.
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Setting the problem

In this section we study a possible definition of multicontact field equations in a
particular, but still quite general, subclass of multicontact manifolds.

We look for equations that not only are dependent on the geometry, but also
depend on a choice of Hamiltonian, as is usually done in symplectic and contact
mechanics.

In contact mechanics, the evolution equation of the motion determined by a
Hamiltonian H € ¥°°(M) on a contact manifold (M, ) is given by

g=Xu(9) = {H,g9} - R(H)g,

where R is the Reeb vector field defined by n and {H, g} is the usual Jacobi bracket.
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Going to multicontact

In our case, a Hamiltonian will be a suitable n-form h € Q"(M), and the evolution of
conformal Hamiltonian (n — 1)-forms will be given by

Y*(da) = —R(da) - h—1x, dh— (tr dh) A«
=—(Zx, + R(a)) h— (trdh) AN +d (ex, h),

where R is the Reeb multivector field, generalizing the Reeb vector field, and
¥: X — M is a smooth map from an n-dimensional manifold to the multicontact
manifold (M, ©).
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Going to multicontact

In our case, a Hamiltonian will be a suitable n-form h € Q"(M), and the evolution of
conformal Hamiltonian (n — 1)-forms will be given by

P*(da) = —R(da) - h—1x, dh— (tr dh) A «
=~ (Zx, + R(@)) h— (e dh) A +d (ix, h).
where R is the Reeb multivector field, generalizing the Reeb vector field, and
¥: X — M is a smooth map from an n-dimensional manifold to the multicontact
manifold (M, ©).

Extending the domain of definition of brackets to n-forms, the previous equation may
be interpreted as

Y*(da) ={h,a} — (trdh) Na+d(tx, h) .
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The Reeb multivector field

Assume n > 1. Let us first define the Reeb multivector field.
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The Reeb multivector field

Assume n > 1. Let us first define the Reeb multivector field.

First attempt: R is the only n-multivector field up to ker, © N ker, d© such that
1RO =1 and 1rd© = 0.
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The Reeb multivector field

Assume n > 1. Let us first define the Reeb multivector field.

First attempt: R is the only n-multivector field up to ker, © N ker, d© such that
1RO =1 and 1rd© = 0.

However, a finer definition can be made. We define

bo: keryd® — AT'TM
v —  1,0.
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The Reeb multivector field

Assume n > 1. Let us first define the Reeb multivector field.

First attempt: R is the only n-multivector field up to ker, © N ker, d© such that
1RO =1 and 1rd© = 0.

However, a finer definition can be made. We define

bo: keryd® — AT'TM
v —  1,0.

It is a monomorphism. We may see its inverse b(j)1 : Imbg — ker; d© as a tensor

rg! € ker; dO(Imbe)* = kerq d@@(\/n_1 M/ (im be)o"H) . where \/,M =N’ TM.
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The Reeb multivector field

Assume n > 1. Let us first define the Reeb multivector field.

First attempt: R is the only n-multivector field up to ker, © N ker, d© such that
1r® =1 and 1p d© = 0.

However, a finer definition can be made. We define

bo: ker;d® — /\"_1M
v — 0.

It is a monomorphism. We may see its inverse bg‘ : Imbg — ker; d© as a tensor
ho! € kery dO®@(Imbe)* = kery dO® (\/n_1 M/ (Im be)o’”_1> , where \[,M=/N"TM.

Definition (

R = %bg‘, interpreted as a tensor taking values in the vector bundle above.
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Contracting by R

We want to define contraction by R on a suitable family of n-forms, which will be
later identified as the Hamiltonians, objects that will define the dynamics.
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Contracting by R

We want to define contraction by R on a suitable family of n-forms, which will be
later identified as the Hamiltonians, objects that will define the dynamics.

Remark. Let

U=Us[V+(mbe) "] € kers 40 @ (V1 M/ (Imbe)"~") .

For a suitable a-form o, we want to define the contraction .y« as vyiya.
+ We can guarantee well-definedness when « is such that .k, = 0, for
every K € (Imbg)>"~" and every u € kery dO.
* This last condition is equivalent to « satisfying vyiya € Imbg, for every
uckerydoandVel, ,M.
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ROVIRA i VIRGILI



Hamiltonians and the dissipation form

Definition

The Hamiltonian subbundle is # .= {h€ A"M | .y yh C Imbg} € A" M.

A Hamiltonian is a section h € T(H): an n-form h such that vt yh C Imbe.
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Hamiltonians and the dissipation form

Definition

The Hamiltonian subbundle is # .= {h€ A"M | .y yh C Imbg} € A" M.

A Hamiltonian is a section h € T(H): an n-form h such that vt yh C Imbe.

Definition

A Hamiltonian h € T'(#) is called a good Hamiltonian if ¢yer, g0 dh C H.
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Hamiltonians and the dissipation form

Definition

The Hamiltonian subbundle is # .= {h€ A"M | .y yh C Imbg} € A" M.
A Hamiltonian is a section h € T(H): an n-form h such that vt yh C Imbe.

Definition

A Hamiltonian h € T'(#) is called a good Hamiltonian if ¢yer, g0 dh C H.

For a good Hamiltonian, a fundamental object is the dissipation 1-form which is
defined as
op = (—1 )n71 n-uys dh.
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Hamilton—de Donder-Weyl equations

Then, we can define the Hamilton—-de Donder—Weyl equations for a map
¥: X — M, where X is and n-dimensional manifold, as

W*O+h) =0 and  r(d+opn)(©+h) =0, Ve X(M).
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Hamilton—de Donder-Weyl equations

Then, we can define the Hamilton—-de Donder—Weyl equations for a map
¥: X — M, where X is and n-dimensional manifold, as

pO+h) =0 and  Yr(d+opn)(©+h)=0, VEeX(M).

Remark. These equations generalize the equations found in the literature of
multicontact systems. Indeed, denoting by ©, = © + h the equations now read
as

YO =0 and @Z)*Lga@h =0, Ve .}:(M)

where d = d + opA.

Later, we will see a local computation in the case of fiber bundles w: Y — X.
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Evolution of Hamiltonian forms

In order to discuss dissipation phenomena (dissipated forms), it will be useful for us
to have an explicit formula for the evolution of a conformal Hamiltonian (n — 1)-form.
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Evolution of Hamiltonian forms

In order to discuss dissipation phenomena (dissipated forms), it will be useful for us
to have an explicit formula for the evolution of a conformal Hamiltonian (n — 1)-form.

Let h € I'(#) be a good Hamiltonian, a € QZ”(M) a conformal Hamiltonian
form and ¢): X — M a solution of the HADW equations defined by h. Then

w*(da) =* (—R(da)h — X, dh—opNa+opA anh) .
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Evolution of Hamiltonian forms

In order to discuss dissipation phenomena (dissipated forms), it will be useful for us
to have an explicit formula for the evolution of a conformal Hamiltonian (n — 1)-form.

Let h € I'(#) be a good Hamiltonian, a € QZ”(M) a conformal Hamiltonian
form and ¢): X — M a solution of the HADW equations defined by h. Then

w*(da) =* (—R(da)h — X, dh—opNa+opA anh) .

If X, takes values in (Imbg)®', we have

P*(da) = ¢* (=R(da)h —1x, dh—op A @) .

Multicontact brackets and multisymplectization
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Variational multicontact manifolds

Definition

A multicontact manifold (M, ©) is called variational if

Y A2(kers de)e =0.
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Variational multicontact manifolds

A multicontact manifold (M, ©) is called variational if

A2 (Ker; d@)@ =0.

Proposition

Let (M, ©) be a variational multicontact manifold and h € I'(#). Then,

Lker1 d@h = 0 .
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Distortion of a variational multicontact manifold

Definition

The distortion of a variational multicontact manifold (M, ©) is
Co: T(ker1d®)®@T(ker;d®) — Q"1 (M)/T(Imbg)
R® R — tpdir©.
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Distortion of a variational multicontact manifold

Definition

The distortion of a variational multicontact manifold (M, ©) is
Co: T(ker1d®)®@T(ker;d®) — Q"1 (M)/T(Imbg)
R® R — tpdir©.

For a variational multicontact manifold, Cg defines a symmetric vector bundle map
Co: kery dO ® kery d® —» A" M/Imbg .
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Distortion of a variational multicontact manifold

The distortion of a variational multicontact manifold (M, ©) is
Co: T(ker1d®)®@T(ker;d®) — Q"1 (M)/T(Imbg)
R® R — tpdir©.

For a variational multicontact manifold, Cg defines a symmetric vector bundle map
Co: kery d© ® keri d© — /\n_1 M/ Imbg .

Let (M, ©) be a variational multicontact manifold such that kery d© has con-
stant rank. Then, every Hamiltonian is a good Hamiltonian if and only if its
distortion vanishes.
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Dissipated forms

In contact dynamics, a fundamental concept is that of dissipated quantity, which is
a function g € ¥>°(M) satisfying

g=Xu(g) = -R(H)g.
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Dissipated forms

In contact dynamics, a fundamental concept is that of dissipated quantity, which is
a function g € ¥°>°(M) satisfying

9= Xun(9) =—R(H)g.

Let (M, ©) be a multicontact manifold and let h € '(#) be a good Hamiltonian.
Then, a form a € Q4 (M) is said to be dissipated, if

Y*(da) = —op N a,

for every v solution of the multicontact Hamilton—de Donder—Weyl equations
determined by h.
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Properties of dissipated forms

Proposition

Leta € QL' (M). If —(Zx, + R(da)) h + (d+onA)ix,h = O, then ais a
dissipated (n — 1)-form.
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Properties of dissipated forms

Proposition

Leta € QL' (M). If —(Zx, + R(da)) h + (d+onA)ix,h = O, then ais a
dissipated (n — 1)-form.

Corollary

Let « and 3 be dissipated conformal Hamiltonian (n — 1)-forms such that

— (. +R(da))h=0 and  — (%, +R(dB))h=0.

If both X,, and Xj take values in (Imbg)>', then {«, B} is a dissipated form.
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Multisymplectization of the dynamics

Let (M,n) be contact and H € ¢>°(M). We define a homogeneous Hamiltonian
on its canonical symplectization (M .= M x Ry, —d(zn)) as H(p, z) = zH(p).

B estnu Multicontact brackets and multisymplectization



Multisymplectization of the dynamics

Let (M, n) be contact and H € ¥>°(M). We define a homogeneous Hamiltonian
on its canonical symplectization (M := M x R,., —d(zn)) as H(p, z) = zH(p).
The symplectic Hamiltonian vector field X € 36(/\7/) is T-related with the contact
Hamiltonian vector field Xy € X(M).
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Multisymplectization of the dynamics

Let (M, n) be contact and H € ¥>°(M). We define a homogeneous Hamiltonian
on its canonical symplectization (M := M x R,., —d(zn)) as H(p, z) = zH(p).
The symplectic Hamiltonian vector field X € 36(/\7/) is T-related with the contact
Hamiltonian vector field Xy € X(M).

Let (I\7I, Q) be a multisymplectic manifold and h e Q”(M) be an arbitrary
form (which we refer to as the Hamiltonian). Then, a map @Z: X — M from
an n-dimensional manifold X to M, is said to satisfy the multisymplectic
Hamilton-De Donder-Weyl equations if

e (Q-h) =0, vee (i),
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Multisymplectization of the dynamics

Let (M, ©) be variational multicontact and let (M, Q) denote its canonical mul-
tisymplectization. Given a good Hamiltonian h € Q"(M), define the associated

homogeneous Hamiltonian as h(p, z) := zr*h(p). Under technical conditions:

(i) Solutions to the homogeneous HADW equations project onto solutions to
the multicontact HADW equations.
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Multisymplectization of the dynamics

Let (M, ©) be variational multicontact and let (M, Q) denote its canonical mul-
tisymplectization. Given a good Hamiltonian h € Q"(M), define the associated

homogeneous Hamiltonian as h(p, z) := zr*h(p). Under technical conditions:
(i) Solutions to the homogeneous HADW equations project onto solutions to
the multicontact HADW equations.

(if) Solutions to the multicontact HADW equations can lifted to solutions to

the homogenous HADW equations provided that the dissipation form is
exact over the solutions.
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Multisymplectization of the dynamics

Let (M, ©) be variational multicontact and let (M, Q) denote its canonical mul-
tisymplectization. Given a good Hamiltonian h € Q"(M), define the associated

homogeneous Hamiltonian as h(p, z) := zr*h(p). Under technical conditions:
(i) Solutions to the homogeneous HADW equations project onto solutions to
the multicontact HADW equations.

(if) Solutions to the multicontact HADW equations can lifted to solutions to

the homogenous HADW equations provided that the dissipation form is
exact over the solutions.

(iiiy There is a correspondence between the evolution of observables: for
a € Q3 (M) conformal Hamiltonian, defining a(p, z) := z7*a(p), we have

$*(d@) = (*2) - ¥* (op A a +da) .
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Dissipative field theories

Let’s apply all these constructions to the case of dissipative field theories.
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Dissipative field theories

Let’s apply all these constructions to the case of dissipative field theories.

Let 7: Y — X be a fiber bundle. The extended phase space of action dependent
field theories is defined as

M=NYaN X,

where A5 Y denotes the bundle of 2-horizontal n-forms on Y and A"~' X denotes
the bundle of (n — 1)-forms on X.
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Dissipative field theories

Let’s apply all these constructions to the case of dissipative field theories.

Let 7: Y — X be a fiber bundle. The extended phase space of action dependent
field theories is defined as

M=NYaN X,

where A5 Y denotes the bundle of 2-horizontal n-forms on Y and A"~' X denotes
the bundle of (n — 1)-forms on X.

We can find a canonical multicontact form on M given by
©=doey ' - oY,
where ©7 and ©%~' denote the canonical Liouville forms on A3 Y and A"~ X.
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Local expressions

Let (x*, y') denote fibered coordinates on 7: Y — X, and let (x*, y', p, P!, s*)
denote the coordinates on M. Any element in A} Y (resp. in A"~' X) reads

pd" +pldy' Ad"x,  (resp.s"d"'x,),

where d"x = dx' A - AdxTand A" 1x, =i o d"x.

OxH
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Local expressions

Let (x*, y') denote fibered coordinates on 7: Y — X, and let (x*, y', p, P!, s*)
denote the coordinates on M. Any element in A} Y (resp. in A"~' X) reads

pd" +pldy' Ad"x,  (resp.s"d"'x,),

where d"x = dx' A - Adx"and A" 1x, = i o dx.
The canonical multlcontact form and its exterlor differential read

0 = ds*Ad™ 'x,—pd"x—pl' dy'Ad"'x,,  dO© = —dpAd"x—dpiAdy Ad™ " x,
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Local expressions

Let (x*, y') denote fibered coordinates on 7: Y — X, and let (x*, y', p, P!, s*)
denote the coordinates on M. Any element in A} Y (resp. in A"~' X) reads

pd" +pldy' Ad"x,  (resp.s"d"'x,),

where d"x = dx' A - Adx"and A" 1x, = i o dx.
The canonical multlcontact form and its exterlor differential read

0 = ds*Ad™ 'x,—pd"x—pl' dy'Ad"'x,,  dO© = —dpAd"x—dpiAdy Ad™ " x,

And finally, their kernels are

0 0 0 0
ker1@—<ayl.— iw,w> and ker1 d@—<8s“> s

which implies that © defines a multicontact structure.
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Vertical infinitesimal conformal transformations

As discussed before, the best behaved conformal Hamiltonian forms are the ones
whose infinitesimal conformal transformation lies in (Imbg)>.
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Vertical infinitesimal conformal transformations

As discussed before, the best behaved conformal Hamiltonian forms are the ones
whose infinitesimal conformal transformation lies in (Imbg)>.

For n > 1, vertical infinitesimal conformal transformations read
oo (oo i) 8 0
T (g—;s“Jr %—C;? +Fp,‘f) 8?37 T (ggswr giﬁ +Fp> %,
where F is independent of s, p and p{’, and G* satisfies (;gj =4 Z,Cj:
i i
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Vertical infinitesimal conformal transformations

Corollary

A Hamiltonian form a € QZ‘1 (M) with vertical infinitesimal conformal transfor-
mation has the following local expression:

a=(-Fs"—G")d" 'x,,

(L (67
where F = F(x,y), and G" satisfies 8GV = 6{,‘86a :
op; Ip;
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Elementary examples of conformal Hamiltonian forms

Infinitesimal conformal transformation Conformal factor
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Jacobi brackets of the elementary examples

svd"™1x, yidn'x,  prd™'x,

/
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Hamiltonians

Now, our goal is to write the evolution of the previous Hamiltonian forms with a fixed
Hamiltonian (and hence fixed dynamics) using the studied geometry.
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Hamiltonians

Now, our goal is to write the evolution of the previous Hamiltonian forms with a fixed
Hamiltonian (and hence fixed dynamics) using the studied geometry.

Intrinsically, a Hamiltonian is given by a Hamiltonian section
h: NSY/NIYEANT' X —M=N Yo A" X,

which then induces a multicontact structure on A5 Y/ A7 Y & A" X using
©p = h*e.
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Hamiltonians

Now, our goal is to write the evolution of the previous Hamiltonian forms with a fixed
Hamiltonian (and hence fixed dynamics) using the studied geometry.

Intrinsically, a Hamiltonian is given by a Hamiltonian section
h: NSY/NIYEANT' X —M=N Yo A" X,

which then induces a multicontact structure on A5 Y/ A7 Y & A" X using
©p = h*e.

As stated before, we prefer to work with the canonical multicontact structure on M

and think the Hamiltonian as h = 7*©;, — ©, where 7: M — AsY/NIYa N ' X
denotes the projection, hence fixing the geometry.
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Local expressions

The canonical coordinates on A5 Y/ A Y @ A" X are (x*,y', pl', si) and, hence,
the local expression of the Hamiltonian section will be p = —H(x*,y', p*, s*"), so

that
Op=ds* Ad"'x, + Hd"x — pl'dy’ Ad" "x,,

and

h=(p+H)d"x.
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Local expressions

The canonical coordinates on A5 Y/ A Y @ A" X are (x*,y', pl', si) and, hence,
the local expression of the Hamiltonian section will be p = —H(x*,y', p*, s*"), so

that
Op=ds* Ad"'x, + Hd"x — pl'dy’ Ad" "x,,

and

h=(p+H)d"x.

This implies that his a good Hamiltonian, so that it could define the following
dynamics for some ¢: X — M:

Y (©+h)=0 and P e(d+opN)(© +h) =0, Ve X(M),
OH . . o
where op = Doi dx* is the associated dissipation 1-form.
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Multicontact Hamilton—de Donder-Weyl equations

The local expression of the multicontact HADW equations is

P*(dst Ad"™x,) = ¥* ((pf‘gl ~ H> d”x) ,

* aH n

v <8p,”d X) ’
" _ . OH OH
et ra )= (= (G gort) )

@Z}*(dyl /\dn_1Xu)
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Multicontact Hamilton—de Donder-Weyl equations

The local expression of the multicontact HADW equations is

P*(dst Ad"™x,) = ¥* (<p§‘§'§ ~ H> d”x) ,

* [ _ * 6H
Ay AdTTx,) = (Md”x> :

X _ . oH OH

In particular, if we look for sections : X — M, we obtain the so-called multicontact
Hamilton—de Donder—Weyl equations for dissipated field theories:

os"  , 0H

ast B oyl oH op!! OH
axe ~ Propr

H — 8H+%“
©axe opf axe . \ayl TasiPi )
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Conclusions

In this talk, we have:
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Conclusions

In this talk, we have:

+ Defined and study brackets induced by an arbitrary n-form and related them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry.
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Conclusions

In this talk, we have:

+ Defined and study brackets induced by an arbitrary n-form and related them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry.

+ Developed a multisymplectization procedure for the geometry induced by an
n-form.
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Conclusions

In this talk, we have:

+ Defined and study brackets induced by an arbitrary n-form and related them to
the Poisson brackets from multisymplectic geometry and the Jacobi brackets
in contact geometry.

+ Developed a multisymplectization procedure for the geometry induced by an
n-form.

* Introduced an abstract framework to study multicontact field theories.
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