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1. FINSLER: WHY, FOR PHYSICS' SAKE? CONTENTS

1 Finsler: Why, for Physics’ sake?

# Geometric alternative to dark energy/dark matter.

Example (this talk): Natural Finslerian model for gravitating kinetic gas:

exponentially expanding vacuum universe, no need for dark energyl

Other reasons:

® Metric-affine gravity theories with variational autoparallels.
v" Minimal extension of Ehlers-Pirani-Schild axioms

v' Quantum gravity phenomenology (modified dispersion relations)

v Description of wave propagation in media
3
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2 Finsler spacetime geometry in a nutshell
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2.1 The intuitive idea of Finsler space

— a smooth manifold M, with a generalized notion of arc length:

ds = F (z,dx).

Equivalently: each T M - equipped with a 'norm’ of vectors:

iUIy=F(£u}' k

Riemann Finsler




2. FINSLER SPACETIME GEOMETRY IN A NUTSHELL CONTENTS

2.2 A minimalist definition of Finsler spacetimes

©)
Denote M - smooth manifold, TM := T M\{0}.

Finsler spacetime:= a pair (M, L), where M - 4-dim. smooth manifold and
L=L(x,%):7 — RY,

©)
where 7 C T'M (conic subbundle* with connected fibers), is a smooth map
s.th.:

(i) L(z, o) = o?L(x, &), Yo > 0;
1 0°L

(i) guv (x, ) = > BERO G (z,2) has (+,—, —, —) signature;

(iii) LjgT = 0 - continuous prolongation.

*Conic subbundle:=an open subset 7 C T'M with non-empty fibers 7, = 7 NT, M and such
that (z,2) € 7T = (z,az) € 7, Va > 0.



2. FINSLER SPACETIME GEOMETRY IN A NUTSHELL CONTENTS

Interpretation: 7 - set of future-directed timelike vectors.

Note: L is generally defined and smooth on a larger conic subset A C T'M.
But: L - not necessarily > 0, g - not necessarily Lorentzian outside 7.

Arc length element:

ds? = L(x,dz) = g (z, &) detda? . (1)
Length of a curve ~ : [a,b] — M :

() = [VILG(0) 5 @) 1t 2)
Y

independent on the choice of the parameter t¢.

Finsler geometry - most general notion of geometric cIock:I

ds = cdT. (3)

7




2. FINSLER SPACETIME GEOMETRY IN A NUTSHELL CONTENTS

Most common examples:
v/ (Pseudo-)Riemannian = quadratic in = :

L(x, %) = ay(x)ztz”

v/ Randers (— linearized perturbations around Riemannian background, GW):

L(z, 7) = \/|agw(2)a#3"| + by(w)3”
v/ Bogoslovsky/Kropina (Very Special Relativity - Cohené& Glashow):
L(z, &) = |ap(@)its” | = 9(bp(w)ir)

\/ 4-th root (— birefringence - Pfeifer&Wohlfarth, Perlick etc.):

L(z, &) = \/|(auw (z) i13¥) (hpo () £PE7)

[”Fins/er geometry is Riemannian geometry without the quadratic restriction ”}

8



2. FINSLER SPACETIME GEOMETRY IN A NUTSHELL CONTENTS

v [Set of normalized unit timelike vectors ("mass shell" /" observer space"):j

O={(z,2) €T | L(z,2) = 1}. (4)

future-pointing timelike timelike cone and
cone (blue) observer space
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2.3 Geodesics, canonical nonlinear connection, curvature

Geodesic equations of (M, L) :

P (s) +2GH (v (s),7(s)) = 0 (5)
Y (s) + GH (v (s),7 ()" (s) = 0. (6)
where GH = G (z, %), GH, = GY, (x, ©) - defined by:

2L oL
OxVOxP OxV )’
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Proposition (Characterization of Finslerian geodesics):
v :la,b] = M, s+ y(s) is a geodesic <> any of the following holds:

1. Its extension (,7) to T'M is an integral curve of the canonical spray
S = 19, — 2GF9, € X (A). (8)

2. The extension (v, ) is an autoparallel (horizontal) curve w.r.t. the
canonical nonlinear connection N:

TA=HA®DVA (9)

with local coeffs G~.,.

11
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Local adapted basis {5,,,d,,} for X (A) - given by the horizontal derivatives:

v_ Particular case: If L - Riemannian =

@)

2GH = TH,, (x)iPi” (11)
GH, = TH, (z)i" (12)

v Generally: G, = G", (x, &) - nonlinear in .

12
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Geodesic deviation equation
(VVVD)3,5) = RE" V), (13)
where V - dynamical covariant derivative:
V:xh(A) - XM (A), V(XFS) = (S(XH)+GH XY,  (14)
Finsler-Ricci scalar: R := trace(R (*’yh, >)

R:=RH,,(z,2) 2" (15)
Particular case: If L - Riemannian =
O
R'uz/p — RTlul/p (x)wT

(@)

R = R,,(z)2"2” ~ Raychaudhuri eq.

13
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2.4 Non-Riemannian quantities

Q1. How non-Riemannian (non-quadratic in z) is L?

Cartan tensor C' : A — T:?M, C =Cuvp(z,z)det @ dx¥ @ daP :

_ 10gu (z,2) 1 O°L
oxP  40HOTVOLP

Main property:

L — quadratic (Riemannian) < C =0

14
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Q2: Canonical connection of L : How nonlinear is it?
That is: How z-dependent are

L4
OGv (0 )7
oxP

Berwald tensor B : A — T31M, with local comps:

GH,(z, %) =

YPT 9T

Berwald (affinely connected) spaces: B =0, i.e.
G'ul/p(xv T) = G'LLI/,O(CC) —- r'uvp (z),

I.e., GG descends into a symmetric affine connection I' on spacetime.

15



2. FINSLER SPACETIME GEOMETRY IN A NUTSHELL CONTENTS

Q2’: If (M,a,l') - metric affine, when is it Finsler-Berwald metrizable?

Finsler metrizability <—> parametrization-invar. var. principle for paths of I'

variational
paths forT

symrnetric metric-affine
(M.a,l)

Riemann ’
{M.a)

Berwald (M,

Necessary and sufficient conds.+precise form of L known for:
v' SO (3)-invariant connections
v’ affine connections with vectorial nonmetricity

16
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Q3: How different are local (7 M) geometries from one another?
Landsberg tensor

P=VC:A—TIM

Intuitively: P ~ rate of change of C' as one moves along geodesics of (M, L).

Landsberg spaces - defined by:

P=o. (16)

v' L - Landsberg = tangent spaces T M ~ Ty M are isometric

17
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Geometric ladder - from Riemann to general
Finsler:

18
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3 Finsler-based field theories - and a concrete

model

19



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

3.1 What are Finslerian geometric objects?

©)
Denote: T'M :=TM\{0}.

v L,g,C,B,P,... - are all sections of W*TM(T%(M)) - i.e., mappings

T:A—TH(M);, (z,2)— T ;) € T9(M). (17)

v' They are all homogeneous of some degree in z, i.e., equivariant under

O O
Xo: TM —TM, x,(z,z)=(x,ax) (a > 0)
— flow of the Liouville vector field
C = 19, € X (A) (18)

v" The canonical connection N - also homogeneous.

20



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

Main task: construct general configuration bundles (Y, 1, X), allowing
- k-homogeneous Finslerian geometric objects as sections;

- well defined fibered automorphisms;

- compactly supported variations;

— Base space:

X :=PTMT. (19)

21



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

3.2 The projective sphere bundle PT M

1. On arbitrary manifolds M, dim M = n. Define:

@)
PTM™ :=TM,, (20)
where:
(z,2) ~ (z,u) < Ja>0: u=az. (21)

v PTM™ - smooth, orientable (2n — 1)-dim. manifold
v’ PTM™ - natural bundle over M, with fibers ~ S"—1,

v (TM,W+,PTM+,R*+) - principal bundle, with projection:
7t TM — PTM™, (z,%) — [(z, %)]. (22)
v' Homogeneous local coords of [(z,z)]: (z#, z*)

22
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2. On Finsler spacetimes (M, L): The set of future-pointing timelike direc-
tions:

Tt =xa"(T)C PTM™
has a contact structure - the Hilbert form
wt =8, Fdxt, F =+L. (23)
Canonical volume form:

|det g|
L2

1
dxt = _yw A (dwT)3 = ic (dz A di) (24)

Theorem, [1]: (Mass shell O vs. set of timelike directions 7 T):
1. 77 : © — T is a diffeomorphism.

*
2. If pT € Q7(7 ) - compactly supported and p := <7r+> pT, then:

/ pt = / p. (25)
T+ 0

23
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Structure of fibered manifolds over PT M
Consider: (M, L) - Finsler spacetime, (Y, N, PTM™) - fibered manifold =
M 4+ TM
v 2L pravt T (26)
Fibered automorphisms of (Y, M, PTM™) :

T . PTM*

PTM™

b ) A

MO 2. M

24



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

3.3 The configuration bundle Y

A k-homogeneous (Finslerian) geometric object= a local section:
@)
7A=Y, (@,d) = (2,3, y(e, 2)),
@) @) O
of some fiber bundle (Y, I, T M, Z) obeying:

%(x,ozj?) — (:v, oz, ozky) , Ya > 0.

@) @)
Necessary cond.: Jan action H : R} x Y — Y by fibered automorphisms:
¥ k
H(a,-) = Hq € Aut(Y), Ho(x,z,y) = (:1:, aT, y) : (27)
Then: k-homogeneity = equivariance:

Ho o~ =750 Xq. (28)

25
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o O
% Idea: "factor away" the action of R’ from both Y and TM =

@)
Y =Y, (29)
v Y fiber bundle over PT M ™, with typical fiber Z and projection:

N:Y - PTM*T, Nz, ,vy] = [z, 1].

©)
v k-homogeneous sections 7 : @ — Y « local sections v : 71(Q) — Y-

v ~ Ut xZ.
- f’_‘.-'"'
[ s I L

| o) P

U+ xR v

O
Figure: local trivializations on' Y and Y.

26
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Fibered homogeneous coordinates on Y (unique up to positive rescaling):
[z, &, y] — (2, 3", y7) (30)

:= local coords of an arbitrarily chosen representative of the class [z, &, y].

Examples:
1. Finsler (2-homogeneous) functions L = L (z,z) : A — R - sections of

@) (@)
Y =TM xR, Hu(z,%,L) = (z,at,a’L), Ya>0. (31)
@)
2. 0-homogeneous metric d-tensors g : A — TZO(TM) - sections of

o O
Y = Tzo(TM), Ho(z,z,y) = (x,ax,y), VYa > 0.

Other examples: d-tensors, connections.

27



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

A Finslerian model of gravity

v' Main idea: Treat L as the fundamental variable.
v Finslerity = non-quadratic "warping" between space and time.
Main motivation: gravitational field of kinetic gases:

‘*a../’o—’

'S

<l

kinetic gas fluid

(individual velocities) (averaged velocity)

28
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3.4 Kinetic gases

[Kinetic gasj = a large number NNV of interacting point particles, described by

a smooth 1-particle distribution function:

p = () (32)

v' Particles move on normalized geodesics -, that is: (v,7) € O.
v Role of ¢ : counts particle trajectories (-, ) crossing a hypersurface o0 C O

o

where d2 - canonical volume form on o.

29
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Kinetic gases in General Relativity: Einstein-Vlasov equations
(ref: Sarbach&Zannias, CQG 2014)

% Energy-momentum tensor:=second moment of ¢

THY () = / mpita’ d¥ . (34)
Oz
% Couple T*¥ to geometry via Einstein equations:
1 8nG
RHY — —RgM" = ity 0 (35)
2 ct

Comments:
1. THY obtained by averaging over all 4-velocities — loss of information.
2. What about all other moments of ¢ :

THL Tk () = / it hdY, ? (36)
O,

30
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Want full velocity distribution? Think Finsler!

Basic idea: couple gravity directly to ¢ (no averaging over velocities):

v =@ (x,T) e L =L (x,x) — O (z,%) = ke (z,2)
kinetic gas 1PDF Finsler function gravitational
(dynamical variable) field equation

—> all living on the same same space: the tangent bundle

TM ={(x,z) |z e M, x € T M} (37)

31
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3.5 Kinetic gas action, [2]
Action for the kinetic gas (particles of same mass m):
t
Sgas :Nmt:mN/ds :m/godz, V =10,t] X o, (38)
0 |4

where: dX - canonical volume form on set of timelike directions 77 ~ O =

|4
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3.6 Vacuum action, [3]

Starting principle (Pirani):
In vacuum: trace of geodesic deviation operator = 0
& "seed" equation (Rutz 1990):

R=0 (40)

— not variational =777

Solution: variational completion technique (NV, Krupka 2015):

R
v" canonical (Vainberg-Tonti) Lagrangian function for (40): L = 7

v’ Adding to the lhs of (40) its 'obstructions from variationality'
= Vacuum action

1 R
S :——/—dZ 41
L 2/€2VL ( )

33



3. FINSLER-BASED FIELD THEORIES - AND A CONCRETE MODEL CONTENTS

3.7 Total action and field equation

Total action: S := Sy, 4+ Sgas =

Field equation:

1 .
3L7°R — Eg“’/(ﬁmﬁuR + div(P) = ke (42)

where P - obtained from the Landsberg tensor:

P = PH§, + (VPH) 3#» pt = gV pT . (43)

34
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3.8 Averaged equations: recovering lost moments

V" Second moments:

M a a 87(;
[ 65 ar, = -2 RM, — Ro*, = 2" H
L_l (34
Oz )
s,
averaged Finslerian Einstein-Vlasov
v General n-th moment equations:
aH1,. . xHn _ aH1.. . xHn ,
GH1Hn () 1= / e & (x,2)dX = Ii/ Tz ¥ (z,1)dX

Finslerian approach - considers full velocity distribution of gas particles.
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4 Why Is the Universe accelerating? A Finslerian

answer

36
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4.1 Cosmologically symmetric Finsler structures

Generators of cosmological symmetry - same as in GR, [5].

Cosmologically symmetric Finsler spacetime functions

L = L(t,t,0) = {°h(t, s), (44)
where
2 72 2 (52 2.2
e = {2 +7r (9 + sin“ 0 ), - spatial line element  (45)
14 :
s = i spatial speed

General features:

v’ Spatial geometry: Riemannian (same as FLRW);

v' Difference: h - non-quadratic in s = more general intertwining between
space and time

37
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Investigating the special classes of Finsler spaces:
v’ Cosmological4-Berwald = Riemannian (FLRW) or stationary, [5].

v There exists a unique cosmological Landsberg (non-Berwaldian) metric, [6]:

. 251 . _ 259
(tsp — £)51752(0 — tsp) 517523, (46)

where s;1 < 0, so > 0 - constant.
Drawback: the corresponding ¢ has a singularity at s = 0.

Solution: general Finsler (beyond Landsberg/Berwald) metrics.

38



4. WHY IS THE UNIVERSE ACCELERATING? A FINSLERIAN ANSWER CONTENTS
4.2 The Finsler-Friedmann equation, [4]
Separated variables (conformal time) Ansatz:
2
L =i%a® () f*(s), (47)

where t =: 1 - conformal time

FLRW

general Finsler

fs) =

\/1—82

f = f(s) - arbitrary

Field equation in conformal time =: the Finsler-Friedmann equation, [5]:

k
a2 (n) "

H? (n)
a? ()

H (n)
a? ()

G (s) + Gy, (8) = Ko,

39
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where:
a(n)
a(n) (49)

H(n) =

Q(f_sff} (—Sffg ‘f’f(ff‘l’QSf”))
f.'sfrfrr

G =

1SR Bsf L + s 1" = 4] [ = 81 ")

G, = —

A 4 Sf-.lfrrij
120sf’ "3 _ G 2pend _ pir2 2 "2 2 2 Mg — 1
sFI" — 652" — f2(2" + $2 " + s f"(Af" — sf™))
4 s2f2 frr
1252.}0”4 + SZf:fn:zfm - Qsszzfnfmr + Qszf;zfmz o strfﬂz - 2f12f.!12
T2 e
1 f!(__.lfﬂfi _ 383fm3 + 4S3f”fmf”” + fHQ (stm _ 53f.rmr”
+ 1 53ffn5 ’
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On

_ 3 SUALS s =151 1" + 252" + 41 [ ") (©2

- i Sf.’jfml - )

N 1 ffﬁ(_ggsﬂfﬂil + 4Sf’f"2(1lfﬂ + 138}””) - Gfuz _ lgszfmz _ S‘f”(lﬁfm _ TSf””J)
| 2 f3 f15

(C.3)

1 338fn2 _ Qﬁsfrf” _ ngffﬂ 1 f;2(14f;p2 + 5582fm2 + Sf”lingm _ QTSf"")) .
9 sf2fr + 4 s2f2 frd (C.4)
1 13 24 2 2 Qg £ FH( g £ Tsfim "2 N L 3 2 gt

L LfPAS S = 38 (AS TS + fAS — s 4 352 F™) (©5)
4 Sszfffﬁ
1 252}:#!4 _ Qsszfﬂzfm _ llsszzfnfrm + 1782f!2fm2 _ strfn:j _ Efrzfnz C

o 5 Sfoeruij ( "6)
1 f(—8 "3 + 27 3 g3 28 3 g g mr+ "2 -6 m+ o3 pIIT

L L8+ 275 SFU4 Gs" + 55°™)) )
9 5 ffrfa

N 1 fr2(6fu4 _ 3054fr114 + 423f”f’"2f”” + frrz (ﬁszfmz _ 684f"”2 _ 954fmfmrr}} (C g
4 S:lffﬂ? - )
1 12 g FM _ 9 it + 53 et

L L1t : f ) (C.9)
E s f
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4.3 Vacuum solutions ¢ =0
A. Solving for the scale factor a. Vacuum equation:
kG (s) + M2 () Gr (s) + H (1) Gy (s) = 0 (50)
—> we can separate the time dependence:
d ([ H -
( >:0:> H = c1H? + c5. (51)

dn HH
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The case ¢, =0: solution in cosmological time

Cosmological time t - defined by:

adn = dt. (52)
We find:
% For c; = 1 = exponential evolution:
a(t) = dpe®™t, dy,dy € R. (53)
% For ¢ # 1 = power law:
a(t) = (dit + dz)%cl, di,dr € R. (54)

Accelerated expansion - no need for dark energy/extra geometric objects! I

43
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B. Causal structure of the exponentially expanding vacuum:

Set:
k=0, c¢1=1, c»=0.

Vacuum field equation becomes:

Gy (s) + G, (s)=0: (55)

v’ 6th order, nonlinear ODE = no analytic solution found.
_ o0 . (I) o0 2 o0 .
v’ Take a power series ansatz f(s) = Y fis* = Y fo;st =: > Q; X"
v Use Qo, .., @5 as initial conds for a numerical solution.
2

v’ For Qq, Q1 : compare to FLRW f(s) = V1 —s2~1 — %—1—(’) (34) =

1
QOZ 17 Ql — _5

44
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v’ Solve field eq. order by order = @9, ..., Qs.

Numerical solution for f (using Mathematica):

f(s%2)

D8

I — Finsler FLRW
06
i Finsler FLRW Taylor
04l FLRW
0.2 \
| DI.Q — 0_I4 — DI.G - O_IB — 1‘0 — s

45
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Mass shell L. = 1 and light cones:

4 ainn

= Finsler FLRW
FLRW

Remark: For small s, the causal structures are nearly indistinguishable. Devi-

ations - at large s.
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5 Conclusion

Finslerian spacetime framework:

v Generalization of Riemannian one, based on a most general notion of arc
length (proper time).

v’ Light cone structure, geodesic structure - well defined.
v Local Lorentz symmetries are deformed.

v A Finslerian geometry of spacetime supports a (polynomially or exponen-
tially) expanding vacuum.
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Ongoing work:

v’ Use a cosmologically symmetric, collisionless kinetic gas 1IPDF ¢ = ¢ (¢, s)
as gravity source and solve the field equation for it.

v" The Newtonian limit of Finsler gravity ~» Poisson equation.
v’ Find exact solutions f = f(s) in cosmology.

v" Finsler/Riemann metrizability conditions for general torsion-free affine con-
nections.

v’ Berwald-Finsler, non-Ricci flat SO (3)-symmetric models for compact ob-
jects.
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