substituting Eq. (2.41) into Eq. (2.40), switching the order of integration,
and then invoking the delta function formula

x)=2m) "7, e dw=2f; cosZm)dv.

1A rigorous derivation of the widely known formulas (2.48), which is
sometimes called the Box—Muller algorithm, may be found in Ref. 10,
Sec. 1.8, which also describes a simple procedure for generating values for
ri and r, in Eqs. (2.48a).

"It is possible to construct a simulation algorithm for O—~U processes that is
exact for both Y and X, but to do that we need a little more random
variable theory than is given in Sec. Il B.

%A nice account of Einstein’s work in Ref. 1 is given in Ref. 9, pp. 2-6.

’Ip, T. Gillespie, “Fluctuation and dissipation in Brownian motion,” Am. J.
Phys. 61, 1077-1083 (1993). A more sophisticated argument is given in
Ref. 10, Secs. 4.5 and 4.6.

Nyquist’s original analysis in Ref. 5 proceeds quite differently from the
analysis that we give here; see Ref. 7, p. 592.

3] R. Reitz and F. J. Milford, Foundations of Electromagnetic Theory
(Addison-Wesley, Reading, MA, 1960), p. 176.

ZGee, e.g., Ref. 7, Sec. 7.5.

A short proof of this “lemma” may be found in Ref. 10, p. 114.

Photon counting statistics—Undergraduate experiment

P. Koczyk, P. Wiewior, and C. Radzewicz
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A photon counting experiment for student physics laboratory is described. It is designed to illustrate
the probabilistic nature of the photodetection process itself as well as statistical fluctuations of light.
The setup enables the student to measure photon count distributions for both coherent and
pseudothermal light sources yielding Poisson and Bose—Einstein distributions, respectively.
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L. INTRODUCTION

Photon counting is a technique commonly used to measure
extremely low light fluxes. A photomultiplier tube (PMT) of
proper design is used to convert light into an electrical sig-
nal. (The most important property of photon counting PMT
is very high gain at the first dynode This allows one to
distinguish between the pulse' resulting from electrons
ejected from the photocathode and those coming from the
dynodes.) Light impinging on the photocathode of the PMT
ejects electrons from it. Assuming that the gain of the PMT
itself and that of the following electronics is high enough,
one can distinguish individual electrical pulses, each of them
corresponding to a single photoelectron. The electrical pulses
from the PMT are fed into a discriminator and pulses with
amplitudes higher than a given threshold value are counted.
Those are usually referred to as photon counts. This way one
can count the number of electrical pulses, ideally each of
them corresponding to a single photoelectron. Since for each
photoelectron created one photon of the light field has to be
destroyed, the method is commonly called photon counting.
Thus, in this oversimplified picture, one can think of the
method as a way to prove the existence of photons. This is
not true. Actually there is no need to quantize the electro-
magnetic field in order to explain all the features of the pho-
toelectric process. All that is necessary is an assumption that
the light interacts with matter which is described quantum
mechanically. This leads to what is commonly referred to as
a semiclassical description,” a model in which light is de-
scribed as a classical electromagnetic wave and the atomic
system, the photocathode in our case, quantum mechanically.
The question of whether one has to invoke the quantum na-
ture of electromagnetic field at all has been disputed ever
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since Einstein introduced the notion of the “light quantum”
in 1905 in his paper describing the external photoelectric
process.® Several different models for the photon have been
proposed startlng with a simple partlcle model and ending
with what is known as Dirac’s model,* each of them present-
ing its own difficulties in interpretation. Amazingly enough,
the answer to this question has been settled quite recently
when expenments on photon antibunching® and squeezed
states (for a review on the topic see, for example, the paper
by Walls') proved that at least in some cases a quantum
mechanical description of the light is necessary. Since in the
experiments described in this paper the light can be perfectly
described in a classical way, the semiclassical picture will be
used henceforth.

The noise present in photon counting can be separated into
two terms. The first is of a technical nature and is caused
predominantly by electrical pulses created by amplification
of electrons thermally released from the photocathode or the
first dynode, which cannot be distinguished from the pulses
corresponding to photoelectrons. Those pulses are present
even if there is no light falling on the photocathode and for
this reason are called dark counts. The dark count rate can be
minimized by proper design and cooling of the PMT. Cur-
rently, even modestly priced systems have a dark count rate
as small as a few counts per second. We will assume
throughout this paper that the dark counts can be neglected
altogether. The second contribution to the noise in the photon
counting experiment and the only one considered in this pa-
per is of a fundamental nature and cannot be eliminated.
Again, it can be divided into two parts caused by the stochas-
tic nature of photoelectric process and light intensity fluctua-
tions, respectively. Using the semiclassical model mentioned
above one finds that for a constant intensity of light reaching
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the photocathode the photoelectrons tend to leave the photo-
cathode at random times. Thus the number of photon counts
in a given time interval is not constant. Instead it fluctuates,
leading to noise which is often referred to as shot noise. It is
a fundamental feature of the photoelectric process. On the
one hand, one can think that the photocurrent from the pho-
tocathode is constant but is formed by a discrete flow of
electrons. Then the shot noise in the PMT tube is of the same
nature as the shot noise in any vacuum tube. On the other
hand one can think of each of the photoelectrons as being
ejected as a result of absorption and destruction of one pho-
ton from the light beam. In this picture the statistics of pho-
ton counts reflects the statistics of photons in the measured
light beam. It is important to stress that the shot noise will be
present in photon counting experiments whenever the radia-
tion measured can be described classically. However, for
squeezed states a subshot noise operation of the photon
counting PMT is possible.® Turning back to a semiclassical
description, in addition to the shot noise, extra fluctuations in
the photon count number arise whenever the intensity of the
light being measured is not constant. In this case the photon
counting statistics depend on the experimental details and
reveal both the random nature of the photoelectric process
itself and the nature of light fluctuations.

II. PHOTON COUNTING STATISTICS

The elementary experiment in photon counting is one in
which photoelectrons are counted during a given time inter-
val T. Since, as we have already mentioned in the Introduc-
tion, the photoelectric process is stochastic, one should ex-
pect that the number of photon counts will be stochastic, too.
This means that the outcome of such an experiment cannot
be predicted in advance. The most one can know is the prob-
ability of obtaining any given result. The formula for this
probability distribution was first derived in the late 1950s by
Mandel.” Before writing Mandel’s formula explicitly, let us
define the integrated light intensity W as®

W= f f f M leysgde dx dy, 0
A

where I(x,y;§) is the intensity of the light wave at point
(x,y) and time £, and A is the illuminated area of the photo-
cathode. As defined by formula (1), W is the energy of the
light beam reaching the photocathode during a time interval
starting at ¢ and ending at ¢+ 7. In general, W is a stochastic
variable with a probability density function given by
Pyw(W). The probability of observing K photon counts dur-
ing time interval T is given by Mandel’s formula’

© WK
P(K)=f0 (aK!)

exp(— aW)Py(W)dWw, 2)

where a= 7/hv and 7 is the quantum efficiency of the pho-
tocathode, A is Planck’s constant, and v is the light fre-
quency. As should be expected, the number of photon counts
recorded in the time interval T is proportional to the energy
delivered by the light beam to the photocathode during this
time interval. Thus, in general, any fluctuations in the light
intensity will, in principle, lead to fluctuations in the re-
corded number of photon counts. However, even for the light
beam with perfectly constant intensity the number of the
photon counts recorded during time T is not constant. This
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can be easily seen by performing the integration in formula
(2) with an assumption

P(W)=8W-W),

where W is the average (constant) integrated intensity. The
result of the integration is the Poisson distribution

KK -
P(K)= Fexp(—K), (3)

with the average number of photon counts K= aW. There-
fore, even in the photon counting experiment with a constant
intensity light source, one observes stochastic variations in
the number of counts. The resulting noise is the shot noise.

Two distinct light sources are of particular interest. The
first one is a single-mode laser operating well above the
threshold. The light emitted by such a laser is classically
described by a constant amplitude perfectly monochromatic
wave. Obviously the intensity of such a light beam is con-
stant. Therefore, in this case, one should expect that the pho-
ton count distribution will be given by the Poisson distribu-
tion (3). It is worth mentioning that the quantum mechanical
description of the light from a single-mode laser uses a co-
herent state mode® which converges to the classical descrip-
tion in the high-intensity limit.!” The second light source of
interest is a thermal source, i.e., a discharge lamp, incandes-
cent lamp, etc. It is easy to see why the intensity of light
from such a source is not constant. In this case the light field
is a superposition of many waves with random amplitudes
and phases being emitted by individual atoms or molecules
in the discharge. It is very useful to introduce the notion of
the coherence time for such field. We will not do it rigor-
ously here; instead, we will define the coherence time heu-
ristically. One can think of an amplitude and phase of the
thermal light as changing stochastically but with a finite rate.
This means that given the knowledge of the amplitude and
phase at any given moment of time, one can with some ac-
curacy predict what these parameters will be some short time
later. On the other hand, after a long enough time, the field
amplitude and phase are not correlated with their initial val-
ues and one cannot make any predictions. Thus one can say
that the field “remembers” its previous parameters over
some characteristic time. This time is called the coherence
time. It is inversely proportional to the spectral width of the
light source and for true thermal sources such as an incan-
descent lamp is very short. The instantaneous intensity prob-
ability density function for a linearly polarized thermal field
is a negative exponential with zero intensity being the most
probable:

P()=1+ !
()—]-eXp ik )

where I is the average intensity.

For thermal light the integrated intensity probability den-
sity Py(W) depends on the time interval used. Two limiting
cases are easy to analyze. For 7" much shorter than the co-
herence time 7., the integrated intensity W has the same
distribution as the instantaneous intensity [formula (4)] and
the photon count distribution is given by the Bose—Einstein
formula:

K

1 K
P(K)=—(—— (5)

1+R\1+K

Koczyk, Wiewior, and Radzewicz 241



Fig. 1. Principle of pseudothermal light generation. L is a lens and GGP is
a ground-glass plate. The laser beam is focused on the ground surface of the
plate and the scattered light observed behind the pinhole P. The inset shows
schematically a magnified part of the plate with several areas of various
thicknesses illuminated by the laser beam. Sets of concentric circles indicate
that each of the elementary areas is a source of a spherical wave.

while for T> 7, the function P (W) is constant, the same as
for a single-mode laser. Unfortunately, the coherence time
for true thermal sources is very short (usually shorter than 1
ps) and for technical reasons one cannot measure P(K) for
T<r1,. However, one can easily make a pseudothermal light
from the laser light. This can be achieved by scattering laser
light from a large set of moving, randomly distributed scat-
tering centers. Two methods for achieving this have been
reported as early as the 1960s. The first one relies on scat-
tering the light from a collection of submicron-sized plastic
balls suspended in liquid,!! while the second uses a rotating
ground-glass plate.'> The latter was used in our experiment.
The principle of generating pseudothermal light using this
method is illustrated in Fig. 1. Each of the elementary areas
on the uneven glass surface illuminated by the laser beam
forms a source of a spherical wave as illustrated in the inset.
The optical field observed in the position of the pinhole is a
sum of many waves with amplitudes and phases determined,
respectively, by the size and relative positions of the respec-
tive scattering areas. Since both size and position of these
areas are random, the resulting field is composed of many
components with random amplitudes and phases. The result-
ing light intensity varies dramatically with the position of the
observation point. This leads to a well-known phenomenon
called speckle. If the glass plate is translated perpendicularly
to the beam the speckle pattern changes and the light field
observed behind the pinhole fluctuates. It can be shown that
for the aperture diameter much smaller than speckle grain
size, the intensity of light behind the aperture displays fluc-
tuations described by the same formula as those of the ther-
mal light.!! The advantage of using this method to produce
pseudothermal light is that one can easily control the corre-
lation time of the fluctuating light produced this way. It can
be continuously adjusted by changing the speed with which
the glass moves across the laser beam. Light scattered from
the ground-glass plate at some angle to the beam axis was
used in our experiment to imitate a thermal source.
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PH2

He-Ne laser

PC counter in

Fig. 2. Experimental setup P1, P2—Polaroid polarizers; PH1 and PH2—
pinholes; PMT—ophoton counting photomultiplier tube; D—discriminator;
PC—personal computer. The inset shows a ground-glass plate (GGP)
mounted on a dc motor, and a lens (L) which were optionally inserted into
the laser beam in order to produce pseudothermal light.

HI. EXPERIMENT

The experimental setup is shown in Fig. 2. A 5-mW po-
larized He—Ne laser was used as a light source throughout
the measurements. The laser beam passed through two Po-
laroid polarizers P1 and P2, and two pinholes, PH1 and PH2,
mounted at the ends of a black metal tube of about 0.5-m
length before reaching the photon counting PMT. The pur-
pose of the pinholes and the metal tube is to decrease the
solid angle viewed from the photocathode of the PMT and
thus limit as far as possible the amount of the stray light
reaching the photocathode. At the same time by appropriate
choice of the pinhole diameters the intensity of the laser light
impinging on the photocathode can be brought to a reason-
ably low level of about few thousand counts per second. The
pinholes were made by carefully piercing holes in aluminum
foil with a sharp needle. The pinhole diameters used were
from about 50 um to about 200 um as measured from the
diffraction pattern of the laser beam. Final adjustment of the
light intensity and thus the photoelectron count rate was
made by rotating the second polarizer. To produce pseudo-
thermal light a 10-cm focal length lens and a slowly rotating
ground glass disk were inserted into the laser beam as shown
schematically in the picture. A dc motor was used to turn the
glass. A photodiode with a small active area was temporarily
set in the position of the first pinhole and the signal from the
photodiode observed on an oscilloscope. This enabled us to
adjust the motor speed in such a way that the intensity fluc-
tuations observed on the scope had a characteristic time of
about 100 ms. This gave us an order of magnitude estimate
for the coherence time 7. of the light. It should be much
longer than the photon counting time interval T (in our case
1 ms) if the Bose—Einstein distribution is to be observed.
The PMT used was a Hamamatsu H4730-01 photon counting
head consisting of the PMT tube itself as well as an amplifier
and a discriminator. The discriminator produced a transistor—
transistor logic (TTL) level pulse whenever the output pulse
from the PMT tube had an amplitude higher than a given
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Fig. 3. Experimental photon count distributions (diamonds) measured for the He—Ne laser light and Poisson distributions (squares) with corresponding
average values. (a)-(d) Results for count numbers 1, 4, 12, and 19, respectively.

threshold value. The TTL pulses were fed into a pulse
counter board (Advantech model PCL-720) in a IBM com-
patible PC computer. Another plug-in board in the computer
was used to provide an analog output voltage which deter-
mined the discriminator threshold. A rather straightforward
computer code was written to control the DA converter and
the counter boards. The code enabled the following tasks to
be performed by the computer: setting the discriminator
threshold, repetitive photon counting over a given time inter-
val T, calculating average count number K and probability
distribution.

First, the characteristics of the photon counting system
itself were measured. With the PMT supply voltage set at
+1000 YV, a distribution function of the PMT pulse amplitude
K(V,) was measured by varying the discriminator threshold
between —(.5 and —2.5 V. Numerical differentiation of
K(V,) yielded the PMT pulse amplitude probability density
function. This function showed a rather weakly pronounced
single-photon peak centered around —1.5 V. The result con-
firmed the manufacturer’s recommendation for a ~1.0 V dis-
criminator threshold and this value has been used in all the
following measurements. In order to measure the dark count
rate, the input of the PMT was blocked and an average of
100 measurements each lasting 1 s was taken for different
values of PMT supply voltage. The results obtained showed
that the dark count rate increases monotonically with the
PMT high voltage in the range of +800 to +1200 V. For a
PMT high voltage of +1000 V, the dark count rate was about
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60 counts/s which is slightly lower than specified for this
instrument. All the following measurements were carried out
in such a way as to make the contribution of the dark counts
insignificant. For example, if the average count number K
desired was 5, then the counting time T was chosen to be 1
ms and thus average dark count rate during time T was 0.06
which is negligible compared to K. For higher values of K
the counting time T could be appropriately extended while
keeping the dark count contribution at the negligible level.

Photon count distributions were measured for both He—Ne
laser light and pseudothermal light produced by a rotating
disk of ground glass as described before. In each of the mea-
surements the procedure was as follows. First, the average
count rate was adjusted to the desired value by changing the
light intensity with the polarizer P2. Then a series of 10 000
measurements was taken and the data stored in computer
memory. Finally, the probability distribution was calculated
as the ratio of the number of measurements with a given
number of counts to the total number of measurements. The
time interval T used varied from 1 to 10 ms, but all the
measurements for the pseudothermal light were taken with
T=1 ms in order to fulfill the condition T<€7, described
earlier.

IV. RESULTS AND DISCUSSION

Figure 3 shows the photon count distributions for the laser
light. Four distributions with average count numbers of 1, 4,
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Fig. 4. Experimental photon count distributions (diamonds) for the pseudothermal light and Bose—Einstein distributions (squares) with corresponding average

values. (a)—(d) Results for count numbers 1, 4, 12, and 19, respectively.

12, and 19 are shown. Also shown in the picture are Poisson
distributions with K equal to 1, 4, 12, and 19. As can be seen
in the picture, the distributions measured for the He—Ne laser
light are almost identical to the Poisson distributions with
corresponding average count numbers. This might seem a bit
surprising since the laser used in the experiment was not a
single longitudinal mode laser and did not emit completely
coherent light of constant intensity. Still the photon count
distributions are exactly the same as those expected for co-
herent light. It can be explained as follows. Since the laser
operates on a few longitudinal modes simultaneously, the
instantaneous intensity varies in time because of mode beat-
ing. However the characteristic time of the intensity fluctua-
tions (coherence time 7,) is relatively short (of the order of 1
ns). Since the shortest time interval 7 used in the experiment
was 1 ms, the relation 7> 7, holds very well, the integrated
intensity is constant except for technical noise caused for
example by fluctuations of the discharge current in the laser
tube, etc., and the experiment yields a Poisson distribution.
This shows that one does not need an expensive single-mode
He—Ne laser in order to demonstrate the photon count distri-
bution of the coherent light. Such a demonstration can be
achieved with a multimode laser at the cost of a somewhat
more complex theoretical description. The data in Fig. 3
show the importance of shot noise in the measurements of
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very low light fluxes. The variance of the photon count num-

ber for the Poisson distribution varies as \/IT<, and thus the
signal to noise ratio scales as

S/N= VK. (6)

Thus the shot noise is the major problem whenever the light
intensity and the count number are low. This is where
squeezed states with possible sub-Poissonian distributions
are most relevant. For very high light intensities and thus
high values of K, one can usually neglect shot noise alto-
gether. This corresponds to the limit in which the coherent
state describes the classical monochromatic wave. The re-
sults of measurements for pseudothermal light are shown in
Fig. 4. The average count numbers shown are again 1, 4, 12,
and 19. Also shown in the picture are theoretical distribu-
tions (Bose—Einstein distributions) with corresponding aver-
age count numbers. The overall agreement is very good al-
though a slight discrepancy can be seen for low count
numbers indicating that the light scattered by rotating
ground-glass plate used in our experiment is not perfect
pseudothermal light. The comparison of Figs. 3 and 4 shows
a dramatic difference between the two distributions. The
most striking property of the Bose—Einstein distribution, as
compared to the Poisson distribution, is that its variance is
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larger than the average value and the signal to noise ratio
given by the formula

SIN= | —— ™

1+K

is always smaller than 1. In this case the noise observed in
the photon counting experiment is, for larger values of K,
totally dominated by the fluctuations of the light intensity,
while the stochastic nature of the photoelectron process itself
manifests itself only for very small values of K.

In conclusion, we have described a photon counting ex-
periment for the advanced student physics laboratory that
demonstrates both shot noise for a constant intensity source
and intensity noise for thermal radiation.
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Photon states made easy: A computational approach to quantum

radiation theory
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Students first meet the wave-particle paradox through the photon and wave descriptions of light. Yet,
in basic courses on quantum mechanics, they study matter particles only, because the mathematics
of the quantized radiation field is usually considered too advanced. An oscillating electromagnetic
field is formally similar to a harmonic oscillator, whose energy eigenstates can represent states of
well-defined photon number, Using a computer program from the CUPS project, an approach will
be described which demonstrates the action of the annihilation operator on these states, constructs
coherent states which behave like classical electromagnetic fields, and shows how such states can be
squeezed. All of these have practical relevance in modern optics. This is just one example of the
computer making a hitherto unapproachable subject accessible to ordinary undergraduates.
Computers have already changed how much of quantum mechanics is taught. As more such
possibilities are realized, the teaching of the whole subject must surely change radically. © 1996

American Association of Physics Teachers.

L. INTRODUCTION

In the 70 or so years since the original formulation of
quantum mechanics, the way the subject is taught has be-
come highly standardized. Almost without exception, all
post-introductory textbooks arrange their material in the
same way. In particular, they start with one dimensional top-
ics and introduce as many concepts as they can until it be-
comes too difficult, mathematically, to go further.

In recent years, much software has been written for use in
standard courses,! to relieve the dependence on extensive
analytical expertise which so many students do not have.
Nowadays it is easy to generate solutions of problems like
bound states in different potential wells, plane waves inci-
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dent on various barriers, and the motion of wave packets. As
a result, instructors able to push the study of one-
dimensional quantum mechanics much further than they
once could. ,

Another feature of the standard approach is the promi-
nence given to the idea that the same physical system can be
described by different formalisms. The harmonic oscillator,
for example, is often treated in three different ways: in
Schrodinger representation, in matrix mechanics, and by op-
erator methods. The idea that different physical systems can
be modeled by the same mathematics is equally valuable but
seldom exploited. A good example occurs in the quantum
theory of radiation.

When most students are introduced to modern physics, the
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Michat Karpiski
BADANIE STATYSTYK ZLICZE N FOTONOW — Il P RACOWNIA Z OPTYKI
W ramach ¢wiczenia wyznaczylem statystyki zliazefotondéw swiatta laserowego i
termicznego oraz wykazateme statystyki te pozostgjniezmienione po prz&jiu swiatta
przez ptytke swiattodziehca. Zbadatem te zalenos¢ liczby stopni swobodyswiatta
termicznego od czasu zliczania fotonéw i na tej podstawie wyznaczytem jegkateEencii.

Wstep

Statystyka zlicze fotonow swiatta wytwarzanego przez jednomodowy laser opisana jest
rozktadem Poissona [1]:

P(N) = (“,\'I)! = 1)

gdzie: P(N) — prawdopodobigstwo zliczeniaN fotonéw; N — érednia liczba zliczonych
fotonow.

Statystyka zlicze fotonow swiatta termicznego opisana jest (w pewnym przdaiiu, por.
[1], rozdz. 6) tzw. rozktadem ujemnym dwumianowym:

P(N) =rr(N—+M)[1+ﬂj_N (1+EJ_ )
(N+Dr (ML N M

gdzie:l' (x) — funkcja gamma Eulerdj — parametr rozktadu, tzw. liczba stopni swobody.

Liczba stopnM swobody w granicy dtugich czasow zliczania jest rowna stosunk@siicz
zliczania do czasu koherencjwiatta termicznego. W przypadksgwiatta niespéjnego
przestrzennié/ jest dodatkowo pomrmone przez ilé¢ przestrzennych stopni swobody (por.
[1], rozdz. 9). W przypadku czasow zliczania krétszych od czasu kohefermpinej
spéjndci przestrzennejM dazy do jedndci, a rozklad ujemny dwumianowy redukuje do
rozktadu Bosego-Einsteina (p. ze#nik):

1 (N
M= 25 @

Rozwamy teraz, jak zmieni gistatystyka zlicze fotonow po przépciu swiatta przez ptytk
swiattodziehca o wspoétczynniku transmisjl. Zgodnie z obliczeniami przedstawionymi w
zahczniku, statystykaswiatta laserowego pozostanie poissonowska, a statysiykatia
termicznego nadal ¢obizie statystyk opisam rozkiadem ujemnym dwumianowym o
niezmienionej liczbie stopni swobody (wynika z tego,ze rownie. statystyka Bosego-
Einsteina pozostanie statysiyBosego-Einsteina). Zmienigsjedyniesrednia liczba zlicz&

z N naTN.

Uktad doswiadczalny

Uktad eksperymentalny do pomiaréwseéattem laserowym przedstawiony jest na rys. la.
Zrodtem wiatta byt laser He-Ne, emitagy $wiatto o dtugdci fali 632,8 nm. Laser nie byt
jednomodowy, ale poniewaczasy zliczania byly disze nt charakterystyczne czasy dud-
nien spowodowanych przez interferegicpznych modow, uzyskiwane statystyki byty poisso-
nowskie. Wazka laserowa byta odbijana od zwierciadta ptaskiego M1 i przepasaqazez
serk filtrow szarych (NF), zmniejszagych nag¢zenie wizki do poziomu nieszkodliwego dla
detektora ( < 10fotonéw/s). Dalsza g#¢ ukladu byla umieszczona w miiwie szczelnej
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ostonie z czarnego PCW. ¥W¢ka przechodzita dalej przez filtr interferencyjny W< 631
nm, 44 = 9 nm), byta odbijana od zwiercia-

dta M2 i ogniskowana przez soczewgku- 3 NF
piajaca LE o ogniskowej 15 cm. Naginie B H
na drodze wizki znajdowata si (usuwalna) LE |
ptytka swiattodziehca (BS). Cgs¢ wiazki
odbita od ptytki byta pochtaniana przez p
chtaniacz wizki (S); druga cg¢ przez po- P
laryzator P kierowana byta do detektora | DD
umieszczonego w ognisku soczewki Ll L
Detektorem byt licznik pojedynczych foto

néw (SPCM AQ 131, EG&G Canada). Chi b)
rakterystyka detektora: ciemne zliczen M, H | I h2
max. 250 fotonéw/s, czas martwy max. ® F o
ns. Detektor byt chtodzony wadSygnaty z i
detektora poprzez wzmacniacz i wyztHioz
impulséw kierowane byly do licznika kart (B=] 5
National Instruments PCI 6040 E. Dhégo P
czasu zliczania byta regulowana przy p L
mocy wewrtrznego zegara karty; mini

malny dosgpny czas zliczania wynositis.
y dostpny wy Hs Rys. 1 Schemat ukfadu dwiadczalnego ¢

Do pomiaréw statystykéwiatta termicz- L e A
. o . pomiaréw dla: a)swiatta laserowego; bwiatta
nego konieczna byfa niewielka modyfikac termicznego. L — laser; M1, M2 -zwierciadk

uktadu, przedstawiona na rys. 1b. Poniew ptaskie; NF - filtry szare; IF filtr interferencyjny
naturalne swiatto termiczne ma bardzc¢ LE — soczewka; O — obiektyw; M ebracajca s
krotki czas koherencji (porgj pikosekund) matowka; BS — plytkaswiatiodziehca; S -
dysponujc minimalnym czasem zliczanii pochfaniacz wizki; P — polaryzator; D — detektor.

1 us rejestrowatbym rozktad ujemny dwu-

mianowy o liczbie stopni swobodyl rzedu 1F lub wiccej — dla tak deych wartdci M
rozktad ujemny dwumianowy stajegsiv praktyce rozktadem Gaussa. Aby uzyskazkiad
mozliwie bliski rozktadowi Bosego-Einsteina potrzebne bywiatto termiczne o czasie
koherencji diaszym ng 1 ps. Swiatlo takie otrzymuje si ogniskupc wiazke lasera na
poruszajcej st powoli matéwce ([1], par. 4.4.3). W miejscu soczewki umieszczonytzosta
obiektyw mikroskopu O (powkszenie 12 razy) — w celu lepszego zogniskowanaakii Za
obiektywem, w ognisku, znajdowatae dkragta matowka M, obracana powoli przez silnik
elektryczny. Pozostate elementy ukiadu pozostaly niezmienione, jedyniktodemstat
maksymalnie odsugly od matowki, by zbieka swiatto mazliwie spojne przestrzennie.
Detektor zostat rownieprzesunity nieco w bok w stosunku do azki laserowe;.

i hi2

s s

Przed przyapieniem do wiéciwych pomiaroéw naleato upewnt sig, czy srednica wizki
w ognisku soczewki jest mniejszazrdrednica powierzchni detektora (dla pomiarow ze
swiattem laserowym). W tym celu w ognisku soczewki przeproweadzipomiarsrednicy
wiazki przy pomocy ostrza brzytwy. Otrzymatem wynik ok. 10@. Srednica powierzchni
Swiatloczutej detektora wynosi 17Qum, a wec wiazka byla dostatecznie dobrze
zogniskowana.

Wyniki pomiarow i wnioski

Jako pierwsze wyznaczytem statystyki ghaatta laserowego dla zadych czaséw zliczania
t oraz rénych érednich liczb zliczé& N. Podczas tej e#ci eksperymentu plytka
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Swiattodziehca byta usumita z drogi wizki. Wyniki w postaci histograméw wraz z
dopasowanymi rozktadami Poissona przedstawianeagys. 2. Czasy zliczania byly na tyle
krétkie, ze zliczenia ciemne (na poziomie 250 Hz) byly do pogeiai Za kadym razem
wykonane zostato 100 000 powtdiize

4000 —

t=1ms, N=110,7 = N =
) s 12000 4 t= 100 ps, N = 11,09 _
3500 L
3000 10000 L
= 2500 ‘= 8000
[ [
S 2000 + H
3 3 6000
o o
Q1500 4 2
o o
° = 4000
1000 o
2000
500 -
0 T T T T T T T T T T T T T T T 1 0 T T T T
0 20 40 60 80 100 120 140 160 0 5 10 15 20 25
liczba zliczen w czasie t liczba zliczen w czasie t
_ | t=10ps,N=1,10
180004 t =50 ps, N = 5,50
1 ] 35000 o
16000 | L ]
1 30000
14000
12000 = 25000
< S
5 ] 5
.5 10000 2 20000 -
2 1 3
& 8000 5
3 . '§ 15000
8 S
= 6000 = ]
E 10000
4000
2000 5000
] 1
0 — —— 77— 0 T T
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liczba zliczen w czasie t liczba zliczen w czasie t

Rys. 2Histogramy liczby zlicz& fotondwswiatta laserowego dla czaséw zliczania w zakresigsl® 1 ms.

Dopasowania rozktadu Poissona do danyclwidalczalnych jest bardzo dobre: dlaétego
z 4 czasow zliczania wspotczynnik koreladf byt wiekszy niz 0,999. Niewielkie
rozbieznosci mogy by¢ spowodowane: a) dryfem raénia lasera w czasie; b) fakteve
laser nie jest jednomodowy; c) skzory iloscig powtorze.

Nastpnie pomgdzy soczewk a detektorem umieitem plytke sSwiattodziehca i
zmierzytem odpowiednie statystyki (z tymi samymi czasanuzahia i tak samy liczba
powtOrzey), przedstawione na rys. 3. Zgodnie z przewidywaniami teoretycznymi
otrzymujemy réwnie rozkiad Poissona. Dopasowanie rozkladu Poissona do danych
doswiadczalnych jest bardzo dobre: zadgm razem wspétczynnik? > 0,9999.

W tabeli 1 zamieszczoney srednie liczby zliczé z pomiarow bez oraz z phdk
swiattodziehca (odpowiednioN; oraz N,), a take obliczona na tej podstawie waiio
wspotczynnika transmisji ptytki = No/N;.

czas zliczania (us) Ny N, T
1000 110,712 24,316 0,220
100 11,093 2,463 0,222
50 5,500 1,219 0,222
10 1,103 0,251 0,228

Tabela 1N; —srednia liczba zlicz& 1 — bez, 2 — z plytkswiattodziehca; T —transmisja plytki.
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t=100 ps, N = 2,46

80009 - 1 ms, N =24,32 TH 25000
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Rys. 3Histogramy dlawiatta laserowego po praeju przez ptytk swiattodziehca.

Otrzymujemysredng wartas¢ T = 0,223+ 0,004. Rozbienosci pomedzy otrzymanymi
wartcéciami T pojawiap Sie na 3. miejscu znageym, r&znica pomgdzy wartGcig
maksymaln i minimalra wynosi 3,6%. Najprawdopodobniej przycaymozbieznosci sa
niestabilndgci pracy lasera — ngtenia lasera zmieniatogsiv niewielkim stopniu z uptywem
czasu.

Druga czscia ¢wiczenia bylo wyznaczenie statystyk zliazfotonow dla swiatta
termicznego. Staralemesuzyska statystyl zliczen opisan, rozktadem Bosego-Einsteina —
do tego celu potrzebne bylwiatto termiczne o midiwie diugim czasie koherenciji.
Obracagc matdéwk (por. zmodyfikowany uktad dwiadczalny, rys. 1b) z bardzo niewiglk
predkoscia udawato si uzyska czas koherencji nie mniejszyzré ms (sposéb pomiaru czasu
koherencji omowiony zostanie w ngstym akapicie). Mona by s¢ w takim razie
spodziewd, ze dla czasow zliczania gdu mikrosekund statystyka zliazdotonéw kedzie
opisywana rozkladem Bosego-Einsteina. Niestety okazaip z& uzyskiwane swiatto
termiczne nawet dla krotkiego czasu zliczania jest w pewnym stopespojne czasowo lub
przestrzennie (minimalna miova do osagnigcia ilos¢ stopni swobodyM wynosita ok. 3).
Zredukowanie tej niespojdoi (dalsze odsuncie detektora od matdéwki i silniejsze
zogniskowanie wazki na matéwce) byto trudne technicznie. Z tego powodu zmierzone
statystyki § opisywane rozktadem ujemnym dwumianowym. Jedealponiewa rozkfad
Bosego-Einsteina jest szczegblnym przypadkiem rozkladu ujemnego dwuragmow
wykazanieze rozktad ten w przypadku ogolinym (dlamgch M) nie zmienia si po przejciu
Swiatta przez ptytk, implikuje,ze szczegolny przypadek tego rozktadu — rozktad Bosego-
Einsteina — po prz&giu przez plytk tez pozostanie niezmieniony.
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Przed przyapieniem do wia- 40+
sciwych  pomiaréw zmierzytem
czas koherencji uzyskiwanego
przeze mnieswiatla termicznego. 30
W tej czsci eksperymentu plytka
swiattodziehca byla usuria z ]
drogi Swiatta. Zmierzytem staty- _ 20- s
styki zliczen fotonéw dla szero- ]
kiego zakresu czasow zliczania. Na
podstawie uzyskanych histogra- 7
mow obliczatem rozktady prawdo- .
podobigistwa i dopasowywalem 1 s
do nich rozktad ujemny dwumia- o o 0 0 o o o
nowy (2). Na wykresie (rys. 4) czas zliczania t (is)
przedstawiona jest zaleos¢ liczby
stopni swobodyM od czasu zli-
czaniat. Jak wid&, w szerokim za-
kresie czaséw (fus — 10 msM nie zaley od czasu zliczania, wykazuje jedynie przypadkowe
fluktuacje w zakresie 2,8 — 4,8. Zahes¢ t(M) pojawia s¢ dopiero dla czasowdtuzszych od
10 ms. Zalenoi¢ ta jest liniowa, co przedstawione zostato, wraz z dopaspprast, na rys.

5. Na podstawie rownania prostej ima wyznaczy czas koherencfwiatta. Zgodnie z [1],
rozdz. 6 i 9, dla czaséw zliczaniazudtuzszych od czasu koherenajj zachodzi zwjzek:
M :,Lc. W przypadku braku spdjda przestrzennej zateos¢ ta modyfikuje si do

L]

Rys. 4 Wykres zalenosci liczby stopni swobodW od czas
zZliczaniat.

M = Msr—lct, gdzie Mg jest liczly przestrzennych stopni swobody. Okazuje jednak, ze

zmierzona przeze mnie zats¢ M(t) ma inry post&: jest liniowa, ale nie wprost proporcjo-
nalna:

M = Ms%"' Mo 4)
Zaktadajc petrn koherengj przestrzensm
(Ms = 1) mana oblicz¢ ograniczenie 40

dolne na czas koherencji, jako odwraifio o] ) -

wspbtczynnika kierunkowego dopasowa- | M'O’mmf;g%

nej prostej: 7. = 6,23+ 0,09 ms. Jdi w - pd

rzeczywistdci swiatto jest niespdjne prze- ] e

strzennie s> 1), czas koherencji jest . - /L/

dtuzszy. W przypadku tego eksperymentu . -

istotny jest faktze dosgpne g czasy zli- o] e

czania krotsze od czasu koherencjigavi 1

wystarczajca jest znajomit ograniczenia 1

dOlnegO Nelc. ° 0 ' 50 " w0 10 200
Komentarza wymaga jeszcze obegno czas zliczania t (ms)

w zalenosci M(t) czionu Mp. O ten

niezaleny od czasu zliczania czion pagi RYS: 5 Wykres zalenosci M(t) dla wolnc

szone s wartdici M dla wszystkich ©Pracace] st matowki

pomiaréw. Czionu takiego nie przewidupbliczenia w [1]. Niezatenos¢ tego cztonu od
czasu sugerujeze pochodzi on od promieniowania o bardzo dtugim czasie koherencji — a
wiec od promieniowania laserowego. Wydaje miawdopodobneze to widnie wartdé tego
cztonu fluktuuje w czasie — ttumaczy to rozrzut waetdM dla 1us <t < 10 ms oraz rnice
wartasci M (rzedu +1,06, jako bid przyjmug dwa odchylenia standardowe wadioM dla
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1 us <t < 10 ms) w przypadku powtonzgpomiarow dla czaséw > 10 ms. Tak silne
fluktuacje wskazuw, ze ichzrédtem mae by obracajca se matowka, ktdra nie jest zupetnie
jednorodna. Podejrzewam ¢gi ze cztonM, pojawia s¢ w wyniku przedostawaniagsprzez
matowle pewnej ilgci ,nieutermicznionego’wiatta laserowego. W praktyce obeéadego
cztonu powodujeze, nawet dla czaséw zliczania znacznie krétszych,dd > 1.

Aby sprawdzi poprawné¢ wyznaczania czasu koherencji wykonatem analogicare
pomiarow dla szybciej obracap] sk

matowki. Oczekiwalem zmniejszenig si 100+
czasu koherencji. Wyniki pomiaréw 1 -
przedstawione asna rys. 6. Zaleosc¢ 80 M=0,81t+3,10 /
M(t) jest liniowa dla czaséwi > 1 ms.
Czas koherencji wynosi, = 1,24+ 0,03 60
I zgodnie z oczekiwaniami jest krotszy 1 s
od czasu dla wolno obraaag] st ma- 40}
t6WKi. . e
Znapc parametry dospnego swiatta 201 -
termicznego mogtem przygi¢c do /
wiasciwej czsci pomiarow. Wykonatem o . . . . .
pomiary statystyk zliczefotonéw dla 4 0 2 40 60 & 100

czas zliczania t (ms)

roznych czaséw zliczania. Odpowiednie
histogramy zamieszczone, $1a rys. 7.  Rys. 6Wykres zalenosci M(t) dla szybko obracage]
Obok histogramow znajdajsie wyliczone — sie matowki

na ich podstawie rozktady prawdopodaisisva i dopasowane do nich krzywe odpowiadaj
rozktadowi ujemnemu dwumianowemu (2).

0,12 4
200007 M ¢ = 50 ps 1 -
I t = 100 ps 0104 = t=50ps;N_=7,16; M =326
= t=100ps;N=15,0,M=277
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Rys. 7 Histogramy zliczé fotonéw dlaswiatta termicznego i dopasowane krzywe (rozktad uje
dwumianowy)
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Dopasowanie jest dobr&{(> 0,975), ale nie tak dobre jak diaiatta laserowego. Przyczyn
tego (oprécz wymienianychjuvczeniej powodoéw) g nastpujace fakty: a) rozktad ujemny
dwumianowy tylko w przybfieniu opisuje statystgkswiatta termicznego ([1], rozdz. 6); b)
ze wzgkdu na czas trwania pomiaréw dta= 10 ms i 20 ms wykonano tylko 10000
powtdrze; c) dla pomiaréw 2 = 10 ms i 20 ms konieczne byto odejmowanie od wynikow
usrednionej wartéci tta (ciemnych zlicze).

Nastpnie na drodzéwiatta do detektora umieitem ptytke Swiattlodziehkca i nie zmieniajc
nakzenia swiatta wykonatem pomiary statystyk zliazella tych samych czaséw zliczania.
Wyniki przedstawitem na rys. 8.

= t=50ps;N_=2,33 M=325
o t=100pus; N=4,53 M=3,71

0,25+
It =50 ps
B t = 100 s
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Rys. 8 Histogramy dlaswiatta termicznego po prz&jiu przez plytk swiattodziehca i dopasowar
krzywe (rozklad ujemny dwumianowy).

t M, M. Rownie po przejciu swiatta przez plytk
50 us 3,26 3.25 éw@atiodziebpa obserwuj‘emy statystyki
100ps 277 3,71 Opisywane rozkk_adem ujemnym dwumia-
10 ms 111 106 nowym. W tabeli 2 zamieszczone zostalo
20 ms 19’8 19’4 poréwnanie parametrovi odpowiednich

par rozktadow.
Wartagci M dla pomiarow z i bez plytki

Tabela 2t — czas zliczaniayl; —liczba stopni swobody: Y 4 - ) WL I
1- bez, 2- z plytka $wiattodziehca swiattodziehce] @ sobie bliskie, chociaw
wigkszaici przypadkéw réne (w grani-
cachxl). R&nice te g najprawdopodobniej spowodowane omawianymi e fluktu-

acjamiM (ktorych rozrzut wynost1,06).
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Podsumowanie

W wyniku pomiaréw potwierdzone zostaty przewidywania teoretyczne - zaréwn
statystyka zlicze fotondwswiatta lasera jednomodowego, jagwiatta termicznego pozostaje
nie zmieniona (za wyikiem wartgci sredniej) po przdpiu Swiatta przez plytk
swiatlodziehca. W przypadkuswiatta termicznego pokazane zostate, w granicach ktu
doswiadczalnego, nie zmieniona pozostaje réwrdiezba stopni swobod. Wyznaczona
zostata take zalenosé liczby stopni swobodW swiatta termicznego od czasu zliczahiana
jej podstawie obliczony czas koherendi (dokladniej: ograniczenie dolne na czas
koherencji). Zalenos¢ M(t), zgodnie z przewidywaniami [1], jest liniowa. Nie jest jednak
wprost proporcjonalna — pojawiagsfluktuujacy w czasie sktadnik (o niezaleej odt
wartasci sredniej), powoduyjcy fluktuacje wartéci M. Podejrzewam, jak piuzasadniatem
wczeniej, ze jego obecnid jest spowodowana przez niepetne rozpraszawetta
laserowego na matowce.

Literatura:

[1] J. W. GoodmanQptyka statystyczn®WN, Warszawa 1993,

[2] W. Vogel et al. Quantum optics: an introductioiViley-VCH, Berlin 2001,
[3] R. J. Nowak Statystyka matematyczn&'ydziat Fizyki UW 1999.
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ZAL ACZNIK

1) Swiatto lasera jednomodowego

Swiatto lasera jednomodowego kwantowomechanicznie opisywane jest prw. stan
koherentny, bdacy kombinacy liniowa standw jednofotonowych ze wspoétczynnikami

réwnymi odpowiednim prawdopodoldigtwom z rozktadu Poissona [2]:
00 _N

— & NY g
[N > _NZ::ON!e IN > (A.2)
gdzie:| N >— stan koherentny @edniej liczbie fotonowN ; [N> — stanN-fotonowy.

Bez problemu jeséey w stanie opisadziatanie ptytkiswiattodziehcej o wspotczynniku
transmisjiT na stanN-fotonowy: prawdopodobiestwo przejcia przez plytk K fotondw jest
dane rozkladem dwumianowym. Agegistan |[N> po prz&giu przez ptytk zmieni s¢ w stan:

IN'> =ZN_:(EJTK A-TY ¥ |K> (A.2)

Znapc dziatanie piytki na stan jednofotonowy oraz rozkiad stanu koherentreegtany
jednofotonowe mzemy wypisé post& stanu koherentnego po pray przez ptytk:

S LNY (N

|N'> :ZZ—G'N( ]TK =T K> (A.3)

N=ok=o0 N! K

Aby wyznaczy statystyk tego stanu, naky wyrazic go jako liniova kombinacg stanow
jednofotonowych:

IN'> =3 a |K> (A.4)
K=0

W celu wyznaczenia postaci wspétczynnikéw kombinacji liniowejayatamiené w (A.3)
kolejncé¢ sumowania. Otrzymujemy wtedy:
S NN -N N K N-K
=Y e TR@A-TNK =
a NZK N (Kj (1-T)

—N

_€ TKZ”: NN/N/l (1_-|-)N—K

(A.5)

KIS NT(N = K)!
Dokonujemy przeindeksowari— N + K:
—~N 0 NN+K

_¢€ K N_e_N ~nK X [N(l_T)]N_
T ;) T = N ;) N

S N(-T) e™ K
(Skorzystalimy z rozwinkcia funkcji€* w szereg Taylora.)
A wigc starswiatta po przejciu przez plytk swiattodziehca mazemy zapisé jako:

[ee] NI K _
|N'> :Z%e‘m K > (A.7)
K=0 .

(A.6)

Poréwnujc to wyraenie z (A.1) zauwaamy, ze jest to réwnig stan o statystyce
poissonowskiej o wartgi sredniej pomnaonej przez wspoétczynnik transmisji plytki.

2) Swiatto termiczne

Analogicznie jak dlaswiatla laserowego, staswiatta termicznego (oM stopniach
swobody) mana zapisé jako kombinagj liniowa standw jednofotonowych; tym razem
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wspétczynnikami  kombinacji dala prawdopodobigstwa z rozkladu ujemnego
dwumianowego (2):

IN> = 3 M(Hﬂjw [1+ﬂj_ IN > (A.8)
v (N +1)F (M) N M

Podobnie jak dldwiatta laserowego, staiwiatta termicznego po przgiu przez piytg
swiattodziehca o transmisjiT mazemy zapiséjako:

© N -N NYM (N
> =y F(N+M) (1+ﬂj 1+ N TE(@ETP* |K> (A9
S T(N+DE (M) N M K
Podobnie jak poprzednio, aby doprowadz wyrazenie do postaci kombinacji liniowej
stanéw jednofotonowych: |N'> :ZaK | K> zamieniamy kolejni€ sumowania i
otrzymujemy wyraenie naax:

= [(N+M) MY (N N
a, = Zr(N+1)r(M)(1+ﬁj (“ﬁj (KJT (1-T) (A.10)

Aby utatwic p&zniejsze przeksztatcenia warto skorzyzszteréwnoici (por. [1], rozdz. 9):

M(uﬂjw( J j ('\_Aj W 6 gw (A.11)
r[N+)r(M)” N NIF(M) & W

gdzie: aW = N; a — parametr. Po podstawieniu do (A.10) i zamianie kofejreumowania i
catkowania otrzymujemy:

a =3 (M‘j wieie" Mgy g

o KJxrfr(lvl) W (N-K)!K!

T eV m¥ © N-K (q1_ T\W-K
_ Ire M_ WM le MWTK (aW)Kz @W)" " (1-T) dW=

o M (M)KILW N=K (N=-K)!

e (MY = [dW (1- T)"
:IF(M)KI w) WiTe W(TaW)KZ—[ (Nl L aw=

0 : N=0 .

0 —aW M _ ﬂ
:I e M_ WM—le MVV (TO,W)K éz\N(l—T)dW:

s T(M)KI\W

M w zamiana zmiennych:
.[S—(T\r/lv;/lll e—T”’W[%j WM_leMWdW: W' = TW =
dw = 4%

°° nK Moy W
- j("W) o [ MY W o L o =

F(M)K! W T T

M W
Korzystapc znow z (A.11) otrzymujemy:
-K —\-M
= TK+M) (1+ﬂ_j 1+N (A.13)
rK+HrM)LU TN M
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A wigc statystyka promieniowania termicznego po piaejprzez plytk swiattodziehca
jest nadal okrdona rozktadem ujemnym dwumianowym o niezmienionej liczbie stopni
swobodyM i sredniej liczbie fotonéw réwneJN :

~T(K+Dr (M)~ TN M

3) Redukcja rozktadu ujemnego dwumianowego do rozkladu Bosego-Einsteina

Rozktad prawdopodohistwa dla rozktadu ujemnego dwumianowego dany jest przez:

P(N):M(uﬂj_ (1+Ej_ (A.15)
r(N+Dr (ML N M
DlaM - 1.
P(N) (1+i) 1 1_( N ] (A.16)
N) 1+N 1+ N|N+1

otrzymujemy rozktad Bosego-Einsteina (3).
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ZAr ACZNIK B

Sprébujmy teraz zbadaw ogdolnym przypadku, jaka powinna dgtatystyka natenia
swiatta, by ptytkaswiattodziehca nie powodowata jej zmiany.

Zalemy, ze rozklad prawdopodohistwa dla natzenia catkowegd/N dany jest funkg
o(W; W) (dlaw= 0, dla W < 0 prawdopodoliistwo jest oczywéicie zerowe), gdzie parametr

W jestsredni wartcicia natzenia catkowego:
= [Wp(W Wy dw (8.1)
0
(WartcgséW jest wprost proporcjonalna deedniej liczby fotonowN : N = aW)

Znapc p(W; W) mozemy (zgodnie z [1], rozdz. 9) zapésarspotczynniki rozwingcia stanu
swiatta na stany jednofotonowe:

=S a, N> a,= [ e o wyau (B.2)

Podobnie jak poprzednio, zapiszmy dziatanie phgtkiattodziehcej o transmisjiT na
jednofotonowy statwiatta N> [por. rown. (A.2)]:

IN'> :EN_:(E]TK A-TP™ K> (B.3)

gdzie |N’> oznacza stan jednofotonowy po pgiaej przez ptytk. A zatem plytka
swiattodziehca przeksztatci stan wielofotonowWi > w stan:

|N'> _ZZaN( ]TK(l—T)N‘K |K> =

N=0K=0

—Z Z aN( ]TK(l—T)N‘K | K>

K=0N=K

(B.4)

Dazymy do wyznaczenia wspotczynnikova,' rozwiniecia stanu [N'> na stany
jednofotonowe:

IN'> =>"a '|K> (B.5)
K=0
Porownujc (B.5) z (B.4) maemy wyrazé wspoétczynnikiax’ przezay:

a "= Z aN(EJTK(l— "=

_ (aW) T N || _ K
Zj W W) g T T

Dokonajmy teraz przelndeksowani‘a G N — K oraz zamiany kolejrigi catkowania i
sumowania, a naginie wyeliminujmy z wyraenia (B. 6) surapoN:

aK':OjNio(aW)”*K M pWE W) T (L 1) dwe

(B.6)

J'(TO'W) —d\N p(vv;W)éiw(l—'D dw= o].(-rc:(—\{\ol( e—TaWp (W,T/\/) dv
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Wprowadmy oznaczenieW\’ = TW, i dokonajmy zamiany zmiennych:

L EW) ~n AW _ (@ W) -m-[l 7 }
= |——e ;W) = e =p(W; dw B.8
ac= [ e AW === g =P (W;W) (B.8)
Aby statystyka&wiatla pozostawata niezmieniona po pfzej przez plytk swiattodziehca
wyrazenie okreslajceax’ musi mig takq samy posta jak wyrazenie (8.2), okréajace a:
T K
T e oWy dw ®.9)
Poréwnanie wyrgen (B.8) i (B.9) daje warunek (konieczny i dostateczny), &liatto o
statystyce opisanej rozkladem nie zmienialo tej statystyki po prZeju przez plytk
Swiattodziehca:

]
0

1 p(W; W) = p(W; W)
p(W;W) =T p(TW; TW)
Aby sprawdai, jakie rozktadyp spetniag warunek B.10 dokonam zamiany zmiennych, od

ktorych zaley p, z W na TW (skorzystam w tym celu ze wzoru na zami@zamiennych w
rozktadach prawdopodolsistwa, por. [3]):

P = p(W W‘j—v"vv - p(WWE (8.11)

A wiec p(W; W) = To(W; W)= Jo( TW W! Sprawdmy jeszcze jaka jestednia
rozktadup(W):

W'= JW'p(W'; W) dw= J/T\Ajép( W d| et =

dw'=Td

(B.10)

i (B.12)
:TIWp(V\t W dwe Tw

Wynik (B.11) i (B.12) oznaczae p spetnia (B.10):
IO(W')W'):?p(VV! \M
Poniewa na temat rozktadw nie zostaty poczyniongadne zalgenia (ponad toze o jest
rozktadem prawdopodohistwa), (B.10) jest spetnione dla dowolnego A zatem dla

dowolnego standwiatta, dajgcego zapisa sie jako superpozycja stanéw jednofotnowych
przegcie swiatta przez plytk swiattodziehca nie spowoduje zmiany statystyki tego stanu.
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CRAPTER 2

BASIC PRINCIPLE ©F
PROTOMULTIPLIER TUBES! =)

A photomultiplier tube is a vacuum tube consisting of an input window, a
photacathode and an electron multiplier sealed into an evacuated glass rube.
Figure 2-1 shows the schematic construction of a photomultiplier tube.

FOOUSING
ELECTRCHIE

;
SECONDARY
; ELECTRON LAST DYNODE STEM FiM

! 1 WACLULIM
', T [ (10-*Pa)

DIFECTION OF LIGHT == g == /:’\(’i‘\
b L MC==] " 3
| =

eaceptate (1 J N LAN

) STEM
\‘\ ELECTORON \ ANCDE
: MULTIPLIER
% (D¥YNODES)
', PHOTOCATHODE
TPMHCOLOEE A

Figure 2-1: Construction of a photomultiplier tube

Light which enters a photomultiplier tube is detected and output as a signal
throwgh the following processes.

(1) Light passes through the input window.

(2) Excites the electrans in the photocathode so that photoelectrons are
emitted into the vacuum (external photoeleciric effect).

{3} Photoelectrons are accelerated and focused by the focusing clectrode
onto the first dynode where they are multiplied by means of secondary
electron emission. This secondary emission is repeated at each of the
successive dynodes.

{4) The multiplied vecondary electrons emitted from the last dynode are
Jinally collected by the anode.

This chapter describes the principles of photoelectron emission, electron
trajectory, and design and functions af electran multipliers. The electron
prltipliers used for photomultiplier tubes are classified into two rypes. normal
discrete dynodes consisting of multiple stages and continuous dynodes such as
microchannel plates. Since both types of dynodes differ considerably in operating
principle, photomultiplier tubes using microchannel plates (MCP-PMTs) are
separarely described in Chapter 4. Furthermore, electron multipliers intended
for use in particle and radiation measurement are discussed in Chapter 35,



2 Chapter 2 Basic Principle of Photomultiplier Tubes

2.1 Photoelectron Emission®”

Photoelectric comversion is broadly classified into external photoelectric effects by which photoglectrons
are emitted into the vacuum from a matenal and internal photoelectric effects by which photoelectrons are
excited into the conduction band of a matenial, The photocathode has the former effect and the Jater are
represented by the photoconductive or photovoltaic effect,

Since a photocathode is 8 semiconductor, itcan (1) ALKALI PHOTDCATHODE
I described wsing a band model as shown in Figure

-
2.2 Cr ‘%
; : - AP N

In u semiconductor band model, there exist a “GHT'“"L%_ o ™) VAGUUM LEVEL
tarbidden-band gap or energy gap (EG) that cannol  LIGHT: v 2, '-"’L, 3 Len
e occupied by electrons, electron affinity (EA) 1 ST T
which 15 an interval between the conduction band % FUNGTION ¢
anid the vacuum level barrier (vacoum level), and EEEE‘E ..... SRR PR SR
work Tunetion (¢ ) which is an energy difference

between the Fermi level and the vacuum level, 7 0/ ""'7 //b
When photons strike a photocathode, electrons in / /Q ;:h%NCE Vd
lhe valence band absorb photon energy (h v ) and / //’////
become excited, diffusing toward the photocathode

surface. 1f the diffused electrons have energy

g {2} 11V SEMICONDUCTOR PHOTOCATHODE
crough to overcome the vacuum level barrier, they

are emilted inta the vacuum as photoelectrons, This :i, Ci
cun be expressed in a probability precess, and the LIGHT: b v é \
quantum efficiency 7 ( » ), i.e., the ratio of output  LBHT.ne Ll'lb O o
tlectrons to incident photons is given by LLLLL\ \ —J VACULIM LEVEL
e i ) WORK
IR k El + | ka:I e FERMILEVEL —femcfmimimimi— el =2 e nl o b
where 7
z Csal
R reflection coefficient /P- TuoBabs
koo full absonption coefficient of photons % VALENDE BAND
P v probability that light absorption may excite / //// / o A

electrons (o a level greater than the vacuum :
level
L | mean escape length of excited electrons
Ps - probability that electrons reaching the
phatocathode surfuce may be released into the vacuum
v frequency of light

TPMICIT J003E &

Figure 2-2: Photocathode band modals

In the above equation, if we have chosen an appropriate material which determines parameters R, kand P
the factors that dominate the quantum efficiency will be L (mean escape length of excited electrons) and Ps
(probability that electrons may be emitted into the vacuum), L becomes longer by use of o better crystul and
Ps greatly depends on electron affinity (EA)

Figure 2-2 (2) shows the band model of a photocathode using groups -V compound semiconduciors™
MUAE u surface Jayer of electropositive material such as Cs,0 is applied o this photocathode, a depletian
layer 1 formed, causing the band structure to be bent downward, This bending can make the electran affiniy
negative, This state is called NEA (negative electron affinity). The NEA effect increases the probabilicy (P
that the electrons reaching the photocathode surface may be emitted into the vacuum, [n particular.
enhances the quantum efficiency at long wavelengths with lower excitation energy . o addivion, it lengthens
the mean escape distance (L) of excited electrons due 1o the depletion layer.

Photocathodes can be classified by photoelectron emission process inla o reflection mode anu a transmssion




1.2 Electron Trajectory L3

mode. The reflection mode photocathode is usually formed on a metal plate, and photoelectrons are emitted
in the opposite direction of the incident light, The transmission mode photocathode is usually deposited as a
thin film on a glass plate which is optically transparent. Photoelectrons are emitted in the same direction as
that of the incident light. (Refer to Figures 2-3, 2-4 and 2-5, ) The reflection mode photocathode is mainly
used for the side-on photomultiplier tubes which receive light through the side of the glass bulb, while the

iransmission mode photocathode is used for the head-on photomultiplier tubes which detect the input light
through the end of a cylindrical bulb.

The wavelength of maximum response and long-waveléngth cutoff are determined by the combination of
alkali metals used for the photocathode and its fabrication process. As an inlernational designation, photocathode
sensitivity'"! as a function of wavelength is registered as an  “5" number by the JEDEC (Joint Electron
Devices Engineering Council), This “S" number indicates the combination of a photocathode and window
material and at present, nurnli:v:rs from §-1 through 5-25 have been registered. However, other than §-1, 5-11,

§-20 and 5-25 these numbers are scarcely used. Refer to Chapter 3 for the spectral résponse characteristics of
varjous photocathodes and window materials,

2.2 Electron Trajectory

In order to collect photoelectrons and secondary electrons efficiently on a dynode and also to minimize the
electron transit time spread, electmode design must be optimized through an analysis of the electmon
trajectary 2 18,

Electron movement in a photomultiplier tube is
infMuenced by the electric field which is dominated
by the electrode configuration, arrangement, and also
the voltage applied 1o the electrode. Conventional
analysis of the electron trajectory has been performed
by simulation models of an actual electrode, using
methods such as rubber films and an electrolytic

DIRECTION OF LIGHT

SHIELD

0 =PHOTOCATHODE

bath. Recently, however, numerical analysis using
high-speed, large-capacity computers have come into
use. This method divides the area lo be analyzed
inter 2 grid-like pattern to give boundary conditions,

10 =ANODE
1=8 =DYNODE

TRMSEI00TEA
Figure 2-3; Circular-cage type

and obtains an approximation by repeating 3EM-_
computations until the error converges. By solving  PHOTOCATHOUE
the equation for motion based on the potential
distribution obtained using this method, the electron g',?f,%ﬂ?ﬂ
trajectory can be predicted. FOCLSING
ELECTRODE
When designing a photomultiplier tube, the 1— 9 =DYNODE
electron trajectory from the photocathode to the first ol
dynode must be carefully designed in consideration i
of the photocathode shape (planar ot spherical e b
window), the shape and arrangement of the focusing FOCUSING
elecirode and the supply voltage, so that the il
photoelectrons emitted from the photocathode are R ‘1 2 4 88 . ] %}
efficiently focused onto the first dynode. The  OF LIGHT —J;?\;T-;*f i ]
collection efficiency of the first dynode is the ratio ?ﬁ:ﬁspmﬁm 1
of the number of electrons landing on the effective  PHOTOCATHODE 1—10= DYNODE
area of the first dynode l'?. the number of emitted M ANERE e
photoelectrons. This is usually better than 60 to 90

percent, In some applications where the electron

Figure2-5: Linear-focused type
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transit time needs to be minimized, the electrode should be designed not only for optimum configuration but
also for higher electric fields than usual.

The dynode section is usually constructed from several to more than ten stages of secondary-emissive
electrodes (dynodes) having a curved surface, To enhance the collection efficiency of each dynode and
minimize the electron transit time spread, the optimum configuration and arrangement should be determined

from an analysis of the electron trajectory. It is also necessary to design the arrangement of the dynodes in
order to prevent ion or light feedback from the latter stages.

I addition, various characteristics of a photomultiplier tube can also be calculated by computer simulation,
For example, the collection efficiency, uniformity, and electron transit time can be calculated using a Monte
Carlo simulation by setting the initial conditions of photoelectrons and secondary electrons. This allows
collective evaluation of photomultiplier tubes. Figures 2-3, 2-4 and 2-5 are cross sections of photomultiplier

tubes having a circular-cage, box-and-grid, and linear-focused dynode structures, respectively, showing their
typical electron trajectories. 4

$

"Ir
2.3 Electron Multiplier (Dynode Section)

As stated above, the potential distribution and electrode structure of a photomultiplier tube is designed
provide optimum performance. Photoelectrons emitted from the photocathode are multiplied by the first

dynode through the last dynode (up to 19th dynode), with current amplification ranging from 10 to as much
as 10* times, and are finally sent to the anode.

Major secondary emissive materials'" ™" used for dynodes are alkali antimonide, berylliu?n oxide (BeQ).
magnesium oxide (Mg0), gallium phosphide (GaP) and gallium arsenide phosphied (GaAsP), These materials
are coated on a substrate electrode made of nickel, stainless steel, or copper-beryllium alloy. Figure 2-6
shows a model of the secondary emission multiplication of a dynode,

180
PRIMARY SECONDARY [ |
ELECTAON ELECTRONS = | i
“ | | | \abcs
SECOMDARY E ; Kk—Ca—Sh
EMISSIVE s il B
SURFACE
e | coso
@ o p iy
- / 9 b —
[ § o /f < Cu=Ba0—Cs
g / | | i
v\ |
8 X
SUBSTRATE ELECTRODE y ’/'
1
10 100 =41
ACCELERATING VOLTAGE
5 FOR PRIMARY ELECTRONS (V)
TPMOCOOBSEA TPRADBEDONIE &

Figure 2-6: Secondary emission of dynode Flgure 2-7: Secondary emission ratio

When a primary electron with initial energy Ep strikes the surface of a dynode, d secondary electrons are

emitted, This &, the number of secondary electrons per primary electron, is called the secondary emission

ratio, Figure 2-7 shows the secondary emission ratic & for various dynode materials as » function of the
accelerating voltage for the primary electrons,




2.3 Electron Multiplier {Dynode Section) 15

Ideally, the current amplification of a photomultiplier tube having the number of dynode stages n and the
averape secondary emission ratio & per stage will be 8", Refer to Section 3.2.2 in Chapter 3 for mere
details on the current amplification.

Because a variety of dynode structures are available and their current amplification, time response, uniformity,
and collection efficiency differ depending on the number of dynode stages and other factors, it is necessary o

select the optimum dynode type according to your application, These characteristics are described in Chapter
3. Section 3.2.1,
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3.4 Photon Counting | &1

The polunzation that provides the maximum sensitivity is the component perpendicular to the tube axis (P
. component). In contrast, the polarization that gives the minimum sensitivity is the component parailel to the
L fibe axis (S component), independent of the type of tube and wavelength of incident light. As can be seen
- from Figure 3-42, this is probably due to a change in the photocathode transmittance. The S component
 increases in reflectance as the angle of incidence becomes larger, whereas the P component decreases.
b Moreaver, as the wavelength shifts to the longer side, the reflectance generally decreases and the polarization
factor P becomes smaller accordingly, as shown in Figure 3-44.

0 applications where the polarized-light dependence of a photomultiplier tube cannot be ignored, it will
prove effective to place a diffuser such as frosted glass or tracing paper in front ol the input window of the
ohotmultiplier 11be or to vse a photomultiplier tube with a frosted window,

3.4 Photon Counting

Photon counting™ PP s an effective technique used to detect very-low-level-light such as Raman
spectroscopy, fluorescence analysis, and chemical or hiological luminescence analysis where the absolute
magnitude of the light is extremely low, This section describes the principles of photon counting, its operating
methosds, detection capabilities, and advantages as well as typical charactenistics of photomultiplier wbes
designesd for photon counting.

3.4.1 Analog and digital (photon counting) modes

The methods of processing the output signal of a photomultiplier tube can be divided broadly into analog

and digitsl modes, depending on the incident light intensity and the bandwidth of the ocutput processing
circal,

As Figure 3-46 shows, when light strikes the

PHOTD-
photecathode of & phatomultiplier wbe, photoelec- CATHODE  FIRST DYNODE
tra=s are emitted. These photoelectrons are multi- ’| £ l
lied Ty i jis] 3 [ T
phied by the cascade process of 5ec0;1dar}f E;Tml.ssmn . 4 LA @PUL d et
thivugh the dynodes (normally 10° to 107 limes)  SINGLE |h\ T*’::lﬂ 2% e :
proton ||| ik ) |

anl finally reach \he anode connecting with an output

=i v < il
provessing circuit, ;@L @\
ELECTRON & ."E\ e

When ubserving the output signal of a photomul-  GROUP
uplier tube with an oscilloscope while varying the TPMOCIDABEA
incident hight level, output pulses hike those shown Figure 3-46: Photomuliiplier tuba operation in
in Figure 3-47 are seen. At higher light levels, the the photon counting mode
outpul pulse intervals are narrow so that they overlap
gach iher, producing an analog waveform (similar
w (a) and (b} of Figure 3-47). If the light level
becomes very low, the ratio of AC component | '“T“r i
ifluciuation) in the signal increases, and finally the W w"‘r’* —hlwn
sutpat signal will be discrete pulses (like (¢} of H’

Fipure 3-47), By discriminating these discrete pulses

at 4 proper hinary level, the number of the signal {a) HIGH (b} LOW (c) VERY LOW
pulses can be counted in a digital mode. This is
commonly known as photon counting.

TRRACHOOASEL
- Figure 3-4T: Photomultiplier tube output

It analog mode measurements, the output signal waveforms observed at different
is the mean value of the signals including the AC light levels

corapunents shown in Figure 3-47 (a). In contrast,
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the photon counting method can detect each pulse shown in Figure 3-47 (¢, thus the number of counted
pulses equals the signal, This photon counting mode uses a pulse height discriminator that separates the
signal pulses from the noise pulses, enabling high-precision measurement with a higher signal-to-noise ralic

m comparison with the analog made, Therefore photon counting is exceptionully effective 0 detecting low
level light.

3.4.2 Principle of photon counting

When light incident on a photamultiplier tube becomes very low and reaches a state 1 which no more than
lwo photoelectrons are emitted within the time resolution (pulse widih) of the photomultiplier tbe, this ligh
tevel is called the single photoeleetron region and photon counting is performed in this region. Quantum
elficiency, an important parameter for photon counting, signifies the probability of photoelectron emission
when a single photon strikes the photocathode.

I this single photoelectron region, the nomber of emitted electrons per photon 1% one or zera and the
guantum cfficiency can be viewed as the ratia of the number of photoelectrons cmitted from the photocathode
lor the number of incident photans per unit time. The probability that the phatoelectrons emitted from the
photocathode (primary electrons] will impinge on the first dynode and contribute to current amplification is
reflerred to as collection efficiency. Some photoelectrons may not contribute to current amplification becaus:
they deviale from the normal trajectorics and are not collected by the first dynode. Additionally, i the
phiston counting mode, the ratio of the number of counted pulses (output polses) o the number of incident

photans is called detection efficieocy ar photomultiplier tube counting efficiency and is expressed by the
tollowing relation:

Dietection efficiency (counting efficiency } -
in the photon counting region = (Nd/Np) = R e g

where Nd is the counted value, Np is the number of incident photons, 5 s the quantum efficiency of (e

[hotecathode und @ 15 the colleciion efficiency of the dynodes. The detection efficiency greatly depends o
e threshold level used for binary processing,

The number of secondary electrons released from the first dynode is nat constant. It is aroond sever:|
secondary electrons per primary clectron, with a broad probability seen as a Poisson distribution. Therefure
the average number of electrons per prunary electron ¢ correspands ta the secondary-electran multiphication
Luctor of the dynode. Similarly, this process is repeated through the second and subsequent dynades until iz
linal electron bunch reaches the anode. Tn this way the output multiplied in accordance willi the number o
(thotelectrons from the photocathode appears at the anode. If the photomultiplier whe has n stage dyaodes,
the photaelectrons emitted from the phincathode are multiplied in cascade up to ¢ times and derived as n
ndequate electron bunch from the anode. In this pracess, each output pulse abtained at the anode exhibits 1
vertdin distribution in pulse height because of fluctuations in the secondary mulliplication lactor ar each
ilynode {statistical fluctuation dee to cascade multiplication), non-uniformity of mubtiplication depending o
the dynode position and electrons deviating from their favorable trajectories. Figure 3-4% illustrates a histogram
of phatomultiplier tube output pulses, "T'he abscissa indicates the pulse height and the anode output pulses are
tegrated with time. This graph is known as the pulse height distribution,
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Figure 3-4% also shaws the relation between the
{ pulse height distribution and the actual output pulses
b\ obizined with a photomultiplier tube, The pulse height
§ disiribution is usually taken with a multichannel
¥ analyzer (MCA) frequently used in scintillation
- counting applications.

. Figure 3-49 {a) shows examples of the pulse height
b distribution obtained with a photomultiplier tube, The
k output pulses are present even if no light falls on the
: photomultiplier tube. (These are called dark current
¢ pulses or noise pulses.) The broken line indicates
i the distribution of the dark current pulses, with a
b, tendency to build up somewhat in the lower pulse
" height region (left side). These dark pulses mainly

- originate from the thermal electron emission at the

: photocathode and alse at the dynodes. The thermal
. electrons from the dynodes are multiplied less than
fhose from the photocathode and are therefore

& disributed in the lower pulse height region.

Figure 3-49 (b) indicates the distribution of the
total pumber of counted pulses S(L) with amplitudes
greater than a threshold level L shown in (a). (a)
and {b) have differential and integral relations to
each ather. Item (b} is a typical integral curve taken
with a photon counting System using a photomulti-
prer tube, -

SIGHAL + NOISE
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\.

HISTOGRAM OF THE NUMBER OF
COUNTS AT EACH PULSE HEIGHT

PULSE HEIGHT (AMOUNT OF CHARGE)

TPMOCICASES

Figura 3-48: Photomultiplier tube output and
its pulse height distribution
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3.4.3 Operating method and characteristics for photon
counting

This section discusses specific circuit configurations used to perform photon counting and the busic
characteristics involved in photon counting,

(1) Circuit configuration

Figure 3-50 shows a typical circuit configuration for photon counting and a pulse
waveform obtained at each circuit,

(a) Using a countar

'] A i
| |

e ) e S BEE3

w1 > LLD ]
PHOTON  PMT PREAMP  MAIN AMP  DISCRIMINATOR PULSE COUNTLR

(COMPARATOR|  SHAPER

GATE

TPRMOOHanCES

Figure 3-50: Circuit configuration for photon counting

In the above system, current output pulses from a photomultiplier tbe are convensd o
& voltage by a wide-band preamplifier and amplified, These voltage pulse are fed o 4
discriminator and then to a pulse shaper. Finally the number of pulses is counted by a
counter. The discriminator usually employs a comparator [C that compares the inpul
voltage pu_ls:‘:s. with the preset reference voltage (threshold level) and eliminates those
pulses with amplitudes lower than this value. In general, the LLD (lower level diseriminanon)
level is set at the lower pulse height side. The ULD (upper level discrimination) level may
also be often set at the higher pulse height side to eliminate noise pulses with higher
amplitudes, The counter is usually equipped with a gate circuit, allowing measuremen! ar
different timings and intervals,

{(2)  Basic characteristics in photon counting

a) Pulse height distribution and plateau characteristics

Figure 3-51 illustrates a typical pulse height distribution obtained by photon COUnunE.
The plot with a high peak shows the pulse height distributian for signal pulses, and the
lower plot shows that for noise pulses.

If & multichannel pulse height analyzer is available, a proper threshald level can be se:
in the pulse height distribution. Because the dark current pulses are usually distributed in
the lower pulse height region, setting the LLD level in the vicinity of the valley (L,} of the
distribution can effectively eliminate such noise pulses without sacrificing the detection
efficiency. In actual operation, however, using a pulse height analyzer is not so popular,
Other melhods using plateau characteristics are more commonly employed instead. By
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counting the total number of
pulses with amplitudes higher g
than the preset threshold level e o
while varying the supply voltage ﬁﬂﬂgzﬁa@@;ﬁusm
for the photomultiplier tube, plots

similar to those shown in Figure
3-52 can be obtained. These plots
are called the plateau characteris-
tics. The pulse height obtained at
the supply voltage giving the

maximum rising gradient in the Sk T
signal plateau characteristic cor- 9 M0 D k0 40 S0 S0 To0 BOD 900 1000
responds to the L1 level in Figure PULSE HEIGHT {ch)
3-51. From this relation, the pulse

height for the LLD level can be

NUMBER OF COUNTS

TPMOBOCTER

Figure 3-51: Typical example of pulse height

predicted, distribution
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= NDISE PLATEAL)
j ]
—-:ﬁ"f/’/ 1
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SUPPLY VOLTAGE (kV)

TRMOBICLEER

Figure 3-52: Plateau characteristics

b}  Setting the photomultiplier tube supply voltage

The signal-to-noise ratio is an important factor from the viewpoint of accurate
measurements, Here the signal-to-noise ratio is defined as the ratio of the mean value of
the signal count rate to the fluctuation of the counted signal and naise pulses {expressed in
standard deviation or root mean square). The signal-to-noise ratio curve shown in Figure
3-52 is plotted by varying the supply voltage, the same procedure which is used to obtain
the plateau characteristics. This figure implies that the photomultiplier tube should be

operated in the range between the voltage (Vo) at which the platean region begins and the
maximum supply voltage,
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c/ Linearity of the count rate

The photon counting mode offers excellent linearity over a wide range. The lower limit
of the count rate linearity is determined by the number of dark current pulses, and the
upper limit by the maximum count rate. The maximum count rate further depends on
pulse-pair resolution, which is the minimum time interval at which each pulse can be
separated. The reciprocal of this pulse pair resolution would be the maximum count rae,
However, since most events in the photon counting region usually occur at random, the
counted pulses may possibly overlap. Considering this probability of overlapping, the
actual maximum count rate will be about one-tenth of the calculated above. The loss of
count rate £ from pulse overlapping is given by

T s S B (Eq. 3-38)

n . frue count rate (cps)
t . pulse pair resolution (5)

Figure 3-53 shows the typical

linearity taken using a system 146
with a pulse pair resolution of 8
nanaseconds. B | =
ET CALCULATED VALUE
2 | e MEASURED DATA
Eow :
E |
T
z wp —_—
=
= 20 = .
o

s (L i
COUNT RATE (cps)
TPMCEOLIES

Figure 3-53: Linearity of count rate

d] Setting the threshold level

In photon counting, it is most important to determine where to set the threshold level,
In general, the optimum threshold level may be determined according to the suggestions
listed below. But setting threshold is not simple and therefore careful selection must be
made in accordance with individual needs.

1) To optimize the signal-to-noise ratio and stabilize the count rate with respect w
P E
gain variations of the photomultiplier tube, the threshold level should be set new
the valley or the plateau region of the pulse height distribution.

(2) Setting the threshold level at the lowest possible level gives the best detection
efficiency. Practically, however, setting it near the valley or the plateau region is
recommended,

(3} To optimize the elimination rate between the signal and noise, the threshald 1evel
should be set at the middle of the peak and valley in the pulse height distribution.
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e) Advantages of photon counting

Fhoton counting has many advantages in comparison with the analog mode. Among
them, stability and signal-ta-noise ratio are discussed in this section.

( | ) Stahility

One of the significant advan-
tages photon counting offers is
operating stability. The photon
counting mode is resistant to
variations in supply voltage and
photomultiplier tube gain; If the
supply voltage s set within the
platean region, a change in the
voltage has less effect on the
autpt counts. In the analog mode,
however, it affects the output
current cansiderably, Immunity to

2B |—

AMALOE METHOD 1a)

e

22

PHOTON COUNTING

o : METH
varialions in the supply voltage ki

means that the photon counting
mode also assures high stability
aguinst gain fluctuation of the
photomultiplier tube. Normally

CHANGE IN GAIN {ANALOG METHOD)
|

CHANGE IN COUNT RATE {PHOTON COUNTING METHOD)

the photon counting mode offers M VIR D T g, A e 0
several times higher immunity to SUPPLY VOLTAGE (kV)

such variations than the analog S o
made. {Refer to Figure 3-54.) Figure 3-54: Stability versus changes in

supply voltage

{1l ) Signal-to-noise ratio

When signal light strikes the photocathode of a photomultiplier tube, photoelecirons are
emitted and directed to the dynode section where secondary elecirons are produced. The
nuniber of photoelectrons produced per unit time and also the number of secondary electrons
produced are determined by statistical probability of events which is represented by a
Poisson distribution. Thus they are accompanied by statistical fluctuations {AC carrenl
components) expressed as a binomial distribution, having an effect on the signal-to-noise
ratio. The signal-to-noise ratio is also described in Section 3.3.7. The AC component noise
which is superimposed on the signal can be categorized by origin as follows

‘1 Shot noise resulting from signal light
(Z) Shot noise resulting from background light
(@) Shot noise resulting from dark current

In the analog mode, the signal-to-noise ratio™ "1~ of the phatomultiplier tube
output including these shot noises becomes
Iph
Y 2eNFB {Iph + 2 (Ib + 1)}

S5/N ratio (current) =

........................... (Eq. 3-39)

where

Iph: signal current produced by incident light (A)
e :eleciron charge (c)
NF : noise figure of the photomultiplier tube



68

Chapter 3 Characteristics of photomultiplier tubes

It : cathode current resulting from background light
Id : cathode current resulting from dark current (A)
B : Bandwidth of measurement systemn (Hz)

Here the true signal current Iph is obtained by subtracting Ib+1d from the total current.
The noise originating from the latter-stage amplifier is considered Lo be negligible because
the typical current amplification g of a photomultiplier tube is sufficiently large.

The signal-to-noise ratio in the photon counting mode i given by the following equation.

S/N ratio = NsVT s 8, . W il e < W T (Eq. 3-40)
¥Ns + 2 (Nb + Nd)

where

Ns : number of counts/sec resulting from incident light per second

Nb : number of counts/sec resulting from background light per second
Nd : number of counts/sec resulting from dark current per second

T : measurement time (sec)

Here the number of counts /sec of true signals  Ns is obtained by subtracting  Nb+Nd
from the total number of counts.

From the common equivalent relation between the time and frequency, it B=1 (Hzj and
T=0.5 (sec), then the signal-to-noise ratio will be as follows:

in the analog mode

SN ratio (current) = L R {By. 3-41)
¥ 2eNF {Iph + 2 (Ib + Id))
in the photog counting mode
S/N ratio = A (Eq. 3-42)
¥2{Ns +2 (Nb + Nd)

Through the above analysis, it is understood that the photon counting mode provides 4
better signal-to-noise ratio by a factor of the noise figure NE. Since the dark current
includes thermal electrons emitted from the dynodes in addition to those from the
photocathode, its pulse height distribution will be an exponential spectrum shifted toward
the lower pulse height side. Therefore, the dark current component can be effectively
eliminated by use of a pulse height discriminator while maintaining the signal component.
assuring further improvement in the signal-to-noise ratio. In addition, because only AC
pulses are counted, the photon counting mode is not influenced by the DC leakage current
Amplifier noises can totally be eliminated by a discriminator.
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