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Abstract

Terminal velocity reached by bubble walls in cosmological first-order phase transitions
is an important parameter determining both primordial gravitational wave spectrum
and the production of baryon asymmetry in models of electroweak baryogenesis. In
this dissertation, we summarize our efforts to better understand the impact of the
early stages of bubble growth on its final fate. To this end, we developed a dedicated
numerical code to study the real-time evolution of expanding bubbles and investigate
how their walls approach stationary configurations.

We first focus on the approximation of local thermal equilibrium, within which we
confirm that pure hydrodynamic backreaction can lead to steady-state expansion. In
such cases, the resulting bubble-wall velocity agrees very well with analytic estimates
known in the literature. However, this outcome is not generic. In many realistic sce-
narios, the early-stage dynamics following bubble nucleation allow walls to accelerate
to supersonic speeds before a sufficient thermal shell can form in front of the wall. This
often results in a runaway behaviour.

To account for this effect, we extend the analytical framework beyond the LTE
regime. We identify a qualitative criterion that distinguishes between different modes of
bubble wall propagation and determines which is physically realized in a given situation.
This distinction is crucial for reliably assessing the cosmological consequences of first-

order phase transitions.



Streszczenie

Predkos¢ osiagana przez Sciany babli w kosmologicznych przemianach fazowych pier-
wszego rodzaju jest istotnym parametrem wplywajacym zaréwno na widmo pierwot-
nych fal grawitacyjnych, jak i na efektywnos¢ generacji asymetrii barionowej w mod-
elach bariogenezy elektrostabej. W niniejszej rozprawie podsumowujemy nasze wysitki
majace na celu lepsze zrozumienie wpltywu wczesnych etapéw wzrostu babli na ich
pOZniejsze zachowanie. W tym celu opracowaliSmy kod numeryczny umozliwiajacy
analize ewolucji czasowej rosnacych babli oraz badanie sposobu, w jaki ich Sciany osia-
gaja stany stacjonarne.

W pierwszej kolejnosci skupiamy sie na przyblizeniu lokalnej réwnowagi termicznej,
dla ktorego potwierdzilisSmy, ze czysto hydrodynamiczne sprzezenie zwrotne moze prowadzié¢
do osiagniecia stanu ustalonego. W takich przypadkach predkos¢ Sciany babla jest
zgodna z dostepnymi w literaturze oszacowaniami analitycznymi. Niemniej jednak, nie
jest to typowy scenariusz. W wielu realistycznych przypadkach dynamika bezposrednio
po nukleacji pozwala scianom babli osiaga¢ predkosci naddzwickowe, zanim wytworzy
sie odpowiednia otoczka podgrzanej plazmy poprzedzajaca $ciane. Prowadzi to wowczas
do tzw. ucieczki $ciany (ang. runaway).

Aby uchwycié¢ ten efekt, uogélniamy podejscie analityczne poza rezim lokalnej réwnowagi
termicznej. Wprowadzamy jakosciowe kryterium, pozwalajace rozrézni¢ tryby ekspan-
sji oraz okresli¢, ktory z nich jest realizowany w danym przypadku. Wynik ten odgrywa

kluczowg role w ocenie wplywu przemiany fazowej na obserwacje kosmologiczne.
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Acronyms and conventions

Below the acronyms used throughout the dissertation are explained:

CMB cosmic microwave background

EoS equation of state

EoM  equation(s) of motion

FCT flux-corrected transport
FOPT first-order phase transition

GW gravitational waves

LISA  Laser Interferometer Space Antenna

LTE local thermal equilibrium
SM Standard Model (of particle physics)

SNR  signal-to-noise ratio

VEV  vacuum expectation value

The following conventions are used throughout the whole dissertation:

e Greek indices (p, v, ...

) run over 0, 1,2,3, while Latin indices (4, 7,...) run over

1,2, 3, unless stated otherwise

e Natural system of units is used, where the Boltzmann constant, the speed of light

and the reduced Planck constant are equal to unity: kg = ¢ = h = 1. Hence, all

quantities are expressed in appropriate powers of gigaelectronvolts (GeV).



Introduction

Physical cosmology has come a long way, since its humble beginnings over a hundred
years ago, when Albert Einstein formulated his General Theory of Relativity. This rev-
olutionary framework redefined our understanding of gravity and provided the math-
ematical foundation for describing the Universe as a dynamic structure. Around the
same time, Edwin Hubble observed distant galaxies and discovered a striking correla-
tion between their velocities and distances from us. Known today as Hubble-Lemaitre
law, it was historically the first observational evidence for the expansion of our Universe
and sparked speculation about its origin. Georges Lemaitre, considered today to be the
first to propose the hypothesis of the hot Big Bang, laid the groundwork for modern
cosmological theory, which has since evolved in close interplay with observational data.
A major breakthrough came in the 1960s, when the cosmic microwave background was
accidentally discovered by Arno Penzias and Robert Wilson [8], providing compelling
evidence in favor of Big Bang cosmology. Over the subsequent decades, the era of pre-
cise experiments began with the launch of the COBE [9], WMAP [10], and Planck [11]
missions. The excellent angular resolution of these missions allowed for the study of
tiny anisotropies in the CMB, which now constitute the most important source of our
knowledge about the early Universe, summarized in the ACDM model. However, this
picture is far from being complete. There is no convincing candidate for dark matter,
the nature of dark energy remains unknown, not to mention other unresolved issues

such as searches for the origin and dynamics of cosmic inflation.



INTRODUCTION

The second pillar of our understanding of the fundamental interactions is the Stan-
dard Model of particle physics, one of the most successful and well-established theoret-
ical frameworks in modern physics. Its origins date back to the mid-20th century, when
progress in quantum mechanics and special relativity culminated in the development
of quantum field theory - the theoretical backbone of the Standard Model. The criti-
cal milestone was the unification of electromagnetic and weak interactions by Sheldon
Glashow, Steven Weinberg, and Abdus Salam, earning them the Nobel Prize in Physics
[12-14]. The prediction and subsequent discovery of the W and Z bosons at CERN
in the early 1980s provided further validation of the electroweak theory [15, 16]. The
crowning achievement came in 2012 with the detection of the Higgs boson at the Large
Hadron Collider [17, 18|, confirming the mechanism responsible for mass generation
through spontaneous symmetry breaking, initially theorized by Peter Higgs, Francois
Englert and others in the 1960s [19-21]. Despite its success, the Standard Model also
remains a work in progress. It does not provide solutions to the problems of modern

cosmology, suggesting that a deeper, more encompassing theory still awaits discovery.

A significant breakthrough may be on the horizon, thanks to recent advances in
gravitational-wave astronomy. The first detection of GWs by the LIGO collaboration
[22] opened an entirely new observational window into the cosmos, allowing scientists
to use minute distortions of spacetime to collect data from astrophysical processes. So
far, the observed sources have primarily been mergers of black holes or neutron stars.
However, GW interferometers may also provide direct access to the physics of the Early
Universe - an epoch that remains largely inaccessible to conventional electromagnetic
observations. Before photon decoupling, the primordial plasma was opaque to light,
but gravitational waves could propagate freely, which makes them a unique messenger
from the dawn of time. Detecting the stochastic background from these earliest epochs
is one of the primary goals of next-generation GW experiments. From a cosmological
perspective, the LISA mission [23|, planned for launch in the 2030s, appears particu-
larly well-suited to this task. It aims to probe the frequency band around ~ 1 mHz,
associated with energies relevant to the Early Universe near the electroweak scale (i.e.,

T ~ 100 GeV).
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INTRODUCTION

One of the most promising sources of the GW stochastic background at these scales
is a cosmological first-order phase transition, predicted by many extensions of the Stan-
dard Model. It proceeds via the nucleation of bubbles of the broken vacuum within a
sea of metastable phase and can be qualitatively illustrated by the familiar process of
boiling water. In this everyday analogy, thermodynamic fluctuations cause bubbles of
vapour to spontaneously form within the liquid, eventually converting the entire water
into vapour. A similar scenario could take place in the Early Universe, when the transi-
tion occurred between the false and the true vacuum of the scalar potential. Bubbles of
the new phase spontaneously nucleated and began to grow. As these bubbles expanded,
they interacted with the surrounding plasma of relativistic particles, generating shock
waves, turbulence and acoustic waves. Furthermore, bubbles nucleating in different
regions could collide, leading to complex dynamics. All these processes seeded stress-
energy inhomogeneities, which were ultimately converted into spacetime distortions,

propagating as gravitational waves.

Another compelling motivation to postulate an electroweak first-order phase transi-
tion in the thermal history of our Universe is the unresolved puzzle of matter-antimatter
asymmetry. In the standard cosmological model, matter and antimatter should have
been created in equal amounts during the early stages of the Universe. Yet, observations
show that matter dominates, with almost no primordial antimatter present today. Re-
solving this discrepancy requires some processes that satisfy Sakharov’s conditions [24].
The nucleation and expansion of bubbles associated with a first-order phase transition
offer just such a scenario. As a result, the electroweak baryogenesis [25-28| taking place
at the surfaces of growing bubbles could explain the origin of the observable baryon

asymmetry.

Thus, a comprehensive understanding of phase transition dynamics is essential for
accurately predicting both the generation of baryon asymmetry in electroweak baryoge-
nesis scenarios and the spectra of gravitational waves produced during first-order phase
transitions. While most of the thermodynamic parameters describing these processes
are fairly well understood, the computation of the bubble-wall velocity, despite recent
progress [29-37|, remains an active area of research. The growing bubbles are driven
by the potential difference between the phases inside and outside the wall. On the

other hand, particles in the surrounding plasma collide with the bubble wall, exerting
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velocity-dependent friction on it. These two forces may balance each other, leading
to steady expansion at constant velocity. Otherwise, the bubble wall may continue to
accelerate and approach a velocity very close to the speed of light. This distinction
has significant implications for cosmological observables. Bubble walls with moderate,
constant velocities are typically more favourable for efficient baryon asymmetry gener-
ation, while the ultra-relativistic walls tend to produce stronger GW signals. Accurate
modelling and careful evaluation of the wall velocity are therefore key steps in bridging

theoretical models with experimental data from future gravitational wave detectors.

This dissertation summarizes our efforts to better understand the dynamics of bub-
ble walls in cosmological first-order phase transitions, with particular emphasis on eval-
uating their velocity. In Chapter 1, we lay the theoretical foundation by reviewing the
basic principles underlying cosmological phase transitions. This includes a discussion
of the evolution of the scalar potential and the tunnelling process that leads to the
formation of critical bubbles. Key tools and transition parameters used throughout
the thesis are introduced. We also explore more exotic scenarios where the transi-
tion is gravitationally induced [6]. Finally, we discuss gravitational wave production,

presenting templates for the resulting spectra.

Chapter 2 focuses on the real scalar singlet extension of the Standard Model, a
simple yet extensively studied framework capable of realizing a relatively strong first-
order electroweak phase transition. After outlining the effective potential and vacuum
structure, we present transition parameters across the model’s parameter space and
discuss its observational prospects. These results serve as benchmark points for the
main parts of the dissertation, presented in Chapters 3 and 4, where we report most of
the original findings [1-3].

In Chapter 3, we investigate bubble-wall expansion using a hydrodynamic descrip-
tion based on the bag model. We analyze the plasma profiles around the bubble wall
and review the recently developed local thermal equilibrium (LTE) approximation |31,
34], which provides a simple estimate that can be interpreted as an upper limit on the
bubble-wall velocity for a given model. Using a similar framework, we generalize this
description by introducing the entropy production rate at the bubble front. This allows
us to go beyond the LTE approximation and relate the wall velocity to the effective

friction exerted by the plasma.

12
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Chapter 4 validates these predictions using real-time numerical simulations of bubble
growth. We begin by presenting the simulation setup, highlighting key aspects of the
discretization and the implementation of the problem on the lattice. The performance
of the code is verified using typical toy models introduced in similar contexts [38—40].
Our analysis reveals that not all velocities are dynamically realized, with the size of the
velocity gap systematically depending on the model parameters.

Next, we move to a more realistic model: the scalar singlet extension of the Standard
Model (see Chapter 2), and study the process of bubble growth within the local thermal
equilibrium scenario. We observe that the early-stage evolution of the bubble wall often
prevents the system from reaching the analytically predicted steady state. Nevertheless,
in some rare, fine-tuned cases where stationary states are reached, both methods agree
remarkably well. Fortunately, our generalized formalism explains this behaviour by
predicting an additional branch of stable relativistic solutions, clearly visible in numer-
ical simulations, approaching the speed of light in the limit of vanishing friction. The
presence of this branch provides a convenient criterion to distinguish between physical
and unphysical expansion modes, as the faster solution prevails dynamically.

We conclude by emphasizing the importance of starting from a well-motivated initial
configuration when evaluating bubble-wall velocities. Our findings offer a practical
selection rule for predicting the final outcome of bubble evolution without resorting
to computationally demanding simulations. These insights could play a crucial role
in improving the modelling, interpretation, and reconstruction of gravitational wave
signals in future experiments. If confirmed, these results may also place significant

constraints on models capable of successful electroweak baryogenesis.
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CHAPTER 1

Theoretical description of cosmological first-order phase

transitions

Studies on cosmological first-order phase transitions date back to the pioneering works
of Sidney Coleman, who introduced the concept of false vacuum decay [41, 42]. He de-
veloped a semiclassical theory for scalar fields describing how a system initially trapped
in a metastable state, the false vacuum, can transition to a more stable and energetically
favourable true vacuum. This process is realized through the spontaneous nucleation of
bubbles of the new phase, which then expand and eventually complete the transition.

These early developments focused on vacuum transitions at zero temperature.

The extension to finite-temperature systems, crucial for understanding phase transi-
tions in the early Universe, was proposed by Andrei Linde [43], who demonstrated how
thermal fluctuations can catalyse bubble nucleation. Building on this foundation, sub-
sequent studies refined the treatment of thermal potentials and developed systematic
methods for incorporating temperature-dependent corrections into the effective poten-
tial [44]. These advancements laid the groundwork for realistic modelling of first-order
phase transitions, enabling detailed analysis of transition dynamics, such as nucleation

rates, bubble growth, and their thermodynamic and observational implications.
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In this chapter, we review the key theoretical aspects of cosmological first-order
phase transitions and introduce the main tools used to describe them. Most deriva-
tions are based on seminal works [41, 44| as well as standard textbooks [45, 46]. We
begin with an introduction to the theory of a single scalar field, deriving the spherically
symmetric equations of motion that govern the tunnelling process. Next, we present
a simple quartic potential to illustrate generic thermal evolution and explore methods
for finding the critical bubble, providing useful approximations along the way. Subse-
quently, we examine the origin of thermal corrections in greater detail and introduce
key parameters characterizing phase transitions, such as the nucleation temperature,
transition strength, and duration.

After summarizing the standard treatment of thermally induced transitions, we turn
to a novel mechanism of gravitationally induced phase transitions, originally proposed
in [6]. Finally, we discuss the generation of gravitational waves during cosmological
first-order transitions, reviewing the main sources, with particular emphasis on acoustic
waves in the plasma, and present the most recent templates for the resulting GW

spectra [47].

1.1 Basics of scalar field theory

The description of cosmological phase transitions often begins with a classical field-
theoretic approach to scalar fields. In particular, the mechanism of false vacuum decay
can be studied using a simple model involving a single real scalar field ¢(z) defined in
four-dimensional Minkowski spacetime. The dynamics of this field are governed by the

Lagrangian density
£=50:0)(@"9) — V(0), (1.1

where V(¢) is the scalar potential characterizing the self-interactions of the field and
determining the structure of its vacua. The equation of motion for ¢ follows from the

Euler-Lagrange equation

oL oL
Ol =———)—=—=0, 1.2
(o55) ~ 5 42
which leads to the well-known Klein—Gordon equation
oV
o — =0. 1.
00" + 99 0 (1.3)
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In the study of quantum tunnelling between vacua, it is convenient to perform a Wick
rotation to Fuclidean time by setting 7 = i¢t. This transforms the Minkowski metric
into the Euclidean one and modifies the equation of motion accordingly:
2
(8‘9— ; VQ) _ g—g (L4)
Solutions relevant for tunnelling in the zero-temperature limit are assumed to be

spherically symmetric in four dimensions. This O(4) symmetry implies that the field

only depends on the radial coordinate g = /72 + 22 + y2 + 2z2. To express the Lapla-
cian in terms of p, one needs to rewrite the differential operators. For example,

0 000 x0

and

0? 0 0

A
— ===
ox Jdrdx o (1.6)

Applying similar transformations to the other coordinates, one obtains the full equation

of motion, which simplifies to

(£o)on (g0 (e

oT?2 0? 002 0o
o 309 _av

00> 000  do’

0 o3

(1.7)

which corresponds to a one-dimensional radial field equation with a damping term
proportional to 1/p. The associated Euclidean action for the O(4)-symmetric solution,

obtained by integrating the Lagrangian over four-dimensional Euclidean space, takes

00 2
Sy = 27r2/0 o*do [% (j—i) + V(o)

and is the relevant quantity determining the tunnelling probability via the semiclassical

the form

, (1.8)

approximation, as discussed later in this chapter.
At finite temperatures, quantum tunnelling is replaced by thermal fluctuations, and
the dominant field configurations become static in Euclidean time and exhibit spherical

symmetry in the remaining three spatial dimensions (O(3)-symmetric solution). In this
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case, the radial coordinate is defined as r = /22 + y? + 22, and the equation of motion

reduces to
&’¢  2d¢ AV

B e e 1.
dr? + rdr do¢ (1.9)
The corresponding Euclidean action for the three-dimensional theory is
Sy = 47r/0 ridr [5 (d—‘f> + V(¢) (1.10)

and the full finite-temperature tunnelling rate is governed by the dimensionless combina-
tion S3/T, where the inverse temperature corresponds to the extent of the compactified
Euclidean time direction. With the general form of the equations of motion established,

we now turn to solving them in specific potentials that exhibit metastable vacua.

1.2 Decay of the false vacuum

Before turning to realistic extensions of the Standard Model where the electroweak
symmetry breaking may occur via a first-order phase transition, we begin by examining
the essential features of such transitions through a simple illustrative model. Consider

a general quartic scalar potential given by
Loy 15 1.4
Vo() = — g6 — spsd® + 1A (1.11)

with A > 0, that in the relevant part of the parameter space possesses two local minima

at ¢ =0 and ¢ = v. Defining n = pz/(Av) — 1, the potential can be rewritten as

Vi) = A (ot = 5o+ 0% (112
where the thermal evolution of the potential is encoded in the parameter n. For n > 1/2
the symmetry is restored, as the vacuum lies at the origin ¢ = 0, corresponding to
the high-temperature limit. The value n = 1/2 corresponds to the so-called critical
temperature T,, where two minima are degenerate. Below the critical temperature (for
0 < n < 1/2), symmetry breaking can occur, as the second minimum at ¢ = v becomes
the global one. At a temperature Ty (for n = 0) the barrier vanishes, leaving only the
symmetry-breaking vacuum. Qualitative evolution of the scalar potential is depicted
on the left panel of Fig. 1.1. To understand how the transition between vacua proceeds,

we now turn to the study of the bounce solution that mediates the decay.
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T T.

108

106 4

Action

10° 4

Figure 1.1: Effective potential and Fuclidean action in first-order phase transitions.
Left panel: Thermal evolution of the scalar potential in typical models with a first-
order phase transition. Different colours represent different temperatures. Tunnelling
15 allowed for Ty < T < T..

Right panel: Euclidean action as a function of temperature (parametrised by n). Blue
curves represent analytical expressions for Sy and Ss (eq. (1.14) and(1.17) respectively).
Gray crosses denote the numerical results obtained by evaluating the integrals(1.8)
and (1.10) for the tunnelling profiles. The action diverges near T, and wvanishes as

the barrier disappears.

The process of symmetry breaking in cosmological first-order phase transitions pro-
ceeds through quantum tunnelling (or thermal fluctuations) between the metastable
false vacuum (here at ¢ = 0) and the true vacuum (here at ¢ = v). To find the
tunnelling bubble, also known as the bounce solution, one must solve the appropriate
equation of motion: (1.9) for the thermal fluctuations or (1.7) for pure quantum tun-
nelling, with the correct boundary conditions. In what follows, we focus on thermally
induced transitions and the corresponding O(3)-symmetric equation of motion, but the
vacuum case is fully analogous. The relevant boundary conditions read

% =0 and lim ¢(r) = 0. (1.13)

dT r=0 r—00

The value of ¢(r = 0) = ¢, is, in principle, unknown and is implicitly determined by
the other two boundary conditions; it is called the escape point.
Since an analytical solution of this problem does not exist, we now briefly outline

the strategy for finding the field profile ¢(r), which can be interpreted as the critical
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1.0
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Figure 1.2: Shooting method used to find the critical bubble.

Left panel: Inverted scalar potential with different boundary conditions marked with
different colours. Light blue dot represents the escape point ¢., while dark blue and red
denotes lower and higher values, respectively.

Right panel: Solutions of the bounce equation of motion corresponding to different

witial field values.

bubble [45]. Although this may seem like a purely mathematical exercise, the problem
admits a compelling physical analogy. It can be mapped onto the classical dynamics
of a particle moving in the inverted potential —V'(¢), subject to a friction-like force
proportional to velocity. Interpreting ¢ as the position and r as time, the escape point
¢ corresponds to the initial position from which the particle gradually approaches ¢ = 0

as r — o0o. This analogy offers valuable intuition for the structure of the solution.

Operationally, the escape point can be found using the numerical shooting method,
illustrated in Figure 1.2. If the initial value is too low, the field "undershoots" and never
reaches the false vacuum. Conversely, if it is too high, the field "overshoots", reaching
the false vacuum at finite r with non-zero velocity. By employing the bisection search
method, the escape point ¢, can be determined with arbitrary precision. The resulting
bounce solution not only determines the tunnelling rate, but also serves as the basis
for computing the nucleation temperature and other physical observables relevant to

cosmological phase transitions, as discussed later in this chapter.
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1.3 Analytical approximation for the Euclidean action

For a broad class of quartic potentials, such as the one represented by equation (1.11),
a semi-analytic formula for the Euclidean action exists [48]. This approximation is
particularly useful when the tunnelling profile is not explicitly needed, as demonstrated

in [6]. For quantum tunnelling, the O(4)-symmetric action can be expressed as

472 010 + ad? + asd?

S, — 1.14
where the parameter 0 is given by
9I\u?
5= (1.15)
H3
The numerical values of the coefficients are
o = 13.832, ay = —10.819, az = 2.0765. (1.16)
Similarly, the approximation of the O(3)-symmetric action is given by
64+/2mpu3 515 + 5252 + B30°
S3 = ) (1.17)
243)\3/2
with numerical coefficients
£ = 8.2938, By = —5.5330, B3 = 0.8180. (1.18)

The validity of these approximations for the benchmark potential is demonstrated in
the right panel of Fig. 1.1, where the qualitative evolution of the Euclidean action is

also shown.

1.4 Origin of the thermal potential

Once the qualitative behaviour of the effective potential has been established, it is
crucial to examine the temperature-dependent corrections that govern its evolution.
These contributions arise from the presence of particles in the thermal bath and can be
systematically computed using the real-time formalism [44|. At the one-loop level, the
finite-temperature correction from a particle species 7 is given by

V- | %%&fﬂk), (1.19)
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Figure 1.3: Bosonic (blue) and fermionic (red) thermal functions Jy, s, plotted as func-
tions of x* = m?/T?, together with their high- and low-temperature expansions. The
solid lines represent the exact numerical results, while the dashed and dotted curves

show the corresponding analytical approximations.

where the upper (lower) sign corresponds to bosons (fermions), and f+(k) denotes the

equilibrium distribution functions:
1

fk) = exp(—BE) F1°

which follow from Bose-Einstein and Fermi-Dirac statistics, respectively. Here, § = 1/T

(1.20)

is the inverse temperature, and E; = \/k? + m?(¢) is the energy of a mode with mass
2

mi(¢). By integrating over m?(¢), equation (1.19) can be rewritten in a more convenient

form:

1 d A3k
Vi==+ 3 /dm’?((b)d_mf / 2r) log(1 F exp(—fE;)) =
4
=+ 2T—7T2/dyy2 log (1 F exp (— y? + @)) = (1.21)

T m?
_2_7_‘_2‘]b/f (ﬁ) )

where we introduced the dimensionless integration variable y = k/T". The functions
Jy/r are known as the bosonic and fermionic thermal functions, respectively.

In the relativistic limit (7" > m), these functions can be expanded as

4 2 7 7T4 7T2

Jp(x) ~ T T e +O(2%) and  Ji(z) = ~S1 + ﬂxQ +O(z*log z%), (1.22)
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a result commonly referred to as the high-temperature approximation.
In the opposite, non-relativistic limit (m > T'), the thermal functions exhibit expo-

nential suppression:

T 3 15 105
J Ny zrze |14+ —a T+ —a? . 1.23
bye() \/gxw [ + g7 +128x ] (1.23)
The shapes of the thermal functions, together with their high- and low-temperature ap-
proximations, are presented in Fig. 1.3. The full one-loop thermal potential is obtained
by summing over all species, with each species contributing according to its number of
degrees of freedom n;, as
vp= L J (m> (1.24)
=D N - -
T= 55 i b/t 7

providing the foundation for analysing high-temperature behaviour of the system.

1.5 Phase transition parameters

After developing the formalism for the effective potential and the bounce action, we
now turn to extracting physical parameters that describe the dynamics of the phase
transition. In particular, we are interested in when and how bubbles of the true vacuum
form, as well as in quantifying the strength and duration of the transition. These
parameters are essential for assessing the cosmological impact of the phase transition,
including possible observational signatures.

A key quantity in this context is the nucleation rate I', which characterizes the
probability of bubble formation per unit volume and time as the Universe cools. It is

typically defined as the exponential of the Euclidean action:
I' ~ exp(—9). (1.25)

In practice, the rate is approximated by the dominant contribution from either thermally

induced or quantum tunnelling processes [42, 49|:

Sy \ 2 3 S\ 2
T (27T_3T) exp (T?’) JRy? <§) exp(—S4)] , (1.26)

where the three- and four-dimensional Euclidean actions are given in (1.10) and (1.8),

['(T) = max

respectively, and Ry denotes the physical radius of the nucleated bubble. At high tem-

peratures, thermal fluctuations dominate, and the quantum tunneling rate is typically
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negligible. However, at very low temperatures or in models where the transition is
non-thermal (see [6]), the quantum contribution can become significant.

The nucleation temperature 7, is defined as the point at which the probability of
nucleating at least one bubble within a Hubble volume becomes order one [50], i.e.,

N(T,) :/ %TISE;; ~ 1 (1.27)

Assuming that the phase transition proceeds rapidly, much faster than the Hubble time,
the expansion rate of the Universe can be treated as approximately constant (H(t) ~
const). In this case, the condition in (1.27) simplifies to

S T,

which, for temperatures near the electroweak scale, yields the commonly used criterion
S3/T,, ~ 140 [51]. A useful measure of the degree of supercooling is the ratio between
the nucleation and critical temperatures, T,,/T..

While the nucleation temperature 7;, marks the point at which the probability of a
single bubble forming within a horizon volume becomes significant, it does not signal
the completion of the phase transition. At T,,, the Universe is still predominantly in
the false vacuum. The probability that a randomly chosen point remains in the false
vacuum at time ¢ is given by

P(t) = e 10, (1.29)

where I(t) represents the fraction of space that has already transitioned to the true
vacuum. [t is given by the expression

_47r

10 =3

/t dt'T(t)a(t')r(t,t')>. (1.30)

with a(t) being the scale factor and r(¢,t’) the physical radius of a bubble nucleated at
time ¢’ and expanding with velocity v,, until time ¢, as
Pt 1) = /t vult)dt (1.31)
v a(t)
A key moment in the transition is the percolation time ¢,, which marks when a
significant portion of space has undergone the transition to the true vacuum. This is

typically defined as the time when P(t,) ~ 0.71, or equivalently, when I(¢,) =~ 0.34 [50].
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In practical calculations, it is more convenient to express these quantities in terms

of temperature, T', rather than time. The space fraction can then be rewritten as

4 (Te dT' r(T,T')3
I(T) = — 0T ——%~
) 371HGU(> ™

(1.32)

which leads to the definition of the percolation temperature 7, as the temperature for
which
I(T,) = 0.34. (1.33)

Although, in principle, all parameters describing the phase transition should be eval-
uated at the percolation temperature, in this work we focus on moderately strong
transitions for which T, ~ T,. Therefore, we will not distinguish between these two
temperatures in the following analysis.

Another important parameter characterizing the phase transition is its duration,
often quantified by the inverse time scale 5. This quantity captures how rapidly the
nucleation rate grows and is defined as the time derivative of the action at the moment
of nucleation: .

=5

Here, t,, denotes the time corresponding to the nucleation temperature 7,,. Assuming

(1.34)

ln

radiation domination, where the scale factor scales as a ~ T~!, the time derivative can

be translated into a temperature derivative, yielding

B _pd (5
E_jhu(T)

The strength of the transition can be identified with the amount of latent heat

(1.35)

Tn

released during the process, normalized to the energy density of the thermal bath

71'2

m=%%ﬂ. (1.36)

This quantity reflects how much the transition deviates from equilibrium and therefore
plays a key role in determining its cosmological consequences. The most commonly
used definition reads [52, 53|

a= e (AV— ZAg)

p AT (1.37)

Tn
where A denotes the difference between the symmetric and broken phases. Although

alternative definitions can be found in the literature [40], the expression above captures
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the essential thermodynamic content of the transition. In particular, in hydrodynamic
treatments of bubble expansion, a commonly used alternative definition of « is based
on the trace of the energy-momentum tensor of the plasma |1, 54]. For an ideal fluid
with a radiation-like equation of state, this formulation is equivalent to the one given
above.

The parameters o and 3, together with the bubble-wall velocity v, discussed in
the following chapters, play a central role in predicting the resulting gravitational wave
spectrum. In particular, a determines the energy budget available for sourcing grav-
itational waves, while 37! sets the characteristic time scale of the emission process.
Additionally, the nucleation temperature 7T,, determines the redshift of the signal and

therefore affects the peak frequency of the spectrum observed today.

1.6 Hubble-induced phase transitions

So far, we have discussed the theory of thermally induced phase transitions, in which
the barrier between vacua typically arises from thermal corrections to the effective
potential. In such scenarios, tunnelling becomes efficient as the Universe cools down,
with the characteristic energy scale set by the nucleation temperature.

In this section, we turn to a qualitatively different mechanism that goes beyond the
standard thermal picture. Here, the transition is not triggered by temperature, but by
the evolution of the Hubble rate in the early Universe. In particular, the nucleation of
true-vacuum bubbles is driven by the changing spacetime curvature following the end
of inflation, which modifies the effective scalar potential via a non-minimal coupling
to gravity. As the Hubble rate decreases, the potential barrier may vanish or become
sufficiently suppressed to enable bubble nucleation. This idea was originally proposed
in [6] and has since been developed further in [55, 56].

We consider a minimal setup comprising two scalar fields: the inflaton, which
governs the expansion of the Universe during and immediately after inflation, and a
subdominant spectator field. Such spectator scalars are common in extensions of the
Standard Model and here are assumed to be non-minimally coupled to gravity. This
curvature coupling provides a natural mechanism for the field to track the cosmic evolu-

tion, effectively acting as a clock. In particular, the curvature-induced mass correction
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dynamically reshapes the effective potential, potentially triggering a first-order phase
transition. Importantly, this occurs during the post-inflationary kinetic domination
epoch, when the inflaton’s kinetic energy dominates the total energy density.

As a concrete example, we consider a scalar field y described by the action [57-59]

M} —&x?

1 m? o A
— 5 R = 50" — X X = X (1.38)

S = [ dzy/—
/ W { 2 3% T g

where Mp = 2.435 x 10'® GeV is the reduced Planck mass, £ is the non-minimal

coupling, and R is the Ricci scalar. The parameters m, o, and \ are the mass, cubic,

and quartic self-interaction couplings of y, respectively. For physical consistency, all

parameters are taken to be real and positive.

For a spatially flat FLRW metric, the Ricci scalar is given by
R = 3(1 — 3w)H?, (1.39)

where w = p/p is the equation of state parameter of the dominant cosmic fluid. Since the
spectator field x is assumed to remain subdominant during the early post-inflationary
evolution, it does not influence the background dynamics and hence the value of w.
Under this assumption, the non-minimal coupling term leads to an effective mass cor-

rection for y, allowing us to write the effective potential as

M? A
Ver(x) = X" = %XS +ox with M =m® 4+ ¢R. (1.40)

From the relation for the Ricci scalar given in eq. (1.39), it is clear that an increasing
EoS parameter leads to a decreasing effective mass. For 0 < M? < 202/(9)), the
effective potential in eq. (1.40) exhibits a false vacuum at y = 0 and a true vacuum at

o AM?2\
Xtv—5<1+ - — ) (1.41)

g

The existence of two distinct vacua sets the stage for a first-order phase transition af-
ter inflation. During slow-roll inflation, the inflaton’s kinetic energy is negligible with
w = —1, corresponding to a nearly constant Hubble parameter. As inflation ends, the
inflaton begins to roll towards its minimum, and w reaches 1. Lastly, we consider the

period of kinetic domination after inflation.
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Figure 1.4: Evolution of the equation of state parameter w, the Hubble rate H and the
Ricci scalar R from inflation to kination. The rate of change is set to By/Hpne = 1.

The shaded area denotes the period in which a FOPT can naturally occur.

To simplify the calculations, we model the evolution of the global equation of state

parameter using a smooth transition function:
w(t) = tanh (B, (t —to)) , (1.42)

where to denotes the reference time at which w = 0 and the free parameter 3, > 0
controls the speed of the transition between inflation and kination.
The corresponding Hubble parameter reads

Ht) = [3 (t + ﬁ_wln fcosh (Bt — to))] + c)] o (1.43)

where the integration constant is ¢ = + 2= ln2 —to and Hiys = H(t — —o0) denotes

3H of
the inflationary Hubble scale. Expressed in umts of Hi,, the time evolution becomes

3 (=1 () "o () mate=0)] +3)

(1.44)

The time evolution of the Hubble parameter H(¢), the equation of state w(t), and the
Ricci scalar R(t) across the transition from inflation to kination is shown in Fig.1.4.
The shaded region indicates the epoch during which the effective mass term becomes

negative, marking the window in which the first-order phase transition can be triggered.
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The technical details of computing the parameters that characterize the Hubble-
induced phase transition, such as the nucleation rate, the Euclidean action, and the
bubble profile, are comprehensively discussed in the original work [6]. We provide there
a semi-analytical framework to evaluate the tunnelling process in a time-dependent
cosmological background, employing the thin-wall approximation tailored to the post-
inflationary epoch. The study also investigates the resulting gravitational wave signal
from bubble-wall collisions across various inflationary scales Hi,¢, showing that low-
scale inflation scenarios may lead to detectable signals in future gravitational wave
observatories.

Our analysis represents a first step towards quantitatively understanding expansion-
driven phase transitions. Several directions for refinement remain open. In particular,
the assumption of a negligible flat-space mass m simplifies the dynamics, making the
evolution controlled primarily by the non-minimal coupling ¢ and the parameter f,.
If m is appreciable, it could delay the nucleation epoch and lead to slower transitions.
Moreover, the formalism can be generalized to accommodate more complex scalar sec-
tors, non-trivial gravitational couplings, and a variety of inflationary histories. These
extensions open up novel pathways for connecting the physics of early-Universe phase

transitions with potential observational signatures.

1.7 Production of gravitational waves

As described in the previous sections, cosmological first-order phase transitions proceed
through the nucleation and expansion of bubbles corresponding to a more energetically
favourable phase. When these bubbles grow and collide, they source substantial in-
homogeneities in the energy-momentum tensor. These disturbances are subsequently
imprinted in the spacetime metric as stochastic gravitational waves, which may be
observable today as a relic signal from the early Universe.

The production of gravitational waves from such transitions has been extensively
studied in the literature [40, 47, 51, 60-62|. Three primary mechanisms have been

identified as the dominant sources of the GW signal:

1. Collisions of the vacuum bubble walls,

2. Sound waves in the primordial plasma,
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3. Turbulent motion of the primordial plasma.

Which of these mechanisms contributes most significantly depends on the dynamics
of the bubble walls during the transition. If the expansion is stationary, most of the
released latent heat is efficiently transferred to the surrounding primordial plasma. In
this regime, the main sources of GWs are the resulting sound waves and the turbulent
motion, however the latter one is typically subdominant.

In contrast, if the friction acting on the bubble walls is insufficient to counterbal-
ance the vacuum pressure difference, the walls can continuously accelerate, approaching
ultra-relativistic speeds. This so-called runaway regime leads to most of the latent heat
being converted into the kinetic energy of the bubble walls themselves, making bubble
collisions the dominant source of gravitational radiation.

The resulting GW spectra differ between these regimes and can often be modelled as
broken or double-broken power laws. Their shape and amplitude are governed by sev-
eral key parameters of the transition, introduced in Section 1.5, including the strength
of the transition «, its inverse duration §/H,, the temperature T, at which the tran-
sition completes (which, for moderately strong transitions, can be identified with the
nucleation temperature 7,,), and the bubble-wall velocity .

Following the conventions and parametrizations established in [47]|, we now present
a template framework to estimate the gravitational wave signal, focusing on the sound-
wave contribution, which dominates for non-runaway and moderately strong transitions.
We illustrate the predicted spectra for a set of representative benchmark parameters
relevant to our model.

The stochastic gravitational wave background generated by sound waves can be

described by the following expression:

— —

hQQGW(f7 0) = hQQint( ) X S(f)? (145)

where h?Q, denotes the model-dependent amplitude that encapsulates the physical

parameters of the transition (collectively denoted by ), and S(f) describes the spectral
shape of the signal:

w=n(g) G @ e
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The normalization factor N is fixed by the condition ffooo S(f)d(log f) = 1 and the

spectral slopes are chosen to match the results from hydrodynamic simulations:
TL1:3 n2:1 n3:—3 a1:2 CL2:4.

The two characteristic frequencies f; and f, correspond to the peak and the high-

frequency break of the spectrum, respectively, and are given by:
fi~02H,o(H.R)™" and  fo ~05H, A (H.R.)™, (1.47)

where A, = Epenn/max (v, ¢s) and e represents the comoving sound shell thickness,
while ¢, is the speed of sound in the plasma.
The Hubble parameter at the time of GW production, redshifted to today, is ap-

proximated as

_ G« \ 6 T,
H.o~165x10°H ( ) e 1.4
o0~ Lo 107 Ha (05 <100 Gev)’ (1.48)

with the effective number of relativistic degrees of freedom at the end of the transition

g«. Finally, the characteristic bubble size R, is related to the transition time scale via:

i

H.R, = (87)

max(vy, s) ( 5)1 . (1.49)

This relation follows from the sound shell model and captures the typical scale over
which coherent acoustic perturbations are generated.
To estimate the integrated amplitude of the gravitational wave spectrum sourced

by sound waves, one can use the following parametric expression:
thint = hQFGW,OASWKQ(H*TSW)(H*R*), (150)

where Ag,, & 0.11 is a numerical factor derived from simulations, and h%Fgw o accounts

for the redshift of the gravitational wave energy density to today:

100\ 3
h*Faw,o ~ 1.64 x 107° ( ) : (1.51)
Gx

The efficiency factor K quantifies the fraction of the vacuum energy that is converted

into bulk motion of the plasma and is approximately given by

: (1.52)
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Figure 1.5: Representative gravitational wave spectra from sound waves for various
values of the transition strength a and the inverse time duration /H. The gray shaded
region indicates the parameter space where the signal is expected to be observable by

LISA with a signal-to-noise ratio SNR > 10.

with & being the efficiency of kinetic energy transfer for a single bubble (see [31, 54, 63]
for detailed treatments).

The amplitude is additionally reduced by the finite duration of the source 7y,. If the
acoustic source operates for less than a Hubble time, the gravitational wave amplitude

is correspondingly suppressed. The effective duration is therefore given by:
H, 7o = min(H, gy, 1), with H.7w = H. R,/ 27]20, (1.53)

where the effective squared fluid velocity is related to the kinetic energy as T)J% = %K .
The detectability of a stochastic gravitational wave background by a given experi-
ment is quantified using the signal-to-noise ratio (SN R). For a background with energy

density spectrum h?Qgw observed over time T,ps, the SN R is defined as

Sfmax h2QGW 2
NR = /T d 1.54
SNR \/ obs /fmin f (hQQsens) ) ( ) )

where h?Qns denotes the effective sensitivity curve of the detector. The construction

of the LISA sensitivity curve used in our analysis is described in Appendix A.
In Figure 1.5, we present several examples of gravitational wave spectra originating
from cosmological first-order phase transitions, calculated for representative benchmark

parameters. These spectra are compared against the LISA sensitivity threshold corre-
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sponding to SNR = 10, illustrating the potential detectability of such signals in the

upcoming space-based interferometer era.
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Cosmological phase transitions in the real scalar singlet extension

of the Standard Model

In the Standard Model, electroweak symmetry breaking proceeds through a smooth
crossover, which is insufficient to account for the observed baryon asymmetry of the
Universe. This asymmetry requires out-of-equilibrium processes during the early Uni-
verse, as outlined by Sakharov’s conditions 24|, which can naturally be realized in
scenarios with a first-order electroweak phase transition. Such transitions, apart from
offering a viable framework for electroweak baryogenesis, also have the potential to
generate a stochastic background of gravitational waves. Their detection in future
observatories would thus serve as a powerful probe of physics beyond the Standard
Model. Importantly, first-order phase transitions arise generically in a wide class of SM

extensions.

Probably the simplest and most extensively studied extension of the Standard Model
that allows for a strong first-order electroweak phase transition is the real scalar singlet
model (xSM) [4, 64-80]. In this scenario, the Standard Model Higgs doublet H is
supplemented by an additional real scalar field s. If the mixing between the singlet
and the Higgs is forbidden by a Z, symmetry of the scalar potential, the singlet scalar

becomes stable. This stability makes the singlet a natural dark matter candidate,
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offering a predictive and minimal framework, where the relic abundance compatible
with cosmological observations can be obtained in the large part of the parameter
space, although not in regions that simultaneously allow for strong FOPT [75, 81].

In this chapter, we explore the properties of the model in the context of cosmological
first-order phase transitions. The analysis of their dynamics builds upon the formalism
introduced in the previous chapter. Beginning with the tree-level scalar potential, we
include thermal corrections and investigate the resulting vacuum structure and phase
transition patterns. This enables us to constrain the relevant parameter space and ex-
tract the characteristic transition parameters within the phenomenologically interesting
region. Given the relatively weak experimental constraints on this model from current
and future collider searches, which are briefly discussed below, we then shift our focus to
its cosmological implications, particularly the predictions for gravitational wave signals
originating from the early Universe.

Our approach partially follows the methods and results presented in Ref. [4], though
we adopt a simplified form of the thermal potential to facilitate later use of the selected
points in numerical simulations of bubble expansion (see Chapter 4). The results of
these parameter space scans, along with benchmark points, have already been employed

in studies of bubble-wall velocities in both local thermal equilibrium and beyond |2, 3].

2.1 Effective potential of the xXSM model

The theory under consideration is defined by the Lagrangian
L= (0,H)(0"H) + (9,5)(9"s) + Vo(H, ), (2.1)

where H = (G, h+—\}§GO)T denotes the Standard Model Higgs doublet and s is the ad-

ditional real scalar singlet. The singlet is assumed to respect a Z; symmetry and to
couple to the SM fields exclusively via the Higgs portal. Consequently, the tree-level
scalar potential takes the form

1 1 1
Vo(H,s) = i H'H + N\, (HTH)? + 5Ahs(HTH)52 + 5,@52 + Z—l)\ss‘*. (2.2)

Rewriting the potential in the unitary gauge, one obtains
1

1 1 1 1
QMW + = Apht S h2sE 4 S p2s? S st (2.3)

Vo(h, 5) = 1 1 2 1
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where h and s are the only remaining dynamical scalar degrees of freedom. The mass pa-
rameter for the Higgs p, and the quartic coupling \;, are fixed such that the electroweak
vacuum at the zero-temperature is located at (h,s) = (v,0) with v = 246.2 GeV. This

requirement leads to the condition

OVolh, s) =0 = i =-\’ (2.4)
Oh .0

The elements of the scalar mass matrix are given by

0*Vy(h, s
Mi%h = L = ,LL;QL + 3)\hU2 (2.5&)
oh? (0,0)
9?Vo(h, s)
M? : =0
hs hos o) (2.5Db)
0 Vo(h S) ApsU
M2 ) 2 S
88 832 (.0 s + 9 ) (25C)
and thus the physical masses are
02
m; = 2\ and m? =+ )\hs? (2.6)

with the Higgs boson mass fixed to m; = 125.09 GeV [82]. This leaves the scalar singlet
mass mg, its quartic self-coupling A\, and the portal coupling A\, as the remaining three
free parameters of the model.

To study the temperature-dependent vacuum structure of the theory, thermal cor-

rections to the potential must be included. The effective potential is then defined as

n; T4 my;(h, s
Vea(h, 5, T) = Vol ) + > 5oy (%) | (2.7)

where the sum runs over all particle species in the model. For each species, n; is the
number of degrees of freedom, m;(h, s) is the field-dependent mass, and .J,/; denotes the
bosonic or fermionic thermal function defined in eq. (1.21). In principle, one-loop quan-
tum corrections, known as the Coleman-Weinberg potential, should also be included.
However, this term is neglected here since it does not qualitatively change the shape of
the potential and does not play a significant role in modelling bubble expansion, which
is the main focus of this work. Including the full one-loop potential would only result
in a slight shift in the values of the singlet couplings, without changing the overall

conclusions drawn from the following results.
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At temperatures around the electroweak scale, most Standard Model species are
light (m < T), making the high-temperature expansion (1.22) a good approximation
of the full potential. Under this assumption, eq. (2.7) simplifies to

2
[y u— Cihy o 2
h,s,T) =~ h,s) — =—T —m;(h,s)T 2.
Va(h,5,T) = Vo(h,s) — LT+ 3 Sk, ) (2.8)

where ¢; = 1/2 for fermions and ¢; = 1 for bosons. The parameter g,(T") denotes the
effective number of relativistic degrees of freedom, given by

g.T)= > g <%>4+ > ggi (;)4 (2.9)

i€bosons i€fermions

In practice, we use the temperature-dependent parametrization of ¢.(7") proposed in
Ref. [83], which provides a smooth interpolation based on the particle content of the
Standard Model across the relevant temperature range. Finally, the complete effective

potential of the model can be written in a compact form as

2 1 1 1 1 1
LT S (DR + b+ T nsh®s® + Sp2(1)s? + st (210)

hos.T) = —
Verr(h, 5,T) 90 2 2

The temperature-dependent mass terms are now given by
(T = i + 3T and  p2(T) == p? + AT? (2.11)

with

1 1
B (99° + 39" + 12y} + 24N\, + 2\,s)  and ¢ = 75 (s 30, (212)

Ch
where g and ¢’ are electroweak couplings and ; is the Yukawa coupling for the top
quark. This approximate parametrization of the effective potential has been widely

used in the literature to study the dynamics of this model, see for example |73, 84].

2.2 Vacuum structure and transition scheme

Having established the form of the temperature-dependent effective potential, we now
turn to the analysis of the vacuum structure and the associated phase transition. This
step is essential to determine whether and under what conditions the model exhibits a

first-order electroweak phase transition. The behaviour of the potential as the Universe
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Figure 2.1: Thermal evolution of the two-dimensional effective potential and the cor-
responding configuration of the fields for the benchmark realization of the xSM model.
Different panels show the subsequent stages of the phase transition. The positions of the
minima are denoted by blue dots, and the tunneling path is represented by the dashed
curve. Detailed descriptions of each stage of the phase transition can be found in the

main text.

cools, as well as the key stages of the phase transition are illustrated in Fig. 2.1, where
successive panels correspond to decreasing temperatures. The thermal history of the

system can be summarised as follows:

1. At very high temperatures, the symmetry of the theory is restored, and the effec-
tive potential exhibits a single minimum located at the origin, (h,s) = (0,0) (see

the first panel of Fig. 2.1).

2. As the temperature decreases, the minimum gradually shifts along the s direction.
This stage of the vacuum evolution proceeds smoothly and is referred to as a
crossover. In the context of a two-step phase transition, it is commonly identified

as the first step (see the second panel of Fig.2.1).
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3. At a certain point, a second minimum appears along the h direction and becomes
progressively deeper as the temperature drops. At the critical temperature T,
both minima are energetically degenerate. Below this value, the electroweak-like
vacuum at (h,s) = (0,0) becomes energetically preferred. At the nucleation
temperature 7, < T, thermal tunnelling between the two minima occurs along
a path of least Euclidean action (indicated by the dashed blue line in the third
panel of Fig.2.1). It is important to note that the tunnelling typically ends
at a point shifted from the true vacuum due to the potential barrier and energy
difference between the minima. For the mathematical details of tunnelling process

see Chapter 1.

4. As the Universe continues to cool, the system evolves toward the true electroweak
vacuum located at (h,s) = (v, 0), which corresponds to the present-day configu-

ration (see the fourth panel of Fig.2.1).

The two-step phase transition pattern described above can only be realised within
a restricted region of the parameter space. First, the symmetry breaking in the singlet
direction must precede that in the Higgs direction. This requirement, when applied to

the temperature-dependent mass parameters defined in eq. (2.12), yields the condition
Be s B (2.13)

Secondly, in order for the electroweak minimum at (h, s) = (v, 0) to be the true vacuum
of the theory at zero temperature, the potential at this point must be lower than in the
singlet direction. This leads to the constraint

h o,

2.14
N (2.14)

Finally, during the tunnelling process, the false vacuum (0, %) must constitute a local
minimum of the potential. At the critical temperature T, this translates into the

inequality
Ahs > 24/ )\h)\sa (215)

which becomes even more stringent at lower temperatures, particularly at the nucleation

temperature T, < T..
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Figure 2.2: The parameter space of the xSM model for a benchmark value of the singlet
quartic coupling Ay = 1. The light blue region indicates where a two-step first-order
phase transition can occur. The gray area, corresponding to ms < my /2, is excluded by
LHC bounds on the Higgs invisible decay width. The dark blue lines show the projected
sensitivity to deviations in the Higgs self-coupling at the HL-LHC (solid) and FCC
(dashed), while the red dashed line corresponds to the projected FCC' sensitivity to the

associated Zh production cross section.

In principle, the portal coupling A\,s and the singlet self-coupling A\ are not subject
to upper bounds from the structure of the potential itself. However, to ensure the
perturbative validity of the theory, we impose the condition that both couplings remain

within the perturbative regime:

As; Ans < 4. (2.16)

In practice, we remain well below this upper limit, as values approaching 47 may lead to
a breakdown of perturbativity and require careful treatment of higher-order corrections.
The region of the parameter space satisfying all three conditions(2.13), (2.14)
and (2.15) for the benchmark choice A\; = 1 is illustrated in Fig.2.2 with light blue
shading. Experimental bounds displayed in the figure will be discussed in the subse-
quent part of this chapter.
Note that not all points in the previously discussed parameter space lead to a suc-

cessful completion of a first-order phase transition. In particular, for large values of the
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portal coupling \j,, the tunnelling rate can become extremely suppressed, at very low
temperatures, causing the Universe to remain trapped in the false vacuum or prevent-
ing the transition from completing if the bubbles of the true vacuum fail to percolate.
To accurately determine whether a given parameter choice results in a completed tran-
sition, and to extract the relevant properties of the transition, a detailed scan of the

parameter space is required. This will be the focus of the following section.

2.3 Scan of the parameter space

To prepare a sample for our study we performed a scan over the scalar singlet mass
ms and the portal coupling A, fixing the quartic coupling to Ay, = 1. The scan was
conducted using the CosmoTransitions package [85], which allows for the calculation

of key quantities governing the phase transition dynamics.

For each point of the parameter space, we determine the critical temperature 7T, and
the nucleation temperature 7;,, as well as the transition strength o and characteristic
time scale 5/H. We also evaluate the steady-state velocity of the expanding bubble
Vw, assuming local thermal equilibrium. The detailed discussion of v,, will follow in the

next chapters.

The relevant part of the parameter space has the following structure: for a given
singlet mass my, stronger transitions tend to correspond to larger values of the portal
coupling Aps. The level of supercooling T,,/T. is also correlated with the latent heat, as

the lowest temperature ratios correspond to the strongest transitions.

As we are interested in moderately-strong phase transitions, we restrict the scan to
values of the transition strength where o < 1. This cut ensures that the assumption of
radiation domination, which is crucial for the model’s consistency, is not violated during
the phase transition. In this range of « there is no need to consider the percolation
temperature separately, as the transition is assumed to occur almost instantaneously

at T,,.
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Figure 2.3: Transition strength «, supercooling ratio T, /T., characteristic time scale
B/H, and bubble-wall velocity in the LTE approximation v, as function of the scalar

singlet mass m, and portal coupling \ns. The quartic coupling is fixed to Ay = 1.

2.4 Observational prospects

The model discussed here, often referred to as a nightmare scenario in the context of
collider searches [72], provides a natural, stable candidate for a dark matter particle.
Due to the preserved Z, symmetry, the singlet does not mix with the SM Higgs boson,
which strongly suppresses both direct detection signals and production rates at colliders
[86]. This makes experimental verification particularly challenging, as conventional
searches relying on Higgs portal interactions become largely ineffective. The only robust
constraint arises from measurements of the invisible Higgs decay width by ATLAS and
CMS [87, 88|, excluding scenarios with mg < my, /2.

Nonetheless, the model can be indirectly probed through one-loop corrections to the
Higgs self-coupling, induced by the portal interaction A, given by [50]
DTS

- 2,2,2"
967 myms?

AU

(2.17)
The projected sensitivities at the 95% confidence level, corresponding to Az ~ 0.8 for
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HL LHC [89, 90] and AX3 ~ 0.2 for FCC [91], are indicated in Fig. 2.2 with dark blue
lines. Another possibility is the precise measurement of the cross section oz, for the
Higgs production associated with a Z boson for ete™ collisions at FCC. The fractional

deviation from the SM prediction induced by the Higgs portal coupling A, is given

with [50, 72|
2 ,,2 2
50_Zh = ’—)\hsv (1 - F (—mh )

2.18
64m>m3 4m? ) |’ (2.18)

where

_arcsin(y/7)
F(r) = —m (2.19)

The projected 95% confidence level sensitivity of the FCC to the associated production
cross section is dozp, ~ 0.4% [92], and the corresponding constraint is shown in Fig. 2.2
as a red dashed line. Comparable limits could also be obtained from singlet pair pro-
duction in association with jets via vector boson fusion, as studied in the context of
both HL LHC and FCC [72].

As shown in Fig. 2.2, current experimental constraints still leave a large portion of
the parameter space open for exploration, particularly in the context of cosmological
phase transitions. Altogether, these findings underscore the difficulty of probing the
electroweak phase transition in this scenario using collider-based approaches alone, and
highlight the importance of future gravitational wave observatories such as LISA as
complementary tools to explore the electroweak epoch.

The expected gravitational wave signal generated by first-order phase transitions
in the considered scenario is shown in Fig.2.4. The left panel presents representative
spectra for different benchmark points in the parameter space. For clarity, only spectra
with a signal-to-noise ratio above unity (SNR > 1) are shown. Among them, those
corresponding to particularly strong signals with SN R > 10 are highlighted in a darker
shade. This visual distinction illustrates the range of gravitational wave amplitudes
that can be expected across different realizations of the model.

The right panel displays the signal-to-noise ratio computed using eq. (1.54) for each
point in the parameter space, assuming the LISA sensitivity curve. While only a subset
of the parameter space yields a potentially observable signal, the results indicate that
detectable gravitational waves can arise, particularly in the low-mass and large portal

coupling regime, where the phase transition tends to be stronger. Note that for strongly
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Figure 2.4: Left panel: Gravitational wave spectra for different realizations of the
model, with spectra for which the signal-to-noise ratio (SNR) exceeds 1 shown for clarity.
Darker curves represent spectra with SNR > 10. The LISA power law sensitivity for
SNR > 10 is shown in gray. Right panel: Signal-to-noise ratio (SNR) for each point

in the parameter space, computed assuming the LISA sensitivity curve (see Appendiz A).

supercooled transitions, with a > 1, the signal would be even stronger. However, this
regime goes beyond the scope of this work, as in such cases the bubbles always expand as
runaways, making their dynamics trivial. This highlights the potential of gravitational
wave observations as a complementary probe of the electroweak epoch, especially in
scenarios where collider signatures are suppressed. However, for accurate predictions, a
precise determination of the transition parameters is crucial. In particular, the accurate
modelling of bubble expansion has a significant impact on these results, as faster wall
velocities typically lead to larger amplitudes in the spectra, resulting in stronger signals.

The study of this dynamics will be the main topic of the remainder of this dissertation.
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Hydrodynamic description of expanding bubbles

During a cosmological first-order phase transition, the false vacuum decays through the
nucleation of bubbles of the true vacuum, as described in Chapter 1. Once formed, the
bubbles rapidly grow, driven by the potential difference between the phases inside and
outside the bubble. However, particles in the plasma interacts with the bubble wall,
creating an effective friction that slows down the expansion. These opposing effects
may reach a balance, resulting in a steady-state evolution with a constant bubble-
wall velocity. Otherwise, the bubble wall continues to accelerate, potentially reaching
velocities very close to the speed of light. Therefore, to predict the physical observables,
it is crucial to correctly evaluate both forces.

The backreaction from the particles interacting with the bubble wall has typically
been estimated by solving the Boltzmann equation for all species in the plasma, com-
bined with the equation of motion for the scalar field [4, 5, 29, 32, 33, 93-99]|. As these
plasma particles are pushed out of equilibrium by the passing wall, the friction force is
dominated by those strongly interacting with it. However, this method is technically
demanding and the non-equilibrium part of the friction in the equation of motion is
instead often parametrized by an effective phenomenological coefficient, which is then
treated as a free parameter in hydrodynamic simulations [39, 100].

Recently, it has been shown that purely equilibrium hydrodynamic backreaction
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can inhibit acceleration and that the resulting bubble-wall velocity, evaluated within
the local thermal equilibrium (LTE) framework, can be estimated in a relatively simple
way [30, 31, 34]. This method relies on the conservation of entropy and introduces an
additional matching condition relating its value across the bubble wall. Since additional
non-equilibrium friction can only further slow down the wall, the LTE result can serve
as the upper bound on the full out-of-equilibrium computation. Moreover, studies
using the example of a scalar singlet extension of the Standard Model have shown that

non-equilibrium corrections are typically subdominant [33].

This chapter focuses on the hydrodynamical description of expanding bubbles, treat-
ing the cosmic plasma as a perfect fluid. Following [31], interactions between the bubble
wall and the plasma will be separated into equilibrium and non-equilibrium parts, laying
the groundwork for both the local thermal equilibrium (LTE) framework and extensions
beyond LTE. By introducing the energy-momentum tensor for a perfect fluid and start-
ing from the conservation laws, we derive hydrodynamic equations together with the
so-called matching conditions describing the discontinuities of thermodynamic quanti-
ties at the bubble front. We discuss the resulting velocity profiles and their physical
features. We then explore the LTE approach, where entropy conservation introduces
an additional matching condition that determines the steady-state bubble-wall veloc-
ity. This part draws heavily from [34], which offers a comprehensive and self-consistent

computational framework for the LTE calculations.

Finally, we present the generalised version of the third-matching condition beyond
LTE, which constitutes the original result of our work [3]. Assuming a specific class
of interactions between the wall and the plasma, valid for the SM and many of its
extensions [94, 101|, we express the entropy production rate in the thin wall regime us-
ing basic physical quantities and the effective friction parameter 7 [38]. This approach
enables the computation of the steady-state wall velocity as a function of the effective
friction. Intriguingly, our new formalism typically predicts an additional branch of sta-
ble detonation solutions, for which we observe runaway behaviour with v,, = 1 in the
LTE limit. The existence of this branch provides a useful selection rule to distinguish
between physical and unphysical deflagration/hybrid solutions as the faster detonation

solution is typically the one that is dynamically realised.
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In the last section, we briefly discuss the ballistic approach [7], which allows us to
estimate the impact of non-equilibrium effects on particles traversing the wall. Fur-
thermore, recent studies [102] have shown that applying the large-mass limit in this
context leads to the maximal entropy production, establishing a lower bound on the

wall velocity.

3.1 Equations of motion for the expanding bubble

To describe the dynamics of the growing bubble and estimate the wall velocity, it is
essential to evaluate the total force exerted on the wall by the plasma surrounding
the bubble and compare it with the driving force coming from the pressure difference
between the false and true vacuum. The corresponding equation of motion for the
scalar field in the presence of the relativistic plasma is given by [31, 93, 94]

0 d?
O+ —— VO + Z / 27r)32;Ei filp,xz) =0, (3.1)

where the index i runs over all the particle species interacting with ¢, Here f;(p, z)
represents the particle distribution functions for given species, and FE; denotes the en-
ergy of the particles. Additionally, the distribution functions can be separated into

equilibrium and non-equilibrium part as follows:

filp,x) = i+ 6 fi(p @), (3-2)

As shown in Chapter 1, the contribution from the equilibrium part can be interpreted as
thermal corrections to the potential. Therefore, the equation of motion can be rewritten

as

oV, 3
O¢ + VH+Z / d)32E5fl(p, z) =0, (3.3)

where the effective potential is defined as Veg(gb, T) = Vo(o)+Vr(¢, T). Next, assuming
a field profile corresponding to a planar bubble wall expanding with constant velocity
in the z direction, the above equation can be multiplied by d¢/dz and integrated over

z, yielding

do Weg dm?(¢) d’p _
/dza <D¢+ 50 +§i: 1 /(%)BQE S5f;(p, )) = 0. (3.4)
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Performing the integration, we obtain the following expression

AV = [ a5 > [0 WO [ SSh i, (39)

where the left-hand side can be interpreted as the pressure difference between the

broken phase inside the bubble and the symmetric phase outside, which drives the
expansion. Similarly, the right-hand side corresponds to the backreaction force and can
be separated into two parts: the equilibrium plasma contribution from the heated fluid
at the bubble front (the first term), and the non-equilibrium dissipative interaction with
the species in the plasma (the second term). Neglecting the non-equilibrium part leads
to the local thermal equilibrium (LTE) approximation, while parametrizing it allows us

to extend the analysis beyond LTE.

3.2 Profiles of the plasma for the stationary states

After identifying the potential sources of interactions that could stop the accelerating
expansion, we now focus on the different types of stationary state that can be realised in
the system. To do this, we adopt a hydrodynamical approximation, where the plasma of
various particle species is modelled as a relativistic perfect fluid. The energy-momentum

tensor for such a fluid is given by
They = wuru” — g"'p. (3.6)
where u* represents the four-velocity of the plasma, given with
u = (v,vv,0,0), (3.7)

while p and w are the pressure and the enthalpy, respectively. Conservation of the
energy-momentum tensor (3.6) projected onto direction of the flow u* and the direction

perpendicular to the flow u* leads to the following equations:

O, (uvw) — u,0"p = 0, (3.8)
@t wi,u, — w0up =0, (3.9)
with 4,u* = 0 and 4*> = —1. In a stationary regime, no characteristic length scale is

present. As a result, the solution should depend only on the self-similar variable & = r/t,
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where r is the distance from the centre of the bubble and ¢ is the time since nucleation.
For sufficiently large bubbles, the distinct value £, corresponds to the velocity of the
bubble wall, while the plasma at the point described by & moves with velocity v(§).
Exploiting this self-similar structure, along with the assumption of spherical symmetry,

allows us to derive the following set of equations:

9)
(€= 0)" 0 =2 + [1=7u(e — )], (3.10)
Oep
(1= v8) === =7*(6 —v)dv. (3.11)
. .. . _ d e :
Using the definition of the speed of sound in the plasma, ¢ = & S—T, these equations

can be combined into hydrodynamic equations that govern the plasma velocity and

enthalpy profiles v(§) and w(§) in the frame of the bubble centre:

2
2% =7*(1 - v€) [u (f{ v _ 1] 0¢v,

1
Oew = w(l + E)vz,u(ﬁ, 0)0ev,

(3.12)

where p = f__—g} denotes the Lorentz-transformed fluid velocity. As hydrodynamical flow
can develop discontinuities, the conservation of the energy-momentum tensor (3.6) can
also be used to derive matching conditions for the thermodynamic quantities in front
(+) and behind (—) the bubble front. Under the planar-wall approximation, these

conditions take the form

wiyivg = w_ylu_, (3.13)

WiVt 4 py = w2 u? 4 p_. (3.14)

Note that these relations are defined in in the reference frame of the bubble wall.
However, we assume trivial transformation of p and w, while v can be transformed to
the plasma rest frame with a simple Lorentz boost.

To proceed further, we need to introduce the equation of state for the plasma. A

commonly used choice is the bag model [54, 65], which is given by

1
es(T)=aT* +e,  p(T) = gabT4 — 6 (3.15)
1
es(T) =aT* +e,  p(T) = 5abT‘L — &, (3.16)
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Deflagration: v, < ¢ Hybrid: ¢, < v, < ¢y Detonation: c¢; < v,

Figure 3.1: Schematic representation of three different types of expanding bubbles. The
colour saturation indicates the plasma velocity with darker colour corresponding to larger
values. The black circles represent the position of the bubble wall, while red arrows show

the direction of expansion.

with the subscripts denoting the values in the symmetric (s) and broken (b) phase,
however, more complex templates, which allow for different values of the speed of sound,
have recently been considered [31, 34| and will be further discussed in this dissertation.

Additionally, we introduce the trace of energy-momentum tensor defined as
0 =e— 3p, (3.17)

or, taking into account that the speed of sound in the broken phase may differ from the
standard value ¢, = 1/ v/3 and assuming only a weak dependence on the temperature
T [103], the pseudotrace

f=c- L (3.18)

2

These quantities allow us to define the strength of the transition, without a need to

specify the potential, through the relations
A AG

and ag =

Q (319)

- 3w, 3w’
where A represents the difference between the phases. Unless specified differently, we
assume c; = ¢ = 1/\/5

Solutions of the hydrodynamic equation (3.12) with the bag-model equation of state
depend solely on the transition strength oy and bubble-wall velocity in the stationary

state, &,. Depending on the terminal velocity of the wall, the expansion can proceed as
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subsonic deflagration, supersonic detonation, or as a hybrid possessing features of both
types. The velocity at which the shell around the bubble vanishes and the solution
shifts from hybrid to detonation is determined by the Chapman-Jouguet condition |4,
34, 104]

1+ \/30@(1 - + clag)
N l/Cb + 3Cb04§ ’

cy (3.20)

Different types of solutions, schematically illustrated in Fig. 3.1, can be characterized

as follows:

1. Deflagrations are the slowest solutions, with a subsonic bubble-wall velocity
&w < . In this case, the expanding bubble pushes the plasma in front of it,
creating a shell of heated plasma surrounding the bubble. This may locally inverse
the hierarchy of minima leading to hydrodynamic obstruction |1, 105|. Behind the
wall, the plasma velocity remains unperturbed, implying the condition v_ = &,.
Additionally, if the bubble wall is fast enough, a supersonic shock front may
develop at &, = ¢ (see Fig. 3.3).

2. Detonations are found on the opposite side of the spectrum, with a bubble-wall
velocity &, > ¢y, where ¢y is the Jouguet velocity, defined in equation 3.20. In
this scenario, the moving wall hits the fluid which remains at rest in front of the
bubble. For detonations, the bubble-wall position corresponds to the rarefaction
front (a smooth continuation of the shock front), for which v, = &,. Just behind
the wall, v_ < vy, and within the rarefaction front, the velocity gradually slows
down, reaching 0 at £ = ¢, (in the plasma reference frame). Note that unlike
deflagrations, the overall amplitude of the profile decreases as the wall velocity

grows. Due to this fact, stationary detonations are not found in LTE.

3. Hybrids, also known as supersonic deflagrations, occur for ¢, < v,, < c¢;. They
are constructed as a combination of a deflagration profile with a rarefaction
wave characteristic for detonations. The matching conditions are fulfilled with
vy < v_ = ¢. As &, approaches the Jouguet velocity c;, the profiles become in-
creasingly thinner, with &, — &,. From dynamical perspective, hybrids develop
a heated fluid shell similar as for deflagrations, and therefore, these two categories

will be often considered together.
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Figure 3.2: Family of stationary solutions for flurd velocity profiles in the plasma rest
frame, shown for benchmark transitions with ag = 0.01 (left panel) and ag = 0.1 (right
panel). Each profile corresponds to a different wall velocity, with types of solutions

indicated by colour.
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Figure 3.3: Plasma velocities at the bubble front vy and v_ along with the shock front
position &g, as function of the wall velocity &, for a benchmark transition with oy =
0.01 (left panel) and oy = 0.1 (right panel). Vertical dashed lines represent speed of
sound in the plasma ¢, and the Jouguet velocity c;. Plasma velocities vy and v_ are

evaluated in the wall frame.

The family of solutions, parametrised by the wall velocity &,, for two benchmark
transitions with ay = 0.01 and ay = 0.1 are presented in Fig. 3.2. Meanwhile, Fig. 3.3
illustrates the characteristic velocities v, and v_, along with the position of the shock
front &y, as functions of the wall velocity &,. Note that the plasma velocities on both

sides of the bubble wall, v, and v_, are defined in the wall frame, while the velocity
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profiles in Fig. 3.2 correspond to the plasma rest frame. For a more detailed discussion

of the bag model solutions, see [54].

3.3 Bubble-wall velocity in local thermal equilibrium

As previously discussed, the interaction between the bubble wall and the plasma is not
solely out-of equilibrium effect. The authors of [105] observed, that pure equilibrium
effects can inhibit the accelerating expansion, referring to this phenomenon as hydro-
dynamic obstruction. This mechanism is based on the fact, that for deflagrations and
hybrids, the fluid in front of the bubble is heated, potentially raising the temperature
above the critical value. As a result, the hierarchy of the minima is locally inverted,
causing the driving force to vanish and leading to stationary expansion. By analysing
temperature profiles as a function of the wall velocity, the authors provided simple
estimates for its upper and lower bounds.

A thermodynamic approach to estimating interaction strength was proposed in [106],
where the authors attempted to relate the pressure difference to changes in entropy
density across the wall. This approach turned out to be very fruitful, yielding new
thermodynamical constraints on the wall velocity. Further studies concluded, under the
assumption of LTE approximation and using using entropy conservation, it is possible
to determine the steady-state bubble-wall velocity in a relatively simple manner. The
first attempt based, on the bag equation of state [31]|, has since been extended to a
broader class of equations of state and beyond the planar wall limit [34]. Moreover, it
has been shown, that the bubble-wall velocity can be estimated using a few parameters
evaluated at the nucleation temperature. The key idea is based on the observation,
that in local thermal equilibrium, no entropy is produced in the system. This implies

that the entropy current remains constant, leading to the condition
d,(u*s) = 0. (3.21)

This requirement must hold across the bubble wall, leading to the third matching
relation:

S_Y_U_ = S4Y4U4, (3.22)
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Figure 3.4: Left panel: Bubble-wall velocity v,, for deflagration and hybrid solutions
as a function of transition strength ay and enthalpy ratio ¥, evaluated using matching
condition (3.22). Right panel: Relation between pressure acting on the wall and the
wall velocity in local thermal equilibrium, given with (3.29), for a benchmark transition

with ag = 0.01.

which can also be expressed as
L
T
using the definition of enthalpy, w = %, along with the first matching condition (3.13).

(3.23)

As before, the subscripts + and — indicate quantities evaluated in front of and behind
the bubble wall, respectively. This additional constraint eliminates the wall velocity
as a free parameter in the hydrodynamic solutions discussed in the previous section.
Instead, it allows for its determination based on basic thermodynamic quantities of the

model: the enthalpy ratio between phases, defined as

— (3.24)

Wy
the transition strength ag, and the speed of sound in both phases, ¢, and ¢, [34]. The
left panel of Fig. 3.4 presents estimates of the wall velocity in local thermal equilibrium
based on this approach. Since additional friction can only slow down the wall, the
resulting velocity can be interpreted as the upper bound for a fully out-of-equilibrium
computation. Note that non-zero velocity requires a positive driving force. This fact,
together with the definition (3.19), leads to the conclusion that the transition strength

g cannot be arbitrary small. The lower bound for its value is given by

. 1—v
ap =~ (3.25)
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The region that does not satisfy this condition is labelled as no nucleation, as the
symmetric minimum remains the global one there. In contrast, the other white region
represents a scenario where no stationary solution can be found. It corresponds to the
case when driving force always dominates over the hydrodynamic backreaction, causing
the bubble wall to continue accelerating and reaching ultrarelativistic velocities. This
behaviour, often referred to as runaways, is typical for thermal equilibrium. However,
in realistic scenarios, it is expected that out-of-equilibrium corrections can eventually
stop the acceleration for v,, &~ 1 [107-110].

To apply these results to a realistic theory and match a particular particle physics
model with the hydrodynamic description of the plasma, we use the fact that the
effective potential V.g(¢p,T) can be interpreted as the free energy density F of the
system. Thus, similarly as in [38-40, 53, 60, 111, 112], we can define the equation of

state for a system:

p(®,T) = —Ve(, T), (3.26)
0(6.T) = V(6. 7) ~ 71O T) (3.27)
w(e,T) =e(¢,T) +p(¢,T) = _pWVenl9,T) (3.28)

dT

Relating thermal potential to the pressure allows for an estimation of the hydro-
dynamic backreaction, as given in eq. (3.5). A simple approximation, derived in [113],

yields

e Vg OT
Prre ~ /_6 dz 9T s wiyivy(vy —vo). (3.29)

This relation is illustrated in the right panel of Fig. 3.4, where the hydrodynamic back-
reaction is shown as a function of the wall velocity. The stationary velocity corresponds
to the point where it equals the driving force. However, as the backreaction is not a
monotonic function of velocity, the solution, if exists, is not unique. It should be em-
phasized that every deflagration/hybrid solution always comes with a corresponding
detonation, though these detonations are unstable. This instability arises from the fact
that the net pressure in the detonation regime is a decreasing function of the wall ve-
locity. When the bubble expands with v,, > c;, any increase in velocity results in a
reduction of the hydrodynamic backreaction, which can no longer balance the driving

force, leading to further acceleration of the wall. The peak, located at the Jouguet
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velocity c;, corresponds to the strongest heating of the fluid shell in the hybrid regime.
If the wall velocity exceeds the Jouguet value, the shock wave disappears and the total
pressure begins to decrease. To summarize, the LTE approximation predicts only stable
deflagrations and hybrids or ultrarelativistic runaways.

To prepare a sample for further studies, we performed a scan of the parameter
space for the xSM model, as described in Chapter 2. Next, using the LTE approxima-
tion discussed above, we determined the bubble-wall velocities, identifying a range of
deflagration and hybrid solutions, as well as runaway scenarios for the strongest tran-
sitions in the investigated sample. The results are shown in Fig. 2.3, where the shades
of blue indicate the wall velocity, and the red points represent the runaway solutions.
The validation of these results using dynamical simulations was the subject of our work

described in [2| and will be presented in Chapter 4.

3.4 Bubble-wall velocity beyond local thermal equi-
librium

The local thermal equilibrium approximation, while useful for a rough estimation of the
wall velocity, is incomplete. In principle, a full description requires accounting for non-
equilibrium friction arising from particles interacting with the bubble wall and deviating
from their thermal distributions. The backreaction from these effects has traditionally
been estimated by solving the Boltzmann equation for all species in the plasma alongside
the equation of motion for the scalar field [4, 5, 29, 32, 33, 93-99|. However, this method
is computationally demanding, so the non-equilibrium contribution to the friction in
the equation of motion is instead often parametrized by an effective phenomenological
coefficient, treated as a free parameter in hydrodynamical simulations [1, 39, 60].

The impact of this non-equilibrium friction can be linked with the entropy produc-
tion in the system [31, 114]|. Building on this idea, we extended the matching method
described in the previous section to go beyond the LTE approximation [3]. An addi-
tional relation between the thermodynamic quantities on both sides of the wall can be
derived by imposing the entropy production rate. We assume that the only process in
which the entropy is produced during FOPT is a dissipative, friction-like interaction of

thermal plasma with the moving wall. We focus on the regime where this interaction
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is local and depends on the microscopic structure of the model, the plasma velocity,
the field profile and temperature across the wall. This dependence can be expressed

through some function f;, leading to
8#(11’“5) = fs (U, ¢7 T) (330>

By integrating (3.30) over the bubble wall in the wall frame, one obtains

%(/MdWw) —/MdV<V.(sw7)) :/zwdvf8<v’¢’T)’ (3.31)

where M is a thin shell with 9.¢ # 0. In the steady-state regime, the total entropy in
the bubble wall remains constant, meaning that the time derivative of the total entropy
vanishes.

Applying Gauss’s theorem, we convert the volume integral of the entropy current
divergence into a flux integral over the boundaries of the region. In the planar wall
limit, this condition simplifies to

1/2
S_Y_U_ — SiY4Uy = /1/2 dz fs(v,0,T), (3.32)
where [ is the width of the shell M, measured as a distance from the centre of the
wall. This expression reduces to the familiar local thermal equilibrium condition, as
discussed in the previous section, when setting f; = 0.

The inhomogeneity introduced by the integral over the field profile can be interpreted

as the entropy production rate at the bubble front and will be denoted by

1/2
AS = / dz fs(v,0,T). (3.33)

—1/2
Using the definition of enthalpy w = 7 and the matching condition (3.13), we obtain
T _ T, AS
R (1 + +—> (3.34)
T WY+ U+
which represents the generalized form of our third matching condition.
The evaluation of AS requires knowledge of the entropy source f,, which is deter-
mined by the microscopic structure of the plasma in a given model. This calculation
involves solving the associated system of Boltzmann equations which is typically solved

numerically [36]. Analytical approximations have been derived for the SM [94] and the
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Minimal Supersymmetric Standard Model [101] under the assumption of a small depar-
ture from LTE, which is valid for weak FOPTs. Here, we adopt a simplified approach
based on a phenomenological ansatz |38, 39, 114| which is also widely used in lattice

studies of this system [40, 53, 60, 111, 112]

Fo(v,0,T) = %(u“@uqﬁ)?. (3.35)

The effective coupling n, treated here as a free parameter, encodes the microscopic
model structure and provides a good approximation of the non-equilibrium friction.
Since the scalar field derivative d,¢ is nonzero only around the bubble front, we

estimate AS by evaluating 1/T and uu” at their values just ahead of the wall, yielding

1/2
AS ~ -t / dz 0,060,0. (3.36)
T ~1)2

Strictly speaking, there is no fundamental reason to evaluate AS using only the plasma
quantities in front of the bubble. Nevertheless, for the relatively weak transitions con-
sidered here, the differences between the values just ahead of and just behind the wall
are small, so more refined treatments do not lead to appreciable numerical changes.

To obtain analytically tractable expressions, we assume that the scalar field profile
follows the commonly used ansatz:

oz, 1) = % [1 ~ tanh (Liﬂ , (3.37)

which provides a good approximation in most physical cases. Here vy represents the
vacuum expectation value (VEV) of the scalar field at the broken phase, while L,
characterizes the width of the bubble wall. Given this field profile, along with and the
four-velocity of the perfect fluid from (3.7), we substitute into the entropy production
integral (3.36) to obtain

n(vivs)? / > »  nug vt
MUTH) [ qx(0,0) = 10 Te0% (3.38)
7. J 3L, T

oo

Here, we extended the integration limits setting [ — oo, since the derivative of the field
profile 0,¢ rapidly vanishes away from the bubble wall. This allows us to approximate

the integral over the entire real domain without introducing significant error.
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Substituting (3.38) into (3.34), we obtain the modified form of the third matching

condition:
T 9- -
— =—1 3.39
T . (1+ 774 vy) (3.39)
where we introduced the rescaled friction parameter, defined as
2
- Yo
= = . 3.40
NEXD X E= g (3.40)

As long as the transition remains relatively weak (cp < 0.1), the enthalpy wy can be
well approximated by its value in the symmetric phase w,, making the scaling factor y
largely independent of friction. Notably, in the limit 7 — 0, the friction term vanishes,
and we recover the standard matching condition valid in the LTE regime [31, 34].

To find the bubble-wall velocity as a function of the friction parameter 7}, we solve the
system of equations in (3.12) by employing the modified third matching condition (3.39),
along with the two standard ones (3.13) and (3.14). The problem is tackled using the
modified version of the Python code presented in [34], which is publicly accessible
at [115].

The left panel of Fig. 3.5 shows the limiting case with 17 — 0 corresponding to the
LTE approximation. Different types of stationary solutions are shown on the (ay, ¥)
plane. In most of the parameter space, we find stable detonation solutions which
for 7 = 0 become runaways. Reference [31] also finds detonation solutions for some
benchmarks in LTE, but correctly classifies them as unphysical. Here, we found a
different branch of stable detonation solutions, which do not exist in LTE. For all
solutions on this new branch we find v,, — 1 in the limit » — 0. Dynamic lattice
simulations discussed in the next Chapter indicate that for realistic initial conditions,
the run-away branch is preferred even if there exist other stationary solutions. Thus,
the LTE deflagration/hybrid solutions found in [31] are only realised in the blue region
where no run-away solutions exist.

The map of the stationary states in (ag, 77) plane for a benchmark value of ¥ = 0.95
is shown in the right panel of Fig. 3.5. The solid black line corresponds to the Jouguet
velocity ¢, which represents the fastest hybrid solution, while the dashed black line
marks the slowest detonations. The lower edge of the plot represents the LTE limit (77 —
0), where for relatively strong transitions, we observe only ultrarelativistic detonations

with v,, — 1, while for moderate and weak transition strengths, deflagrations and hybrid
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LTE limit (7 — 0)
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Figure 3.5: Bubble-wall velocity evaluated using the beyond LTE third matching condi-
tion (3.39).

Left panel: LTE limit of the hydrodynamic solution. The blue region corresponds to the
case when only deflagration/hybrid branch exists for 1 — 0. The purple region denotes
the situation where both deflagration/hybrid and detonation branches coexist, however,
the detonation solution is typically realized in lattice simulations. The red region corre-
sponds to the situation with no deflagration/hybrid solution (runaway scenario).
Right panel: contour plot of the bubble-wall velocity in (g, 1) plane for fized ¥ = 0.95.
The red contours represent detonation solutions with different values of the welocity,
while deflagration/hybrid profiles are coloured in blue. Solid black line marks the con-
tour of Joguet deflagration, below which there is no stable deflagration or hybrid, while
black dashed line limits the region where detonation solutions exist. For transitions with
a < aprg, only deflagration/hybrid solutions exist in the limit of 7 — 0. In the grey
shaded region nucleation is forbidden. Gray, dotted line illustrates the upper bound on

n, coming from the ballistic limit, given with eq. (3.47).

solutions also exist. As the friction parameter increases, the wall velocity decreases and
for detonation solutions, it approaches the lower velocity limit, denoted with the black
dashed line. When friction increases further, only deflagrations and hybrid solutions

remain, and the wall velocity continues to decrease.

For latent heat values below the threshold ¢, the velocity of the slowest detonation
lies above ¢y, while deflagrations and hybrids crossing the dashed line, have velocities
slower than c¢;. This results in a gap in the allowed velocities, as discussed in [1|. For

stronger transitions with oy > agj, all velocities are kinematically allowed and can

29



CHAPTER 3

potentially be realized.

If the transition is sufficiently weak (cy < arrg), only deflagration/hybrid solutions
exist for any value of 7. In this region, for  — 0 the wall acceleration can be halted
purely by hydrodynamic obstruction [105], resulting in the realization of the LTE es-
timate for the bubble-wall velocity [34]. The value of arg is determined numerically
and corresponds to the asymptotic behaviour of the black dashed curve as 17 — 0. This
value is represented by the dashed line between the blue and purple regions on the left
panel in Fig. 3.5.

The comparison of the resulting velocities with numerical simulations offers a possi-
bility to know which solution of two is realised. As we will see in Chapter 4, if the two
stable stationary states coexist, it is always the faster one that is favourable. There-
fore, the existence of the detonation branch offers a simple criterion for determining
whether the bubble wall will settle into the deflagration/hybrid steady state or con-
tinue to accelerate. Specifically, for benchmarks where a detonation solution does not
exist, regardless of the value of 7, the wall velocity cannot reach ultrarelativistic speeds.
In such scenarios, the only possible solution is deflagration or hybrid. This provides
a straightforward condition for evaluating the validity of LTE predictions concerning
bubble-wall velocities. Notably, this condition is derived in the limit 7 — 0, meaning it
is independent of the specific form of the entropy source given by (3.35). This is crucial
because such an entropy source might not be well-suited for describing ultrarelativistic

bubble expansion, as discussed in [54, 116].

3.5 Bubble-wall velocity in the ballistic regime

The assumption of local thermal equilibrium holds when the mean free path of plasma
particles is much shorter than the bubble wall thickness, ensuring instantaneous ther-
malization. If this condition is not met and particle interactions are negligible, the
system can instead be described using a ballistic approach. This framework allows us
to quantify the impact of nonequilibrium effects and develop more effective methods
for incorporating such deviations in hydrodynamical simulations.

In [7], we distinguished between a fully ballistic fluid with free-streaming particles

[117, 118] and an intermediate case, where LTE is preserved far from the wall but not
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within it. This corresponds to a situation where the mean free path is larger than the
wall thickness but shorter than the thickness of the surrounding fluid shell.

Scenarios involving ballistic dynamics at the bubble front can be studied using the
thin wall approximation, where the wall thickness is much smaller than the bubble size.

In this approximation, the energy of the bubble is given by [117]:

2
4
R AT psay (3.41)

Vi-Rr 3

where R is the bubble radius and o denotes the surface tension. From the conservation

Ey = 4o

of energy during the expansion, the EoM reads

1— R2 B (1—/7;22)3/2
R o

R+2 (AVy — AP), (3.42)

where the interaction of the wall with the surrounding particles is captured by the
pressure difference AP. Omitting particle self-interactions inside the wall and the soft-

particle emission, the pressure difference is defined as [117]

ar= / <§7§3 S 5L F—np), (3.43)

E.
i€+l v

where ¢ = £1 refers to the regions just behind and just after the wall, respectively, and
fi(p) denotes the particles distribution functions. The function F is given by:

Fi(—=n-p) = 0(—in-p) [ﬁ(n-p) (1— 1—@'%) +2Ri(n-p)] 7 (3.44)

where Am? = m?2 — m? is the difference in particle mass when it enters the bubble,
while R and 7 = 1 — R are the reflection and transmission coefficients, respectively.

From eq. (3.42) we see, that the terminal wall velocity is attained when
AP = AV, (3.45)

which represents ballistic analogue of the matching condition. In a scenario where LTE
is maintained far from the wall, but breaks down within it, the fluid profiles in the
steady state can be determined solving eq. (3.10). This solution provides the distribu-
tion functions f;(p) for the particles colliding with the wall, enabling the evaluation of

the pressure difference (3.43). To determine the terminal wall velocity, we employ an
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iterative procedure that successively refines the solution by cycling through egs. (3.10),
(3.43), and (3.45).

A similar approach was independently proposed in [102], where in addition, the
authors applied the large mass limit and the bag FEoS to derive the upper bound on

entropy production in the ballistic regime. Using our notation, this bound is given by

2 1/4
A5 g(w"\p) -~ (3.46)

2
S+7+ U+ YU+

For the entropy production given by eq. (3.38), this translates into a constraint on the

P = — [(ﬁ”‘ \If) " 1] . (3.47)

friction parameter:

T+ U+ Y2y
This expression sets an upper limit on 7, which is illustrated with a gray, dotted line
in the right panel of Fig. 3.5, for a fixed value of ¥ = 0.95.

In fact, the entropy production ansatz given in eq. (3.35) is simplified, which inher-
ently limits its range of validity. It relies on a local description of friction, appropriate
only in the regime of strong interactions and small departures from equilibrium distri-
bution functions of plasma constituents. As such, it does not capture the full non-local
behavior expected from solutions of the Boltzmann equation, particularly near the bal-
listic regime. For this reason, the resulting bound should be interpreted with caution,

and we advise applying it conservatively with 7 < Mpax.

62



CHAPTER 4

Real-time simulations of the bubble growth

So far we have employed the hydrodynamic approximation to explore possible stationary
states of expanding bubbles. In this chapter, we extend this framework to investigate the
real-time dynamics of the system. Instead of focusing solely on equilibrium solutions, we
now study the time evolution of a single, spherically symmetric bubble using a dedicated
numerical implementation. This approach incorporates both the full hydrodynamics
of the system and a phenomenological model for the microscopic entropy production
mechanism at the bubble front.

Our simulations track the coupled evolution of the scalar field profile and the sur-
rounding plasma, which consists of light particles modelled as a relativistic perfect fluid.
The interaction between these two components is governed by a temperature-dependent
effective potential and an effective coupling term that accounts for non-equilibrium dissi-
pative effects in the equation of motion. This formalism provides a more comprehensive
description of bubble propagation, capturing the energy transfer between the field and
the plasma as well as the impact of different friction mechanisms on bubble growth.

The numerical framework we adopt is well established in the literature, having been
developed primarily by the Helsinki-Sussex group [38, 39, 100], and remains a widely
used approach for predicting the gravitational wave spectrum [40, 60, 111, 119]. Build-

ing upon this foundation, we have developed an independent implementation tailored
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to our specific objectives, with particular emphasis on ensuring the stability of hydro-
dynamic solutions and accurately resolving shock structures that emerge during the

late-time expansion.

In this chapter, we begin by deriving the equations of motion governing the system,
followed by a discussion of their discretization and the numerical methods used to solve
them on a lattice. We then present simulation results for a set of toy-model bench-
marks, illustrating how bubble fronts evolve toward a stationary state. These results
are compared with thermodynamic profiles obtained within the bag-model approxima-
tion, highlighting both the similarities and the limitations of this simplified approach.
This comparison sets the stage for our extension to realistic particle physics models. In
particular, we emphasize the presence of a velocity gap in the v(n) relation and provide

a qualitative explanation for its origin [1].

Next, we adjust the framework to the real scalar extension of the Standard Model
and perform simulations in local thermal equilibrium to assess the validity of the approx-
imation derived in [34]. We find that not all the stationary solutions are dynamically
realized. Instead, runaways are frequently observed, as the early-stage dynamics follow-
ing nucleation enable bubble walls to reach highly supersonic velocities before a heated
fluid shell forms in front of the expanding bubble. This effect is not captured by other

methods that assume the existence of stationary solutions at all times [2].

Finally, we refine the simulations for the 2.5M model by incorporating a phenomeno-
logical friction term, thereby extending our analysis beyond local thermal equilibrium.
We compare the stationary-state predictions obtained from the generalized third match-
ing condition with our numerical results, ultimately establishing a comprehensive con-
nection between these two methodologies and verifying the selection rule to determine

which stationary states are physical [3].

This chapter represents the most innovative part of the thesis, offering new insights
into the real-time dynamics of phase transitions and, for the first time, establishing
a direct connection between the analytical methods discussed in Chapter 3 and the
results of numerical simulations. By bridging these two approaches, we provide a new
framework for studying bubble expansion, with implications for gravitational wave pre-

dictions and beyond.
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4.1 Equations of motion for the system

To describe the dynamics of the phase transition, we consider a system consisting of
a scalar field ¢ interacting with a thermal plasma. The evolution of such a system
is governed by the conservation of the total energy-momentum tensor, which includes

contributions from both the field and the fluid. It takes the form
T = Tiga + Thuia- (4.1)
The individual components are given by

Tieq = 0"00" ¢ — " (%aad)@aqﬁ) : (4.2)

Thuia = wut'u” + g"p, (4.3)

where u* is the four-velocity of the fluid, and p denotes its pressure. Note that in our
convention the vacuum energy is incorporated into the fluid energy-momentum tensor
via the equation of state (3.26)-(3.28), so it does not explicitly appear in the above
expressions. To recover eq. (3.3), we will later introduce the derivatives of the effective
potential as a source term for hydrodynamic backreaction.

Since we focus on the dynamics of a single, spherically symmetric bubble, it is
convenient to work in spherical coordinates. In flat spacetime, the metric tensor takes

the form

g=—dt®dt+dr @ dr+r*(df ® df + sin® 0dp @ dyp) . (4.4)

Here, we neglect the effects of cosmological expansion, as the timescale for bubble
growth in moderately strong phase transitions during the radiation-dominated era is
much shorter than the Hubble time.

The conservation of the energy momentum tensor can be separated into field and
fluid parts, both of which are not conserved independently due to the additional energy

transfer terms:

vy _OV,, v

V. T = 8¢8 ¢ + nu0,,90" ¢, (4.5)
y ov _, y

ViuTfia = —a—¢a ¢ — nut0,$0” P (4.6)
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The left-hand side of equation (4.5) contains the wave equation in spherical coordinates,

which leads to the equation of motion in the following form:

1 oV
- at2¢ + ﬁar(TQar(b) - 8_925 = 7)7((9%25 =+ Uar¢)' (47>
This equation recovers (3.3) for the n-dependent term that parametrizes the non-equilibrium
friction, expressed as:

dm? d’
B Z n?izqg(b) / (27T)3Z;Ei 0 fi(p,x) = nut0,¢, (4.8)

which is consistent with the form of entropy current (3.35). The numerical value of n
remains, in principle unknown, so we leave it as the free parameter in the simulation.
The equations governing the fluid dynamics determine the evolution of thermodynamic
quantities v and p that describe the plasma. With the four-velocity of the perfect fluid,
and considering the time (v = 0) and spatial (v = 1) components of equation (4.6), we

obtain
1
VTl = Vi (wu'n® + ¢"°p) = 0, (wy® — p) + =0, (r*wy*v), (4.9)
r
1
ViThia = Va (wu'u' + g"'p) = d(wy*v) + —0r (r*wy*v?) + O,p. (4.10)
r

To simplify the equations, we introduce two new thermodynamic variables: Z :=
wvy?v and 7 := wy? — p. Using this parametrization, the equations of motion for the

fluid can be rewritten as

ov

O + 50, (r 4 p)v) = 5500+ 1100 + 00,0)040, (4.11)
0L + 50, (©°20) + O = ~5-0,0 (@10 +00,000,0.  (412)

Equations (4.11) and (4.12), together with (4.7), supplemented by the equation of state (3.26)-
(3.28), form a closed system of partial differential equations, which is further discretized

and solved numerically on a lattice, as described in the next section.

4.2 Numerical treatment

In order to obtain a numerical approximation for solutions of equations (4.7), (4.11)

and (4.12) we use the finite element method, in both time and space.
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Figure 4.1: Schematic illustration of the interpolating functions used in the spacial
Galerkin method: discontinuous piecewise constant function for the interpolation of the
scalar field ¢ and conserved quantities Z, T (left panel); discontinuous piecewise linear

function for the interpolation of the scalar field gradient 1 = 0.¢ (right panel).

To discretise in space, we employ the discontinuous Galerkin method [120-127].
The computational domain [0, R] is divided into elements of length §r. The wave equa-
tion (4.7), governing the evolution of the scalar field is treated using a mixed scheme,
introducing an auxiliary variable ¢ = 0,¢, which is interpolated using discontinuous
piecewise linear functions (see Fig.4.1). For numerical quadrature, we employ a trape-

zoid rule adapted to spherical coordinates:

b
b—a
2 - lim —— 2,9 2
/ag:f(a:)da: Jim — fla+e€) (3a® + 2ab+ b*) +

(4.13)
1= o) (@ + 20+ 38) | +O ((b—a)’).

which generalizes the second-order central finite difference scheme in Cartesian coordi-
nates.

In the centre of the bubble (r = 0) we impose the Neumann boundary condition
for field ¢, which in the mixed formulation translates to v¢|,_, = 0. At the outer edge
of the computational domain (r = R), we enforce the Dirichlet boundary condition by
setting the field value to the position of the false minimum.

For the temporal discretization, we utilize the discontinuous piecewise linear interpo-
lation functions for ¢ and right-discontinuous linear interpolation for its time derivative

¢, yielding a scheme that mimics position formulation of the Strémer-Verlet method.
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Compared to the scalar field equation, deriving a numerical scheme for the plasma
evolution is significantly more challenging. Equations (4.11) and (4.12) are first-order
hyperbolic equations which present difficulties for numerical methods due to the forma-
tion of discontinuities within a finite time, even from smooth initial conditions. Various
numerical methods have been proposed to address this issue. We decided to use flux-
corrected transport, as introduced in [128-131], to maintain second-order accuracy in
smooth regions of the profile while preventing numerical artifacts (such as the Gibbs
effect) around discontinuities. This approach employs two schemes, referred to as high-
order and low-order, which are combined in a way that ensures the solution remains
within the range of physically correct values according to the maximum principle [132,
133].

To derive the high-order scheme (second-order in our case) for the FCT procedure,
we employed the local discontinuous Galerkin method with piecewise constant interpo-
lation functions for the conserved quantities Z and 7. Time integration of the high-order
scheme was performed using the explicit midpoint method [120-127]. The low-order
scheme was constructed via algebraic upwinding [128-131] which yields a local extrema
diminishing scheme, and was integrated in time using the backward (implicit) Euler
method. The forward (explicit) Euler method was tested but proved to be unstable in
certain cases near the centre of the bubble r = 0.

For the limiting procedure, we adapted Zalesak’s peak preserving limiter [134] in-
corporating a correction inspired by [135] to restrict the range over which conserved
quantity values are considered when limiting antidiffusive fluxes.

The entire FCT algorithm can be summarized in the following steps:

1. Compute the low-order fluxes F' using a method that ensures no unphysical

values are generated.

2. Compute the high-order fluxes F'¥ using a method that maintains accuracy in

smooth regions of the solution.
3. Compute the antidiffusive fluxes as A = F# — F'L,

4. Compute the numerical solution for the conserved quantities UY using the low-

order method.
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5. Limit the antidiffusive fluxes as A, = oA, ensuring that o ~ 1 in smooth regions

and a ~ 0 near shocks.

6. Apply the limited fluxes A, to U%, o obtain the final solution, which reproduces

the high-order scheme in smooth regions.

Finally, since the fluxes in equations(4.11) and (4.12) are expressed in terms of
both conserved and so-called primitive variables v, T' (and p derived from them), it is
necessary to determine the primitive variables from ¢, 7, and Z, which are evolved in

the code. To achieve this, we combine the equations of state (3.26)-(3.28) to obtain

T+p(6,T) — % (w(¢, T) + w(p, T)? + 422> = 0. (4.14)

This equation is solved using the Raphson-Newton method to find the temperature 7'
Once T is determined, w and p can be computed directly from the equations of state,

and the velocity v can be easily obtained by inverting the definition of Z.

4.3 Setup of the simulations

The numerical simulations were performed on the KRUK computer cluster [136]. In most
cases, the grid size was set to dr = 0.01 GeV~! and 6t = 0.001 GeV~!, although other
values were tested to ensure numerical convergence. The duration of the evolution
was chosen to be long enough for the system to asymptotically reach stationary states,
typically set to tmar ~ 100 GeV~!, depending on the specific model. The physical size
of the lattice was fixed at R = t,,,4., Which is large enough to prevent the bubbles from
reaching the boundaries, as they expand subluminally.

Each simulation was initialized with field profiles corresponding to the recently
nucleated bubble, computed using the CosmoTransitions code [85], denoted with the
dashed profiles in Fig.4.2. To smoothly extend the initial profile across the entire

computational domain, we fitted a hyperbolic tangent ansatz, given by

p(t=0) = % (1 — tanh - ;w’”o) : (4.15)

to the actual critical bubble, treating v,., rg, and L, as fitting parameters. The plasma

velocity v and temperature 7" were initialized as spatially uniform, with v(r) = 0 and
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T(r) = T,, respectively. This choice approximates a homogeneous plasma in which
nucleation occurs and enables accurate tracking of the early stages of bubble evolution
and the formation of the fluid profiles. The conserved variables Z and 7 were initialized

to the values corresponding to the initial profiles of v and T

4.4 Benchmark evolution

To evaluate the performance of our code, we initialized simulations with two benchmark
points that have been previously studied in a similar context [60], using a toy-model

potential with high-temperature corrections, parametrized as
2

Vi, T) = —79T—0g*T4 + %7(T2 — T2)$* — éaT& - iw‘,. (4.16)
Table 4.1 summarizes the key parameters characterizing these models.

Fig. 4.2 shows the early-time evolution of the scalar field and plasma profiles for
benchmark model Ms, evaluated for two different values of the effective friction co-
efficient corresponding to distinct hydrodynamic regimes. The left column illustrates
the evolution toward a deflagration-like solution (1/7, = 0.45), while the right column
corresponds to a detonation-like regime (n/7, = 0.13). All profiles are plotted as func-
tions of the radial coordinate r, with color indicating time since nucleation in the range
t €[0,0.05 tmax|. The gray dashed line marks the initial critical bubble configuration.

These snapshots show how the system dynamically develops structures character-
istic of a self-similar regime from the natural initial configuration. As friction and
hydrodynamic backreaction come into play, the scalar field profile becomes thinner and
approaches the true vacuum vy at the centre of the bubble, while the plasma velocity
and temperature gradients evolve into well-defined, stationary shapes.

A detailed view of the stationary regime is presented in Fig. 4.3, where the profiles

are shown in self-similar coordinates £ = r/t. In this representation, all thermodynamic

Benchmark T, [GeV|  Tj [GeV] ol J A T, |GeV] Qg
VIO
M, 100 5 & 2 = 86 0.005
V10
M, 100 NG = ¥ & 80 0.05

Table 4.1:  Model parameters for the benchmark points
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Figure 4.2: Farly stages of the real-time evolution of the system for the benchmark model
M,y with the effective friction parameter n/T. = 0.45 (left column) and n/T. = 0.13
(right column). Colour coding denotes the time t since nucleation. Top row: scalar

field profile ¢(r)/vo, with the critical bubble shown as a dashed line. Middle row:

plasma velocity profile v(r). Bottom row: plasma temperature profile T(r)/T,.
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Figure 4.3: Real-time evolution of the system toward stationary state for benchmark
model My with effective friction parameter n/T. = 0.45. Colour coding denotes the time
t since nucleation. Left column: scalar field ¢ normalized to its vacuum expectation
value in the broken phase vy and conserved variables T and Z describing the fluid.
Right column: primitive variables, i.e plasma velocity v, temperature T' and pressure
p. Some thermodynamical quantities are normalized to their values in the nucleation

temperature.
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Figure 4.4: Time evolution of the plasma shell profiles for plasma velocity v and en-
thalpy w as functions of the self-similar variable & = r/t. In general, all three types of
solutions were found: deflagrations (first row), hybrids (second row), and detonations
(third row). Different shades of blue correspond to the time flow. Profiles evolve towards
stationary states represented by darker colours. Red, dashed lines denote analytical pro-

files obtained within the bag model.
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quantities clearly approach stable, self-similar configurations. For simplicity, we show
only the results for the deflagration here; however, stationary detonations and hybrid
solutions are obtained in a similar manner, with examples provided later in this chapter.

The shapes of stationary profiles show excellent agreement with the predictions of
the bag model. A comparison between of our simulation results and the analytical
profiles for three representative cases is presented in Fig. 4.4. As shown, we successfully
resolved the shocks and accurately reproduced the form of hybrid solutions, which has
typically been a challenge in previous studies involving dynamical codes.

The results of the scan over the friction parameter 7, presented in Fig. 4.5, confirm
the general trend that as n grows, the wall velocity monotonically decreases. However,
not all the velocities are typically realized. For the stronger transition (Ms), we obtained
all three types of solutions, whereas for the weaker one (M), no hybrids were found.
This confirms the presence of a velocity gap in the region where hybrid profiles are
expected. Such a gap appears in both cases: for M, it spans the entire range &, €
[cy, cs], while for My, it allows the deflagration branch to extend to solutions with
supersonic wall velocities. The details of this phenomenon had not been well understood

previously and were the main focus of our work in [1].

4.5 Velocity gap

As shown in the previous section, the exact relation between the friction parameter n
and the terminal wall velocity &,,, generally, depends on the parameters of the potential.
To investigate its dependence on the vacuum expectation value of the scalar field, we
considered different realizations of phase transitions while keeping both the transition
strength gy and the nucleation temperature ratio T, /T, fixed. Fig.4.6 demonstrates
that since n ~ ¢!, the field value in the true vacuum, vy, fully determines the position
of the velocity gap in terms of the friction parameter n. We therefore conclude that
the shape of the &, (n) relation can be fully described in terms of «y and 7,,/T. alone.
Moreover, this dependence appears to be universal across a broad class of models with
polynomial potentials, as it does not explicitly rely on any model-specific couplings.
To further investigate the role of the nucleation temperature, we extended our anal-

ysis to a set of potentials where ay and the critical temperature 7T, remain fixed, but
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Figure 4.5: Relation between the friction parameter n and the bubble-wall velocity in the
stationary state &, (left panels). Overview of the corresponding velocity profiles for each
point (right panels). The first row corresponds to the weaker transition (M), while the

second to the stronger one (Ms).

the potential parameters are chosen to yield different nucleation temperatures 7,,. This
allows us to isolate the impact of T, on the &,(n) relation. The results, presented in
Fig. 4.7 (left panels), illustrate how varying T, affects the dependence of the wall veloc-

ity on the friction parameter for two representative transition strengths, oy € 0.05,0.1.

The results indicate that higher nucleation temperatures lead to a wider velocity
gap, whereas for lower temperatures, nearly the entire range of wall velocities can be
realized. Notably, when the nucleation temperature approaches the critical tempera-
ture, the bubble-wall velocity becomes constrained for both deflagrations and hybrids,

preventing it from reaching the speed of sound.

This dependence is further illustrated in the right column of Fig.4.7, where we

present the temperature at the peak of the bubble-wall profile for different nucleation
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Figure 4.6: Relation between the friction parameter n and bubble-wall velocity in the
stationary state &, for the fived nucleation temperature T,, = 76 GeV (left panel) and
T, = 92 GeV (right panel). Different colours represent different positions of the true

vacuum.

temperatures and values of ag. As seen, a stationary state cannot generally be achieved
if the temperature profile significantly exceeds the critical temperature. This condition
plays a crucial role in explaining the lower part of the velocity gap, where &, < ¢s. In
fact, this type of hydrodynamical obstruction was already proposed in the small-velocity
limit [105], where bounds on the subsonic wall velocity were derived.

Our results agree roughly with those limits when the nucleation temperature is very
close to the critical one. However, we found that a similar behaviour continues for much
lower temperatures and eventually also supersonic solutions are affected. The mech-
anism itself in those cases becomes less straightforward, though, as the temperature
reached within the shells is significantly below the critical one when the instability sets
in, and the non-equilibrium effects become important.

We conclude that some solutions are always forbidden, and the velocity gap widens
as the nucleation temperature predicted by the potential approaches the critical tem-
perature, at which the potential minima become degenerate. In [1], we provided only
a qualitative description of this phenomenon and proposed a simple fit:

T\*
&) = (1 — Ti) ,  with &k =0.2768 + 0.0055, (4.17)
which serves as a rough approximation of the upper bound for the wall velocity in
deflagration/hybrid solutions. This relation has a similar origin to the one proposed in

[105], but it includes an additional suppression factor, characterized by the power k,
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Figure 4.7: Relation between the friction parameter n and bubble-wall velocity in the
stationary state &, (left panels) and the mazimum of the plasma temperature along the
profile (right panels). Potentials are chosen such that the strength of the transition is
fized to g = 0.05 (upper row) and ag = 0.1 (lower row). The value of the nucleation

temperature T}, is encoded with the colour.

which accounts for the effects observed at low temperatures.

Note that in some extreme cases with 7,, ~ T., detonation solutions were not ob-
served, suggesting that in the limit  — 0, pure hydrodynamic backreaction can lead
to subsonic steady-state expansion. This result, analytically predicted in [30, 31| but
not previously reported in numerical simulations, served as a starting point for bridg-
ing these two approaches. It motivated a more detailed study of real-time bubble-wall

dynamics in the limit 7 — 0 [2]|, which is the focus of the next section.

Finally, a full quantitative understanding of the origin of the velocity gap was
achieved by introducing the entropy production rate and the corresponding match-
ing condition [3], as described in Chapter 3. This approach allowed us to fully predict
the size of the gap for a given model, parametrized by ay and ¥. An example of the

relation between the forbidden region and ay for ¥ = 0.95 is illustrated in Fig. 4.8.
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Figure 4.8: Left panel: Maximum wall velocity on the deflagration/hybrid branch,
obtained from real-time simulations, as a function of T,,/T., with the fit given by (4.17).
Right panel: Analytical estimates of the velocity gap as a function of cy, obtained using
the generalized matching method (see Chapter 3). The blue line represents the fastest
deflagration/hybrid solution, while the red line corresponds to the slowest detonation.

Note that for ay < arrg, no detonation solution exists.

4.6 Real-time evolution of the bubble in LTE

To further investigate the impact of hydrodynamic backreaction and verify the asymp-
totic behaviour of the solution in the limit of local thermal equilibrium, we employ
our numerical framework to simulate the real-time evolution of bubble-wall expansion
in the absence of non-equilibrium friction. As discussed in Chapter 3, this limit was
recently analysed analytically [34], but numerical confirmation has so far remained
elusive. Building upon the insights from the previous section, we now focus on the
self-consistent dynamics of the expanding wall when frictional forces become negligible.

As a benchmark model, we consider a singlet scalar extension of the Standard Model,
using the parameter sample presented in Chapter 2. Our results reveal significant
deviations from the predictions of the matching method, as illustrated in Fig.4.9. The
left panel presents the velocities obtained from our simulations, while the right panel
shows the corresponding predictions from the matching method. For the majority of
cases where the matching approach predicts deflagration or hybrid solutions, we observe
a qualitatively different evolution: the bubble walls accelerate beyond the Jouguet
velocity before a heated fluid shell can form in front of the expanding bubble.

A representative example of this behaviour is depicted in the left panel of Fig. 4.10.
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Figure 4.9: Results for the bubble-wall velocity in LTE from the hydrodynamical simu-
lations (left panel) and from analytical calculations [34] (right panel). The stationary
states are shown in shades of blue corresponding to the wall velocity in both panels while
runaway scenarios are shown in red. In most of the parameter space where matching
equations predict a deflagration or hybrid solution the simulation results in a runaway.
In those cases, the simulated bubble accelerates beyond the Jouguet velocity before the
heated fluid shell around the bubble is formed while analytical methods assume a steady

state at all times where the shell is heated enough to cease the acceleration.

This effect can be understood as a direct consequence of the rapid bubble growth in local
thermal equilibrium. During the early stages of expansion, the plasma perturbations
remain small in amplitude and less sharply defined compared to their steady-state
counterparts. As a result, the backreaction force exerted by the plasma on the bubble
wall is significantly weaker than in the stationary regime, allowing the wall to accelerate
further. If the velocity surpasses the Jouguet limit before a steady-state profile is
established, no stationary solution can be realized, and the bubble continues to grow
in a runaway-like manner.

This phenomenon is not limited to isolated cases but occurs for the vast majority
of parameter points in our scan where the matching method predicts a finite wall
velocity. In fact, the realisations that do reach a steady-state solution are confined
to a finely-tuned region of parameter space, where T,,/T. ~ 1. For relatively weak
transitions that are not supercooled, the plasma temperature around the bubble front
quickly reaches the critical temperature T.. This prevents further acceleration of the
bubble wall, as achieving higher velocities (up to the Chapman-Jouguet limit) would

require a temperature peak exceeding T, which would locally tend to reverse the ongoing
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Figure 4.10: Two possible scenarios for the growing bubble in local thermal equilibrium
approzimation: rapid expansion beyond Chapman-Jouguet velocity leading to a runaway
scenario (left panel) and evolution toward a stationary state predicted by matching con-
ditions (right panel). Solid blue curves represent the results of the real-time simulations,
where darker shades correspond to later times. Red, dashed curves denote predictions

of the equilibrium methods.

transition. From this moment the bubble asymptotically approaches a constant velocity,
and the plasma profiles evolve toward the stationary states predicted by the matching

conditions.

A similar behaviour was observed in the ballistic simulations |7]. From the EoM (3.42)
it follows that the wall tension parameter o does affect the terminal velocity in the limit
R — o0, provided that AP remains unchanged. However, when the particle-particle
interactions are included, the fluid thermalizes, making AP time-dependent. To verify
this scenario, N-body simulations were performed, varying o, while keeping the re-
maining parameters fixed. The results confirmed that modifying the wall tension did
not alter the terminal velocity but influenced whether a stationary solution could be
achieved and how rapidly the wall velocity evolved in the early stages of expansion. For
a detailed discussion of these results, see |7].

While this occurs only in a very limited region of the parameter space, it is worth
noting that the bubble-wall velocities and plasma profiles obtained from our hydro-
dynamic simulations closely match those predicted by the matching method of [34] in
cases where both approaches indicate non-runaway behaviour. A direct comparison of
the predictions for this subset of parameter points is presented in Fig.4.11, showing

that the differences do not exceed a few percent.
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Figure 4.11:  Comparison of the bubble-wall velocity from matching method estimates
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the difference between these two values Av,, = v
results from the fact that the two methods agree on the final steady state solution in a
very small part of the parameter space where T, /T, and oy are tuned. The result of the

simulation is much more often a runaway (see Fig. 4.9).

To the best of our knowledge, this study represents the first attempt to directly
compare analytical predictions with numerical simulations in this context. The authors
of [114] employed a similar setup, solving the equations of motion for the very early
stages of bubble evolution (f,,4, = 0.6 GeV~!, compared with t,,,, ~ 100 GeV ! in our
work). While their results demonstrated the initial formation of hydrodynamic profiles,
the limited dynamical range prevented verification of whether steady-state solutions
were eventually reached. It is also worth noting that their analysis focused on a sin-
gle benchmark with T, /T, ~ 0.994, where they observed hydrodynamic obstruction,
consistent with our findings. Ref. [62] also reported fluid relaxation leading to the for-
mation of a shell, although, in that study, the numerical framework assumed a fixed wall
velocity, meaning that the emergence of a steady-state profile was a direct consequence
of this prior assumption rather than an independent outcome of the simulation.

Our results suggest that the assumption of immediate stationarity, inherent to the
matching method, overlooks the crucial role of early-stage dynamics in determining
the long-term behaviour of the bubble wall. In [3] we introduced a selection rule for
identifying whether a stationary state is dynamically realized. However, applying this
criterion requires going beyond local thermal equilibrium and analysing the system’s

asymptotic behaviour as the friction parameter vanishes, a topic we explore in the next
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Benchmark  ay U, ws(Ty) [GeV?Y] T, [GeV] hy |GeV] L¥#P [GeV |
By 0.0072  0.979 3.87 x 10° 96.8 172 0.181
By 0.0103 0.972 2.94 x 10° 90.6 182 0.079

Table 4.2: Benchmark realisations of the tSM model: benchmark By is an example of
the model which evolves towards stationary subsonic deflagration in the limit of n — 0.
In the same limit benchmark Bs evolves as the ultra-relativistic detonation, although the
analytical deflagration solution, predicted by the LTE equations, exists. The scan with

respect to the friction parameter n is presented on Fig. 4.12.

section.

4.7 Real-time evolution of the bubble beyond LTE

Building on our previous analysis, we now extend our study by incorporating non-
equilibrium effects, which are essential for capturing the full dynamics of the bubble-
wall evolution. In particular, we focus on the limit where friction arises solely from the
coupling to the Higgs field, adopting the assumption 7, = n and 1, = 0, similarly as in
[32, 33].

As discussed in Chapter 3, the generalized third matching equation (3.39) yields two
types of steady-state solutions: deflagrations/hybrids, whose wall velocity approaches
the LTE prediction in the limit 7 — 0, and stable detonations, which for n — 0 reach
&, — 1. Here, we compare these analytical predictions with the results of real-time
simulations for benchmark points representing both categories (see Table4.2).

To express the friction parameter 1 used in hydrodynamic simulations in terms of
the normalized friction parameter 7, it is crucial to determine the wall width L, for the
stationary field profile. Since solving the full system of equations is computationally

demanding, we employ a simple analytical approximation:

~_ Mo (4.18)

Ly, ~
V8Valr,

which depends on the Higgs VEV h( and the potential barrier between the supercooled

and true vacua on the tunneling path, evaluated at the critical temperature. Despite its
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Figure 4.12: The bubble-wall velocity v, in the stationary state plotted against the

effective friction parameter n for two benchmarks (see Table 4.2). Red and blue curves
represent the analytical results with the third matching condition beyond LTE given
with eq. (3.39). Solid and dotted lines denote different methods of bubble-wall width
evaluation: the exact value measured from the simulation, and the simple analytical
approzimation (4.18). Gray dashed lines mark the standard LTE analytical results (see
[34]), while grey crosses represent the results of real-time lattice simulations with the

full equations of motion of the system.

simplicity, this expression provides a remarkably accurate estimate of the wall velocity.
A more detailed justification for eq. (4.18), along with a comparison to wall widths

extracted from lattice simulations, is presented in the Appendix B.

Fig.4.12 presents our predictions for the terminal wall velocity as a function of the
friction coupling n, which is treated as a free parameter and varied across several orders
of magnitude. The grey crosses denote values obtained directly from the simulations,
while the solid and dashed lines depict our steady-state predictions, based on the ex-
tended matching conditions. The deflagration/hybrid branch of solutions is shown in
blue, and the detonation branch is marked in red, following the convention of Fig. 3.5.
The solid lines correspond to the analytical estimates discussed in Chapter 3, with
the wall width extracted from simulations. In contrast, the dashed lines employ the
simplified approximation from eq. (4.18). The close agreement between the two demon-
strates that the uncertainty introduced by this approximation is minimal. Finally, the

horizontal grey dashed line indicates the wall velocity in the LTE limit.

The left panel corresponds to a benchmark with ay < aprg, where hydrodynamic
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Figure 4.13: Solution types in the LTE regime as predicted by lattice simulations. In the
plotted region, a stationary LTE solution is dynamically realized only at the benchmarks
marked in blue, while for those marked in red, the wall undergoes runaway exrpansion.
The dark blue rim highlights points where the analytical computation does not predict the
existence of a detonation branch, implying that the system should evolve into a deflagra-
tion or hybrid solution. This analytical prediction is confirmed by lattice simulations,

which consistently converge to deflagration/hybrid solutions for all rimmed benchmarks.

obstruction in the LTE limit prevents further acceleration, leading to a stationary state.
In contrast, the right panel shows a case with ay > aprg, for which two distinct steady-
states are kinematically allowed in the limit of low n. When multiple stable asymptotic
solutions exist for the partial differencial equation, the initial conditions determine
which one is realized. Our simulations, starting from a nucleating bubble, indicate a
strong preference for the faster solution. This occurs because the fluid shell is still
forming when the wall surpasses the velocity of the slower solution, and at that stage,
the friction profile does not yet resemble the asymptotic form assumed in analytical

approaches.

To verify the accuracy of our selection rule, we applied it to the previously studied
sample. As shown in Fig.4.13, all benchmark points for which our method does not
predict the existence of a detonation branch dynamically evolve into stationary defla-
grations or hybrid solutions. This suggests that the absence of a detonation branch

serves as a sufficient condition for steady-state expansion.

The remaining deflagration/hybrid solutions may result from small numerical fric-

tion inherent in the simulations due to unavoidable imperfections of the numerical
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scheme. Another source of uncertainty stems from the approximations used in deriva-
tion of the analytical relation between friction and velocity. Additionally, we cannot
exclude the possibility that the deflagrations/hybrids observed in numerical simula-
tions, but not predicted by our condition, accelerate slowly enough to form heated fluid
shells that inhibit further acceleration before reaching the Jouguet velocity, ultimately
settling into a stationary state with a finite terminal velocity. As suggested by Fig. 4.13,
such cases appear to be highly fine-tuned. In the vast majority of the parameter space,
bubbles expand as runaways in the LTE approximation whenever the detonation branch

is present.
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Summary

Understanding the dynamics of cosmological first-order phase transitions is essential,
as the next generation of gravitational wave detectors promises to explore the Early
Universe with unprecedented sensitivity. This dissertation aimed to present our study
of vacuum bubble evolution during these transitions, offering a more comprehensive
framework for modelling their dynamics and bridging the gap between analytical pre-
dictions and numerical simulations.

Our first objective was to understand how stationary states emerge within a finite
time during the expansion of true vacuum bubbles. To this end, we developed numerical
lattice simulations, exploiting the system’s spherical symmetry to study the real-time
evolution of a single, spherically symmetric bubble. By comparing the resulting field
and fluid profiles with well-established analytical solutions based on the bag model, we
found a good level of agreement in their overall structure and asymptotic behaviour.

A key observation, however, was that the hydrodynamical obstruction preventing
the realization of the fastest deflagration and hybrid solutions appears to be a universal
feature. We consistently found that certain branches of solutions are excluded, with
the gap in allowed wall velocities widening as the nucleation temperature predicted
by the potential approaches the critical temperature at which the two minima become

degenerate. In extreme cases, even detonation solutions were fully suppressed. These
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aspects of our study were primarily discussed in [1].

Next, focusing on the bubble-wall velocity under the assumption of local thermal
equilibrium, we confirmed that equilibrium backreaction alone can sustain steady-state
expansion. Whenever such stationary states emerged in our simulations, the resulting
wall velocity closely matched recent predictions based on the matching equations [34].
However, this behavior proved to be highly exceptional and required a finely tuned
nucleation temperature. Indeed, steady expansion was only possible when supercooling

was negligible, that is, for transitions with T,, /T, ~ 1.

These results indicate that, in the absence of non-equilibrium friction, bubble ex-
pansion typically leads to runaway behavior. During the early stages of their evolution,
nucleated bubbles accelerate rapidly while the surrounding heated fluid shell is still
forming. In most cases, the walls exceed the Jouguet velocity and begin transitioning
into detonations before the fluid profile has time to stabilize. Once this stage is reached,
the bubble continues to accelerate indefinitely, even though a steady-state solution ex-
ists in which vacuum pressure would balance the driving force at a lower velocity. These

findings for local thermal equilibrium were presented in [2].

To extend our analysis beyond the local thermal equilibrium and include the effec-
tive friction present in realistic models, we refined the analytical computation of the
wall velocity by incorporating an updated matching condition that accounts for entropy
production. This improvement allowed us to identify a new branch of solutions con-
sisting of stable detonations that, in the limit of vanishing friction, smoothly transition

into runaway solutions.

To verify these predictions, we performed real-time lattice simulations. We found
that the analytical solutions closely match the simulation results, allowing us to predict
the behaviour of solutions across the entire model parameter space. Specifically, we
discovered that above a critical phase transition strength, there is no gap between the
velocities of the two solution branches, meaning all profiles are kinematically allowed.
Below this threshold, deflagration/hybrid solutions often coexist with the new deto-
nation branch, with a velocity gap separating them. Most importantly, our real-time
simulations demonstrate that the faster detonation solution is strongly favoured in these

cases.
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It is worth noting that our updated third matching condition enables the determi-
nation of the friction-dependent bubble-wall velocity without the need for simulations.
Additionally, it constrains the range of possible solutions and predicts the size of the
velocity gap. A simple rule of thumb we propose is that whenever a detonation result
appears on top of the regular deflagration /hybrid solution, it should be treated as the
physical one. The code for searching the steady-state velocity v, as a function of model
parameters and effective friction 7 is available online [115]. This part of the results is

discussed in [3].

The main limitations of the method stem from the range of applicability of the ansatz
used for the entropy source. While these challenges could potentially be addressed
by applying the Chapman-Enskog expansion of the Boltzmann equation for particles
interacting with the wall, a more fundamental difficulty lies in determining the precise
value of the n parameter. This parameter is essential for assessing how far the system is
from local thermal equilibrium. Some valuable insights can be derived from the ballistic
limit, which provides an upper bound on entropy production and suggests a maximum
possible value for 1. A more thorough investigation of these issues we will be addressed

in future works.

From a phenomenological perspective, our findings have important implications for
electroweak baryogenesis. In particular, if the early-time dynamics of bubble walls
significantly influence their eventual evolution, as our results suggest, then many re-
gions of parameter space previously considered viable may no longer support successful
baryogenesis. This is because electroweak baryogenesis requires sufficiently slow-moving
walls [96], typically realized in hybrid or deflagration solutions, whereas, according to
our analysis, detonations emerge as the more generic outcome. As a result, scenarios
capable of providing the necessary out-of-equilibrium conditions for baryon asymmetry
generation may be substantially constrained. This highlights the need to re-examine
existing baryogenesis studies that do not incorporate the dynamical selection of steady-

state solutions during bubble growth.

By contrast, the consequences for gravitational wave signals are less restrictive.
Although the inclusion of early-time dynamics alters the evolution of the wall and
may affect its final velocity in certain regions, these changes typically occur in tran-

sitions that are already too weak to produce observable gravitational waves. In other
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words, the scenarios where dynamical effects are most pronounced tend to correspond to
phase transitions below the sensitivity threshold of future interferometers such as LISA.
Therefore, while our results refine the theoretical understanding of bubble-wall dynam-
ics, they do not significantly change the prospects for gravitational wave detection from
cosmological first-order phase transitions.

To summarize, we have demonstrated that the early stages of bubble evolution dur-
ing cosmological phase transitions can significantly impact the resulting phenomenol-
ogy. In particular, assuming local thermal equilibrium during these early times typically
leads to a runaway solution, even when analytical methods predict a small terminal ve-
locity. Introducing the effective friction term allows for a better understanding and
control of this effect, providing a useful selection rule to determine whether the defla-
gration solution is physical. This has profound implications for our understanding of
the phase transition dynamics and may impact some of the cosmological observables in

considered theories.
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Sensitivity curves for LISA

Following [137], we will review the construction of sensitivity curves for LISA. Dominant
sources of noise are due to acceleration and optical path-length fluctuations, character-

ized with their amplitudes as

V(0a2) =3 x 107 m/s*,  /(022) = 1.5 x 107 m. (A1)

They constitute main sources of the noise, given by

$i0) =4 (VO@/L) (14 (fi/177) Bt 2576 x 107 (1L+ (1/)?) 57 Ha
(A.2)

Si(f) =4 (M(W)/L)2 Hz ' ~3.6x10* Hz! (A.3)

The effective noise can be modelled as

Salf) =g (et + Sulf)) AU+ Seanl1), (A1)
with the response function
R(f) = (1+(f2/1)). (A.5)

We use LISA arm length L = 2.5 x 10°m and characteristic frequencies f; = 0.4 mHz

and fo = 25 mHz. The galactic confusion noise is produced by the white dwarves and
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Figure A.1: Left panel: Computation of the power law sensitivity for SNR = 10.
The gray lines represent power law signals (A.9) with different slopes n, while the red
line correspond to resulting envelope. Gray-shaded region denotes the region for which
signal-to-noise ratio is greater than the threshold value.

Right panel: Power law sensitivity for different values of SNR (denoted with different
shades of gray) compared with LISA sensitivity curve (A.8) (denoted with a dashed line).

can be approximated with the following analytic fit

San(f) = AFEe(= (114 g [+ (F22)) 0 )

4

with A =1.14 x 107*, o = 1.8 and f; = 0.31 mHz. The frequencies f; and f;, depend

on the observational time Tgps through the following relations

logo(f3) = asglogo(Tons) + bs, logo(fr) = arlogo(Tons) + bi, (A7)

where the best fit parameters are a3 = —0.25, b3 = —2.7, ap = —0.27, by = —2.47 and
obrervational time T, is here given in years.

The quantity typically used to describe the sensitivity to SGWB is the energy density
sensitivity defined by

472

Qsems(f) = 3_%f38eff(f) <A8>

and the signal-to-noise ratio for a given signal can be estimated using eq. (1.54). In

order to estimate the detectability of a simple power law signal in the form

QGW(f) = Qn(f/fref)na (A,g)

the power law sensitivity was introduced. It is computed as the envelope of all power

law curves with different slopes n for fixed SNR. Example of such a construction
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is presented in the left panel of Fig. A.1, while on the right panel resulting power law

curves for three different values of SN R are compared with LISA sensitivity curve (A.8).
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Field profile widths

The bubble-wall width is a key parameter characterizing the structure and evolution
of the expanding bubble during a first-order phase transition. In particular, it plays
a significant role in determining the friction acting on the wall, and appears explicitly
in our modified third matching condition beyond the local thermal equilibrium (LTE)
approximation, see eqs. (3.39) and (3.40).

In this appendix, we review several methods for estimating the wall width based
solely on the form of the effective potential at the nucleation temperature. We de-
rive an analytic approximation in the single-field limit, discuss its generalization to
multi-field configurations, and compare it with prescriptions proposed in the literature.
These methods are then confronted with numerically extracted profiles from the lattice
simulations.

We begin with the scalar field equation of motion (4.7), written in the planar-wall
approximation, in which the curvature of the bubble is neglected. This simplification
is justified, as the associated corrections are suppressed by the inverse of the bubble
radius and are negligible at late stages of bubble evolution.

To obtain an equation for the stationary profile in the rest frame of the wall, we set
all time derivatives of the scalar field ¢ to zero. Moreover, for weak and moderately

strong transitions, lattice simulations indicate that the friction term can be neglected,
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Figure B.1: Left panel: example of the field profile from the real-time simulation
at its final time t = t,. compared with the fit given with eq. (B.3). Right panel:
time evolution of L, for Benchmark 1 of xSM (see Table 4.2). Different colours
represent different values of the effective friction parameter n. The asymptotic value

Ly, is achieved in the whole spectrum of n values.

at least in the case of deflagrations and hybrid solutions. Under these assumptions, the
equation reduces to a one-dimensional differential equation:
¢ WVen
=2 0
which describes the shape of the bubble wall in terms of the scalar field profile ¢(z). To

0, (B.1)

simplify the analysis, we restrict our attention to transitions for which the nucleation
and critical temperatures are close, i.e. T, ~ T, so that the temperature can be treated
as approximately constant across the wall. This assumption is justified in the region
of the xSM parameter space where deflagrations and hybrid solutions are dynamically
realized in the local thermal equilibrium limit [2]. Under this approximation, the scalar
field profile can be reliably determined by solving the equation of motion at the critical

temperature:
d2_¢ - a‘/eﬁ(¢7 T = TC)
d=2 0¢ '
The expression for the profile width is obtained by substituting the hyperbolic tan-

(B.2)

gent ansatz into the equation of motion:
6= [1—tann (7)) (B.3)

For a single-field potential, parametrized for instance as V' = \/4¢?(¢ — ¢o)? this yields

the well-known result |4, 138]

Vo
L, = ) B4
A (B.4)
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Figure B.2: Different approximations for the Higgs field profile width at the steady state

Ly*P. plotted against values obtained in lattice simulations Ly,.

where vy is the scalar VEV at broken vacuum, while V} is the barrier height. In the
multi-field case, the generalization of formula (B.4) remains accurate, provided that V} is
evaluated along the tunnelling path. Alternatively, a phenomenological approximation

can be used that does not require computing the tunneling path

Vo

Ly —20 B.5
None B3

where AV.g denotes the potential difference between the false and true vacua, typically
evaluated at the nucleation temperature.

These estimates, along with other commonly used approximations from the litera-
ture [4, 29, 73, 138|, have been compared with data from lattice simulations of bubble
expansion within the xSM model (see Fig. B.2). The lattice results for L, were obtained
by fitting a hyperbolic tangent function, as given in eq. (B.3), to the field profiles from
the lattice simulations. An example of such a fit is shown in the left panel of Fig. B.1,
while the right panel presents the time evolution of the fitted wall width as it approaches
the stationary limit. Notably, within the deflagration/hybrid branch, the asymptotic
value of L,, is independent of the effective friction 7, which justifies the omission of the
friction term in eq. (B.1).

While all the analyzed methods correctly predict the order of magnitude of the Higgs
profile width L, the exact values often differ significantly from the lattice results. The
most accurate predictions, within 6% from the lattice values, are obtained with (B.4).

The simpler estimate in equation (B.5) also provides a surprisingly good approximation
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for smaller profile widths, but for larger values of L, it tends to overestimate the lattice
results by up to 35%. Additionally, we include in our comparison the built-in routine
from CosmoTransitions [85] that calculates the profile of the wall moving through the
plasma, which should not be confused with the routine used for computing the critical
profile. This method also slightly overestimates the lattice results, with deviations

remaining under 15%. The simple estimate assuming a symmetric barrier, given by
h
Ly~ —— (B.6)
8‘/eff (%a S?O)

underestimates the profile widths by a factor of 5 to 8 compared to the lattice results.

Additionally, the approximation based on the critical temperature,
Lh ~ —, (B7)

also yields significantly smaller values for the xXSM Higgs profile widths. To summarize,
we recommend using the expression (B.4), which has been employed in the main part

of the work.
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