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Abstract

Quantum metrology exploits non-classical phenomena, such as coherence and en-
tanglement, to enhance measurement precision. This thesis advances theoretical
metrology in two different directions. First, I develop general theoretical tools
to study fundamental metrological limits in the relatively unexplored regime of
correlated signal and noise. Second, I focus on quantum-inspired superresolution
imaging and demonstrate how temporal optical signal correlations serve as a valuable
metrological resource.

The first part (Chapters 2-4) develops techniques for quantum Fisher information
(QFI) optimization over general adaptive metrological protocols in the presence of
correlated noise. Exact solutions, demonstrated in previous works, are feasible only
for small channel numbers (typically N < 5). In this thesis, the large-N limit is
explored, for which lower and upper bounds for the optimal QFI are derived.

Chapter 2 presents tensor-network-based methods that handle adaptive protocols
under ancilla dimension constraints. Applicable to both correlated and uncorrelated
scenarios, these methods provide constructive lower bounds for significantly larger
systems than previously possible.

Chapter 3 derives universal upper bounds for adaptive QFI in uncorrelated models.
The derived bounds are proven to be asymptotically tight. This enables the proof of
the general asymptotic equivalence between the metrological performance of parallel
and adaptive schemes, which was a long-standing open question.

Chapter 4 extends the bounds derived in Chapter 3 to the fully general case involving
signal and noise correlations. This allows us to study two canonical physical cases
involving correlations—phase estimation in the presence of correlated dephasing
noise, and collisional quantum thermometry.

Chapter 5 introduces a universal measure of the vulnerability of quantum estimation
precision to measurement imperfections, which we call Fisher information measure-
ment noise susceptibility (FI MeNoS). We demonstrate the usefulness of this quantity
in analyzing interferometry and superresolution imaging scenarios. We show that
sub-Poissonian photon statistics, arising from antibunching, enable to construct a
less noise-susceptible measurements for a binary source separation estimation.

Chapter 6 shows how temporal correlations of optical signal resulting from emitter
blinking enhance quantum-inspired superresolution. We consider estimation of spatial
moments for arbitrary objects. Correlations are shown to enhance precision of higher



spatial moments estimation and, more importantly, to enable extraction of the
information about these higher moments using significantly simpler measurements.



Streszczenie

Metrologia kwantowa wykorzystuje nieklasyczne zjawiska, takie jak koherencja i
splatanie kwantowe, do zwiekszania precyzji pomiaréw. Wyniki zawarte w niniejszej
rozprawie odnoszg si¢ do dwoch réznych kierunkéw badan w tej dziedzinie. W
pierwszej czesci rozprawy opracowuje ogoélne narzedzia teoretyczne do badania fun-
damentalnych ograniczen metrologicznych w dotychczas stabo zbadanym rezimie
skorelowanego sygnalu i szumu. Nastepnie, skupiam sie na kwantowo inspirowanym
obrazowaniu nadrozdzielczym i pokazuje, ze czasowe korelacje sygnatu stanowia
metrologicznie warto$ciowy zasob.

W pierwszej czesci rozprawy (rozdzialty 2-4) rozwijane sa uniwersalne techniki op-
tymalizacji kwantowej informacji Fishera (QFI) po protokotach adaptatywnych w
obecnosci skorelowanego szumu. Doktadne wykonanie tej optymalizacji jest mozliwe
jedynie w przypadku malej liczby estymowanych kanatow (typowo N < 5). Celem tej
rozprawy jest zbadanie obszaru duzych N, w ktorym mozliwe jest jedynie wyprowadze-
nie dolnych i gérnych ograniczen na wynik optymalizacji.

Rozdzial 2 przedstawia metody oparte na sieciach tensorowych, pozwalajacych
efektywnie optymalizowaé protokoty adaptatywne przy dodatkowym ograniczeniu
rozmiaru uktadu pomocniczego (ancilli). Metody te, majace zastosowanie zaréwno do
scenariuszy skorelowanych, jak i nieskorelowanych, pozwalajg uzyska¢ konstruktywne
dolne ograniczenia kwantowej informacji Fishera dla uktadéw, ktérych rozmiar
znacznie przekracza mozliwosci wezesniejszych algorytmow.

W rozdziale 3 wyprowadzone sa uniwersalne gérne ograniczenia adaptatywnej kwan-
towej informacji Fishera dla przypadku modeli nieskorelowanych. Wyprowadzone
ograniczenia sg asymptotycznie wysycalne. Pozwala to wykaza¢ ogolng asymptoty-
czng réwnowaznosé metrologicznych schematéw réownoleglych i adaptatywnych, co
przez dtuzszy czas stanowito otwarty problem.

Rozdziat 4 rozszerza ograniczenia wyprowadzone w Rozdziale 3 do w pelni ogélnego
przypadku obejmujacego korelacje sygnatu i szumu. Pozwala to zbadaé¢ dwa kanon-
iczne fizyczne przypadki, w ktorych kluczowa jest rola korelacji — estymacje fazy w
obecnosci skorelowanego szumu defazujacego oraz kolizyjna termometrie kwantowa.

Rozdzial 5 wprowadza uniwersalna miare wrazliwosci precyzji estymacji kwantowe;j
na niedoskonalosci pomiarowe, ktéra nazywamy podatnoscia informacji Fishera na
szum pomiarowy (Fisher information measurement noise susceptibility, F1 MeNoS).
Wielkos¢ ta okazuje sie by¢ uzyteczna do analizy kwantowej interferometrii i kwantowo-



inspirowanego obrazowania nadrozdzielczego. Pokazuje, ze sub-Poissonowska statystyka
fotondéw, wynikajaca ze zjawiska antygrupowania, umozliwia skonstruowanie pomi-
arow mniej podatnych na szum w przypadku estymacji rozsuniecia dwoch obra-
zowanych zZrodet.

Rozdzial 6 pokazuje, jak czasowe korelacje sygnatu optycznego wynikajace z migania
emiterow poprawiaja kwantowo inspirowang nadrozdzielczo$¢. Rozwazam estymacje
momentéw przestrzennych obiektéw o dowolnym ksztatcie. Pokazuje, ze korelacje
zwiekszaja precyzje estymacji wyzszych momentoéw przestrzennych oraz, co wazniejsze,
umozliwiajg uzyskanie informacji o tych wyzszych momentach przy uzyciu znacznie
prostszych pomiarow.
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Chapter 1

Introduction

1.1 Motivation and structure

The ultimate goal of quantum metrology is to exploit quantum effects in order to
enhance the precision of measurements of physical quantities [Dem15; Degl7; Pirl8;
Pez18; Pol20; Bar22|. Microscopic probes—such as photons, atoms, or molecules—
serve as sensitive detectors of parameters including, for example, time, length,
magnetic and gravitational fields, etc.

Quantum metrology is currently among the most promising areas of quantum
technologies [Dow03; Acil8|. A prominent illustration is the LIGO gravitational-
wave detector [Abb16], in which squeezed states of light are employed to enhance
interferometric measurement precision beyond the classical limit [Aas13; Tsel9).
Remarkably, it has been shown that, in the presence of photon losses, squeezed states
are the optimal choice for phase sensing among all states of light allowed by quantum
mechanics [Cav8l; Dem13|, even the most exotic ones! In this sense, the success
of squeezed-light metrology can be viewed as a very rare, fortunate coincidence:
squeezed states belong to the very narrow subset of non-classical states of light that
can be generated reliably in experimental settings, even for relatively large number
of photons involved.

Other applications of quantum metrology include ultra-precise time measurements
via atomic and optical clocks [Kat11; Hin13; Lud15; Bel21|, atomic [Bud07; Sew12;
Hor12; Bralb| and nitrogen-vacancy (NV) centers [Maz08; Aco09; Ronl4; Bar20;
Du24| magnetometry and spectroscopy, quantum-enhanced gravimetry [Szi20|, and
super-resolution optical imaging [Tsal6; Mor19]. In numerous of these applications,
the foundational principles are well-known, but connecting fundamental predictions
with practical applications still remains a challenge. One can distinguish different
research directions aiming to take up this challenge and push technology to theoretical
limits.

First, experimental works aim to implement increasingly broad class of metrological
protocols. This is typically achieved by reducing noise, enhancing the fidelity of
preparation of metrologically useful states, improving coherence times of quantum



probes, etc.

This direction is extensively supported by close-to-experiment theoretical works,
whose goal is to thoroughly analyze specific laboratory setups, and identify practical
routes to achieving quantum advantage. Such analyses usually rely on the theory
of open quantum systems |Gor76; Lin76; Bre02] in order to properly account for
decoherence effects [Zur03].

Finally, a complementary line of theoretical research focuses on establishing funda-
mental precision bounds and on developing general numerical or analytical tools for
identifying optimal metrological protocols. Rather than targeting specific quantum
systems, these works aim to advance methodologies applicable across a broad range of
experimental platforms. The current challenge is to extend the range of applicability
of these fundamental techniques, so they take into account complex structure of
noise, wide range of possible metrological protocols, and potentially limited access to
quantum resources.

The core of the research presented in this thesis (Chapters 2-4) belongs to this latter
category. The primary—though not exclusive—aim of the thesis is to develop general
theoretical tools suitable for analyzing scenarios involving correlated signal or noise.
Such scenarios are commonly present in practice, and have been analyzed in various
case-studies |Tsall; Jes14; Beal8; Seal9; Czal9; Rib22; Pla22; Yan24|. Nevertheless,
universal bounds and algorithms to optimize metrological protocols in the presence
of correlations have been missing for a long time. The presented research fills this
gap, which significantly broadens the applicability of universal metrological tools.

The work presented in Chapter 5 can also be classified as extending the general
toolbox of quantum metrology. However, this study was inspired by a particular
application—super-resolution imaging. Using introduced methodology, we observe
that signal correlations arising from non-Poissonian light statistics can enhance
quantum-inspired superresolution imaging.

Chapter 6 develops this concept further through close-to-experiment theoretical work
that proposes practical improvements to super-resolution imaging techniques based
on signal correlations resulting from emitters blinking.

In what follows, we provide a more detailed description of the thesis structure.

Chapter 1 introduces the general classification of quantum metrological schemes
(Sec. 1.2), discusses the mathematical formulation of metrological protocol optimiza-
tion (Sec. 1.3), and provides a brief overview of the most important results in the
field (Sec. 1.4). This allows the results presented in Chapters 24 to be placed in
the context of state-of-the-art research. The final section of this chapter (Sec. 1.5)
introduces the concept of quantum-inspired super-resolution imaging and discusses
the impact of signal correlations caused by non-Poissonian light statistics.

Chapter 2 contains the paper Quantum metrology using quantum combs and tensor
network formalism [Kur25c| published in New Journal of Physics. This work provides
efficient tensor-network based tools for optimizing adaptive metrological protocols in
the limit of large numbers of channel uses. Importantly, the method enables studying



scenarios with correlated noise and signal. The paper also includes an extended
theoretical introduction to concepts used throughout Chapters 2—4.

Chapter 3 contains the paper Using adaptiveness and causal superpositions against
noise in quantum metrology [Kur23b| published in Physical Review Letters. This work
derives universal bounds for the estimation precision of adaptive metrological proto-
cols. The asymptotic tightness of these bounds enables us to prove the asymptotic
equivalence between parallel and adaptive quantum metrological protocols, which
was a long-standing open problem. Although the results are limited to uncorrelated
noise, the developed tools are crucial for constructing bounds involving correlation
effects.

Chapter 4 contains the paper Universal bounds for quantum metrology in the
presence of correlated noise [Kur25b| published in Physical Review Letters. In this
work, universal metrological precision bounds valid for noise and signal correlations of
any type are derived. Two canonical models involving correlations are then studied—
phase estimation in the presence of correlated dephasing and quantum collisional
thermometry.

Chapter 5 contains the paper Measurement noise susceptibility in quantum esti-
mation [Kur23a| published in Physical Review Letters. In this work, we introduce
Fisher information measurement noise susceptibility (FI MeNoS), which quantifies
the potential loss of the estimation precision due to small measurement disturbance
of any type. We then study the quantum-inspired super-resolution imaging case, and
conclude, that signal correlations caused by quantum light statistics may lead to
increase of measurement robustness against noise.

Chapter 6 contains the paper Super-resolution microscopy via fluctuation-enhanced
spatial mode demultiplexing [Kur25a|, currently available as an arXiv preprint. This
is the most experimentally oriented work in this collection. It shows how to ex-
tract additional information from signal correlations caused by emitter blinking in
techniques utilizing quantum-inspired optimal superresolving measurements.

Chapter 7 summarizes all the results and provides an outlook on future work.

Each of Chapters 2-6 begins with a short introduction to the presented paper,
specifying my contribution to the work.

Appendix A describes my other research papers that are not included in this thesis.

1.2 Hierarchy of metrological protocols

Irrespectively of the specific quantity being measured or the nature of the quantum
probes used, metrological scenarios can be classified according to two criteria: their
real-world faithfulness and their degree of quantumness (see Fig. 1.1).

We begin by discussing the classification based on real-world faithfulness. The
simplest metrological scenarios to analyze are those in which no noise is present.
Although such situations are rarely present in practice, their study provided an
important theoretical baseline for the whole field of quantum metrology [Gio06|. In



the noiseless case, the parameter to be estimated denoted by ¢, is encoded in the
probe state through a ¢-dependent unitary channel U,, see Fig. 1.1(A1, B1, C1).
We assume that ¢ is a single real number, and represents the only unknown degree
of freedom of the examined system—all the results in this thesis are derived using
this single-parameter setup.

A canonical noiseless scenario involves the estimation of the strength of a static
magnetic field oriented along the z direction using a spin-1/2 probe. Then, the
parameter is imprinted on the probe via the unitary evolution U, = e~=%/2 where
0. denotes the corresponding Pauli matrix. Another widely studied physical case
is phase estimation in an optical interferometer under the assumptions of phase
stability and no photon losses.

In real experiments, however, the probes are affected by unwanted interactions with
the environment, leading to decoherence [Zur03; Sut16]|. As a consequence, the probe
dynamics is usually non-unitary. To capture this more realistic level of description,
one should model the probe evolution using a general, ¢-dependent quantum channel
A, which is mathematically represented as a completely positive, trace preserving
(CPTP) map [Niel0], see Fig. 1.1(A2, B2, C2).

This approach allows one to account for a wide range of experimentally relevant
effects, such as photon losses in optical interferometers, dephasing or depolarization
affecting spin probes, or amplitude damping of atomic probes caused by spontaneous
photon emission [Dem12|. Although the environment plays a crucial role in these
processes, it is not explicitly present in our description—channel A, represents the
effective evolution of the probe when the environment is inaccessible. This greatly
simplifies the whole analysis, especially when environmental system is large compared
to the probe system. For example, the problem of magnetic field sensing with a
spin-1/2 probe subject to dephasing noise can be formulated as the estimation of
the parameter ¢ encoded in a channel

2
Ap(0) =D Kypo Kl . Kip=Kpe 92 Ki=pl, Ky=+/1-po.,
k=1

(1.1)
where K, are Kraus operators of dephasing, p parametrizes the dephasing strength;
p = 0.5 corresponds to full dephasing, p = 1 corresponds to a noiseless case. Even
though the dephasing process is caused by interactions with environment, we are only
interested in its effect on a probe—such effect is described by the above qubit channel,
and the environment does not have to be explicitly present in the description.

However, this simplification relies on an important assumption: each application of
a channel A, needs to be an independent process, with its own, fresh environment.

Nevertheless, in multiple physically relevant situations, this assumption breaks down
[Brel6; Vegl7|. Therefore, to achieve the highest level of real-world faithfulness,
we should consider that subsequent probes interact with the common environment,
so the noise acting on different probes is correlated. Then, one needs to explicitly
take into account the environment memory in the description of the probe evolution.



Therefore, one should consider channels A, acting both on a probe and environmental
subsystems £, as shown in Fig. 1.1(A3, B3, C3). The whole parameter decoding
process is then a chain of channels, such that the environmental output of one channel
is an environmental input of the next channel. Such a chain can be mathematically
described as a quantum comb [Chi08; Chi09]—more details will be given in Chapter 2.

This framework allows to describe the broadest class of real-world effects involving
noise and signal correlations of both classical and quantum origin. For example, one
can consider the estimation of a constant component of a magnetic field with spin
probes, that are additionally affected by fluctuating magnetic field. These fluctuations
may be modeled as a stochastic process with memory, such that subsequent spins are
subject to correlated rotations. For a single spin, such random rotations amount to
simple dephasing noise. However, the description of a joint state of multiple rotated
spins is more complex, since it must take into account their mutual correlations.
More details about correlated dephasing model can be found in Chapters 2 and 4.

Let us now analyze another classification according to the degree of quantumness
used to implement a given protocol.

The most rudimentary quantum metrological resource is quantum coherence [Str17|,
which is the ability of preparing probes in superposition states. This resource is
inevitable in all phase estimation tasks—for example, when evolution is given by
a unitary operation U, = e¢~*=%/2_ then eigenstates |0),|1) of a generator o, and
their incoherent mixtures are invariant under the action of U,. Consequently, to
estimate , one should prepare a probe in a coherent superposition of generator’s
eigenstates. Formally, the density matrix p describing the probe quantum state
must have non-vanishing off-diagonal terms when expressed in the eigenbasis of the
generator o,. In the simplest metrological protocols, coherence is the only quantum
resource used, and independently prepared probes p interact with a measured system
in parallel, see Fig. 1.1(A1l, A2, A3). Thereafter, the measurement M is performed
on probes to get information about the parameter ¢. When we additionally assume
that there are no signal or noise correlations, the precision of ¢ estimation is limited
by the shot noise—the standard deviation of estimator ¢ scales as A@ ~ 1/v/N,
where N is the number of probes used. This is called a standard scaling (SS).

The estimation precision can be significantly increased if different probes are prepared
in an entangled state [Hor09], see Fig. 1.1(B1, B2, B3). This extra degree of
quantumness allows to beat the standard scaling. For example, when N probes are
prepared in a so-called NOON state [Dow08|, p = [ X¢], |[¢) = \%(|O>®N+ 11)®™), and

each probe evolves unitarily via U, = e~"7=%/2 then it is possible to achieve a so-called
Heisenberg scaling (HS) of estimation error, A@ ~ 1/N. Unfortunately, NOON states
are very fragile and thus not useful in the presence of noise. However, entanglement-
based schemes can be beneficial in noisy scenarios—for example, squeezed states
reduce the prefactor in the presence of dephasing or photon losses [Cav81; Dem12].

Another way to use entanglement in quantum metrology is to initially entangle probes
with an ancillary system A, which remains intact through the whole protocol, up to
a final measurement M. This means that ancillas do not interact with the measured



system and do not harvest information about p—mnevertheless, the correlations
between probes and ancillas resulting from initial entanglement might be useful to
increase the precision of estimation of ¢ in noisy scenarios [Fuj01].

In the schemes considered so far, probes evolve through different channels in parallel,
implying that the information gathered by one probe could not influence the initial
states of the others. To be more general, and exploit the potential of quantum
mechanics further, one can consider adaptive protocols, in which different quantum
channels are probed sequentially, and arbitrary control channels C; can be applied
between subsequent uses, see Fig. 1.1(C1, C2, C3). Importantly, the input probe
state can be entangled with an arbitrarily large ancillary system A . Therefore,
parallel schemes constitute a subset of adaptive schemes—one can simulate a parallel
scheme using adaptive setup with all probes included in an initial state, and choosing
quantum controls C; as appropriate SWAP operations, such that each probe is
sent to a corresponding channel . The opposite is not true—adaptive schemes are
more powerful than parallel, as it sometimes might be useful to send a single probe
through the channels sequentially, to acquire the signal coherently—the role of control
operations C; and entangled ancillary system is then crucial to fight against noise
using quantum error correction codes.

The distinction between three levels of quantumness—coherence, entanglement,
quantum adaptiveness—can be also made for correlated noise cases. Then, however,
one may sometimes expect scaling different than Ap ~ 1/ VN even for independent
probes, as output probe states may become correlated. One needs to also remember,
that in such a case, the term parallel only refers to the probe preparation—the noise
or signal correlations may be caused by a sequential process.

Interestingly, recent studies showed that quantum theory in principle allows for an
even broader class of protocols involving superpositions of different causal orders
of channel probing [Aral4; Gosl8; Frel9; Wec21; Bav21; Roz24|. This establishes
a fourth level of quantumness—quantum non-causality. While their experimental
realizability remains unclear, they have been shown to be capable of providing
metrological advantages in certain scenarios [Zha20; Cha21]|. For now, we will neglect
this theoretically possible quantum resource, but we discuss it further in Chapter 3.

To summarize, metrological schemes can be classified according to their real-world
faithfulness (no noise, uncorrelated noise, or correlated noise) and their level of
quantumness (coherence, entanglement, or adaptiveness), leading to the nine cases
shown in Fig. 1.1. According to this classification, the most general class of metro-
logical schemes—encompassing the widest range of real-world effects and quantum
metrological tools—is the class of adaptive schemes with correlated noise, C3. All
the remaining classes are subsets of this most general class. Consequently, any
metrological upper bounds derived for class C3 are also valid for all nine cases shown
in Fig. 1.1.

On the other hand, it is often useful to analyze these less general classes independently,
either to account for limited access to quantum resources or to obtain tighter bounds
by exploiting simplifying assumptions about the structure of the noise. As discussed
in the next section, the historical development typically proceeded from less general



to more general schemes.

Real-world faithfulness

Correlated
noise

Uncorrelated
noise

No noise

Degree of quantumness

Coherence ...+ entanglement ...+ quantum adaptiveness

Figure 1.1: Metrological schemes can be classified according to their real-world
faithfulness and degree of quantumness, resulting in a hierarchical classification with
different levels of generality. Regarding degree of quantumness, the least general
schemes (A1, A2, A3) rely solely on coherence of single probes; more general schemes
(B1, B2, B3) additionally exploit entanglement between input probes; the most general
schemes (C1, C2, C3) further incorporate adaptive quantum protocols. Regarding
real-world faithfulness, the simplest schemes (A1, B1, C1) assume noiseless unitary
parameter encoding; more realistic schemes (A2, B2, C2) incorporate uncorrelated
noise; the most general schemes (A3, B3, C3) account for arbitrary noise and signal
correlations. Class C3, the most general, encompasses all other presented schemes as
subclasses.

1.3 Quantum Metrology as an optimization problem

In all the schemes considered, one can distinguish the following groups of components:

1. Fixed components—the channels U, or A, which describe signal encoding and
noise. We denote the collection of such components for a given protocol by S,.

2. Adjustable, fully quantum components—input probes state p, and, in the case
of adaptive protocols, the control operations C;. We denote the set of these
components for a given protocol by C.



3. Adjustable measurement M—a quantum-to-classical map that transforms a
final quantum state into a classical outcome

The fundamental question of quantum metrology can be formulated as follows:

What s the optimal choice of adjustable components, and what is the
resulting precision of estimation of ¢

Let us now formulate this question as a well-defined mathematical problem. In
each protocol, the probes evolve through -encoding channels, and, when applicable,
through control operations. This results in a ¢-dependent quantum state of all
probes (and possibly of ancillary systems initially entangled with them), represented
by a density matrix p,. To emphasize that p, depends on elements of the protocol
belonging to both C and S, we write

po=CxS,. (1.2)

Intuitively, this notation indicates that p, is obtained by concatenating the inputs
and outputs of elements from C with the corresponding outputs and inputs of
elements from S,. The strict mathematical definition of the operation * (called a
link product |ChiO8]) will be given in Chapter 2, where we will also show how all
elements of C and S, can be represented as single mathematical objects. For the
moment, C x S, denotes as-yet-undefined function that outputs density matrix p,
for a specified protocol.

Information about ¢ is extracted from p, via a measurement M, which returns a
classical outcome = with a ¢-dependent probability p(z|p). More precisely, M =
{M,}.ex, where X is a set of all outcomes, operators M, act on the same Hilbert
space as p,, and form a positive operator-valued measure: the operators M, are
positive semidefinite and fw dxM, = 1. The conditional probability of an outcome x
is then given by

p(zlp) = Tr(p,My). (1.3)

After performing the measurement M, the problem reduces to a classical task of
estimation of the value of ¢ using an outcome x. In other words, we need to construct
an estimator ¢(x), which is a function of classical outcome that is supposed to predict
the value of ¢ as closely as possible.

There are two approaches to quantify the precision of estimation of .

In the Bayesian approach [Kay93|, one needs to specify two elements: (i) a prior
probability distribution pg(y) representing initial knowledge about ¢, and (ii) a
cost function C(p(z), ) quantifying the deviation of the estimator from the true
value. The most common choice is a quadratic cost, C(¢(z), ») = (¢(z) — ¢)?. The
estimator precision is quantified by the average cost

= / dy / dapo()p(2l0)C(3(2), ). (1.4)

which is the cost function averaged over all values of ¢, weighted by the prior
distribution, and over all outcomes x, weighted by their conditional probabilities.



Let us define the quantum cost Cg(S,), as the averaged cost minimized over all
adjustable elements (C, M, ¢) for a fixed signal encoding and noise. Taking into
account (1.3), (1.4), we get

Co(S,) = min / dy / depo(@)Tr(p M) C(3(2) ), po=CxS,  (L5)
which is the formulation of a general quantum metrological problem in the Bayesian
framework. The arguments (C, M, ¢), for which the minimum is achieved, can be
interpreted as optimal protocol, measurement and estimator respectively.

Let us now discuss an alternative, frequentist approach [Kay93]. We define the
expected value of an estimator as

E[3lo] = / dap(z|)(2), (16)

where the notation emphasizes the dependence on the true parameter’s value ¢. We
call an estimator globally unbiased if its expected value always follows the estimated
parameter,

v, E[ple] = . (1.7)

The estimator is locally unbiased around o = g if

E[3l0] = 0. % E3le] = 1. (18)

so the estimator’s expected value coincided with ¢ for ¢ = ¢y + dp up to 1st order
terms in dp.

In the frequentist approach, we do not specify a prior distribution, but instead we
focus on the estimation at the certain value of the parameter ¢ = g, and optimize
the mean-squared error (MSE), defined as

A% = / drp()p0) (3(x) — 00)?, (19)

over all estimators which are locally unbiased around ¢ = py. Hence, we can define
the frequentist cost function as a solution of the following optimization problem

. N N 9, N
CVfreq = min AQSO s.t. E[SOKOO] = o, a_ E[‘P‘SO] =1 (110)
v P lo=p0

This problem can be solved using a Cramér-Rao bound (CRB) [Kay93|, which says



that for any locally unbiased estimator @,

o)

ol (@
8% > i Fllale)] = [ da

o)
p(z]po)

: (1.11)

where F'is called a Fisher information (FI). Henceforth, we drop the ¢ notation
and simply write ¢.

We now discuss the saturability of the CRB. First, it can be always saturated by a
locally unbiased estimator, which leads to the conclusion that

1

Chreq = W (1.12)

However, the operational interpretation of this statement requires care. An estimator
that attains the CRB is, in general, guaranteed to be unbiased only locally. As a
result, the CRB is not necessarily saturable in practical scenarios, when the initial
knowledge about the parameter is limited.

In practice, one often repeats an experiment multiple times, and construct an
estimator @(xq,...x;) based on outcomes from k independent repetitions. The

resulting CRB reads

. 1
82 ) (1.13)

where F'is a F1 for a single repetition. This version of the bound is more operational—
in the asymptotic limit £ — oo, one can construct globally unbiased estimator
saturating the bound [Kay93|. In the limit of finite &, the bound (1.13) is still valid,
and often informative, but not necessarily saturable.

The FT is central quantity in the frequentist framework. In this setting, the general
quantum metrological problem is formulated as maximizing the FI over C and M:

Fo(S,) = max Flp(zle)],  plale) = Tr(ppMe),  pp =C xS, (1.14)

where Fy(S,) is called a protocol quantum Fisher information (protocol QFI).

When C is fixed, the problem reduces to maximizing the FI over all measurements
M acting on the given p-dependent output state p,. The resulting quantity is the
state quantum Fisher information (state QFI or simply QFI ), defined as

Fo(pe) = max Flp(zlp)],  p(z]p) = Tr(ppMe). (1.15)

Interestingly, there is a closed formula for the state QFI [Hel69],

) 1
Fo(py) = Tl"(p@Li), Po = 5(/050[@ + Lypy), (1.16)

where p, = % Py, and the right-hand-side part of the above equation is the definition
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of a matrix L, which is called a symmetric logarithmic derivative (SLD).

For pure states, the formula for the QFI is more straightforward,

2). (1.17)

Importantly, the state QFI is additive for independent quantum states,

Fallv,) =4 (1,16 (6,10,

Folpe ® 0,) = Folpy) + Foloy). (1.18)

When £ independent copies of p,, are measured, then the MSE of any locally unbiased

estimator of ¢ satisfies
1

>_ -
— kFqo(pe)

for any measurement M. This inequality is called Quantum Cramér-Rao bound

(QCRB).

A%p (1.19)

The protocol QFI (1.14) can be thus expressed as the following maximization of the
state QFI
Fo(S,) = max Fo(CxS,). (1.20)

Let us compare the Bayesian and frequentist approaches. The operational meaning
of the Bayesian cost is better justified—the initial knowledge about the parameter is
well defined by the prior distribution. In constract, for the frequentist approach, one
gets an upper bound for the MSE (1.13), which is only guaranteed to be saturable for
infinitely large number of experiment’s repetitions k, or when we sense infinitesimal
changes of a parameter around a well-known value.

On the other hand, the frequentist approach leads to a much simpler optimization
problem because the optimization over estimator and measurement can be done ana-
lytically, by calculating classical FI or state QFI respectively—the only optimization
left is the optimization over C , see (1.20). Moreover, the results obtained using the
frequentist approach may be regarded as universal bounds applicable even when it is
not clear how to define a prior distribution.

Importantly, the results obtained using the two approaches can be connected. For
example, the van Trees inequality bounds the Bayesian average quadratic cost using
the FI averaged over the prior [Jarl5; Dem20|. The connection between frequentist
and Bayesian results can also be established through the relation between the FI
and the mutual information [Gor25].

In the study of complex metrological scenarios, a frequentist approach is often the
first choice, as it leads to tractable bounds and offers good intuition regarding the
protocols leading to quantum advantage. The Bayesian approach then serves as a
validation of operational relevance of this advantage. The comparison between the
two approaches sometimes leads to surprising conclusions, such as correction of truly
operational Heisenberg limit by a factor = [G6r20].

Even in the frequentist setting, the optimization of the state QFI over protocols (1.20)
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is often a highly non-trivial task, especially for large number of probed channels V,
and for more complex metrological scenarios. In fact, this is one of the main research
goals of this thesis—to use the frequentist approach to extend the applicability of
general metrological tools to broader class of scenarios.

1.4 Context and contributions

Following this brief theoretical introduction, we now provide an overview of the
historical development of quantum metrology theory and place the results of this
thesis in the context of existing literature.

The foundations of quantum estimation theory were laid in the seminal work of
Helstrom [Hel69], and later in Refs. [Bra94; Holll|. The introduced framework
provides the conceptual basis of quantum metrology: although it does not address
the optimization of probe states, it introduces the essential tools for metrological
analysis, such as state QFI, or Bayesian cost defined for parameter encoded in a
quantum state.

In Ref. [Cav81|, Caves proposed the first explicit quantum-enhanced metrological
protocol, showing that squeezed states of light [Yue76| can be employed to reduce
quantum noise in optical interferometers and thereby enhance phase measurement
precision. This work was motivated by the early proposals for gravitational-wave
detection experiments [Tho80] and the studies of fundamental limitations of such
systems [Hol79; Cav80]. The idea of Caves was then further developed [Bon84;
Yur86b|, demonstrated experimentally [Xia87|, and extended to spin systems [Win92;
Kit93]. The proposed schemes offer the HS of the precision in the absence of noise,
and belong to class B1 (we use classification from Fig. 1.1), as squeezed states belong
to the family of entangled states [Dem15|. Interestingly, as early as in Ref. [Cav81],
the role of photon losses was studied, so some studied scenarios belong to class B2.
More than 30 years after the original proposal, squeezed states were injected into the
LIGO gravitational-wave detector [Aas13], leading to the first squeezing-enhanced
observation of a gravitational-wave signal in 2019' [Tsel9]. One can, therefore,
admire the fact that historically first proposed metrological scheme is one of the
most striking example of practical quantum advantage nowadays!

Going back to 90s, other early-studied metrological scenario was a frequency measure-
ment with two-level probes such as spins 1/2 [Win92| or ions with two available energy
levels [Ita93|—these scenarios belong to classes Al (when probes are independent, as
in Ref. [Ita93|) or B1 (when probes are entangled as in Ref. [Win92|).

Soon after the advent of squeezing-based metrology, it was shown that other types
of entangled states can also enhance the precision of interferometric [Yur86a; Hol93;
Dow98| and spectroscopic measurements [Bol96; Hue97|. The notable examples are

twin-Fock states resulting from the interference of two Fock states on a beam-splitter
[Hol93] and already mentioned NOON states [Bol96; Bot00; Lee02; Nag07; Dow08]|.

Tt should not be confused with first-ever gravitational wave detection without squeezed states
in 2015 [Abb16].

12



The growing number of examples of metrological protocols prompted more general
considerations about the ultimate metrological limits. In Ref. [Bol96], it was ar-
gued, using uncertainty relations, that the HS is the optimal scaling in noiseless,
entanglement-based phase estimation task (class B1), and that NOON states offer
the optimal phase estimation precision. The phase estimation problem was also
examined more rigorously using the Bayesian framework |Ber00|, which enabled
construction of optimal probe states for practical estimation scenarios with limited
prior knowledge.

The formal analogy between optical interferometers, quantum spectroscopy, and
quantum circuits [Lee02] enabled the introduction of a unified framework for noiseless
quantum metrology [Gio04; Gio06]. In Ref. [Gio06], the distinction between schemes
A1, B1, and C1 was explicitly introduced, and the corresponding fundamental
precision limits were rigorously derived within a frequentist framework. Interestingly,
this led to the conclusion that adaptive schemes (C1) offer no fundamental advantage
over parallel schemes (B1) in the absence of noise—in both B1 and C1, the HS with
the same constant is achievable, while only the SS can be obtained in Al. The
Ref. [Gio06] solves the frequentist optimization problem (1.20) for noiseless cases
(A1, B1, C1) in full generality. Nevertheless, extending these results to the Bayesian
setting remained a significant challenge, addressed in later works [Deml1; Jarl5;
Gor20; Hay?25].

Developing a comprehensive theory of noisy quantum metrology proved substantially
more challenging even within frequentis framework. In Ref. [Hue97|, entangled
input states were numerically optimized for phase estimation under dephasing noise,
providing one of the earliest examples of optimization within class B2. This result,
however, was restricted to a specific noise model and small probe numbers N.
Ref. [Fuj01]| subsequently showed that entangling the probe with an ancillary system
A can enhance estimation precision, revealing features of noisy channel estimation
absent in state or unitary estimation. Subsequently, Ref. [Sar06] derived a general
upper bound for ancilla-assisted single-channel estimation (B2 with N = 1), though
the tightness of the bound was not analyzed. This work laid the foundations of
the so-called minimization over purification (MOP) technique for computing upper
bounds for the QFI of noisy channels. This technique was significantly improved
in Ref. [Fuj08], in which the single-channel bound from Ref. [Sar06] was shown to
be saturable for sufficiently large ancilla A. Even more importantly, the bound was
extended to large-N (and even asymptotic) cases, for which, however, the tightness
remained unclear.

The idea of MOP-based bounds for scheme B2 was further developed in Ref. [Escl1],
and its full practical potential was realized in Refs. [Dem12; Kol13], where effi-
cient bounds computation via semidefinite programs (SDPs) [Boy04]| was demon-
strated. This enabled obtaining informative bounds for physically interesting noise
models, such as dephasing, depolarization, amplitude damping, and photon losses.
Ref. [Dem12| demonstrated that HS is usually asymptotically suppressed in the pres-
ence of noise. However, even in such cases, probe entanglement remains metrologically
useful, as it may improve the constant in the SS.
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The derived upper bounds for QFI were not constructive, and their tightness was
not guaranteed. A constructive method for input probe state optimization, called
iterative see-saw (ISS) optimization, was therefore proposed for Bayesian [Dem11;
Mac14]| and frequentist [Mac13| frameworks. Later, it was also shown how to find
optimal probes within frequentist framework using MOP [Zho20; Zho21].

A detailed comparison of the MOP and ISS approaches is provided in Chapter 2.
Importantly, for both methods, optimal probes can be found only for relatively small
(N < 5) numbers of channels due to the curse of dimensionality—the Hilbert space of
entangled probes grows exponentially with V. Even though MOP allows to compute
QFT upper-bounds for large N as well, those bounds do not give any clue about the
optimal input state.

To remedy this, the QFI ISS optimization was supplemented with the tensor-network
based matrix product state (MPS) [Aff88; Fan92; Ost95] representation of the input
probe in Refs. [Cha20; Cha22|. This approach was motivated by the finding that
low-rank MPSs are often optimal in noisy metrological scenarios [Jar13]. The use of
MPS enabled efficient probe optimization for schemes A2 and B2 with moderately
large channel numbers (N < 100), and additionally for schemes A3 and B3 with
N < 100 and relatively simple noise correlation models. The method was recently
extended to more general correlations [Dul26].

Finally, Ref. [Zho21] completed the theoretical understanding of scheme B2 in the
frequentist setting by proving that MOP-based fundamental bounds are asymptoti-
cally saturable through direct construction of asymptotically optimal metrological
protocols.

Understanding metrological limitations of adaptive schemes with uncorrelated noise
(C2) proved more challenging. This class of schemes was first studied in Ref. [Escl1],
which showed, using a frequentist approach, that the scaling type (HS or SS) is
identical for B2 and C2. It remained unclear, however, whether adaptiveness improves
the constant in the precision scaling.

A fundamental upper bound for the QFT of schemes C2 was derived using the MOP
technique in Ref. [Dem14]. The bound was asymptotically equivalent to the parallel
bound (covering schemes B2) for SS cases but yielded a larger coefficient for HS.
Whether this discrepancy reflected a genuine advantage of adaptiveness or simply a
loose bound remained a long-standing open question, though the authors conjectured
that B2 and C2 achieve the same asymptotic precision.

The adaptive bound was then explored further, with special emphasis on the
continuous-time limit [Dem17; Sekl7; Zhol8|, where the parameter is encoded
in a Hamiltonian, noise is modeled via the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation, and arbitrarily fast control is allowed. Note that this continuous-
time limit is in fact a special case of the discrete scenario C2, where channels A,
represent the evolution given by the GKSL equation integrated over an infinites-
imal time interval. The converse is not true—there are channels A, that cannot
be obtained from integrating a time-independent GKSL equation; moreover, the
parameter may be encoded in the noise rather than in the Hamiltonian. For the
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continuous-time scenario with unitary parameter encoding, universal error-correction
codes were constructed [Zhol8; Zho20|, and asymptotically tight upper bounds for
the QFI were subsequently derived [Wan22|.

Alternative approaches to upper bound the QFT of schemes B2 for general cases with
arbitrary noise and parameter encoding have also been proposed [Pirl7; Per21|. How-
ever, these approaches lacked either generality or tightness, leaving the asymptotic
equivalence between B2 and C2 unresolved.

This long-standing conjecture was resolved in our work [Kur23b|, presented in
Chapter 3 of this thesis, where we prove that adaptive and parallel schemes achieve
identical asymptotic precision for uncorrelated noise. More precisely, we derived a
new upper bound for the QFI of adaptive schemes (C2) that is tighter than previous
bounds and asymptotically equivalent to the existing bound for parallel schemes
(B2). Since the B2 bound was known to be asymptotically tight [Zho21|, and B2
forms a subclass of C2, our bound for C2 must also be asymptotically tight. This
establishes that adaptive schemes offer no asymptotic advantage over parallel schemes
for uncorrelated noise of any type.

The lack of asymptotic advantage does not mean that adaptive strategies are useless.
Not only can they offer advantages over parallel protocols for finite N, but more
importantly, they may be significantly easier to implement in certain circumstances,
for example, when the optimal parallel strategy requires large-scale entanglement.
Therefore, finding a general recipe for optimal quantum adaptive strategies remained
an important problem.

Solutions based on the MOP technique were provided in Refs. [Alt21; Liu23|, where
it was shown how to optimize the QFI over all adaptive strategies, represented
by quantum combs, using a single SDP. Moreover, the proposed procedures also
accommodated correlated signal and noise, thus providing universal solutions to the
QFT optimization problem schemes C2 and C3, as well as for the parallel schemes
with correlated noise, B3.

Unfortunately, the proposed methods suffered from the curse of dimensionality,
restricting their applicability to small numbers of probed channels, N < 5. As
in the parallel case, the remedy was to employ a tensor-network representation
of the optimized strategy. This time, however, the optimized object is a chain of
control operations C; rather than a many-particle entangled input state p, requiring
a different type of tensor network [Whi22; But24] to represent the strategy.

Tensor-network based optimization of the QFI for adaptive strategies was developed
independently in two concurrent works: ours [Kur25c|, presented in Chapter 2
of this thesis, and that of Liu et al. [Liu24]. The ISS method enabled iterative
optimization over different network nodes representing subsequent control operations,
thereby circumventing the curse of dimensionality and enabling optimization of
adaptive metrological protocols for N < 100. This was only feasible for relatively
low bond dimensions of the network representing an adaptive strategy—this bond
dimension can be interpreted as the dimension of the ancillary system or, equivalently,
as the amount of quantum memory available for the estimation protocol. While
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this restriction to low ancilla dimensions is a limitation, low-memory protocols are
typically much easier to implement experimentally, making the search through such
protocols practically beneficial.

The tensor-network based optimization presented in Chapter 2 is complementary
to the MOP-based bound presented in Chapter 3. When the QFI of the protocol
represented by the tensor network converges to the fundamental bound, this validates
both the saturability of the upper bound and the optimality of the found protocol.

The chain of correlated signal-encoding channels A, can be represented as a tensor
network of the same type as that used to represent control operations. Therefore,
as we show in Chapter 2, our optimization method also applies to correlated signal
and noise (schemes C3). A general pattern emerges: understanding the structure
of quantum adaptive strategies facilitates handling correlated A, cases, as both
require similar mathematical structures. This also explains why, paradoxically, the
less general scheme C2 is slightly harder to handle than the more general scheme
C3—in C2, two inherently different structures must be connected. Nevertheless,
it was shown in Ref. [Dul26] that such a connection is possible: one can optimize
an entangled input represented by an MPS evolving through correlated channels
represented by a network of a different type.

Having mentioned correlations in the context of the results presented in Chapter 2,
let us now provide a more comprehensive review of quantum metrology with signal
and noise correlations.

The effects of non-Markovian system-environment interactions have been studied
for dephasing noise [Mat11; Chil2| and then for more general noise models [Mac15;
Smil6; Haal8|. It was shown that the memory effects dominate probe dynamics
at sufficiently short time scales, known as the Zeno regime [Ita90]. This can be
exploited metrologically: when the total measurement time 7' is divided into short
time intervals ¢t below the Zeno scale, with measurements performed after each
interval, the precision for estimating a unitary parameter scales as Agp ~ 1/N3/4
for N entangled probes and optimally chosen ¢t. Therefore, the standard scaling
Ap~1/ VN, achievable in the markovian dephasing regimes, is surpassed.

However, in all the mentioned studies, non-Markovian effects were considered only
within individual time intervals ¢ (between consecutive measurements), while cor-
relations between intervals were neglected. That is, the environment was assumed
to reset completely after each interval ¢, eliminating correlations between successive
experimental runs. This reduced the problem to k = 7'/t independent repetitions
of scheme B2, with additional optimization over ¢ for fixed 7" and N [Smil6]. This
simplification, unfortunately, is not well justified in the analyzed small-t regime,
where the environment retains memory across intervals and cannot be treated as
resetting between runs [Zhol7].

The impact of temporal correlations caused by environmental non-Markovianity
was studied more rigorously in Ref. [Yan24| for multiple types of noise spectra
corresponding to different experimental platforms, such as semiconductor quantum
dots and NV centers. In this work, environment-memory-induced correlations were
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addressed properly, and numerical optimization over a certain class of control-
enhanced protocols (C3) was performed. The results, though, were limited to small
number (N < 5) of entangled probes.

Metrological scenarios with spatial correlations have been investigated for various
noise models, including correlated dephasing of entangled input probes [Jes14| (a
particular instance of B3) and two-body losses in Bose-Einstein condensate magne-
tometry [Czal9]. Quantum error correction codes addressing spatially correlated
noise were developed in Refs. [Lay18; Lay19].

Both spatial and temporal noise correlations have been studied in the context of
Gaussian systems and squeezing-based quantum metrology [Beal8; Rib22|—the
Gaussianity of the setup allowed to explore large-N limits.

Correlations can serve as an information resource, not just noise. In thermometry
[Seal9; Shu20; Men25|, correlations between initially independent thermometers
arising from their interaction with a common thermal bath (a particular case of
scheme A3) were shown to be an important source of information [Pla22].

In general, the schemes belonging to class A3 are often called collisional models or
quantum Markov chains, and have been studied systematically in Refs. [Gut11; Cat15;
Cic22; God23|. In all these studies, initially independent particles sequentially probe
a measured system, and their post-interaction correlated state is used for estimation.
Therefore, the measured system serves as correlation-mediating environment. For
collisional models, asymptotic upper bounds for the QFI have been derived, and
some specific measurement protocols have been studied. The crucial assumption that
has been made was that probe particles are initially identical and independent—this
allowed to use local asymptotic normality phenomenon to derive asymptotic bounds.

The general theoretical framework to deal with QFI optimization in the presence of
correlations was introduced in Ref. [Yan19]|, where the most general scheme depicted
in Fig. 1.1, C3, was explicitly introduced—it was proposed to represent both the
signal encoding and the adaptive estimation strategy as quantum combs. This work
derived the first upper bound for the QFI of such schemes. While the approach
was general, its practical utility was limited: the numerical value of the derived
bound scaled exponentially with N, making it loose and uninformative, especially for
large systems. More practical theoretical approaches were presented in Refs. [Alt21;
Liu23|, demonstrating how to find the ezact optimal QFI value for scheme C3 using
a single SDP. The SDP formulation in Ref. [Alt21] correctly maximized the QFI, but
contained an error in constructing the corresponding optimal estimation strategy,
which was subsequently corrected in Ref. [Liu23], in which, additionally, symmetry-
based reduction of the algorithm-complexity was proposed. Despite this progress,
the time and memory of the proposed methods scaled exponentially with N due to
the curse of dimensionality. This limited the practical applicability of the algorithms
to N < 5.

As mentioned earlier, the curse of dimensionality can be circumvented by representing
both the estimation strategy and signal-encoding combs as tensor networks (Chapter 2,
Ref. [Kur25c|). The efficiency of this procedure, however, relies on the dimensions of
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the correlation-mediating environment and the ancillary system being sufficiently
small. As a result, the obtained QFI is not guaranteed to be strictly optimal and
should be interpreted as a lower bound on the true optimum of (1.20).

To determine how close the tensor-network-optimized QFI is to the true optimum,
one needs informative fundamental QFI upper bounds. Unfortunately, the bounds
presented in Chapter 3 [Kur23b| are valid only for uncorrelated noise (scheme C2),
while those derived in Ref. [Yan19] are too loose to be useful.

To address this gap, we extended the methods from Ref. [Kur23b| to correlated
scenarios, deriving general upper bounds for scheme C3. This result appears in
Chapter 4, which presents Ref. [Kur25b|. Since A3 and B3 are special cases of
C3, the bounds apply to these schemes as well. Importantly, our results prove that
standard and Heisenberg scalings of the QFT remain fundamental even in the presence
of correlations, assuming that subsequently probed channels are the same. This is in
stark contrast to Ref. [Yan19], in which the bounds scaled exponentially with N.

While our bounds are not guaranteed to be tight, their tightness can be systematically
improved at the cost of increased computational complexity. Comparison with
tensor-network results [Kur25¢| for correlated dephasing and collisional quantum
thermometry models, showed close agreement between upper and lower bounds,
validating both approaches.

At this point, let us summarize the theoretical landscape within which the Chapters 2—
4 of this thesis are situated.

Early quantum metrology focused on concrete protocols, but as the field matured,
more universal theoretical frameworks emerged. In particular, general tools for
solving the QFI optimization problem (1.20) were developed to handle metrological
scenarios of progressively increasing complexity.

For the simplest scenarios involving only unitary encoding (A1, B1, C1), an exact
analytical solution to (1.20) was provided in Ref. [Gio06| for arbitrary N. However,
for more complex scenarios involving noise, the problem becomes significantly more
challenging. Exact solutions can be found in practice only for relatively small numbers
of channels (N < 5)—even this regime is highly nontrivial and was fully solved
only recently. For larger IV, rather than seeking exact solutions, one can derive
fundamental upper bounds or constructive lower bounds applicable up to N < 100
through the use of tensor-network methods.

Table 1.1 summarizes key references for the QFI optimization proble (1.20) across
the different scheme classes from Fig. 1.1, and indicates how Chapters 2—4 of this
thesis advance the state of the art. For each scheme class, we distinguish three types
of results: (i) exact solutions to (1.20) for N < 5, (ii) constructive lower bounds
valid for larger systems (N < 100), and (iii) fundamental upper bounds valid for
arbitrary N.

All algorithms for QFT optimization and upper bound computation listed in Table 1.1,
including those presented in Chapters 2—4, are available in our Qmetro+-+ Python
package [Dul26]. This package not only implements previously developed techniques
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but also provides a unified framework encompassing different types of tensor networks.

- Constructive lower Upper bound
Exact (N ~5) bound (N =~ 100) (any N)
A1, B1, C1 [Gio06] !
5 [Sar06] 2, [Fujos| 2,
A2 [Mac13| [Dem12] 2
[Fujo8]?, [Dem12]3 :
B2 (Zho21[? 4 [Cha20] [Fujos|, [Dem12|
C2 [Alt21], [Liu23]* Chapter 2 [Dem14]|, Chapter 3
A3 [Cha20], [Dul26]
B3 [Cha20]®, [Dul26] Chapter 4
[Alt21], [Liu23]*
C3 Chapter 2

Exact solution for any N

2Solution for N = 1 generalizes to any N due to QFI additivity for independent quantum states.
3Solution for N = 1 generalizes to small N when one replaces Ay — A%N .

4Correct construction of optimal protocol using saddle point method.

5For limited class of correlated models only.

Table 1.1: Overview of theoretical works addressing the QFI optimization problem
(1.20) for protocol classes (A1-C3) depicted in Fig. 1.1. For each class, we distinguish:
(i) exact solutions for N < 5; (ii) constructive lower bounds for N' < 100; (iii) upper
bounds for arbitrary /N. The contributions presented in Chapters 2-4 of this thesis
are highlighted.

1.5 Quantum-inspired superresolution

In the previous section, we focused on the results relevant to the broader field
of quantum metrology, with particular emphasis on QFI optimization over probe
states and control operations. This provided context for the results presented in
Chapters 2-4 of this thesis. The results in Chapters 56 are motivated by a specific
application of quantum metrology: quantum-inspired superresolution imaging. We
therefore now introduce its basic concepts.

Ideally, an optical imaging system would produce a point image—a Dirac delta
intensity distribution—from a pointlike emitter in the object plane. In reality, no
such ideal systems exist. Every imaging apparatus has finite apertures, causing light
diffraction that blurs the resulting image. This limits the imaging resolution—the
ability to resolve small details of an object. The classical resolution limit, formulated
by Rayleigh [Ray79|, states that the minimal distance between two resolvable object is
d = 1.220/2NA, )\ is a wavelength, and NA is the numerical aperture of a considered
system, which is typically close to unity.
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However, this limitation is valid only under certain assumptions, such as uniform and
classical illumination of the imaged sample, non-fluctuating power of light emitters,
standard measurement of light in the image plane, etc. Breaking one or more of
these assumption allows to overcome the Rayleigh limit, and the techniques allowing
to do so are known under the common name of superresolution imaging|Rus06;
Bet06; Der09; Leull; Sch13; Rozl4; Gatl4; Moelb; Tsal6; Parl8; Morl9|. The
brief discussion and classification of superresolution techniques will be given in
Chapter 6. Here, we are going to focus on the description of optical imaging from
the perspective of estimation theory, and show how such description inspired new
approach to superresolution.

Let us examine the optical imaging theory more closely by considering a linear,
translationally invariant optical imaging system. When the object consists of N
incoherent point light emitters with powers ¢; and positions r; in the object plane,
the intensity distribution in the image plane is

I(r') = 3 amU(r' =), (1.21)

where 7 is an attenuation factor and U is the point spread function (PSF), describing
the normalized intensity distribution from a single point emitter. We assume the
system’s magnification factor is unity; relaxing this assumption amounts to coordinate
rescaling.

The PSF width dictates the imaging system’s resolving power. When the PSF is too
wide, images from different emitters overlap, making them difficult to distinguish—
this underlies the classical Rayleigh resolution limit. For systems with circular
apertures, the PSF has the form of an Airy disk [Bor13|. In theoretical studies, this
is commonly approximated by a Gaussian shape of width o, which characterizes
the system’s resolution scale. Furhtermore, we will assume that both object and
image are 1D, so we can replace 2D vectors r, 7’ with single coordinates x, /. All
the results can be easily generalized to 2D case and more general PSFs, but this

approximation allows to focus on the essence of presented phenomena. The Gaussian

1D PSF is 1 .

Nor it (1.22)

Let us formulate optical imaging as an estimation problem. To make it as simple
as possible, consider an object consisting of two equally bright point sources with a
known centroid, placed at x; = s/2, x_ = —s/2 . Then, the separation s is the only
unknown parameter, which we want to estimate. The observed intensity distribution
is

Ux') =

2
where P, is the total power observed in the image plane.

I(z") (U(x' —xy)+ U2 —2)), (1.23)

When accounting for the quantum nature of light, the normalized intensity distribu-
tion should be interpreted as the probability density function for detecting a photon
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at a given position in the image plane. For weak Poissonian sources, subsequent
photon detections are independent, and the probability of detecting a single photon
at position 7’ is

p(e')s) = 1 (UG — ) + UG — 1)),

For k detected photons, the CRB (1.13) implies that the MSE of any estimator of
the separation between two sources satisfies

(1.24)

1
25 >
A5 2 KF(s)

(1.25)

where F'(s) is a separation-dependent single-photon FI calculated for p(z'|s). For a
Gaussian PSF (1.22), performing an integral from (1.11), yields the FI F'(s) plotted
in Fig. 1.2. Crucially, in the subdiffraction regime s < o, we have

1 52 g4
P2 (@*O (;)) ’

so the FI vanishes as s — 0. Consequently, estimating s becomes significantly harder
for s < o because, according to (1.25), the MSE of any locally unbiased estimator
diverges. In other words, one must substantially increase the number of collected
photons k to achieve a desired precision. This behavior is called the Rayleigh curse,
as it provides an estimation-theoretic explanation for the difficulty of measuring
object features at length scales below the Rayleigh limit.

F(s) = (1.26)

’_—-——
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Figure 1.2: Fisher information (FI) for separation (s) estimation of two incoherent
light emitters imaged through an appartus with a Gaussian point spread function of
width 0. Classical FI for direct imaging (gray dashed) and quantum FI (black solid)
are shown.

The above reasoning assumed position-basis measurements of light in the image
plane, known as direct imaging (DI). Quantum mechanics, however, permits a much
broader class of measurements. Following the seminal work of Tsang [Tsal6|, we now
explore the consequences of going beyond the DI paradigm.
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For the considered two-point object, the density matrix of a single photon in an
image plane is

(lug g |+ JuYu-1) (1.27)

DN | —

Ps =

where

lug) = /dx’u(m' —x4) |2 (1.28)

are pure states of photons emitted from right/left source respectively, with u(z’)
satisfying |u(z)|* = U(z')—it is also typically assumed that u(z') € Ry, so u(z') =

U(x') , |2') are eigenstates of a position operator. Note that density matrices, not
state vectors, are added to represent the contributions from two sources because we
assumed the sources are incoherent.

We can now apply quantum estimation theory tools and calculate the QFI of the
parameter-dependent state ps, which equals the classical FI maximized over all
measurements M. This yields the surprising result

1
Fo(ps) = 152 (1.29)

which is independent of s! It means that optimal quantum measurement may, in
principle completely circumvent the Rayleigh curse, and allow for precise estimation
of the separation between two points with highly overlapping PSFs.

As shown in Ref. [Tsal6|, one possible QCRB-saturating measurement, for which
the classical FI equals QFI, is the measurement of the optical field in the basis of
Hermite-Gaussian (H-G) modes

09 = [aro@) ), o) = gt (5 Yew (<3 ) 190

where H; are Hermite polynomials. This choice is not unique—the general construc-
tion of the family of optimal measurements will be given in Chapter 5.

Interestingly, the optimal measurement proposed by Tsang can be implemented
using classical linear optics. Therefore, the resulting superresolution technique does
not rely on inherently quantum effects. Nevertheless, quantum estimation theory
provides the appropriate tools for finding the optimal superresolving measurement.
Consequently, Tsang’s technique is often called quantum-inspired superresolution.

The technique has been extended to more complex, 2D objects with multiple sources
[Tsal7|, non-Gaussian PSFs [Tsal8|, and its usefulness has been demonstrated in
proof-of-principle experiments [Pus21; Fra23; Dup25|.

Importantly, the impact of various noise sources has been studied, including detector
dark counts |Lup20|, crosstalk |Ges20|, and device misalignment [Alm21]. These
studies show that, unfortunately, the FI drops to zero as s — 0 in the presence of
even arbitrarily small noise of almost any type [Oh21]. Nevertheless, this does not
mean that the proposed techniqe is useless—it still achieves larger FI than DI for
small but nonzero values of s. In general, noise effects are most severe as s — 0 but
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have only a minor effect on estimation precision for larger s. This aligns with the
intuition that the small-s regime is more problematic due to significant PSFs overlap.

This case study illustrates a general limitation of QFI-based analysis: the QCRB is
guaranteed to be saturable only when one can precisely implement every measure-
ment allowed by quantum mechanics. In practice, the intended QCRB-saturating
measurement is often disturbed by noise. This may drastically reduce the resulting
estimation precision in some regimes (e.g., s — 0 for our superresolution model),
while in other regimes such disturbances may be less severe (e.g., when s> o).

This behavior agrees with our intuition once we understand the details of this
particular model. Nevertheless, when comparing different regimes (small s versus
large s) based solely on the QFT of ps, it appears that estimation can be performed
equally well in both cases.

To capture the difference between the two regimes without referring to any particular
noise model, one needs to quantify how susceptible the FI is to noise disturbing
the measurement. In Chapter 5 [Kur23a|, we introduce a general quantity called
Fisher information measurement noise susceptibility (FI MeNoS), which addresses
this challenge—it quantifies the maximal rate of FI decrease caused by infinitesimal
measurement noise of any type. We derive a general formula for FI MeNoS that
can be applied to different physical models beyond superresolution imaging, such as
quantum interferometry. For quantum-inspired superresolution, we show that the
noise susceptibility of all QCRB-saturating measurements diverges as s — 0. This
clearly explains why this regime is problematic to handle despite the non-decreasing
value of the QFT.

1.5.1 The role of photon correlations

So far, we assumed weak, Poissonian light sources, for which photon detections
are independent events, so a single-photon density matrix captures all relevant
effects. However, light emitters used in optical imaging often exhibit non-Poissonian
behavior, which is either caused by blinking phenomenon [Rus06; Der09], leading
to super-Poissonian statistics, or by inherently quantum antibunching effect [Sch12;
Sch13|, leading to sub-Poissonian statistics. In both cases, it was demonstrated that
non-Poissonianity leads to increase of the DI resolution, which is reflected by the
increased value of the classical FI [Kur21|. However, as we demonstrate below, this
is no longer true at the level of the QFI—when optimal measurement is performed,
there is no gain from non-Poissonian light statistics for estimation of separation
between two equally bright incoherent sources with a known centroid.

Let us assume that we measure k photons in total. Let r; € {+,—} denote the
position of the emitter from which the ith photon was emitted (+ for z,, — for x_).
We treat photons as distinguishable, which is justified in the weak-source regime
where temporal modes of different photons are orthogonal—this assumption breaks
down, for example, for strong thermal sources [Nail6]. In the absence of correlations,
each photon comes from the x, or x_ source with equal probability 1/2, so the total
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probability that the ith photon comes from source r; for i € {1,2,... k} is
P(ry,...,m¢) = —

for any r1,7r9,..., 7.

Then, the density matrix of k& photons is simply pgk) = p®* where p, is the single-

photon state (1.27), and the corresponding QFT is, due to QFI additivity (1.18),

k
Fo(pM) = kFq(ps) = o (1.31)

Let us now consider a general correlated model for which the multi-variable probability
distribution P(rq,...,rg) can be arbitrary. The density matrix of k photons is then

k
pgk) = Z P(T’l,’l’g,...,rk>®‘U/rixum . (132)
=1

1, €{+—}

It is challenging to compute the QFT of pgk), as it cannot generally be written as a
tensor product of single-photon density matrices. However, an upper bound can be
found using QFI convexity [Holll|, from which we obtain

k
Fo(p®) < % P(rl,rg,...,rk)FQ(®|uri>(u”|>. (1.33)

Tl,--.,T}gE{+,—}

The QFT of a pure state |u,, u,,| can be calculated directly using (1.17) and (1.28),

yielding
1

which is the QFT of a single source localization. Using QFI additivity (1.18), inserting
(1.34) into (1.33), and using the fact that probabilities P(ry,72, ..., ) sum to 1, we
obtain the QFI upper bound

k

402’

Fo (p?) < (1.35)
which is sufficient to show that correlations do not increase the QFI. Interestingly,
they also do not decrease it. To prove this, note that for a measurement in H-G
modes (1.30) we have

[ (@5lus) [* = {jlu-) |* (1.36)

for any j because ¢;(z') are either even or odd functions of 2’. Consequently,
if we measure each photon independently in the H-G basis, the statistics of the
measurement results are not affected by the choice of P(rq,7s,...,r), since it does
not matter from which source a photon was emitted. This means that the classical
FI associated with this measurement applied to k£ photons is F' = ﬁ, which is the
result obtained for the uncorrelated case, where the H-G measurement is known to
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be QCRB-saturating. However, the classical FI of any measurement always provides
a lower bound for the QFI, so we can conclude that

k
(k) A
FQ (ps ) 2 40_2 )

which together with (1.35) leads to the conclusion that
Fo (o) = — (1.37)

for any distribution P(ry,...,r), and that H-G mode measurement is optimal
regardless of the correlation type.

For the simple model above, photon emission statistics do not affect fundamental
resolution limits when all measurements allowed by quantum mechanics are possible.
This does not mean, however, that signal correlations are useless in general. Indeed,
Chapters 5 and 6 demonstrate the usefulness of signal correlations in quantum-
mspired 1maging.

In Chapter 5, we show that correlations resulting from sub-Poissonian statistics
caused by antibunching enable construction of measurements less susceptible to noise.
We prove this for the separation estimation of a binary source (as in the model
considered above) using the introduced FI MeNoS metric.

In Chapter 6, we go beyond the binary source toy model and consider estimation of
spatial moments for sub-diffraction objects of arbitrarily complex shape. We show
that super-Poissonian light statistics caused by blinking significantly enhances the
precision of higher spatial moment estimation. We demonstrate a practical method to
construct an efficient estimator and verify its usefulness through numerical simulation.
Additionally, we show how temporal correlations enable measurement simplification
while preserving the same information content.
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Chapter 2

Quantum metrology using quantum
combs and tensor network formalism

Commentary

The main goal of the presented work is to introduce an efficient algorithm for
QFT optimization over adaptive protocols for uncorrelated and correlated channels
(schemes C2, C3 in Fig. 1.1). Unlike previous approaches [Alt21; Liu23|, our
technique remains applicable even for large numbers of probed channels. This is
achieved through tensor-network decomposition of quantum combs representing
both the estimation strategy and signal encoding with correlations. Prior works
[Cha20; Cha22| had employed tensor networks for metrological optimization in
parallel schemes (B2 and partially B3). Extending this approach to adaptive schemes
requires a different type of tensor network—one representing quantum processes
[Whi22; But24] rather than quantum states.

The tensor-network based optimization relies on the ISS technique [Mac13|, which is
reviewed in Section 2.2 of the presented paper. As a novel result, the ISS technique
is extended to optimization over combs in Section 3.2, and then to optimization over
tensor networks representing combs in Section 4.

Additionally, the complementary MOP approach is reviewed in Sections 2.1 (for
single channels) and 3.1 (for quantum combs). Consequently, the first three sections
provide a detailed overview of QFI optimization techniques that were only briefly
mentioned in Chapter 1. The MOP technique is not further developed in this chapter,
but it serves as a crucial tool for deriving the bounds presented in Chapters 3 and 4.

Note that the work in Chapter 3 was published before the work in Chapter 2.
The chapters are presented in this non-chronological order because Ref. [Kur25¢|
contains a thorough discussion of foundational concepts used throughout Chapters 2—
4. Consequently, the bounds for adaptive schemes with uncorrelated noise (C2)
derived in Chapter 3 are already employed in Chapter 2 to assess the optimality of
protocols found by tensor-network optimization.

The results similar to those presented here, appeared independently in Ref. [Liu24|
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(the preprint appeared on arXiv a week after our preprint).

My contribution

I conceived—through extensive discussions with RDD-—and developed two principal
new ideas: (i) how to apply the ISS technique to comb optimization, and (ii) how
to represent combs as tensor networks to enable this optimization for large N. I
implemented the optimization procedures in Python (the code was subsequently
further developed by PD). I generated and analyzed the majority of numerical
results reported in the paper and devised an explicit optimal adaptive protocol for
perpendicular damping noise. I wrote Section 4, the majority of Section 5, and
Appendices B, C, and D3. I read and coedited all remaining sections and serve as
corresponding author.
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Abstract

We develop an efficient algorithm for determining optimal adaptive quantum estimation protocols
with arbitrary quantum control operations between subsequent uses of a probed channel.We
introduce a tensor network representation of an estimation strategy, which drastically reduces the
time and memory consumption of the algorithm, and allows us to analyze metrological protocols
involving up to N = 50 qubit channel uses, whereas the state-of-the-art approaches are limited to
N < 5. The method is applied to study the performance of the optimal adaptive metrological
protocols in presence of various noise types, including correlated noise.

1. Introduction

One of the main lines of research in theoretical quantum metrology is development of efficient analytical and
numerical tools to assess the potential of quantum probes in practical sensing scenarios [1—4]. On the one
hand this involves derivation of fundamental bounds on achievable sensitivity in presence of decoherence
[5-16], while on the other hand, development of methods that allow to directly identify the optimal
metrological protocol in a particular scenario. In this paper we will focus on the latter goal.

The pursuit of identification of the optimal metrological schemes may be carried out on different levels of
generality. The less fundamental, but at the same time most experimentally relevant approach, is to consider
a particular physical system (light, cold atoms, etc), consider all experimentally available degrees of freedom
and resources (number of atoms, energy, time, squeezing, entanglement, ancillary systems, detectors, etc)
and come up with the scheme that yields the best sensitivity for the parameter(s) of interest. In doing so, one
may simply follow an educated-guess path, e.g. utilize squeezed states which provide reduced noise and
hence better sensitivity [17-21], or perform variational and control optimization procedures [22-24].

In this paper, we take a more fundamental approach and focus on identifying metrological protocols that
lead to the optimal sensing performance, irrespective of practical aspects of their implementations. This is
not to say that we consider idealized, e.g. noiseless scenarios. On the contrary, we take into account
imperfections and decoherence that quantum probes experience during the sensing process, but look for the
optimal ways, limited only by the laws of quantum mechanics, to exploit their full quantum sensing
potential—employing entanglement, quantum error-correction, active feedback, etc. This approach helps to
understand the full sensing potential of quantum systems, and indicates space for possible improvements of
existing experimental realizations.

From this perspective, a quantum metrological problem is a quantum channel estimation problem,
where the sensing process is represented by an action of a parameter(s) dependent quantum channel A.,. The
goal is to identify the optimal states of quantum probes as well as the measurements. This may be a

© 2025 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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Figure 1. A big-picture view of the main results of the paper. Depending on the number of channels probed (N), different
methods of increasing complexity should be applied. For the single channel estimation case (N = 1), both the minimization over
purifications (MOP) method as well as the iterative see-saw (ISS) method may be directly applied. In case of relatively small N (in
practice N < 5 for qubit channels) both methods may be generalized to allow for the search of the optimal adaptive strategies
utilizing the concept of quantum combs. For larger N one is forced to employ the tensor networks techniques in order to avoid the
curse of dimensionality problem, in which case the ISS method is ideally suited. Note that in all cases, the ISS method additionally
allows for an explicit control of the size of ancillary system. The bottom row of boxes serves as a guideline, indicating in which
section of the paper a given method is described, with items representing the original contribution of this paper highlighted.

reasonably easy task in case of idealized noiseless models [25-27], but becomes challenging in case of more
realistic models that take into account noise and experimental imperfections [28-31].

Fortunately, effective iterative see-saw (ISS) algorithms have been proposed that work both in the
quantum Fisher information (QFI) optimization paradigm [32, 33] as well as in the Bayesian one [10, 34,
35]. Furthermore, an approach of computing QFI in noisy models via minimization over purifcations
(MOP) of quantum states provides an alternative method to find the optimal protocols in the form of a
single semi-definite programme (SDP) [5, 8, 9], see section 2 for extensive discussion.

These approaches are effective provided the dimensionality of the quantum probe Hilbert space is small.
This, in particular, makes them inefficient to use when optimizing protocols involving entangled probes that
sense multiple (N) channels in parallel. One way this ‘curse of dimensionality’ may be overcome is via an
analysis of a particular educated-guess protocol and proving that it is the optimal one by comparing its
performance with the fundamental bounds. This was the way in which the use of squeezed light in lossy
optical interferometry has been demonstrated to be asymptotically optimal [6, 8, 36], as well as the use of
spin-squeezed states in Ramsey interfereomtry in presence of dephasing [6, 18, 37].

The alternative way to face the problem in the moderate/large N limit is to resort to the tensor network
framework [38], where description of many-particle states in the form of matrix product states (MPSs) has
been shown to be effective in identifying the optimal states of input probes in quantum metrology [10]—the
method to do this is based on an appropriate reformulation of the ISS algorithm in the language of MPS and
matrix product operators [39, 40].

From the fundamental point of view, however, the parallel sensing scheme is not the most general way to
estimate a parameter encoded in a quantum channel that may be accessed a given number of times (N). In
fact, one may consider more general adaptive protocols (e.g. quantum error-correction protocols, etc) that
admit all quantum preparation, control and measurement operations that lead to the optimal extraction of
information on the parameters encoded in the quantum channels [9, 12, 13, 26, 41]. The mathematical
language to describe these protocols is the theory of quantum combs [42], within which a number of
numerical methods to find optimal adaptive protocols for small scale problems have been proposed [43—45].
These approaches were primarily based on the MOP approach [44, 45] and as such did not admit a natural
way to incorporate efficient tensor network description of the protocols as well as the Bayesian approach.
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This paper focuses on the development of efficient methods to identify optimal adaptive protocols in the
limit of large/moderate number of channel uses N. In the first step we reconcile the ISS numerical approach
with the quantum comb theory, see section 3.2. In the next step, we develop a tensor network approach that
allows for an efficient identification of optimal adaptive protocols in the limit of large/moderate N, see
section 4. The added benefits of our methods is the ability to control the effective size of ancillary systems,
which is not possible in the MOP approach. As a result, the state-of-the-art methods together with the
techniques developed in this paper constitute a comprehensive tool-box of numerical methods for quantum
metrology, that may be applied irrespective of the type of protocols analyzed and the number of channels
sensed. See figure 1 for a big-picture view, and the context of the results presented in this paper.

Apart from these original results, we decided also to provide a comprehensive review of the MOP
approaches in a unified framework in sections 2.1 and 3.1 so that the paper has a self-contained character
and combines in one place many techniques that were scattered over the literature and never thoroughly
discussed and contrasted with each other. These sections are not indispensable for understanding of the
remaining content of the paper.

2. Optimal channel estimation

Let us start with a paradigmatic quantum metrological problem of estimating a single parameter ¢ encoded
in the action of a general quantum channel A, : £(#H) — L(K), where L(H) represents the set of density
matrices acting on Hilbert space #, and we allow for the input and output spaces to be different. The
channel is probed by an input state p € L(H ® A), where A represents an ancillary system with which the
probing system may be entangled and on which the channel acts trivially. The resulting output state reads
pe =N, ®Z(p) and is measured using a generalized measurement {M;}. The measurement yields result i
with probability p,, (i) = Tr(p, M;) and the parameter is estimated via an estimator function ¢ (7). The final
goal is to identify the protocol where the estimated value is the closest to the true one. The exact form of the
cost function depends on the approach taken, whether it is the Bayesian, min—max, or local approach
involving unbiased estimators [46—50]. In this paper we will focus on the latter approach, where the cost
function is given by the mean squared error

1
FQ(pw),

A%b:pr(i) [3()— ) > (1)

computed at a certain operating point y, where the estimator is assumed to be locally unbiased. The
advantage of the local approach stems from the fact that, as indicated in (1), the cost, according to the
Cramér—Rao bound, may be lower bounded via the inverse of the QFI Fq(p,,), which is only a function of
the output state itself [51, 52]. As a result, the problem of identifying the optimal estimation protocol may be
reformulated as a problem of maximization of the output state QFI:

Fq (Anp) :m/f‘XFQ [Aw ®@Z(p)], (2)

where Fq(A,,) is referred to as the quantum channel QFI [5, 53]. In what follows we will stick to the
QFI-based approach as outlined above and comment on the potential extensions to other approaches in the
concluding section of the paper.

In case of noisy channels A, brute force optimization as specified in equation (2) via general purpose
methods quickly becomes extremely inefficient even for low-dimensional systems [28, 29]. This is due to a
relatively involved formula for the QFI in case of mixed states

1
FQ(p<P):Tr(p§0L<2p)7 ptp = E{p§07l‘§0}7 (3)

where p, = 0, py>» {, } is the anticomutator and L, implicitly defined by the right-hand-side equation
above, is the symmetric logarithmic derivative (SLD).

Over the years, two approaches proved particularly effective in solving equation (2) and allowed for
identification of the optimal probe states in quantum metrology in regimes out of reach for general purpose
optimization methods. For the sake of completeness we provide a concise review of each of these approaches
below.
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2.1. Minimization over purifications (MOP) method
This method is based on the key observation that the QFI for a mixed state p,, acting on some Hilbert space
‘H may be equivalently expressed as a minimization of QFI for all admissible purifcations of p,, [5, 6, 8]:

FQ(pgo)zllgir;Fo(l‘I’¢>)—4gln< ol W0), (4)

where |¥,) € H ® R is a purification of py, p, = Trr (|¥,)(¥,|). The last equality in (4) is due to the fact
that the explicit formula for the QFI of a pure state reads: Fo(|¥,)) = 4 ((kilw\\i@,) — (W, T,) \2) ,

and that given a particular purification |W,,) we can always find another one |¥,,) = ¢¢#|¥,,) (where
€ = —i(W,|¥,)) yielding the same QFI and additionally satisfying (¥,|¥,) = 0
Utilizing this fact, we may now rewrite problem (2) in the following equivalent ways [5]:

(11 . - -
Fq(Ay) 9 max FQ Ao @Z(|¢)(¢¥|)] = 4 max min (¥, |¥,)
[¥)w [)ra Vo) Har

(i) (iv) . T .
= 4 max min 1/J|Z Ko @1 4lp) = 4n;%xmhmTr (,07.[ ZK%k(h)K%k (h)) 5)

[) 3.4 {Ky k} p

% 4minmaxTe <pﬂ DKL () Ke (h)) aminfa ()], o)=Y KL, (1) Ko (),
k

k

where || - || in the final formula is the operator norm. In step (i) we make use of the fact that one may always
restrict to pure input states due to convexity of the QFIL. In (ii) |W,,)3.4r represents a purification of the
channel output state p, = A, ®Z(|1))(1)|) (notice the different roles played by the ancillary system A and
the reference system R). In (iii) we note that an arbitrary purifcation |¥) of the state that is obtained by an
action of the channel on a pure state, may be written in terms of a certain purification of the quantum
channel itself, determined by a particular choice of a Kraus representation of the channel A,

Vo) uar =D 1 Ko @La|Y) 14 ® |k)r, where |k)» represents some orthonormal basis in R. In fact,
since the quantity of interest is local (derivatives are taken at some fixed point (), it is enough to consider a
class of Kraus representations that lead to derivatives of Kraus operators of the form [6, 8]

Ky i (h) —lzhlew B (6)

where Kg) )1 is some fixed Kraus representation (e.g. canonical) and hy; is an arbitrary hermitian matrix. As a
result, the minimization over Kraus representations effectively amounts to a minimization over a single
hermitian matrix h. In (iv) we observe that effectively the expression depends only on the reduced density
matrix py = Tr4(]1)(1)]) and not on the whole input state [¢))7,.4. This allows us to switch to maximization
over arbitrary density matrices py;, which unlike pure states, form a convex set. Because of this, we can apply
the minimax theorem, and switch the order of minimization and maximization (v), as both sets over which
we optimize are convex (h belongs to a linear space, py; belongs to a convex set of density matrices) and the
optimized function is convex in h (in fact convex quadratic) and concave in p3 (in fact linear). Finally (vi)
reflects a property of the operator norm.

Channel QFI as a semi-definite programme
Interestingly, the final variant for the channel QFI optimization problem can be cast as a simple SDP [8]:

Fo(Ay) = 4n/\1i£1 A, subject to A = 0, (7)
where
Mg | KL () ... KL, (h)
Ky (h
_ w,{( ) 7 (8)
. 1.,
K, (h)

where d is the dimension of the space # and r is the number of canonical Kraus operators of the channel and
A is a real optimization variable. This makes this approach so appealing, as there are many good SDP solvers
on the market, providing solutions accompanied by optimality benchmarks [54], see also [55] for
introduction to convex optimization and SDP in particular.
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Identifying the optimal input probe state
Interestingly, a solution of the above programme yields the desired channel QFI, but in general does not
explicitly provide the form of the optimal input probe state |1))3,.4. Inspecting the sequence of equalities
in (5), one may only conclude that the reduced density matrix py corresponding to the optimal input probe
state |1)) 3,4 should be supported on the subspace spanned by eigenvectors of the optimal «(h)
corresponding to the largest absolute eigenvalues. Only if this subspace is one-dimensional this uniquely
singles out the optimal input probe state—in this case it also implies that entanglement between # and A is
not required to obtain the optimal QFL

The potential loss of information about the optimal input probe state is due to the min—max order
change in step (v) in (5). Let (p§,, h®) be the optimal solution in (iv). On the other hand, let (p3,, ) be the
solution after changing the min—max order in (v). Even though, by minimax theorem
Tr[ppa(h)] = Tr[p5,a(h®)], the resulting ‘optimal’ py, will not necessarily correspond to the reduced density
matrix of the optimal input state for the actual metrological task p3, [13]. The problem is due to the fact that
in the optimal solution of the min—max problem the figure of merit Tr[py;c(h)] can no longer in general be
interpreted as the QFI of the corresponding state py, as for a given py; this quantity is not minimized over h.
In order to remedy this, one needs to make sure that one is exactly at the saddle point of the function that
appears under min—max, as then we are sure that for the optimal state found the corresponding #° minimizes
the actual figure of merit and can be regarded as the QFI of the purification of py. Such a point always exists,
and can be identified by solving the following problem: find py > 0, Tr(p3) = 1 such that [13]:

Tr[ppa (b)) = lla (W) [, Vi=peTr[ppo(h)] =0, ©)

where h° is obtained from solving (7). This is again a simple SDP programme and any purification |1)# 4 of
such a py will correspond to the optimal input state.

2.2. Iterative see-saw (ISS) approach

The MOP method is very powerful in identifying the optimal QFI and the corresponding optimal input
probe state, but has at least two drawbacks, which prompt to look for alternative approaches. The first
drawback is that it is designed only for the optimization of the QFI as a figure of merit and hence is not
applicable in Bayesian [35] or minimax [47] (sic!) analysis. Hence, it may not be sufficient to identify optimal
protocols in single-shot or finite resources regimes [14, 48, 50, 56]. The second drawback stems from the
generality of the approach, which makes it inefficient when analyzing large dimensional systems, or protocols
involving multiple uses of the channels—see section 3. In this approach it is in particular not possible to
impose restrictions on the dimension of the ancillary system used. It is also not suitable for implementation
of tensor network based protocols that allow for an efficient modelling of multiple-probe systems, as well as
multiple-round adaptive strategies that avoid the ‘curse of dimensionality issue’—see section 4.

The alternative is the ISS procedure, that was first proposed to be used in the Bayesian phase estimation
problem [34, 35], then was generalized to deal with QFI optimization problems [32] and now is becoming
popular in a broad range of metrological optimization tasks [33, 57]. We will present it first in the context of
QFI optimization, as this will be in fact the main focus of this paper, and only then state its Bayesian variant
for completeness. For conciseness we will write A, instead of more general A, ® Z, which does not mean
that ancilla is in general not relevant in the optimization of metrological protocols, but rather than it may
always be explicitly included in the definition of the channel—this is in fact the reason why this approach,
unlike the purification based method, allows to explicitly analyze the role of the ancilla and in particular its
dimensionality.

Let us start by considering the following ‘pre-QFI’ function:

F(p,L) =2Tr(p,L) —Tr (pp L?), (10)

where p, = A, (p). Maximization of the above function over Hermitian operators L (since the SLD is
necesserily Hermitian) yields the QFI for a given input p [32], where the corresponding optimal L is in fact
the SLD operator as given in (3). This implies that we can write the channel QFI in the form of a double
maximization problem:

Fq(Ay) = maxF(p,L). (11)
P,
This form prompts a very efficient iterative approach. We start with some random input state p[°, for which
we maximize F(pl%, L) over L to obtain LI%. Then fixing L we optimize F(p, L%} over p to obtain pl'l. We
repeat this iterative procedure until F(pl’, LIT) converges (e.g. does not increase by more than 0.01% over five
subsequent iteration steps)—the convergence to the optimal QFI value is guaranteed in generic cases , see
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[32] for the argument (to be on a safe side one should avoid choosing non-generic input states in the first
step—states that are restricted to some subspace, or have certain symmetry).

The step where we find the optimal L given pll amounts just to solving the linear equation for the
SLD (3), where p,, = A, (pl!)—note that it is not advisable here to use a formula involving
eigendecomposition of p,, but rather directly solve the linear equation or find L as a hermitian matrix
maximizing (10), which can be formulated as an SDP.

In order to perform the complementary step, note that we can rewrite the pre-QFI function as:

Flp,L) =2Tr (pAy (1)) = Tr (A (1)), (12)

where A% (+) = ZkKZ - K represents the dual map to A.,. This implies that maximizing F(p, L) over p for a
fixed L amounts to solving the following problem:

mjan(p,L) :m;axTr(pM), M=2A% (L) — AL (L%), (13)
with standard constraints on the input state p > 0, Tr(p) = 1. This is a simple SDP programme, for which the
solution can be written explicitly as p = [1)™ )(+)™ |, where |1/ ™) is the eigenvector of M corresponding to its
largest eigenvalue.

There are a number of variations of the algorithm, where one may restrict the set of allowed input states p
to some convex set, or fix the measurement, in which case the optimized quantity is the classical Fisher
information (FI) [32]. Most importantly, the procedure may be easily adapted to minimize the Bayesian
quadratic cost with arbitrary prior distribution for the estimated parameter p((p), which we briefly review
below.

The average Bayesian quadratic cost for estimating parameter ¢ is defined as

55— [dop(0) 3 po()[6(0) — o1 (14)

and corresponds to (1) averaged over the prior. Minimization of the cost over measurements, estimators and
input states results in the formula for the minimal Bayesian cost of estimating a parameter of the channel in
the form [10, 35]:

A2p(Ay) = A%p —maixTr (2p'L—pL?), (15)
12

where A%y represents variance of the prior distribution p(¢), p = [ dy p(p)p, is the output state averaged
with respect to the prior, whereas p’ = ['dy p(¢)(¢ — ¢)p, with @ being the prior expectation value of .
Comparing the above formula with (10), (11) we see that an analogous iterative optimization procedure may
now be applied. With fixed p, the search for the corresponding optimal L amounts to solving the SLD-like
equation, (3), with p,, replaced by p and p,, replaced by p’. On the other hand, with fixed L the search for the
optimal input state p amounts to the search for the eigenstate corresponding to the largest eigenvalue of

M= [dep(); (e - 9L~ 1. (16)

This shows how versatile the see-saw method is, as it can equally well address two conceptually different
estimation problems.

3. Optimal channel estimation with multiple coherent uses

In the previous section we have presented efficient methods to identify optimal metrological protocols
focusing on a single use of a quantum channel. In quantum metrology, however, we most typically face a
situation where quantum channels may be utilized multiple times. Physically, this represents situations when
we are able to utilize many quantum probing systems simultaneously (e.g. multiple atoms sensing common
magnetic field, multiple photons travelling through the same interferometer, etc), or utilize a single quantum
system to perform a coherent sensing of the same environment over extended periods of time (single photon
bouncing multiple-times in a cavity, single spin experiencing the same magnetic field over long times, etc) or
a combination of both. In order to understand the fundamental potential of quantum metrology, one should
be able to identify the optimal protocols which lead to the best estimation of quantum channel parameters,
for a given number of channel uses, assuming any kind of quantum control is allowed.
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Figure 2. A general scheme of coherent probing of N independent quantum channels A, (or a general global channel

ASPN) —gray) via an adaptive strategy represented by a quantum comb P. Quantum Fisher information of the output state is
optimized over P either via minimization over purifications (MOP) method or the iterative see-saw approach (ISS).

One option is to probe quantum channels in parallel, sending (possibly) entangled states of N probes
into A%N . Note that this situation is formally equivalent to the one discussed in the previous section, where
A needs to be replaced by A%N . Hence, the methods presented above are valid, and can be applied provided
N is not too large, as in this case the curse of dimensionality makes the problem numerically intractable. If
this is actually the case, however, one may no longer optimize over arbitrary input states but instead needs to
restrict to some reasonable classes of states and compute their performance without invoking the formalism
of the full Hilbert space. This can be done using tensor networks methods [39, 40], or by direct Heisenberg
picture computations of the performance of particular input probe states and measurement observables [31,
37]. When the performance of the protocols is shown to coincide with some fundamental bounds, this
proves the protocols are indeed optimal.

Still, the parallel schemes do not cover the most general quantum adaptive strategies, including quantum
control, active quantum feedback, quantum error correction, etc. The problem of the search for the most
general quantum adaptive strategy may be formulated as follows. Given N uses of a quantum channel A, :
L(H) — L(K) find the optimal superoperator P, see figure 2, that yields the output state
pEON) € L(Kn ® Ay) with maximal possible QFI (or minimizing the corresponding Bayesian cost if one
follows the Bayesian approach). In what follows, we will denote superoperators with non-italic font P, while
its italic variant P will represent the corresponding Choi—Jamiotkowski (CJ) operator [58], i.e.:

sz@IHin(|¢><(bD? (17)

where 7y, is the identity operator on tensor product of all input spaces P (in our case Hin =K1 ®@ ... Ky—1)
while |®) = 3", ]i) ®|i) is a non-normalized maximally entangled state on Hi, ® Hiy, where [i) is an
orthonormal basis in H,. In particular, A, € L(K ® H) will represent the CJ operator of A,.

The superoperator P represents all possible interaction of the sensing system with arbitrarily large
ancillary systems, and allows for any control operations in between subsequent channel uses. Mathematically,
P is a linear operator P: L(K; ®...Kn_1) = L(H ® ... Hny ® Ay) that satisfies conditions for being a
quantum comb [42] P € Comb[(0, H1), (K1, Ha),- - ., (Kn—1, HN ® Ay)], where pairs of spaces represent
respective input/output spaces of each ‘tooth’ of the comb. In terms of the corresponding CJ matrix
PeL(H®K®... HNn—1 ® Kn—1 @ Hp & An) (the ordering of spaces is chosen for notational
convenience) the conditions for P being a comb read:

P20, TraemuP=PN V@l

vV Trp PO =P @1, || Ty, PY =1, (18)
1<k<N
where P() represents P traced out over Ky ® Hiy1 @ -+ @ Kn—1 @ Hy ® An. Intuitively, these conditions
are related to the causal structure of adaptive protocols—input &C; may affect only outputs H;t1, ..., Hny, all
previous outputs cannot depend on k;, see [42] for a further discussion. The final output state p(wN) is now
obtained by concatenating P operation with N-fold use of the channel A, which mathematically
corresponds to application of the link product operation to the corresponding CJ operators [42], defined as
follows:
plN) = AN« P. (19)

Given two operators A € L(A®C), B € L(C ® B), where the common subsystem on which they act is
denoted by C, the link product is defined as A« B="Tr¢ [(A® 15)(1.4 ® B'¢)], where T¢ denotes
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transposition with respect to subsystem C. Note that when A = |A)(A|, B = |B)(B| are rank-1 operators, so is
their link product, as A« B = |A  B) (A x B|, where |Ax B) := " (c|A) ® (c|B), with {|c) € C} representing
the basis in C (the distinguished basis, with respect to which the partial transposition is defined).

The problem of identifying the optimal metrological protocol now amounts to the following
optimization task:

FS) (Ay) = max Fo [AZN+ P, (20)

with constraints on P given in (18). When compared with the single channel estimation problem, (2), the
only difference amounts to the replacement of the input state p with the quantum comb P. This problem can
again be approached using either the MOP or the ISS method. In the discussion below, we will consider an
even more general scenario, where we replace N independent uses of a channel A, by an arbitrary N-teeth
quantum comb ASPN) —mathematically this amounts to replacing A%N by AS(DN). This will allow us to also
discuss the models where the probed channels are subject to correlated noise, see figure 2 and section 5.5.

3.1. Minimization over purifications (MOP) method

Since the set of quantum combs is convex and the output state p(wN) is a linear function of P, the convexity of
QFI implies that we may restrict ourselves to extremal quantum combs at the input. Unlike in the single-
channel estimation case, an extremal comb is not necessarily pure, i.e. a CJ operator of rank one P = |P)(P|,
due to non-trivial constraints (18). Still, we may always purify it at the expense of possibly increasing the
dimension of the ancillary system .Ay. Hence, we may now follow an analogous procedure as in (5), by

()

noticing that the minimization of the QFI formula over different purifications of p can again be

understood in terms of minimization over different Kraus representations of Aw . Let {Kfole} be a Kraus

representation of A¢N , which can be written in terms of the decomposition of the corresponding CJ matrix
AS(,N) Zk|K(N)><K( k| where |K | > €I ®@H ® - ® Ky ® Hy represents a vectorized Kraus operator.

Each Kraus representation may be associated with the following purification |\IJEO VEnANR = D il K(N) * P)
®|k)r € Ky ® Ay ® R, where we have used the notation for the link product of rank-1 operators. Wlth thlS
notation, we can now adapt (5) in order to derive the formula for the optimal QFI:

F (A(N)> =4max min TN TNy = 4max min *P|K(N)*P
A P |w;”>>KNANR< ol 4 {W}Z .

—4max{r;<i]r)1 Tr (Z @I\,]]i*P> :4m1§1xmhinTr[(Q(h)®]lAN) (P®1k,)] (21)

4 4mi§1xmhinTr [Q (h) N] @ 4mhinm1~§1XTr {Q (%) ~} ’

where Q(h) = Zk\K(N (h ))(KEDN,Z (h)|", while |KEPN,3 (h)) is defined analogously as in (6), but this time % is in
principle a huge matrix, as the number of Kraus operators KSONIZ will typically grow exponentially with N. In

step (i) we performed the partial trace over spaces Ay and Ky and introduced P = Tr 4, P,

Q(h) = Tric, QUh) € LK, @K1 @ ... Hn—1 @ Kn_1 @ Har), while in (ii) we again used the minimax
theorem, as optimization over both h and P is over convex spaces and the function itself is convex in & and
concave (linear) in P. Note that in the special case N = 1, Q(h) = a(h), P = py, and we recover the formula
from (5). Unlike in (5), however, we cannot replace the maximization over the comb by the operator norm
due to nontrivial constraints on P. Nevertheless, if maximization over P is replaced by an appropriate
minimization of the dual problem, one may in the end write the double minimization as a single SDP in a
form resembling that of the single channel optimization (7) [45]:

Fq (AEON)> =4 mln A, subjectto A > 0,

A, h,QM)
) — (k—1) 1) —
2<k¥N71TrKkQ =1n®Q T, QY =1y, (22)
where
Ly, ® QWY | [Kia (W) ... [Kna(h)

Kii(h

a | | o
: A]ldr
(K a(h)]
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&M

In the above expression, d = dim(Ky), |I~<i,k(h)> = i ok M) eKi@H1®...Kn—1 @ Hy—1 ® Hn, while
dual problem variables Q) € L(K; @ H, @ - -- @ Ky @ Hy) are subject to the same quantum-comb
constraints, apart from the positivity requirement.

The above optimization problem will correctly yield the optimal QFI Fg, of the channel and the
corresponding h° matrix. If, however, one wants to identify the corresponding quantum comb P° that
represents the optimal strategy, one needs to step back to the original primal problem formulation, and find

P satisfying the quantum comb constraints such that [45]:

4Tr [Q(ho)i)} =F, ViepTr [() (h)P} =0. (24)

Similarly as in (9) the second condition is necessary to make sure the solution is at the saddle point and the
resulting P° corresponds indeed to the optimal protocol. Note that in the original paper [44] this second
condition was not included and hence the procedure described there might not lead to the actual optimal
protocol—it has only been remedied in the follow-up paper [45].

3.2. Iterative see-saw (ISS) approach

As a completely new result, we demonstrate how the ISS optimization can be generalized to the multiple
coherent uses regime—it turns out to be more straightforward than generalization of the MOP method. The
generalization of the ‘pre-QFI” function from (10), to be maximized, now takes the form:

FN (P,L) = 2Tr (ng L) Ty (pEpN) Lz) , (25)
where ppr) = A&,N) * P. The optimal QFI is again obtained as a result of double maximization:
(N)) - (N)
Fo (Aw maxF (P.L), (26)

with constraints on P to be a quantum comb as given in (18). We start the iteration procedure with some
randomly chosen initial P’ and find the corresponding LI maximizing F) (PI% L). This step is identical to
the one in the single channel estimation approach and amounts to finding the SLD for the state pEON). Then
fixing L% we identify the optimal P[' and so on. This second step, while slightly more complex than in the
single channel case (13), can nevertheless again be written as a relatively simple SDP programme:

m}ng(N) (P,L) = m};}xTr (PM(N)> ,

M®N) — 2L« (A@)T Ik (A;M)T, (27)

where we used straightforward properties of the link product operation to rewrite (25) in the above form.
This is a linear optimization problem in P with convex constraints (18), hence an SDP. In each step of the
iteration F") will not decrease, and we terminate the procedure when it converges up to the desired accuracy.

Similarly as in the MOP method, this procedure is efficient provided the dimensions of spaces on which
channel A&N) acts are reasonable—for multiple uses of a single qubit channel this usually means N < 5. One
of advantages of the ISS approach over the MOP is that we can control the size of the final ancillary space Ay
by restricting optimization over P to combs with a fixed dimension of Ay (but without the control of the size
of ancillary systems required for the inner action of the comb itself). The main advantage, however, is that
the approach can be naturally adapted to the tensor network formalism, as described in section 4 and in
many cases allows to go around the curse of dimensionality problem and study optimal metrological
protocols in the limit of large number of coherent channel uses. In this approach it will also be possible to
control the size of ancilla at every step of the protocol.

3.3. Decomposition of a quantum comb into elementary operations

Given the CJ operator P of the optimal quantum comb, obtained from either the MOP or ISS method, it may
be non-trivial to obtain a deeper insight into the character of the metrological protocol it actually represents
and how to implement it in practice using a set of simple quantum gates. For this purpose procedures of
decomposition of a quantum comb into a sequence of unitary operations (isometries) has been proposed

in [42, 59]. A quantum comb P can be always rewritten as a concatenation of isometries { VIV }N_
corresponding to the comb’s consecutive teeth, s.t. VO Koy @ Akt — My ® Ay (where Ay, Ay are the
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ancillae on the input and output of the kth tooth, respectively and Ky, Ay are trivially C). The input and
output spaces of the isometries can schematically be pictured as follows:

Hi Ky o K| Hy
P

Ay

(28)

The details on how to find the corresponding isometries are presented in appendix A.

However, constructing these isometries in general will require ancillary systems of dimensions that may
grow exponentially with k. The minimal possible dimension of ancilla .A; necessary to represent V%) is
dim(Ay) = rank(P®)) [59]. Rank of P(Y) may be as large as the dimension of the space on which the operator
acts, which in this case is the product of dimensions of all its input and output spaces /C;_;,H;, up to i =k.
From our numerical experience it appears that in typical metrological scenarios, the isometries
corresponding to optimal metrological strategies in noisy models obtained from comb optimization
methods described above are very complex, and the size of ancillary systems indeed tends to grow
significantly with k—see the discussion of an example in section 5.4.

Another challenge is that even if the optimal strategy may not be that complex, it may be returned by the
optimization procedure in a basis which is not easy to interpret. In principle one could use automated
methods, implemented in e.g. BQSKit [60] , UniversalQCompiler [61] of decomposition of isometries into
gates from standard gate sets to obtain a practical implementation of the optimal protocols. This approach to
describing optimal metrological protocols was taken e.g. in [45]. However, the challenge of interpreting those
schemes still remains.

These difficulties in obtaining a simple and intuitive structure of the optimal protocols are related to
substantial freedom when identifying optimal quantum combs. The optimal comb found is typically not
unique and its form rarely allows for a direct intuitive understanding of the essence of the protocol. This is
another strong argument (apart from the curse of dimensionality issue) in favour of the tensor network
approach presented in the next section, where we are able to control the size of the ancillary systems at each
‘tooth’ of the comb, and have means to force the optimization procedure, tooth by tooth, to yield optimal
strategies in a form we are able to interpret. Note that by nature of the approach, this is not possible in the
MOP-type methods.

4. Tensor network approach to identify the optimal adaptive metrological protocols

The main obstacle in finding the optimal adaptive protocols is the exponential growth of complexity of
algorithms presented in section 3 with increasing N. This is related to the size of the CJ operator P
representing the estimation strategy comb. Even in the simplest case of qubit channels A, and no output
ancilla, P acts on a Hilbert space of total dimension 22¥~1, This limits the applicability of introduced
methods on present-day personal computers to the cases where N < 5—for larger N, SDP memory and time
requirements are hard to meet.

Moreover, in the approaches presented so far, the internal structure of P cannot be controlled—in
particular, we cannot limit the size of the ancillary system required to implement each tooth of the optimal
comb, we can only control the last ancilla Ay. Consequently, the strategies obtained may be very complex
even for small N.

To overcome both of these problems, we decompose P into teeth Py, P,,.. ., Py, representing simpler
quantum channels whose concatenation leads to P. Formally,

P:PI*pz*...*PN, (29)

where Py € L(H; ® Ay), Py € L(Aj—1 @ Kik—1 ® H ® Ay) for 2 < k < N—when the link product between
Py and Py is performed the common subspace is Ay. Importantly, P; can be arbitrary CJ matrices, not
necesarily isometries, contrary to the comb decomposition described in section 3.3. This allows for effective
optimization over each comb tooth P;, since C] matrices, unlike isometries, form a convex set. This also
changes the meaning of ancillary spaces A—in section 3.3 they played dual role of a comb memory and
purification, whereas in (29) we do not need to purify P;, so ancillary system is only used as a quantum
memory.

10
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The link product is linear in both arguments, and can be represented as contraction of indices between
two tensors (see appendix B for short introduction to tensor networks formalism and technical details).
Consequently, we can write down the RHS of (29) as a tensor network, whose nodes (rectangles) represent
quantum channels, open links represent subspaces on which P acts and closed links represent link products:

p p H1 Ky P Ho ICN,,P Hn
1 e e Man, (30)

Notice that with this graphic notation it is clear which subspaces must be contracted while performing the
link product.

When output and input spaces of probed channels are all of the same dimension (dim(H;) = dim(K;) =
d3), and the size of ancilla is fixed during the whole protocol (dim(.A;) = d4), then d;‘_IL\LZ df4 complex
variables are required to store P in the memory. We can substantially compress the information about P by
storing Py, P, ..., Py separately, which requires only d3,d% + (N — 1)d},d*; variables. The latter approach is
much more effective for fixed d 4 and growing N—the used memory scales linearly, not exponentially with
N. To take advantage of this, it is crucial to design an optimization algorithm that operates on Py, P,,...,Py
separately, and does not need to refer to the whole P. This approach is completely different than the one from
section 3.3—instead of finding optimal P and decomposing it, we use ansatz (29) from the very beginning to
overcome the curse of dimensionality.

The compression of P is only possible for combs which can be written as (29) with small d 4. In general,
the size of ancillary system required to simulate all possible combs grows exponentially with N, and so does
the size of CJ operators Pr. However, it makes sense to search only through strategies P with limited d 4
because such strategies are usually substantially easier to implement in practice. One may also optimize the
QFI over P with growing d 4—when the figure of merit no longer increases with increasing d 4 it strongly
suggests that the optimal strategy P has been found.

The analogous idea is used in other tensor networks approximations, in particular in the construction of
MPS representation of entangled states of N particles [38, 62]. The size of a density matrix of such a system
grows exponentially with N. However, states that are weakly entangled can be efficiently represented as a
tensor network (MPS). Then, the memory required to store the information about a state grows linearly with
N, but also depends on a so-called bond dimension d. The more entangled the state is, the larger d is
required. In our case, d 4 plays a role of a bond dimension, with a clear physical interpretation of the size of
available ancillary system.

The CJ operator ASON), containing information about the estimated signal and (possibly correlated) noise,
can be also represented as a tensor network. Using the introduced graphical notation:

A(N) A 51 A 52__2;1—1/1 31
T e e Pl ] Pk, (1)

where & represents the environment space after the kth use of the channel to be estimated. When the signal
and the noise are not correlated, then ASDN) = A%N , the state of environment does not affect the action of the
subsequent channel, and consequently & links may be ignored—the tensor network representing A%N isa
trivial network without connections. Different types of correlations can be simulated using non-trivial action
of channels on —see section 5.5 for an example involving a correlated dephasing noise model. The more
complicated and long-range correlations are, the larger the dimension of & required to simulate them.
Again, to simulate all possible signal combs AS(ON) , one would need dim(&j) that grows exponentially with N.
Luckily, for many typical correlation models, the required dim(&) does not depend on N at all.

The problem of identifying the optimal QFI for a sequence of (possibly correlated) channels A, with
limited size of ancillary system d 4, can be written using ISS approach as

(da) (N)): (N)
FS (AW , max, FO(PL), (32)

where P is given by (29) with links A of dimensions d 4 and FN) (P, L) is defined as in (25). Obviously,
F(Qd““) (AEON)) < FQ(AEON)), and Fg"‘) (AS(ON)) = FQ(AEPN)) for sufficiently large d 4.

To perform the maximization (32) numerically, we proceed as follows. Initially, Py, P,, ..., Py are random
CJ operators and L is a random hermitian matrix. Then, we maximize the figure of merit over Py, fixing

P,,...,Py, L. In the next step, we maximize over P,, then over Ps, etc. In the final step, the maximization over
L is performed. The entire procedure is then repeated until convergence is achieved. Notice, that compared to
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the algorithm from section 3.2, we need to perform N + 1 maximization steps in one iteration instead of just
2 steps. However, the computational complexity of each step does not scale with N. It is also crucial that each
maximization step is SDP (as we show below).

The network representing F™) (P, L) can be depicted as

K| Kn

FO(P L)y =207 LT\ =P (L) (33)

?

where we used the identity A x B= Tr(ABT) valid for matrices A, B acting on the same Hilbert space. The

matrices pgo ), pgo ),L are all of size dyyd 4 X dyyd 4, which does not depend on N. Hence those matrices can

be easily stored in memory. Given pfp ), pfp , the optimization over L can be performed in the same way as it

was done in sections 2.2 and 3.2. The nontrivial part is the efficient computation of matrices pfa ), p@ ). This

can be done by contracting the following networks:

(34)

(35)

Notice, that ppr) is represented as a sum of N elements—in the ith element the derivative acts on CJ

operator of the ith probed channel A.,.
The key property of tensor networks is the freedom of choice of indices contraction order. Even though
p(wN) is constructed by contraction of networks representing P and /L/,N , it is not necessary to compute these

constituent networks in order to obtain p; ™ (which would be equivalent to the procedure from
section(3.2)). Instead, one should contract indices in the following order: H;,.A;,K1, &1, Ha,y Az, .o

ENn—1,Hn. Then, the maximal size of a tensor we need to process at a time does not depend on N. This allows

to compute ,05, ) and its derivative efficiently even for large N, and then find optimal L in the same way as in

previously described ISS procedures.

To optimize over Py, we proceed as follows. Firstly, we represent the figure of merit using (33). Then, we
replace pi,N) and p'i,N) with networks (34) and (35). The figure of merit is then represented as a sum of N + 1
networks: N from the term 2Tr( p'pr)L) and 1 from the term Tr( pS(ON) I?
contract all the indices apart from those corresponding to subspaces linked to Py. Then, we obtain

). In each component network, we

Sk.i

Ky H,
=0 Ak. A,
(36)

)

Mz

(N)pL:

where Sy o denotes the contracted network representing term with pr and Sy ; for i > 0 denotes the ith term

from the expansion of the term with pg, N . CJ operators Sy ; act on the Hilbert space of dimension d%dj,, and
their sum

N
Sk= Z Sk,i (37)
i=0
can be directly computed, which allows to write the figure of merit as
FN(P,L) =Tr (PS}) - (38)
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Interestingly, when proper partial results of computations are saved, then the time complexity of computing
S1,82,...,Sn is O(N), which is also the time complexity of the whole algorithm, see appendix C. The
optimization over Py boils down to the following SDP:

(N) - T
rr})?xF (P,L) rrllji,xTr (PeSi) »

s. t. Traon, (Pr) =1k, @4, Pk = 0. (39)

The first condition for Py corresponds to the trace preservation of a channel, and should be replaced with
Tr(Py) = 1 for k=1 because P; represents a density matrix of an input state.

The performance of the iterative optimization is the most stable when CJ operators A, are full-rank. In
other cases, we observe that convergence to the optimal value is not always achieved. To overcome this issue,
we add an artificial depolarizing noise to each channel A,,. The strength of this noise decays exponentially
over the course of running the algorithm, such that its role becomes negligible for final iterations, and the
optimization result is unaffected. Due to this improvement, our algorithm is very stable, and converges to the
same value with different random inputs.

The algorithm outputs not only the optimal QFI value, Fg““) (ASPN)), but also the sequence of CJ
operators Py corresponding to the optimal estimation protocol. In many cases, this protocol can be further
simplified. Let us consider the following transformation of two subsequent comb teeth:

Py — (IHk [ U.Ak) oPy (40)

Piy1 = Prgro (Ilck ®Uj4k) ) (41)

where 7 is an identity channel, U is an arbitrary unitary channel, U is its inverse and subscript denotes a
space on which a channel acts. Channels U 4, and Ui\k become identity when the link product Py % P41 is
performed—consequently, the described transformation does not change P. The proper choice of U 4, may
simplify the teeth Py, P,, ..., Py of the optimal strategy—this is an analogue of the ‘local-gauge’ choice in the
MPS description [38]. In our algorithm we can fix the initial teeth in an easy to interpret basis, rerun the
optimization over the remaining ones and thus, step by step, limit some of the gauge freedom.

5. Examples

To demonstrate the efficiency of the introduced tensor network based approach, we use it to find the optimal
adaptive protocols of estimation of different noisy qubit channels and the corresponding QFI in the limit of
large number of channel uses. In our numerical implementation to solve SDP problems we used CVXPY
package [54] for modeling and MOSEK solver [63].

The methods we have developed can be applied to channels A, with arbitrary parameter dependence.
Still, for concreteness we focus on qubit channel estimation models with unitary parameter encoding and
parameter independent noise, for which the Kraus operators have the following structure:

Kox=UyKi, U, =e 197, (42)

which means that the angle of rotation of the Bloch vector around z axis is estimated, and signal comes after
noise described by Kraus operators K. This allows us to discuss models that manifest qualitatively different
behaviour both in terms of asymptotic QFI scaling, and in terms of the impact of the size of available
ancillary system.

We will present results on the achievable QFI for optimal adaptive protocols utilizing given size of
ancillary systems for four representative types of uncorrelated noise affecting phase estimation:
perpendicular dephasing (5.1), parallel dephasing (5.2), perpendicular amplitude damping (5.3), and
parallel damping (5.4)—see figure 3. We present the result for number of channel uses up to N =20 as in
these regime all the relevant qualitative observations can be made, but this is not a fundamental limitation of
the method. As a final example, in section 5.5 we will present results for a correlated dephasing noise model
(for number of channel uses up to N = 50), which shows how effective the tensor network method is in
understanding the potential of correlated noise models, for which the fundamental metrological limitations
are not yet fully understood.

For all the cases studied, we obtain the optimal adaptive QFI as a function of N for 0, 1 and 2-qubit
ancillary systems (this corresponds to d 4 € {1,2,4}). We compare our results with fundamental
upper-bounds, which were derived in [16]. The bounds are guaranteed to be saturable when N — oo and
ancillary system is large enough [13, 16]. However, for some cases, the gap between the upper bound and the
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Figure 3. Optimal values of QFI normalised by N for optimal adaptive strategy, given N channel uses, for different dimensions of
ancillary system: d 4 = 1 (blue), d 4 = 2 (red) and d 4 = 4 (yellow). Symbols depict values of QFI in a situation where all the N
channels are used in a single adaptive protocol, while dashed lines allow for multiple repeated experiments with N channels used
in total. Solid black lines correspond to the fundamental upper-bound computed using the methods from [16]. The four plots
correspond to different metrological models: (A) perpendicular dephasing, equation (43) (p = 0.9); (B) parallel dephasing,
equation (44)(p = 0.85) (C) perpendicular amplitude damping, equation (45) (p =0.75); (D) parallel amplitude damping,
equation (48) (p=10.9).

result of ISS optimization is very small. It means, that an almost optimal adaptive estimation protocol can be
implemented with a small size ancillary system. To guarantee a high precision of the results obtained, we stop
the algorithm only when the relative result increases less than 0.01% over 5 full iterations (optimization over
Py, ..., P, L is counted as one iteration). We also made sure, that for different, randomly chosen initial
guesses P, ..., Py, L, the final result is the same up to a numerical error.

5.1. Perpendicular dephasing
The noise Kraus operators for this model are given by

K= \/ﬁ]la Ky = V 1 —poy, (43)

which means that the dephasing acts perpendicularly to the axis of the parameter encoding unitary rotation.
This model has long been a paradigmatic example of the potential of application of quantum-error
correction inspired protocols to recover the Heisenberg scaling of precision despite presence of noise [11, 12,
41, 64-66].

In case when signal comes before a noise, that is when K, = Ky U,, instead of K, = U, Ki (42), the
impact of noise can be completely eradicated with only one ancillary qubit [11, 12, 41, 64—66].

It is also known that when signal comes after the noise, which is the case we consider in this paper, the
Heisenberg scaling may also be preserved, yet with a reduced coefficient [16]. In [16] the optimal protocol in
case of N = 2 uses of channel has also been explicitly constructed, which required no ancillary system at all. It
was not clear, however, what is the structure of the optimal protocol for larger N and in particular what size
of ancillary system is required to reach the optimal performance.

In figure 3(A) we see that the ancillary system is indeed needed in order to preserve the character of the
Heisenberg scaling, and that a single qubit ancilla already provides an almost optimal performance—the
results fall very close to the fundamental bound, and the numerical improvements thanks to the addition of
second ancillary qubit are marginal.

The exemplary almost optimal protocol for N = 3 that utilizes only a single ancillary qubit, that we were
able to extract from the obtained numerical results, is described in appendix D.1.

5.2. Parallel dephasing

Parallel dephasing is one of the most commonly considered decoherence models in quantum metrology, as it
represents the typical situation where the coherences required to sense the parameter of interest are being
reduced by decoherence processes. The corresponding noise Kraus operators are

Ki=yp1l, K =+/1-po;, (44)

which means that the dephasing is defined with respect to the same axis as the parameter encoding rotation.

It is well known that this model does not admit asymptotic Heisenberg scaling, and the quantum
enhancement amounts to a constant factor improvement, with the asymptotically achievable upper bound
on QFI given as FN) <N % [6, 8, 9]. Tt is also well known, that in the parallel-scheme framework the
bound can be asymptotically achieved via a Ramsey interferometry scheme and the use of weakly
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spin-squeezed states [6, 18, 39] or low bond dimension MPS [39, 67]. These protocols may be practical in
many-body systems, as the effecitve entanglement required between the particles is weak, but, nevertheless,
large number of elementary probes need to be entangled. As such, it is not obvious if the performance of this
optimal parallel many-probe protocol can be effectively simulated via adaptive protocols with small ancilla
size in the limit of large N.

Figure 3(B) illustrates that increasing size of ancilla significantly improves the performance of the
protocol. The largest size considered, d 4 = 4, shows significantly better performance than the single qubit
ancilla case, but clearly, increasing the dimension of ancilla further would allow to approach the bound even
closer—this would require a more dedicated numerical effort though, as three qubit ancilla d 4 = 8 is on the
borderline of numerical complexity that a high performance PC is capable of dealing with. Note that for low
dimensional ancilla, at some point QFI starts to drop down, since the decoherence is dominating, and the
ancillary systems are not sufficiently large to deal with. In this case it is more advisable to stop the protocol at
some 1 < N, and use the remaining resources for a fresh run of the protocol—this strategy is illustrated with
dashed lines, and this allows to avoid the drop in per-channel-use performance with increasing N.
Interestingly, the effect of QFI per channel descrease is barely noticeable already with a two qubit ancilla.

One might wonder, how relevant is the adaptive aspect of the protocol, and ask how the optimal
entanglement based strategy with the same number of available qubits would perform. In appendix D.2 we
present numerical results, that confirm that the adaptive strategy with one probe and two ancillary qubits
(three qubits total) outperforms the optimal strategy utilizing three entangled qubits. This remains true even
if we allow for sequential channel probing (but not full adaptiveness, since intermediate controls are not
allowed) in the latter case. This shows that the adaptive strategy found is not just the imitation of an
entanglement based strategy. Moreover, it clearly demonstrates that quantum adaptiveness is more than
entanglement + sequentiality.

5.3. Perpendicular amplitude damping
Let us now consider a perpedicular damping model, where the corresponding Kraus operators read

Ky = =) (=[+ Vpl+)(+], Ko = /T =pl=)(+], (45)

where |+) = (]0) % |1))/+/2 are the eigenvectors of 0. This is variation on the standard amplitude damping
model, where the damping axis is perpendicular to the phase encoding rotation axis.

Despite perpendicular character of the noise, this model, unlike the perpendicular dephasing one, does
not admit asymptotic Heisenberg scaling [16]. The analysis of this model leads to a particularly interesting
conclusions, as the adaptive upper-bounds for QFI derived in [16] are saturable for all values of p and N.
Previously, this fact was only demonstrated for N < 4. Using the tensor network approach, we show
numerically, that the bound is also saturable for N up to 50. Moreover, one qubit ancilla (d 4 = 2) is enough
to saturate the bound, see figure 3(C). Inspired by the structure of the numerical solution, we have found a
simple intuitively appealing analytical form of the optimal protocol for all values of p and N.

Let us consider the local parameter estimation around the value ¢ = 0 (for other values of ¢ one needs to
adjust the protocol by proper rotation of a probe qubit). Initially, the probe (#;) and ancilla (A;) qubits are
prepared in a product state |—)7;, ® |0) 4,—notice, that this state is not affected by damping noise. The
protocol involves entangling operations V; applied between the ith and 7 + 1th use of the channel A,
followed by the readout of the ancillary qubit. The action of V; reads:

Vil-) ©10) = |-) @10), (46)

Vil+) @10) =t |4+) @ [0) + /1 — £]—) ® 1), (47)

where t; € [0,1] describes the coupling strength between the probe and the ancilla. For #; = 0 the coupling is
the strongest, and probe is measured in |4) basis, with readout saved on ancillary qubit; for #; = 1, there is
no coupling, the input state remains unaffected. All intermediate values describe a weak measurement, when
information accumulated in a probe is partially transformed to ancilla.

After the action of V;, the ancillary qubit is measured in the basis {|0),|1)}. When the result is |1), then
the probe no longer carries any information about ¢, the whole protocol is restarted, and the number of a
step in which it happened is saved (therefore, there is no need to specify how V; acts on states of the form
[th)1 ® |1)_4). When the result is |0), the protocol is uninterrupted. Provided |0) is measured in all N
subsequent coherent uses of A, then the final probe state is measured in the basis (|£)). The total classical
FI achieved using this scheme depends on coupling parameters #;. When the values of t; are chosen optimally
the bound derived in [16] is saturated for all N.
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Figure 4. Schematic representation of the optimal metrological protocol for phase estimation in the presence of perpendicular
damping noise. Initially, probe and ancilla qubits are prepared in a state |[—)4;, ® |0) 4,, and for first k steps, no external control
is applied—the probe state is freely evolved through channels A . Then, the protocol consists of the interactions V; between
system and ancilla, followed by measurement of ancilla in |0) /|1) basis. If the result of this measurement is m 4 = 0, the protocol
is continued, if m 4 = 1, the protocol is terminated, and the number of step 7 in which it happened is saved. After N steps the
system is measured in |+) /|—) basis (provided that the protocol was not terminated earlier).

In particular we observe, that when the damping noise is weak enough, then first k optimal coupling
parameters are t; = 1—that means, that one should initially let the probe freely evolve through channels A ,.
After this stage, interactions V; effectively keep the probe state in some optimal, fixed point, in which the
effect of damping noise is not too large, and at the same time, the measurements performed on ancillary
qubit are as informative as possible. See figure 4 for the sketch of the described strategy and appendix D.3 for
the derivation and more details.

Apart from one ancillary qubit, the described protocol requires classical memory to store information
about the step number in which |1) was measured. The protocol found by our algorithm does not need any
extra memory by construction—this can be understood in a way that information instead of being extracted
by the measurement is constantly being feed-forward in the structure of the state. However, we decided to
present the measurement based protocol thanks to more intuitively appealing nature. Notice, that it is not
possible to saturate the bound without ancilla (see figure 3(C), points corresponding to d 4 = 1).

5.4. Parallel amplitude damping

For completness of discussion of uncorrelated noise models, we consider the standard amplitude damping
model representing e.g. spontaneous emission, where decoherence axis is parallel to the phase encoding
rotation axis. The Kraus operators for this model are

=10)(0] +/p[1)(1], Kz = /1 —p[0)(1 (48)

In this model, again, the Heisenberg scaling is asymptotically unattainable [8, 16], as can be also seen in
figure 3(D) where the curve representing the bound on F¥) /N (black solid) reveals the asymptotic
convergence to a constant for large N.

Similarly to the parallel dephasing model, we see that the performance of the protocol improves
significantly with increasing size of the ancillary system, and the 2-qubit ancilla results could be further
improved by increasing d 4. It can also be seen that while a strategy with 1 ancilla qubit offers a significant
advantage over the one without ancilla for all N > 1, the difference between strategies with 1 or 2 ancilla
qubits are negligible for small N.

We use this example to demonstrate that the tensor network approach provides benefits also in the low-N
regime, by allowing for identifying a simpler structure of optimal protocols than the standard full-comb
optimization procedures. More concretely, we focus on the basic N = 2 uses case, and p = 0.5, and show a
significantly simpler protocol than the one obtained in [45], where the MOP optimization, combined with
standard procedure of decomposing combs into isometries (discussed in section 3.3) was applied.

Because the difference between QFIs achieved with one- and two-qubit ancillae is small for N = 2, here
we present the strategy with one-qubit ancilla, which is more intuitive and almost optimal (for N = 2 the QFI
changes from 2.174 to 2.179 when the second ancillary qubit is added). The 2-qubit ancilla strategy achieves
the maximal possible QFI and is described in appendix D.4.

The optimal strategy with one-qubit ancilla is schematically presented in figure 5. Its first tooth prepares
an entangled state |ty ), which is close to the maximally entangled state —= (\00} + [11)). The second tooth
applies a unitary U on the subspace spanned by |00), |11) and prepares a dlfferent entangled state |¢/1) for an
input state |01) (notice, that input |10) is forbidden due the noise character). See appendix D.4 for more
detailed description of this protocol.

In [45] the authors provided a decomposition of the resulting isometries into elementary gates using the
package from [61]. The first tooth of their strategy’s comb prepares a pure state. To represent the action of
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Figure 5. Optimal strategy for parallel damping noise model with two uses of channel A, when ancilla is restricted to 1 qubit. (a)
Teeth Py, P, of the strategy act before each channel use. First tooth of strategy, P, prepares an entangled state. After channel A,
acts for the first time, the 2-qubit state is |¢). (b) Second tooth, P,, acts on |¢) with a unitary U acting only on subspace spanned
by |00), |11) or prepares a new entangled state |1);) if the input state to P, was [01).

-~

the second tooth, 33 CNOT gates acting between 5 qubits were required. As demonstrated above, the second
tooth of the strategy which we obtained from our tensor network method, restricting ancilla to one qubit, is
significantly simpler and provides an intuitve understanding of the action of the protocol. Even strictly
optimal strategy involving two ancillary qubits is much simpler than the one presented in [45], as we
demonstrate in appendix D.4.

5.5. Correlated parallel dephasing
The examples discussed above covered four uncorrelated noise models. For such models, asymptotically tight
bounds can be efficiently derived, and serve as a benchmark of actual protocols [6, 8,9, 11, 16].

We now move on to show the potential of tensor network methods to deal with correlated noise models.
In this case, there are no universal methods to derive fundamental bounds, and hence effective numerical
methods to identify optimal metrological protocols are even more desired. We will focus on a simple
generalization of parallel dephasing model, that would allow us to study the impact of the strength of
temporal (anti-)correlations present in the dephasing process.

Parallel dephasing noise can be interpreted as random rotations of a qubit around the dephasing axis. In
the uncorrelated case, these random rotations are assumed to be independent for subsequent interactions of
a probe state with the probed channels. In what follows, we will consider a model where these random
rotations may be (anti)correlated up to the desired degree.

The physical context for such a model is a situation where we measure the value of a constant magnetic
field with a known direction using a spin 1/2 probe. The probing spin is also affected by a randomly
fluctuating field of a different origin, whose direction is parallel to the field we want to estimate. Moreover, if
the time scale of the field fluctuations is comparable or slower than the system probing dynamics, then the
random rotations representing dephasing in the subsequently probed channels will be correlated. Therefore,
ASON) #* A?N , and the noise is properly described by tensor network with nontrivial Hilbert spaces £&—
see (31).

The one-qubit dephasing of strength p, defined in (44), can be alternatively described using a different set
of Kraus operators

1

V2

1

V2

K, Use, K U-., (49)

where U, = e¥1%, p = cos?(¢/2). This implies, that the dephasing model can be as well interpreted as
resulting from a rotation by angle € around z axis in random direction (50% left, 50% right).

To represent the most basic form of dephasing correlations, we assume that the rotational directions for
consecutive dephasing channels are elements of a binary Markov chain given by

1+C

piti—1 (+[+) =piia (=) = — (50)
1-C

pili—1 (=) = piji—1 (—=|+) = — (51)

where pjji_;(si|si—1) for i € {2,3,...,N}, is the conditional probability of rotational direction s; in channel i
assuming direction s;_; in channel i — 1, C € [—1, 1] is a correlation parameter: C =0 corresponds to no
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Figure 6. The QFI per channel (F(()N) /N) as a function of number of channels coherently probed (N) in presence of correlated
dephasing noise. The data shown were obtained for dephasing strength p = 0.85, for negative (C = —0.75, blue) and positive
(C=0.75, red) correlations. For comparison, we also show an upper bound for precision for uncorrelated dephasing noise (black
line). Interestingly, this bound can be violated with the help of correlations. For small values of N, zero and one-qubit ancilla

(da = 1,2 ) seem to be enough to obtain an optimal precision. However, for larger N, the strategy involving two ancillary qubits
(d_4 = 4) performs substantially better. Notice, that calculations for N = 50 would be impossible without tensor network
decomposition technique.

correlations, C = 1 means maximal positive correlations (all rotations are in the same direction), and
C = —1—maximal negative correlations (directions are always different in two neighbor channels).
Furthermore, we assume that directions + and — are equally probable in the first channel:

pr() =pri(—) = 1/2.

To model this type of correlations using our tensor networks framework, we consider channels A, acting
on a two-qubit space: first qubit (KC) is the physical probe, and the second one (€) is a classical bit of
memory. When this classical bit is in a state |£), then the unitary UL, acts on the probe. After each channel
use, the register state is drawn according to the conditional probabilities described in (50) and (51). The
Kraus operators describing the action of a channel on a probe and register are

1+C 1-C
Klz\/TU+€®|+><—|—|, K= TU+€®‘_><+|7 (52)

1-C 1+C
K; = TU,E®|+><—\7 K, = TU,6®\—><—|. (53)

The input state of a register of a 1st channel is 1 /2 to satisfy the condition p;(+) = p;(—1) = 1/2. Notice,
that the action of a single channel on a probe is equivalent to dephasing of strength p = cos® ¢ when there is
no information about remaining channels and about classical register state.

We performed numerical calculations for negative (C = —0.75) and positive (C= 0.75) correlations for
dephasing strength p = 0.85. The results are shown in figure 6. Note that we also plotted the bound
corresponding to the uncorrelated dephasing noise model of the same strength. Interestingly, both negative
and positive correlations allow to beat the upper bound calculated for uncorrelated case. However, negative
correlations allow for significantly larger values of QFI. In fact, we observed that positive correlations may
even decrease the QFI for smaller values of C.

The gain in precision related with negative spatial noise correlations fluctuation is a well known
phenomena, and has been discussed in parallel quantum metrological schemes [39, 68—71]. Note, however,
that here for the first time, we provided results of optimal performance of adaptive protocols for time-
correlated dephasing models in the limit of large N and with arbitrarily tunable correlation parameter.

The gain thanks to positive correlations may be less intuitive when trying to base it on spatial-
correlations analogy. In this case, one would expect that the more collective character of dephasing (positive
correlations) leads to even stronger reduction of the achievable QFI—the correlated dephasing [30, 35]
makes the noise more similar to the signal we are sensing. This observation requires a deeper analysis, in
order to understand how much of this effect is due to discretization of the phase fluctuations model, and how
much is the advantage that appears thanks to the adaptive nature of the protocols considered.
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6. Conclusions and outlook

The methods presented here allow for the efficient identification of optimal adaptive protocols in the
paradigm of multiple coherent channel uses. These results may be seen as complementary to the research
focusing on the derivation of fundamental bounds for the performance of adaptive metrological protocols
[9, 11, 12, 16]. In the latter case, the obtained results are guaranteed to be larger or equal to the largest
achievable QFI—if numerical optimization is not exact, the final result can be only too large, never too small.
On the contrary, in the ISS optimization, the obtained QFI can never be larger than the optimal one, since we
always construct an explicit protocol that allows to achieve the QFI returned by an algorithm. Provided the
QFI obtained from the two approaches coincide, we are sure that the protocol we have identified is the
optimal one. Interestingly, independently of our paper, a recent study appeared where metrological bounds
are discussed taking into account limited size of ancillary systems [72]. This approach may be viewed as
complementing our results even better, as one may now focus both on protocols and bounds under the same
assumptions regarding the limit on the ancillary system size.

The continuous-time fundamental upper-bound for quantum sensing precision [15] can be obtained by
taking the limit of infinitesimally short time step in a more general discrete bound [16]. The similar approach
can be used to look for optimal continuous-time quantum control—one can search for optimal discrete-time
adaptive strategy with decreasing time step. The only problem is that for a fixed total measurement time,
more and more steps are required to make a single step short enough. Therefore, it is impossible to efficiently
generalize methods relying on optimization over a full comb to continuous-time regime. However, with our
tensor-network based optimization one can deal with much larger numbers of channels—therefore, it is
possible to divide the whole time evolution into many small pieces, which can be interrogated with control
operations. This allows for a good approximation of continuous control assisted estimation.

The methods presented here may also be generalized to fit into the Bayesian framework. This in principle
poses no conceptual difficulty within the ISS approach, provided the Bayesian cost is quadratic, as the
relevant figure of merit has an analogous structure to the QFI, see (14). The potential practical difficulty may
come, however, from a more greedy character of the Bayesian approach when it comes to the dimension of
the ancillary systems required—since the classical information is retrieved only in the end of the protocol,
and Bayesian approaches typically require larger amount of information to be retrieved in the measurement
compared to the QFI based approaches [7]. Nevertheless, it is worth exploring this direction and compare it
with other proposals, where methods of identifying optimal adaptive Bayesian protocols in terms of
optimization over quantum combs are proposed [56].

The other, and probably more promising application is to use the tensor network approach developed
here to find the optimal adaptive protocols for channel discrimination problems [73-76]. In this case, even
though the problem is also Bayesian at its core, the amount of information gathered over the run of the
protocol is limited by the number of alternatives to be discriminated, and protocols with small size ancillary
systems should be efficient. The advantage is the possibility to study the performance of the protocols in the
limit of large number of channel uses, a regime out of reach for the all state-of-the art methods [77].

Our approach may also be viewed as complementary to tensor network methods developed for
identification of optimal multi-partite probe states for parallel sensing schemes [39]. While these approaches
are well-suited to study many particle systems (cold atoms, solid state systems, ...) with simple local
entanglement structure, the newly developed approach is perfect to study small scale systems that may be
interrogated coherently over many rounds of an experiment (atomic clock systems, trapped ions, spins,
NV-centers, ...). In other words, the present approach addresses the difficulties related with understanding
long-time quantum coherence/entanglement potential that may be revealed via specific adaptive protocols,
while the former one focuses on spatial aspects of distributed entanglement in multi-partite sensing systems.
Interestingly, it is conceivable to combine the two approaches in a unified framework, where both long-range
spatial and temporal effects may be satisfactorily analyzed for the sake of identifying optimal metrological
protocols. This is an ambitious direction that may be pursued in the future.

Finally, even though we have focused our research on the standard single parameter quantum metrology
problem, it should be possible to generalize the methods presented here to multiparameter models as well. To
do this one needs to design an effective ISS procedure involving multiparameter figures of merit such as the
exact multiparameter cost or the Holevo bound [49, 78] or combine the approach presented with that latest
conic-programming based tools for multi-parameter estimation problems proposed in [79].

We are also convinced that our approach may be fruitfully combined with more general quantum process
tomography paradigms, where tensor network structures naturally appear [80, 81], as well as help in
optimizing quantum control operations in non-Markovian models [82].
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Appendix A. Decomposition of a quantum comb into isometries

Here we summarize the procedure, given in [42], of decomposing a quantum comb P into a concatenation of
isometries (see (28) for an illustration) applied to our setup.

Given the CJ operator P of the comb P, we construct the subsequent isometries V(l), . V) where
VO Ky @ Ak—y — Hi @ Ay. We use the following indices to label the respective basis elements or
corresponding Kraus operators:

i - basis of Ay, i € [1,rank(P®)],

j - basis of Ay, j € [1,rank(P*—D)],

m - basis of Hy,

n - basis of ICr_;.
The procedure is as follows.

1. Obtain Vic[; n—1) the C] operator P®) of the comb P up to its kth tooth, using (18).

2. Starting with k=1 for each k construct the canonical representation {ka) }i of the channel P(Y,

3. Starting with k=2 (since for k=1 the isometry is just the input state), for each k construct two different
Kraus representations of the same channel (A11) (see also (A13) and (A14)):

K {(n, . om)k®) (an
{K.”(k)} = {K?H) ® <n|} . (A2)
o jon ] jn
4. Using the system of equations
(k) k) 11(k)
Ki,m - Z me,jnl<j,n (A3)
1,n

obtain the matrix elements of the isometry V%) which connects the two representations of the channel.
Finally from:

v = 3" Vi m)(n] @ i) G| (A4)

iyj,m,n
obtain the isometry. From this construction we have dim(.Ay) = rank(P®)).

To see why such V(¥) are indeed isometries whose concatenation yields P, let us first recall from (18) the
condition for P to be the CJ operator of a quantum comb P:

P>0, Traemn,P=PN Ve@lk,

vV Try PO =P @1k, | Try, PV =1. (A5)
1<k<N

Note that those conditions imply that all P*) ¢ £(®f;11 Ki® ®f:1 'H;) are positive semidefinite and if we
trace out all output spaces they act on (H; : i = 1,...,k) we get an identity operator on all input spaces
(Ki:i=1,...,k—1). Hence each P¥) isa CJ operator of a CPTP map [42]

k—1 k
pH . £ <®/ci> =L (@Hi> . (A6)
i=1 i=1
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Through the analysis of the input and output spaces of this map it is easy to see that it is just a quantum
channel obtained from comb P by ignoring (tracing out) all spaces related to teeth k+ 1,...,N that is K,
Hi1s oo Kn—1, HN> An. Then the conditions (A5) (apart form positivity) can be reformulated as

Tryg,, , PED (p) = PO (T, p) (A7)

for any density matrix p. Naturally, each channel P*) can be represented by a set of Kraus operators {Kf»k)}
and purified to isometry W) such that

= (i w®, (A8)

where i) is an o.-n. basis of auxiliary space Ay used for purification. In the above formula partial inner
product was used, that is on the RHS (i| formally denotes 14, .. x ® (i|. This notation will also be used
throughout this section, when applicable.

Let us for a moment assume that P can be decomposed into isometries V1), ..., VIN) and investigate what
conditions they should satisfy. First, since vk performs the action of the kth tooth, it needs to have K;_; as
one of its input spaces and Hy, as one of its output spaces. Furthermore, among its input spaces we need a
space that would connect it with all previous k — 1 teeth. The natural choice for this space is Ag_1, since it
can be interpreted as a comb memory after k — 1 teeth of a comb. Analogously, we need a space that would
connect V(¥ to the next tooth and the natural choice here is A. Thus we are looking for an isometry

.....

V(k) K1 ® -Ak—l —Hr® Ak- (A9)

For such a choice we can multiply the purification of k — 1 teeth (W*~=1) by V%) and for V(¥) to be the kth
tooth we want the result of this multiplication to be the purification of k teeth—W®), In summary, we need

V) to satisfy:
wih = yEwik=1), (A10)

To see that such a matrix indeed exists let us consider two transformations:

k—1
L <®/c,~> 5 p TrpPY (p) e L <®%> (Al1)
k—1
<®/c> > prs PED (Tree, eﬁ(@%) (A12)

i=1

Clearly both of them are CPTP maps thus they have Kraus representations—here K’(k) and K"’ (k)
respectively. Those representations can be constructed as follows:

Trs, PV (p) = 3 (m[P® (p) |m)
= " (m|KM pkVT m),

sO
K% = (m|k®. (A13)
Analogous reasoning leads to
(k) _ pA(k—1)
K =KV (). (A14)

By relation (A7) channels (A11) and (A12) are equal thus K’(k) and K’/ (k) are two Kraus representations of
the same channel. It follows that there exists an isometry V;,, ;, connecting those two representations [58].
They are related by (A3). Finally:

DES KD Y m k)
i i,m
A3
DS Vilm) ) K

Lj,m,n
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(A14) . k—
=N Viggulm) (n] @ [KY

ij,m,n
(A8) N _
ST Viulm) ] @ i) Gl
i,j,m,n
= 3= Vimglmnl @ liy Gl | w0,

L,],m,n

thus the matrix in brackets is an isometry that satisfies (A10) and this is indeed the matrix (A4) which we
give in the last step of our procedure.

Appendix B. Tensor network representation of quantum combs

Let us introduce the basic concepts of tensor networks formalism. Any n-index tensor T;
represented as a rectangle with » legs:

Tiig. iy = (B1)

All the links in the depicted example come from the right side of a rectangle, generally the side from which a
link comes out does not have any mathematical meaning.

Let T;;,...;, and Wj;, ;. be two tensors, and let us assume that the range of indices 7 and j; is the same:
ir,ji € {0,1,...,d — 1}. Then, a tensor S can be constructed by contraction of indices i and ji:

\i...i, can be

S= T i iiggreoin Wit i vijierojns (B2)
the summation convention was used above—the sum over i ranging from 0 to d — 1 was performed. Notice,
that Shas n+m — 2 indices: 11, ..., 5k—1, i1y« s Iny 1y« - s ji—1sJI+15 - - -5 Jm- Lensor S can be graphically
represented as

(B3)

Free legs correspond to 1 + m — 2 indices of S, connected legs correspond to contracted indices. We can
combine more tensors into a network, in which each link denotes a contraction of one indices pair. For a
more detailed introduction to a tensor networks formalism see [84].

Let us now demonstrate the construction of multi-index tensors representing quantum channels, which
allow to express a link product using tensor networks formalism. Let C € Lin(H; @ H, ® ... @ Hy) bea CJ
matrix of a channel whose input and output subspaces are H;,H,, ..., Hy (for our further considerations it
does not matter which spaces are outputs and which are inputs). Operator C can be written as

C= Gy |- i) {ifiz. . i, (B4)

where indices i, i/ run from 0 to d; — 1, d; = dim (H;); vectors |0),|1),...,|d; — 1) form o.-n. basis of H;. We
can construct an equivalent representation of C by concatenating indices i and i/ into one index k;, ranging

from 0 to df — 1. Then, we obtain an N-index tensor C, whose elements are
Gy = iy for k= djij+ 1. (B5)
Notice, that for N = 1, the described procedure corresponds to a matrix vectorization.
Let E: L(H1) = L(H2 ®H3), F: L(H3z ® Ha) — L(H5) be quantum channels, and

E€ L(H1®@Hy ®H;3), Fe L(H; ®Hy® Hs) the corresponding CJ operators. We can construct another
channel, G: L(H1 ® Hy) — L(H, ® Hs) by using part of E (H3) a part of input of F. Then, by construction,
G € Comb|(H,H2),(Ha,Hs)] , and the corresponding CJ matrix G can be written using link product:

G:E*F:TrH3 [(E®]1’H4®7'L5) (]17'[1@7'[2 ®FTH3)] . (B6)
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Equivalently, we can write down the relation between G.E,F using tensor network formalism:

(B7)

This procedure can be directly generalized to channels with more input and output subspaces. We can
also concatenate more channels, to represent quantum combs consisting of many teeth. In the main text, to
simplify the notation, we remove ~ symbol, and write the symbols of CJ matrices (e.g. G, E, F) in the tensor
network notation. Formally, one should understand this notation as indices contraction in the
corresponding tensors G, E, F.

Appendix C. Tensor network based optimization: technical details

Let us present an efficient way to compute Sy matrices which are used to optimize over strategy teeth P,

I as a value of kth tooth of an estimation strategy obtained

see (39). Firstly, to be more precise, let us define P,[j
after i full iterations of an optimization algorithm. To update this value to P,[(i +l , we need to construct a
matrix S,[Ci *U_this is a notation for a matrix Sk with updated values of P; for I < k (Pj<y = Pl[iH}) and the
values of P~ from the previous iteration (Pj~y = le ). This is related with the order of optimization—we

optimize from left to right. Let us also define S 4 = Zf\le Sk,i» this means that Sy = S ¢ + Sk, +, see (37). The

matrix S,[::gl] can be represented as
Er—1 LN
St = it e RE L (2T (C1)
> ) m Ol Ay|

where L,[jgl] , R,[f]o correspond to contraction of elements from left and right of P; respectively, and are

)

defined by the following iterative relations:

&
[i41] H AS@ K [i+1] [i4+1]
Lyo = plitl] l Lo Lo = ko T (€2)
Ay
Enoy Er—2 Ek—1

L L k=1 . k| 4 )CN
RE:/],O —HN7 RZLI,O = ALP*PILZ] H*RE}O* (Cg)

Ay I LA ﬂN

Notice, that we do not define L, o since there are not any object at the left side of P;. Instead of calculating
matrices S ; for i > 0 independently, we can calculate their sum Sy . directly, using the following relation

Er_1 Er—1
st = ot e R | Lol 2|l e adrl? | (L (C4)
Ax» LAY A’“*’&

where L,[(iil] , R,[;] , are defined by the following iterations:

(C5)
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(C6)

Sk—l g},
| . i |
il |l [ Alic, + [7li+1l,,
iy =|Lko F plitl K L
A

En_1
[ i
Ry =4, /cN (C7)

L Ery L
i |K | Sl KN
: hREo*N + AQ*P,?] 1RE€7]+* (C8)

S
b
2
P
>

It is straightforward to see that after applying these iterative relations, the figure of merit defined in (33) can

be indeed written down as (36). Moreover, all tensor networks contractions required to find

PEIH] ,Pg'H] ye .,P[;IH],L[”H given PE’],PE} . .,Pk;,Lm can be done in time O(N). To achieve this, we follow

the following algorithm.

1. Tensors R,[(i}o, R,[f]+ are computed using (C3), (C7), (C8) for k € {1,2,...,N}. When the iterative relations
are applied directly, then the time of computation of all of them is O(N).

2. The optimization over P; is performed, and P[f] is replaced with PE’H]. Then, L%’l] and Lg:l] are
computed using (C2) and (C5). This allows us to compute S%” and Sg:l] using (C1) and (C4). Then,

we perform optimization over P, and find Pgiﬂ] , which is used to calculate Lg’gl] , Lgij_l] with the help

of (C2) and (C6). This procedure is continued until we find PI[\'}+1]. Notice, that the time of computation
of L,[ill }0, L,[(ILI ] , using L,[:gl], L,[:J:] does not depend on N. Therefore, the time of all contractions and
optimizations described in this step is O(N).

3. Finally, we find LI+! using a standard procedure, described, for example, in [32, 39].

Appendix D. Optimal metrological protocols for select examples

D.1. Perpendicular dephasing

Here we describe the almost optimal protocol for perpendicular dephasing, N =3 and d 4 = 2. Let us start
with the optimal protocol for N = 2. We take as an input state |¢T) = % (|00) 374 + |11)3.4). After the
action of the channel this becomes a mixture of

1 1
V2 V2
with probabilities p and 1 — p respectively. Then the error can be detected by projecting the state on one of

the two subspaces C = span{|00),|11)} and £ = span{|01),|10)} and then corrected. The action of the
second channel leads to the mixture of

(]00) +e|11)), (]10) +ejo1)), (D1)

1 i2¢ L
5 (100 +e 1), —

with probabilities p and 1 — p respectively. This state gives QFI at level 4p which is an optimal value for

p = 0.5. For p < 0.5 the occurrence of o, error is more probable than not thus it is more beneficial to treat
nonoccurence of o, as an error and correct the state when it is in span{|00), |11) }. Therefore finally we get
F§) =2(1+ 1 2p|).

(110) +101)), (D2)
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0.65 A

0.50 A

Figure 7. Optimal values of QFI per channel (F(()N) /N) as a function of the number of channel uses (N). General adaptive
strategies (dashed line) and strategies involving entanglement and simple sequentiality (dotted line) are compared for different
total number of entangled qubits: 1 (blue, d 4 = 1, for this case dashed and dotted line overlap), 2 (red, d 4 = 2) and 3 (yellow,

d 4 = 4). For both cases we allow for splitting N channel uses into k experiments with #; channel uses (Zle ni = N).

Our protocol for N = 3 does everything as in the case of N = 2 and then after the action of the second
channel it transforms all states in £ (or C for p < 0.5) into:

20+ 1)@ (10)+ 7)) (D3)

Numerical computations showed that this results in a QFI that is at worst 8% percent smaller than the
optimal protocol for d 4 = 2.

Note, that in case when signal comes before a noise the matrix U, acts on a state immediately after it was
corrected. Thus it can be ensured that this state will always be pure which allows for a complete eradication

of a noise and FE)N) = N2

D.2. Parallel dephasing—adaptive vs entangled based strategy analysis

In this appendix, we present the data showing the comparison between entanglement based and adaptive
strategies utilizing the same total number of entangled qubits, see figure 7. For general adaptive strategies
(dashed lines), we probe the channels sequentially, and allow for arbitrary control operations in between. For
entanglement based strategies, we do not allow for any intermediate control, but we can optimally choose the
input entangled state. Moreover, in the latter case, channels can be probed sequentially, which means that
each qubit of an input can be evolved through a number of probed channels. In both cases, we allow for the
same total number of channel uses and for the same number of entangled qubits. Notice that d 4 = 2™ (m
ancillary qubits) in adaptive strategy correspond to m + 1 entangled qubits in total. In some cases, it is
advantageous to split N probed channels into subsets of ny,#,, ..., nx channels, and repeat the protocol k
times, in ith use, n; channels are utilized. The optimal division of channels into different coherent runs of the
protocol is allowed in both considered cases.

D.3. Perpendicular amplitude damping

Let us describe in more details the optimal estimation protocol introduced in section 5.3, and calculate the
associated FI . For a moment, let us assume that after ith action of a channel A, the probe qubit is in a state

where

) = €269

—) = cos (c,-ch) |—) —isin (%) [+), (D5)

the ancillary qubit is in a state |0). In the calculation, we neglect higher order in ¢, since the estimation
around ¢ = 0 is considered. Using identity

Vilta, @ 10) = cos (7)) @ |0) + (D6)

—it; sin (%) +) ®[0) —iy/1 — £sin (Ciz‘p) - ® 1) (D7)
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and (D4), we can write the output of the control operation as

Vi (2 @ l0)(01) Vi = il + 0 (¢7), (D8)

where

X = e ©10) —iy/1- 22212 @ 1), (D9)

The ancillary qubit of this output is measured in a computational basis

e With probability p; ; = "zfz (1— 1)+ O(¢’) we measure ancillary qubit in state |1) . Then the 1st qubit is

in a state |—) and carries no information about . We can start the whole protocol again.
e With probability py = 1 — O(¢?) we measure ancillary qubit in |0), and the 1st qubit is then in a state

[W)ane (W] +0(&%).

C

In the 2nd case, we use the output state as input to next channel A,—the output of A, can be then
calculated using (45), and after expanding around ¢ = 0, we obtain

A%’(|¢>5iti§0<w‘) = |1/)>Ci+190<¢|+0(§03)7 (DIO)

where

Ciy1 = cGitin/p+ 1. (D11)

This justifies our initial assumption about the form of the input state of V;—we start with a state |—) = |1)y),
and during the whole protocol the state is in the form [t)),, (¢| + O(¢?). The coefficients ¢; are given by the
recursive relation (D11) with an initial condition ¢y = 0.

The total probability of a protocol termination in step i is

G
4

pi=0Q—p11)...(1=pri—1)pri= (1*t§)+0(<ﬂ4), (D12)

note that it is equal to p; ; when terms of order * and higher are neglected. With probability 1 — O(¢?) the
protocol will not terminate after N channel uses, and at the output we will obtain a probe state
[¥) v (1] + O(*) and ancillary qubit in state |0). The QFI associated with this output state is

Fou = iy, (D13)

the measurement which allows to achieve the classical FI equal to QFI is, for example, the measurement in
|£) basis.
The total FI achieved in the described protocol is

n—1 ., n—1
F(N):Z%‘FFout:Zsz(l_tlz)_‘_cii (D14)
i=1 i=1

To get an optimal performance, we need to optimize the result over {t;}. This can be done step by step—for a
given ¢; we pick the value #; that maximizes the sum of the FI associated with the measurement of ancillary
system after V; and the QFI of the probe output state. Therefore, we find #; maximizing the function

£2
IIJ; +C?+1:sz(1_tzz)+(cit"\/§+l)2' (D15)

i

This is a quadratic function, and it can be easily shown that the optimal choice of #; is

P VP .
b= at—p When oS (D16)
1 othwerwise

After inserting this to (D11), we obtain

1 VP .
Cip1 =19 7P when 75y S (D17)
ciy/p+1 othwerwise
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100 10! 102 108
N
Figure 8. The QFI per channel (F(gN) /N) as a function of number of channels N for perpendicular amplitude damping noise for

different noise parameters p. The fundamental bound (solid line) is compared with the FI achieved by the described protocol
(crosses). The bound is saturable using this protocol, so crosses coincide with solid lines.

L forg < i, which means that ¢; < ¢4 and ¢; < 1% for any

Notice, we always have ¢; < ¢;\/p+1< - -
i. In the first stage of the protocol (first k channel uses, see figure 4) the optimal value of #; is 1, which means
that no error correction is performed. In that stage, ¢; keeps growing. Eventually, for i = k, cx becomes larger

than 1@) , and then #, < 1 must be picked, according to (D16). Moreover, according to (D17), it means that
Cht1 = ﬁ. Since now, protocol is in its stable phase—it can be easily seen from (D17) and (D16), that

¢ =-andt, = /P for i > k+ 1. The error correction with this value of ¢; keeps the probe state in a state

1—
K /(llip) as long as ancillary qubit is measured in |0). Then, the FI increase associated with each new
channel is ﬁ, which is an optimal asymptotic value of QFI per channels for this noise, as a result of bounds
derived in [16].

To show that this protocol is indeed optimal, we calculated the FI analytically using (D17), (D14), and
compared the result with the fundamental bound. The bound turned out to be saturated in all the cases, see

figure 8.

D.4. Parallel amplitude damping

Here we provide details of the optimal strategies for parallel damping, with restriction to 1 or 2 qubits of
ancilla, as introduced in section 5.4. We provide explicit numerical values for strategies for p=0.5, as a
comparison with the strategy presented in [45].

D.4.1. I-qubit ancilla
The Kraus operators {L; ;} of the ith tooth of the strategy are as follows. The first tooth prepares an entangled
state:

Lo,o = [¢0),
(D18)

where |t)g) = a,]00) + a,|11) and for p = 0.5 a; = 0.678,a, = 0.735. The second tooth’s Kraus operators are
as follows:
Lio = U(]00) +[11)) ((00] + (11]),
Ly 1 = |¢1)(01], (D19)
Ly, =[10)(10],

where [1)1) = b1]00) + b,|11) and for p = 0.5 : by = 0.590,b, = 0.800 + 0.105i, U = 0.959|00) (00|+
(—0.282 — 0.0027)[00) (11] + (0.278 + 0.0471)|11) (00| + (0.945 + 0.1661)|11) (11].

D.4.2. 2-qubit ancilla
For this ancilla size the adaptive bound from [16] is saturated. The Kraus operators {L; ;} of the ith tooth of
the optimal strategy are as follows. The first tooth prepares an entangled state:

Lo,o = |to),
(D20)
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Figure 9. Second tooth, P;, of the optimal strategy for parallel damping noise model with two uses of channel A, when ancilla is
restricted to 2 qubits. After a state |1)o) is prepared by the first tooth and after the action of signal and noise, the 3-qubit input state
to Py is |). P, acts as follows: if |) is |000), |1)1) is prepared; if |¢) is [111), |1)2) is prepared; if |¢) is |011), |1)3) is prepared.

where |1y) = a1|000) 4 a,|111) and for p = 0.5: a; = 0.675,a, = 0.738. The second tooth’s action is
represented schematically in figure 9. The second tooth’s Kraus operators are as follows:

Ly o = [11)(000] + [t)(111],
Ly = [5)(011], (D21)

Ly = |[9i) (W] for 1 € {]001),]010),[100), |101),|110)},
where:
|¢h1) = b1|000) + b,|101),
|1h2) = ¢1]000) + ¢,]101),

|’(p3> = €1|000> + 62‘010> + €3|011> + €4|101>
+ e5]110) + eg|111).

(D22)

For p=0.5:b; = —0.956,b, = —0.160 — 0.248i,¢; = 0.295,c, = —0.519 — 0.803i,¢; = 0.062, e, =
—0.041 4 0.519,e5 = 0.289 + 0.2371, ¢, = 0.042 + 0.065i, e5 = 0.370 + 0.2471, e, = —0.580 + 0.225i.
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Erratum

Equation (D9) in appendix D is

. Gy
Xi) = V) it @ 10) — iy /1 — £ 5 Im el

while the correct version should be

ctp? : Cip
) = 1= T B, 810 - i1 8 | o ).

This minor mistake does not affect any furhter calculations, in particular, the formulas
for probabilities p; ; and py are correct.
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Chapter 3

Using adaptiveness and causal
superpositions against noise in
quantum metrology

Commentary

This work establishes asymptotically tight bounds for adaptive strategies with
uncorrelated channels (C2, Fig. 1.1). Although noise and signal correlations are not
studied, the methodology developed here proves essential for tackling the correlated
scenarios. This is demonstrated in Chapter 4, where the bound for schemes C3 is
derived.

In Chapter 2, it was shown how to use the MOP technique to compute the channel
QFI, see eq. (5) in Section 2.1. This formula can be, in principle, easily extended to
the case of parallel estimation of N channels (B2), simply by replacing A, with A%’N

Unfortunately, the resulting minimization problem quickly becomes unfeasible be-
cause its complexity grows exponentially with N. Nevertheless, for large N (or
even asymptotically), the MOP is still useful to derive the QFI upper bounds. To
demonstrate this, we briefly recapitulate the derivation of an upper bound for parallel
schemes (B2); details can be found in Refs. [Fujo8; Dem12|.

The inequality
FQ<A<P> < 4HOCH7 o= Z K;kktp,ka (31)
k=1
holds for any Kraus representation {K, : k € {1,...,r}} of A,. This is a direct

consequence of Eq. (5) from the work presented in Chapter 2, whose notation we
adopt here.

We apply this inequality to A%N . Among the many possible Kraus representations of

o8



ASN , we choose the one formed by tensor products of single-channel Kraus operators:

N
ES) = QR Kop k= (kb ko, ky) € {1,2,..,rPN, (3.2)
=1

which leads to

FQ(AgN) < 4”0[(1\7)”7 a(N) — Z K(N)TK({V) (33)

ke{1,2,...,r}*N
This construction still leaves us the freedom of choosing any Kraus representation of
a single channel.

Expanding ™) under the operator norm in (3.3), and using a triangle inequality
(see [Fujo8| for details), one gets

la™]| < Nlla]| + N(N = 1)]18]1%, (3.4)
where . .
a=>Y K Kop B=)Y K K, (3.5)
k=1 k=1

are constructed using a single channel Kraus representation, which makes them
numerically tractable. The above reasoning yields the following bounds

Fo(AZY) < 4(Nllal + N(N = 1)I8]7) , (3.6)

which can be further tightened by minimizing over Kraus representations of a single
channel A,
Fo(AZ™) < 4min (Nllaf| + N(N = 1)) (3.7)

This minimization can be translated into an SDP [Dem12; Kot13| by parametrizing
all relevant Kraus representations using a hermitian 7 x r matrix h, as we did in eq. (6)
in Chapter 2. Importantly, the complexity of the resulting SDP is constant with N.
From this bound, it is clear that when § = 0 for at least one Kraus representation of
Ay, the QFT exhibits only SS. Conversely, HS scaling is possible only when 8 # 0 for
all Kraus representations.

Even the optimized bound (3.7) is not guaranteed to be tight, as the minimization is
restricted to the subclass of Kraus representations of AgN generated using (3.2), and
inequality (3.4) is not always saturated. Nevertheless, this method yields informative
bounds that are asymptotically saturable as N — oo [Zho21].

Similar reasoning was used to derive bounds for adaptive schemes (C2) [Deml4;
Zhol8]. For SS cases, parallel and adaptive bounds proved asymptotically equivalent,
establishing the asymptotic equivalence of B2 and C2 strategies. However, HS cases
exhibited an asymptotic discrepancy between parallel and adaptive bounds, leaving
unclear whether this reflected a genuine advantage or merely loose bounds.

99



This work resolves this question: previous adaptive bounds were not tight. We derive
tighter adaptive bounds that are asymptotically equivalent to parallel bounds and
more informative for finite N. This is achieved through an iterative approach that
bounds the maximal QFI increase from adding a single channel to the sequential
chain in C2. Such approach had been used earlier, but either led to loose bounds
[Per21], or was restricted to continuous-time scenarios only [Wan22].

Additionally, we generalize our result to even broader class of metrological schemes,
involving causal superpositions of different orders of channels probing [Zha20; Cha21;
Liu23|. Interestingly, we prove that such schemes are also asymptotically equivalent
to parallel schemes.

We also show how to apply the derived bounds to continuous-time models, which is
further explored in Ref. [Das25b].

The adaptive scheme considered in this work may appear to be less general than the
C2 scheme from Fig. 1.1 because general control operations C; are replaced with
unitary operations V;. However, this does not lead to any loss of generality, as long
as we assume the unlimited size of an ancillary system—then we can replace each
control C; with its purification, and such procedure will never decrease the resulting

QFT.

My contribution

Together with WG, I proved the main result of the paper—the precision bound for
adaptive metrological protocols—which I subsequently generalized independently
to protocols involving causal superpositions. I developed and implemented all the
numerical procedures presented in the publication, and generated and analyzed
numerical data. I wrote appendices C and D, read and coedited the main text and
remaining appendices, I am the corresponding author.
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We derive new bounds on achievable precision in the most general adaptive quantum metrological
scenarios. The bounds are proven to be asymptotically saturable and equivalent to the known parallel
scheme bounds in the limit of a large number of channel uses. This completely solves a long-standing
conjecture in the field of quantum metrology on the asymptotic equivalence between parallel and adaptive
strategies. The new bounds also allow us to easily assess the potential benefits of invoking nonstandard
causal superposition strategies, for which we prove, similarly to the adaptive case, the lack of asymptotic

advantage over the parallel ones.

DOI: 10.1103/PhysRevLett.131.090801

Introduction.—In the field of quantum information and
quantum technologies, one can distinguish three levels of
quantumness that are behind the boost in performance of
various communication [1,2], computational [3], or met-
rological tasks [4-6]. The most rudimentary one is quantum
coherence (C), which refers to the potential of having a
single quantum system in the state of quantum super-
position. This is already enough to implement secure
quantum key distribution protocols [7] or even reach the
Heisenberg limit in noiseless quantum metrology, provided
a given quantum probe can pass through a sensing channel
multiple times [8,9]. The next level is entanglement (E),
where quantum coherence present in multipartite systems
manifests itself in the form of nonclassical correlations.
This quantumness level is crucial to guarantee quantum
speedup in computational tasks [10] as well as to assure the
ultimate security in the so-called device-independent quan-
tum key distribution [11]. In quantum metrology, it had
long been appreciated as the way to boost the precision in
optical and atomic interferometric tasks [12—-16], either in
the form of NOON states [17,18] or much more practical
optical and atomic squeezed states [19,20]. Finally, exploit-
ing the quantum potential to its limits, one can consider
adaptive (AD) or active quantum feedback strategies, where
the probes are entangled with noiseless ancillary systems,
and quantum control operations may actively modify the
probe system that will be sent to the subsequent channel
based on the information obtained so far [21-25], see
Fig. 1. Such protocols represent the most general channel
sensing schemes, containing E as a special case and
encompassing in particular all quantum error-correcting
strategies widely used in the whole field of quantum
information processing to counter noise [26—29].

Interestingly, in the absence of noise, AD strategies
provide no advantage over optimal E strategies [30]. In the

0031-9007/23/131(9)/090801(7)
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presence of noise, however, some advantages have been
observed in the small-number-of-uses regime where a
direct search of optimal metrological protocols could be
carried out [21,31-35]. In 2014 a conjecture was formu-
lated [21] predicting no asymptotic advantage of AD over
E. A notable progress in answering this fundamental
question was made in 2021 [36,37], when it was demon-
strated that in the models where quantum coherence cannot
be protected against noise on an arbitrary scale, and hence
the Heisenberg scaling (HS) is not achievable, AD strat-
egies offer no asymptotic advantage over E. Still, the full
answer to the question was lacking, mainly due to the fact
that the bounds used there were not tight enough.

In this Letter, utilizing our new bounds, we indeed
answer the conjecture in an affirmative way, proving in full

(©) (AD)
@A - HAH o lALH .
© My, oy
XM S I NSRS I

(E) (CS)

A“P
_A®TL— b +fm>
47 L (AD) (A¢f

FIG.1. Metrological schemes utilizing “four levels of quantum-
ness”: (C) channels probed independently (basic use of quantum
coherence); (E) channels probed in parallel using a general
entangled state, with ancillary systems potentially involved;
(AD) general adaptive (active quantum feedback) strategies;
(CS) causal superposition strategies, where additionally channels
may be probed in a superposition of different causal orders.

© 2023 American Physical Society
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generality that AD strategies provide no asymptotic ad-
vantage over E. As negative as it may sound, the result by
no means implies that AD strategies are useless. In fact, our
bounds allow us to clearly pinpoint the potential advantage
one may expect in the finite number-of-uses regime, and
easily observe how the advantage fades away when
approaching the asymptotic limit of a large number of
channel uses. On a more practical side, adaptive strategies
may sometimes be in fact easier to implement than parallel,
as they may not necessarily require entangling a large
number of particles, while obtaining the same effect via
small scale entanglement and active feedback. Even though
the “three levels of quantumness” listed above appear to
cover all quantum aspects of metrological protocols, an
intriguing idea was put forward of considering causal
superposition (CS) strategies where different channels
are being probed in a superposition of different causal
orders [35,38—44]. Advantages of such a strategy over the
most general AD strategy have been observed, but no
efficiently computable bounds have been proposed. In this
Letter, we provide bounds valid also for this more general
class of protocols and show their asymptotic equivalence to
AD and E, which also means that CS strategies cannot
surpass the HS [45].

Introductory example—lLet us start with the most
elementary yet very illuminating example of a noisy
metrological model, where it is possible to remove noise
while assuring the preservation of HS of precision in the
asymptotic regime. Consider a single qubit channel

Ay() =Sk Ky K;k, where K, = UK,

Klz\/l—ﬂ]v K2: Vl_pg)r (1)

The channel represents dephasing of a qubit along the x
axis of the Bloch ball (the operator K, may be understood
as a o, error occurring with probability 1 — p) and the
subsequent rotation U, of the state around the z axis by
angle @, where ¢ is the parameter to be estimated—a
similar model has been used in an experimental demon-
stration of quantum error-correction enhanced metrology in
NV-center sensing setups [46], as well as in [47] where the
possibility of beating the standard scaling (SS) in the
presence of transversal noise was shown. In the case of
a single channel use, n = 1, the effect of noise may be
completely mitigated by choosing the input state as
[y = |+) = (]0) + [1))/v/2. This state is not affected

by the o, error and the output state |y,) = (|0) +

i
U(p = e %%,

¢'?|1))/+/2 represents a noiseless phase encoding. We will
quantify the performance of a given protocol using the
quantum Fisher information (QFI) [48,49] of the output
state, which in this case is F(1) = 1 (we recall the definition
of the QFI in [50], Section A).

Assume now that we can use the channel twice, n = 2. If
we send the optimal single qubit probes independently to

each of the channels, we get the QFI value F (Cz ) = 2. We
can, however, also consider a parallel strategy involving an
entangled input state |y(®) = (]00) + [11))/v/2 (the
NOON state [52]). In this case if either zero or two o,
errors occur, the final state will again correspond to the
noiseless phase encoding |y!”) = U2|w?) = (]00) +
e%?|11))/+/2 for which the QFI equals 4. Whereas, if
only a single ¢, occurs the state will contain no information
about the phase at all. As a result the final QFI reads
FP =ap>+(1-p)? > F(CZ>. Interestingly, this result
may be further improved via a simple adaptive strategy.
The protocol involves entangling the initial single probe
qubit with a single ancillary qubit, so that the input state is
again (). After a single action of the channel, A, ®IL,
an error correction operation is performed, where we check
if a o, error occurred and correct the error accordingly.
Then the channel acts on the probe state again, and with

probability p yields the ideal state |1//((p2)); while if another
o, error occurs, the final unitary rotation U, removes all the
phase information from the state. Consequently, the pro-
tocol yields a QFI equal to 4 p. This protocol is actually the
optimal one provided p > 0.5. If p < 0.5, then one simply
needs to modify the recovery operation in a way that
instead of correcting a single o, error on the probe system
the o, operation is applied to the ancillary qubit. In the end
the optimal QFI reads Ff,f])j =2(14+1-2p|) > F(EZ) (see
Ref. [50] Section A for details).

With this example in mind, one may wonder how to
prove that the actual protocols are indeed optimal and what
is (if any) the potenfial benefit of using even more general
CS strategies (F' Czs>F Ef]))). For larger n the task becomes
even more challenging, and no brute-force optimization
approach can tell what happens in the asymptotic limit
n — oo. The methods developed in this Letter allow us to
answer all these questions.

State-of-the-art bounds.—The most powerful state-of-
the-art bounds for the performance of E as well as AD
strategies, are based on the concept of minimization of
certain operator norm expressions over different Kraus
representations of the channel A, =}, K,;- K;k
[21,22,28,31,37,53-56]—in what follows we drop sub-
script ¢ in Kraus operators for conciseness. For E strat-
egies, the upper bound on the achievable QFI reads

F) < mindlnfal +n(n= DI (2)
1K}
where || ---|| denotes the operator norm, a = >, K1 K,

B = KjKy and K, = 9,K,. I a Kraus representation
exists for which f = 0, the QFI scales asymptotically at
most linearly with n—SS models—and the optimal quan-
tum enhancement amounts to a constant factor improve-
ment [21,54-56]. If no such representation exists, then the
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HS can be preserved asymptotically [28,37]. Interestingly,
the above bound has been proven to be asymptotically tight
for both SS (f = 0) and HS (f # 0) models [37].

Moving to AD strategies, the best state-of-the-art uni-
versally valid bound reads [21,31,37]

Fiip <mind [l + n(n=1) 61| (181+ 2T ) |~ 3)

It is asymptotically equivalent to the parallel bound,
Eq. (2), in the case of SS models (# = 0), and, since the
parallel bound is asymptotically saturable, this implies no
asymptotic advantage of AD strategies over E. Still, the
bound leaves space for improvement for finite » and does
not exclude an asymptotic advantage for HS models—the
term quadratic in n has a larger coefficient than the one
in Eq. (2).

Iterative bound.—Below, we derive a tighter adaptive
bound than the one given above, and prove it is asymp-
totically equivalent to the parallel one—consequently, this
implies no asymptotic advantage of AD over E for all
models (both SS and HS).

Let A((p")() > km Ky -Kk(,, represent a combined
action of n channels A, in a general adaptive strategy
where they are intertwined with control operations V;
acting on probe and ancillary systems, as in Fig. 1
(AD). K,w denote the corresponding Kraus operators,
which can be computed via the following iteration relation:
Kk(l) - Vl(Kkl ® ﬂ),

Ky = Vi+1(Kk[+1 ® H)Kk(”’ (4)

where k¥ = (k;,...,k;), and 1 is acting on the ancillary
system (we will drop it in what follows for conciseness of
notation).

The starting point for the derivation of the state-of-the art
bounds as reported in Egs. (2), (3), is an observation that,
given a channel A", maximization of the QFI of the output
state over all inputs and sets of control operations can be
upper bounded by [53]

() _ [ (n) ]

F,, = max F|A < max min 4/ 5
AD = v (Po) Wi Ky la®™]. (5)
where a® = 3w K ,,)Kk ), the minimization is per-

formed over all equivalent Kraus representations of A((,,”).

Note that for a large enough ancillary system the inequality
becomes equality. As such, this inequality is not of much
practical use due to the infeasibility of performing the
minimization over all Kraus representations for larger
values of n, as well as the need to additionally perform
the optimization over the control operations V;. The
usefulness of this inequality stems from the fact, that it
is possible to further upper bound the rhs of Eq. (5) with

norms of operators defined in terms of Kraus operators of
the elementary channel A ,. This is how bounds (2) and (3)
were obtained [21,31,37,54,55].

In what follows we provide a novel step-by-step
approach, where at each step we bound the maximal
increase in the final QFI thanks to the additional usage
of a single quantum channel [57]. Using Eq. (4) we have

i+1) _ el 2l
altt) = Z (Kk(i) Kki+l + Kk(i>Kki+1> x H.c.
kiy1 k@

Z Ul Ky + Kiic-(i)ﬁkk(") + Kl(i)ﬁKk(i) +all.

(6)

We will now use the following operator norm inequality
(see Ref. [50] Section B for the proof):

|

which, together with the triangle inequality and the trace

AQ, ol ()

preservation condition, > ¢ K =1, yields
la™D) < Nl D[]+ fladl + 21181/ lle ]l (8)
Let us define the following iteration:
at™l =a® + ol + 2 Va?D.  a® =0, (9)

which, in light of Egs. (5) and (8), yields FE;’]’) < 4a"™ . The
resulting bound 44" may be optimized over the choice of
Kraus representation of the elementary channel in each
iteration separately (how to efficiently implement this
iteration numerically is described in [50], Section D) or,
in a weaker variant, over a single Kraus representation
identically used in each step (for which the resulting bound
will also be valid for CS strategies—see Ref. [S0] Section C
for the proof). Since a is strategy independent, the
maximization over {V;}, or, more generally, over all CS
strategies, is no longer necessary. This finally yields

ja : (n) (n) oA 4(n)
Fup < {1]21}13}1454 . Feg < ?11(13441 . (10
Interestingly, the possibility to use a different Kraus repre-
sentation for each channel use allows us to tighten the bound
also for parallel strategies, see Ref. [S0] Section D3.
Closed formula bounds.—In order to appreciate how
much tighter the obtained bounds are compared to the state-
of-the-art bounds, we will provide some closed formulas
for the bounds that result from a relaxed variants of the
iteration procedure. First, observe that from Eq. (7) we get
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18]l < +/|la]|. From Eq. (9) it then follows that a") <
n?||a|| (the bound obtained in [34]), which when put back
into the iteration formula results in

Fiscs < mind (nlla]| + nn = D BIV/al). (1)

Note, that the bound is noticeably tighter than Eq. (3) and is
also valid for CS strategies, as the same Kraus representa-
tion is used in each step. We also see that the difference
between this bound and Eq. (2) amounts to replacing one
|A|| with /||e]|. It might be tempting to conjecture that this
difference reflects the asymptotic gain of AD over E
strategies. This is not the case, however, as we demonstrate
below.

For any fixed ||a||, ||f|| consider the following function
f(n) = nlla]| +n(n = D)||AII> + nlog (||| - ||B]*). For
n >0 it can be shown (see Ref. [50] Section E) that
fn+1) = f(n) + lla|| + 2||p||\/f(n). Hence, in light of
Eq. (9) we get f(n) > a) and as a result

clogn
s <mind el nn - 0P (145250 | (12

where ¢ = (||e|| = [|8]1*)/||8]]>. Since we know that the
parallel bound, Eq. (2), is asymptotically saturable this
implies that

lim (P es/FE') = 1 (13)

and, hence, there is no asymptotic advantage of AD nor CS
over E.

Interestingly, lack of asymptotic advantage thanks to
adaptiveness has also been demonstrated for continuous-
time models [25], a result which can be regarded as a
limiting case of the theory we develop here (see Ref. [50]
Section F for details).

Examples.—In order to illustrate the practical applica-
tions of the bounds, we compute them for four represen-
tative models and compare the results with the actual
performance of the optimal protocols that can be deter-
mined numerically for a small number of channel uses
(n < 4) via semidefinite programming (SDP) as described
in [21] (parallel strategies), [33] (adaptive protocols), and
[35] (causal superposition protocols). The results are
presented in Fig. 2. As a figure of merit we plot the

chievable QFI with n uses of a channel normalized by n
times F(!) (the maximal QFI for single-channel sensing
with a possible use of ancillary systems).

Figure 2(a) presents results corresponding to the intro-
ductory example of the perpendicular dephasing model,
Eq. (1)—in all the models that follow we also assume the
convention that K, , = U,K (signal comes after noise).
Among the four models presented, this is the only one that

(©)

1 234 10, 160 1 234 10, 160

FIG. 2. Achievable QFI as a function of the number of channels
probed for parallel (E, black), adaptive (AD, red), and causal
superposition strategies (CS, green) normalized by »n times the
single-channel QFI. Points represent the result of the exact
optimization, while curves represent the respective bounds.
The best previously known adaptive bound (gray) is depicted
for comparison. The four plots correspond to different metro-
logical models with a qualitatively different behavior: (a) dephas-
ing perpendicular to the signal, Eq. (1) (p = 0.75); (b) dephasing
parallel to the signal, Eq. (14) (p =0.75); (c) damping
perpendicular to the signal, Eq. (15) (p = 0.15); (d) damping
parallel to the signal, Eq. (16) (p = 0.75).

admits asymptotic HS—hence the linear increase of the
figure of merit. Interestingly, the bounds are saturated for
n =2 and the optimal QFI values are equal to the ones
obtained for the protocols discussed in the introductory
example, proving they are indeed optimal. For larger n, the
bounds are very tight, and, as expected, the bounds for AD
and CS converge asymptotically to the E bound (unlike the
state-of-the-art bound).

Results depicted in Fig. 2(b) refer to the parallel dephasing
model (both the unitary encoding and the dephasing are with
respect to the z axis), where the Kraus operators read

=J/pl.  K,=+/1—po.. (14)

In this case, gains due to adaptiveness or causal super-
positions are very modest, and the bounds are not particularly
tight for low n—still, thanks to the general theorem, we know
they are tight asymptotically.

Figure 2(c) illustrates results for the perpendicular
amplitude damping model (unitary encoding with respect
to the z axis, amplitude damping with respect to the x axis):

Ky = =) (=l + VPl {+ Ky =1 -pl=-){(+

(15)
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where |+) = (|0) +[1))/V/2 are the eigenvectors of o,.
This model is of particular interest as the finite-n bounds
are saturated here both for AD and CS for all n. This
suggests that it is highly unlikely that any tighter metro-
logical bounds can be derived solely from the properties of
the single-channel Kraus operators.

Finally, Fig. 2(d) depicts results for the parallel ampli-
tude damping model with

Ky = [0)O[+vpID)(1], Ky =/1=plO)(1]. (16

This model illustrates particulary well how much tighter the
novel bounds are, when compared with the previous state-
of-the-art ones.

Conclusions and open problems.—With the results
presented in this Letter, we dare to say that the theory
of single-parameter quantum metrology in the presence of
uncorrelated noise is now complete. Universal asymptoti-
cally saturable bounds are known as well as efficiently
computable bounds in the regime of finite (but potentially
large) number of channel uses. This, together with exact
algorithms to find optimal protocols for small n, provides a
complete landscape of achievable quantum enhancement in
realistic quantum metrology. This said, we need to admit
that in the case of multiparameter models [58,59], Bayesian
models [60,61], and most importantly models involving
temporally or spatially correlated noise [33,62-65], the
quest for a full understanding of quantum metrological
potential is still not complete. Nevertheless, these achieve-
ments compare favorably to the ones obtained in the related
field of (binary) quantum channel discrimination [66,67].
Interestingly, adaptive strategies are not useful asymptoti-
cally for asymmetric hypothesis testing [68—70], while an
advantage is possible in the symmetric setting [71,72].
However, easily computable asymptotic bounds, as well as
practical strategies to attain them for arbitrary channels are
still missing, unlike in quantum metrology. Moreover, the
asymptotic analysis of causal superposition strategies for
quantum channel discrimination [44,73] is still an open
question.
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Appendix A: Optimal estimation strategies in case
of the perpendicular dephasing model (n = 2).

Before presenting the analysis of the example, let us
recall the definition of the QFIT for completeness of the
presentation. Given a parameter dependent state p,, the
corresponding QFT reads:

dp 1
F(p,) =Tr (PwLi) ) T: D) (PoLy + Lypy), (Al)
where L, is the symmetric logarithmic derivative (SLD)
and can be computed from the rightmost formula above.
For pure states, the formula simplifies to

Flwg)) =4 (el = | Wolvp) ), (A2)

where |¢¢) = d‘dL;). Operationally, the inverse of the
QFT provides a lower bound on the minimal achievable
variance of the estimated parameter, via the quantum
Cramér-Rao bound [1, 2], A%2¢ > 1/F.

In particular for ideal phase encoding, where the phase
is coherently imprinted k£ times on a balanced superpo-
sition state: |¢,) = (|0) + ¢ [1))/v/2, F = k%. This
implies, the result F(!) = 1, for single use, n = 1, of the
channel in the example discussed in the main text.

Given two uses of a channel, n = 2, and utilizing no
entanglement or adaptiveness, the most straightforward
strategy is to use the two channels independently, and
send optimal single qubit probes to each of them. In this
case we get the QFI Féz) = 2 (twice the single-channel
QFI).

This value may be improved by considering a paral-
lel strategy involving an entangled input state |¢()) =
(J00) 4 |11))/+/2 (the NOON state), which results in the
output state of the form:

P = A2 (1) w]) =

P>+ (1 —p)?] [02) (¥ P] +2p(1 — p) [8'2)) (6],
(A3)

where |z/)<(p2)) = (|00) + €%¥ |11))/+/2, is the state corre-
sponding to an effectively noiseless phase encoding (when

* These two authors contributed equally to the project.

two or none o, errors occur), while the orthogonal state
1)) = (|01) 4 [10))/+/2, contains no ¢ information
(when one o, error occurred). As a result the QFI reads
Fg) = (p?+ (1 —p)?) x 4 > 2—larger than when the two
channels are used independently.

Interestingly, this result may be further improved via
a simple adaptive strategy. The protocol involves entan-
gling the initial single probe qubit with a single ancillary
qubit in the same state as in the parallel strategy: |¢(?).
After a single action of the channel, A, ®Z, an error cor-
rection operation is performed R, where we check if a o,
error occurred by projecting the state on one of the two
subspaces C = span (|00) , |11)) and £ = span (|10) , |01)),
and correct the error accordingly. Afterwards, the second
action of the channel is applied. The resulting state at
the end of the protocol reads:

2
ko = (hs @ D)o Ro (A, 0 T) (j9) (5)]) =
P10 (P + (1—p) [6) (6], (A4)
This protocols yield Fz(f]% = 4p and is optimal provided
p > 0.5. If p < 0.5, then one simply needs to modify the
recovery operation in a way that instead of correcting

a single o, error on the probe system the o, operation
is applied to the ancillary qubit. This yields effectively
F/(ED) = 4(1 — p). So in the end the optimal QFI reads
F1§2D) = 2(1 4 |1 — 2p|), which is always larger than the
parallel Fg) except for the p = 0.5 case when they are
equal.

Having said that, it needs to be noticed that if we
restrict ourselves to utilizing coherence only, we should
in principle also allow a scenario where a single probe
goes through the two channels sequentially. Consider |+)
as an input (which is the optimal choice). As a result
of going through the the two channels the output state
reads:

P = plb2g) (ool + (L=p) 1) (+]. (A5)
This state looks very similar to the output state re-
sulting form the adaptive strategy, Eq. (A4). Still, in
Eq. (A4) we may perform a measurement that unambigu-
ously discriminates between the ideally phase-encoded
state, \1/13(02)% and the non-informative state [¢(?)). In
case of Eq. (A5) this is no longer possible as the “signal”
state |12,,) and non-informative |+) are not orthogonal
in general and hence one cannot simply filter out the



non-informative term. Indeed, direct computation of the
QFI, using Eq. (A1), for the state p( ) yields

Fg) =2p[1+p+ (1 —p)cos2¢p]. (A6)
While in general this value is smaller than F fD), it ap-
proaches the performance of the adaptive scheme for
@ ~ 0, and p > 0.5, Féz) ~ 4p. This shows that some-
times even a basic sequential scheme (utilizing only co-
herence, and no adaptiveness) may be superior to the
optimal entanglement-based scheme.

It should be pointed out, however, that for larger n the
simple sequential strategy will quickly become ineffective
due to a build-up of unchecked decoherence effects which
cause the resulting QFI to be damped. In this regime,
more advanced strategies are required (E, AD or CS) in
order to exploit the full potential of quantum enhanced
sensing.

Appendix B: Operator norm inequality

Here we prove Eq. (7),

K
> LLAQs

k=1

< 1Al

)

K
> LiLu|l
k=1

K
Z Qle
=1

(B1)
which is a key step in the derivation of the bounds. Let
us introduce the following K x K block matrices:

Li 0...0 Q1 0...0

L=p vt ol,Q=| 1 |, (B
Lg 0 ... 0 Qr 0 ...

o

and A = Lrxrx ® A. Note that

Yot LLAQy 0
LTAQ = : : e (B3)

This implies that:

K
HZ L} AQx
k=1

where the inequality follows from the sub-multiplicavity
property of the operator norm. Invoking now another op-
erator norm property valid for arbitrary operators acting

|Etaa| < iztmAnan, e

on a Hilbert space, ||A| = \/|[[ATA|| and ||AT|| = ||A]|, we
get
VENIANGH = VIELINAIIGTO1. (B5)

Finally, noticing that | LTL| = || 3, LEL||, ||A] = || 4]
and [|QTQ = || 32, Q{Qx]| we arrive at Eq. (B1).

Appendix C: Derivation of the bound for causal
superposition strategies

For CS strategies, any quantum superposition of n!
possible causal orders of n elementary channels can be
created. This can be achieved by entangling all dif-
ferent causal orders with an external, n!-level quantum
control system [3, 4]. As in AD strategies, we are al-
lowed to put control unitaries between channels, more-
over, for different causal orders, control unitaries may be
different. Therefore, AD is a subclass of CS, in which
only one causal order of channels is probed. The chan-
nel describing the action of n elementary channels A in

the superposition of different causal orders is Agbs) () =

CS CSt
PR, K, G Ky, where

k(") = Z Kk(n>®|7r (ml,
meo(n)

(C1)

o(n) is the set of all n-element permutations, k(™ =
(kx(n)s - kr(1)). The Kraus operators K;“(n) are defined

iteratively, as in the adaptive case: K, = Vi (K, ®1),

Kk(l-l-l) - z+1(K/€L+1 ® 1)K [OF) (02)
V™ is the control unitary applied after i-th channel when
the order of channels is described by permutation 7, |7)
is a corresponding state of a control system.

The CS family of strategies has been studied in the
context of quantum metrology in Ref. [4], where numeri-
cal values of the QFI were obtained for n =2 and n = 3
(the Authors use abbreviation “sup” instead of “CS”).
Notice, that the formal definition of CS strategies from
Appendix V.D of Ref. [4] does not contain the explicit

form of the channel A(") The explicit Kraus represen-
tation of a similar channel is present, for example, in [5]
(for n = 2). The Choi-Jamiotkowski matrix of a chan-
nel involving superpositions of different causal orders for
n > 2 is explicitly written down in [6].

Before we proceed further, let us show that we de-

fined Agls) in a way that does not depend on the choice
Kraus represenations of elementary channels A in (C2).
Starting from an arbitrary Kraus representation { K; }, we
can construct any equivalent representation of the same
channel {K;} as KJ’- = >, u;; K, where coefficients u,;
form a unitary matrix [7]. For a fixed =, the channel
ASF"), given by Kraus operators K;T(n), is the concate-
nation of elementary channels A and unitary operations

v, ViV — A s well defined without referring
to a partlcular Kraus representations of the elementary
channel A. For this reason, changing the representa-
tion of each A may only change the Kraus operators
{Kn} to an equivalent representation {K &}, where

’
KLy =2 pm Ueny oom K ppny s the coefficients Weny om

form a unitary matrix. Consequently, the Kraus opera-



tors {K CS .} transform to {Klg)} where

K= > | D s g Koy | @ |m) (. (C3)
neo(n) \ k(™

This can be written as

Kl(n) Z Ul(") ,k(‘ﬂ) K,S(Sn) ) (04)
k(™)
where
Uy(n) jo(n) = Z U;T(n)k(n) ® |7) (] (C5)
s

is a unitary matrix. Therefore, the Kraus operators K l((f,s)

form an equivalent representation of a channel ACS7 SO
physical properties of this channel do not depend on the
choice of represantions of A.

In what follows, we derive an upper bound for the QFI
achievable with any CS strategy involving n elementary
channels, which can be efficiently computed for large n.
We know that

Fgé)g mln Ha(cns)
KC

agLS) - Z KS(iT)Kk(")v
) )

(C6)
where the minimization is taken over all Kraus represen-
tations of the channel A(Cns) Such minimization is very
hard to perform, but we can obtain a less tight but more
feasible upper bound by minimizing over representations
of a single channel only, assuming that the representation
of each elementary channel A is the same:

F < min Ha(")H. cr
os = ey [ Yes (C7)
For this family of representations, we have
(n) _ T
alg =), D KK
k(™) m€o(n)
The matrix a(cns) has a block diagonal structure, where

different blocks correspond to different 7 because the
states |7) are orthogonal to each other. Therefore,

g @ [m) (] (C8)

(n)
HO‘CS

= max ZKWT Kﬂ(") . (C9)

wEo(n) S

The summation inside a norm runs over all possible vec-
tors k(™) so it does not change when lower indices kgr”)
are replaced with k(™) so we have

o (C10)

weo(n)

_ ua T
= max Z Kk)(n) k(")
k(™

In this step, the assumption that the Kraus represen-
tations of all n elementary channels are the same, was

crucial-—otherwise, a different = would correspond to a
different order of representations, so (C10) would not fol-
low from (C9). That is why we cannot minimize over
different representations for different channels, as we did
for AD strategies, and the CS bound is less tight.

For a fixed 7, the Kraus operators K Z(n) describe an
adaptive strategy on n elementary channels with control
unitaries V;7. In (C10), maximization over 7 is equivalent
to maximization over different sets of control unitaries
V.7 with a fixed causal order of channels, so we have

C11
{Vi} (C1)

HaCS ) < max Z o) k(") )
k(™)
where the maximization is over all sets of control uni-
taries, and K (ny for a given {V;} are defined in (4). The
upper bound for the r.h.s. for a fixed elementary channel
representation { K} is

max Z () Ko || < a™, (C12)

Vi
|| 4

which follows directly from the derivation of the AD
bound. Finally, we can minimize both sides of (C11)
and (C12) over {K}} to obtain

< min a™.

. (n )H
min H < minmax (n)
§ : k(n) k (K}

{Kx} {Kr}{Vi}
(C13)
This inequality, together with (C7), leads directly to the

upper bound for Fgé) from (10).

The considered class of strategies CS is quite general,
since it allows superpositions of all different causal or-
ders of channels combined with all possible intermediate
controls—moreover, for different causal orders, unitary
controls may be different. However, quantum mechan-
ics in principle allows for even more general non-causal
strategies, the most general class of strategies is schemat-
ically shown in Fig. l.e in Ref. [4], where the Authors
refer to it using abbreviation “ICO”. The advantage of
ICO over CS strategies is usually very small, but possi-
ble to demonstrate numerically already for n = 2 [4].
Therefore, it is interesting to ask, whether our newly
derived bound can be applied to the most general non-
causal strategies ICO. Unfortunately, the answer is neg-
ative, and a counterexample exists already for n = 3.
Let us consider a single qubit channel studied in the
introductory example, where noise is described by the
Kraus operators from (1) with p = 0.75. For n = 3,
exact values of the maximal QFT associated with CS and
ICO strategies (obtained using procedures from [4]) are

Fé‘é) = 5.52, FI(S)O = 5.84, whereas the upper bound for
QFT for CS strategies is ming g, } 4a®) = 5.73, so we have
Fégs) < mingg,y 4a® < FI(S)O. Therefore, the problem of
finding a feasible upper bound on the QFI for the most



general non-causal strategies is still open. However, it
is not clear whether all ICO strategies are possible to
implement—probably this fundamental question should
be addressed first.

Appendix D: Computing the iterative bounds

Firstly, let us describe more precisely the construction
of the AD bound. When we construct a(™, defined in
(9), we can choose the Kraus representation of the ele-
mentary channel { K} } independently in each step, so the
norms ||la], || 8] are different in each step. Then, we want
to minimize a'\™ over all possible sets of n represenations
{K}*™, the i-th element of such a set corresponds to
the representation chosen in i-th step. However, a(*t1)
depends only on a?) and the representation chosen in the
step 72 + 1, moreover, alt1) is an increasing function of
a. Therefore, the minimum of a1 over {K}}*(+1
can be obtained by inserting the minimum of a(* over
{K,}** into (9), and then minimizing the resulting ex-
pression over the representation of (i 4+ 1)-th channel.

As a result, the full optimization over n Kraus rep-
resentations used in n steps may be easily obtained by
performing n iterative optimizations over a single Kraus
representation in each successive step, namely:

min o™ =a™, where a® =0,

{Kk}Xn

a0 = min [a© + [lagy | + 2|8 | Va©]
(D1)

We used notation ag,y and Bk, ) to indicate the de-
pendence of an elementary channel representation {K}},
over which we minimize in step (i+1). We are now ready
to demonstrate the numerical procedures for computing
AD and CS bounds.

1. Minimizing ||a| assuming [|3]| < b

Let us show how to formulate the following minimiza-
tion problem

g(b) = gz |

1Bl <

as an SDP. Firstly, as shown in [7, 8], we can significantly
limit the class of Kraus representations over which we
minimize. Starting from arbitrary {K}}, it is enough to
consider representations {K}} satisfying

minimizey g,

subject to

Ky, =Kyp, Kpy=Kp—i Z hi;i K (D4)
j

to obtain all possible values of (|||, ||3]|) for a given
channel A, the coefficients hj; must form a hermitian ma-
trix h € Herm(C"*"). We can replace the minimization

over {K}} with a minimization over h in (D2). Follow-
ing the path from [8, 9], let us construct the following
matrices

Mg K] L Kl
K
A=| 1 , (D5)
Lo,
K,
bl i KK
B— — ZT T‘ 21 K Kk (D6)
(i KK ‘ blq.

It can be shown, using Schur’s complement condition,
that

A0 < A> ||oz{l~(k}||, B»0 < b> |‘5{Rk}|‘-

(D7)
Therefore, the constraint B > 0 is equivalent to upper
bounding ||8|| by b, and minimization of A is equivalent
to minimization of |la||. All elements of A and B are
linear in A and h, so we can use constraints for positivity
of A and B in the SDP. All this observations allow us to
write down the minimization problem (D2) as an SDP
described in Algorithm 1.

Algorithm 1 Minimize ||| given ||5]] < b

Input: K, Ky € C**? for k € {1,...,7} > Kraus operators
of elementary channel A and their derivatives
Input: b>0 > Upper bound for |S||
Output: g(b) = min o s:. 5] <b

k

1: variables: A > 0, h € Herm(C"*") > Variables to
optimize in SDP

2: for £ in (1,..,r) do

3: Ky := Kk—’iz;:1 hijj

4: end for

5: construct matrices A, B defined in (D5), (D6)

6: minimizey , A

A»0,B>0

subject to > SDP

7: Output A

2. Computing AD and CS bounds

Let us prove the following lemma:

Lemma 1 Let f(x,y) be an increasing function of
and y with non-negative values. Then,

- ’ 3l = mi b),b), (D8
min f (lagr I 18 l) = min f(9(0),0),  (D8)

where [ = IIliIl{Kk}||5{Kk}||7 r = min{Kk}\/Ha{Kk}H,
g(b) is defined in (D2).



Proof First note that

min f ([lagry |l 183 1) =

{Kx}
i F (e ll9) = i (6(6). ).
(D9)

min min
b=l {Ki}:|lBix,y I<b

where we used the fact that f(z,y) is increasing with y
(Ist equality) and = (2nd equality). What remains to
be proven is that the minimal value is always obtained

for b <r. From (7), we have ||B1x,y[l < v/llax, ||, which
means that { < r. Let { K’} be the Kraus representation

minimizing ||a|, which means that va’ = \/[laix/ [ =
r, V= ||Bixr |l < llagkr,y |l = r. Obviously, a' < a,
so when we choose {K}} such that b > r, we have a’ < a
and ¥ = r < b, so f(a',b') < f(a,b), which means that
the minimum cannot be achieved for b > .l

The values of [ and r can be found using an SDP, as
descibed in [8, 9]—the result of a minimization of A with
the constraint A = 0 is r2, and the minimum of b with
the constraint B = 0 equals to .

Notice, that @+ defined in (D1) is an increasing
function of ||| and ||8]|, so we can use Lemma 1 to
perform the minimization over { K} }:

a““>=5%% Q)+ g(b) + 26V/a0 |
ell,r

(D10)
In practice, we do not have an analytical form of g(b),
and we need to solve an SDP problem for each argument
b independently to obtain g(b). Therefore, minimization
over b € [l,r] is approximated with minimization over
b € Linspace(l, r, p), where Linspace(l, 7, p) is a p-element
arithmetic sequence whose first element is [ and last el-
ement is r. Notice, that this approximation can only in-
crease the final result—therefore, even for small sampling
precision p, we obtain valid, but not necessary tight, up-
per bounds. We used the value p = 500 to generate the
data presented in this paper, further precision increase
did not lead to any significant difference.

To sum up, the procedure to compute the upper

bound for FX]S) is as follows. Firstly, we compute [
and r using the SDP. Secondly, g(b) is calculated for
b € Linspace(l,r,p). Finally, we initialize a(°) = 0, and
compute a®) for larger i iteratively using (D1). Notice,
that the computational cost of each iteration is very low
since we computed all the required values of g(b) at the
beginning, and we keep them in the memory. The compu-
tation of g(b) for p different values of b is the most time-
consuming part, but even for a high precision (p = 500),
the computation time did not exceed two minutes. Once
we do this computation, we can easily get an upper bound

for F' XIL)) even for large values of n.
The procedure to compute an upper bound for Fgé)

is very similar. Notice, that a(® defined in (9) is an
increasing function of ||| and || 8|, so we can use Lemma

1 to find its minimum over a single {K}}:

min (™ = min a™(b) ,where a®(b) =0,
{Kr} be(l,r]

At (b) = D (b) + g(b) + 2b1/a) ()

(D11)

Subsequent values of a()(b) are found iteratively for all
b € Linspace(l,r,p), and then minimization over b is per-
formed with the help of previously calculated values of

g(b). The whole procedure of computing bounds for FX]S)
and Fég) is summarized in Algorithm 2.

Algorithm 2 Iterative bounds for F,%) and Fgé)

Input: K, Ky € C™¥? for k € {1,...,r}

Input: ne Z, > Max number of elementary channels
Input: pe Z4 > Precision of sampling
Output: AD, CS: lists of size n, AD/CS|k] is an upper bound

(k)
for Fypcs

L: 1= ming,y [|5]

2: ri=mingg,} /| ¢

3: variables: alp], b[p], t1[p], t2[p], AD[n], CS[n] > Lists of
real numbers of size [], initialized with Os

4: b := Linspace (I, 7,p) > b[l] =1, blp]=r,
b[1],b[2],...,b[p] is arithmetic sequence

5: for 7 in (1,...,p) do

alj] == g(b[j]) > Use Alg. 1
6: end for
> Computing AD bounds
7 m:=0

8 for k in (1,...,n) do
9: for j in (1,...,p) do

10: t1[5] ;== m + afj] + 2 x b[j] x v/m
11: end for

12: m := Minimum][t1]

13: AD[k] :=4%xm

14: end for

> Computing CS bounds
15: for k in (1,...,n) do
16: for j in (1,...,p) do
17: 62[5] := t2[4] + a[j] + 2 = b[j] * \/t2[J]
18: end for
19: CS[k] := 4 * Minimum[t2]
20: end for
21: Output AD, CS

The old bound for AD strategies can be also computed
numerically using Lemma 1—the minimization from (3)
simplifies to:

min 4 [nflal| + n(n — )] (18] + 2o )] =
miﬂ 4 [ng(b) +n(n—1)b(b+ 2@} .

be(l,r]

(D12)

Analogously, we can compute the new analytical bound
from (12), or the bound for E strategies (2). Therefore,
the function ¢(b) fully characterizes an elementary chan-
nel A, from a metrological point of view—if we know g(b)
(at least for some values of b), we can easily compute all
metrological bounds.



3. Tightening of the bound for parallel strategies

Looking at the original derivation of the bound for par-
allel strategies in [7], we see that it may be tightened by
allowing different Kraus representations for each elemen-
tary Hilbert space in Eq. (16) of [7] . However, the full
optimization here is a bit more complicated to perform
than in the adaptive case, while the advantage over the
standard parallel bound (2) is not significant for the typ-
ical examples (what we checked numerically). Still, it is
worth noting that such an optimized bound is guaranteed
to be tighter than the newly derived adaptive one (10),
which we show below.

The channel describing the parallel action of n elemen-

tary channels A is ASEn)(-) = Kf(n) . Kfj’”’ where
K,]i]u) = Kk1 & 17
Kl]:?(i-l»l) = K}Ci+1 ® KE(‘L)’ (D13)

1 is acting on an ancillary system. Using this defi-
nition, we obtain the following iteration relations for

(n) _ Bt B (n) _ Bt B
ap " = Zk("> Kk('n.)Kk(n)7 E = Zk(n) Kk(")Kk(") :

it =aw1+10al) —2808Y, (D14)
Bt —B91+10 8, (D15)

1 acting on an ancillary system was omitted. From the
triangle inequality:

otV < ol + el + 2081181, (D16)
1BS VN < BN + 11BII- (D17)

Let us define
ay ™ = af) + llal| + 2|86, (D18)
b =g 1l e’ =0, by’ =0.  (D19)

Using the inequality HafEn)H < ag’), we obtain the upper

bound for the QFT associated with E strategies

Fén) < min élcc,(En)7

D20
{Kk} ( )

which is equivalent to the state-of-the-art bound pre-
sented in (2). Again, to make this bound tighter, we
can allow for different Kraus representations of an ele-
mentary channel in each step of the iteration:

FE(") < min 4a£E").

D21
{Kp}xm ( )

From the inequality |3]|? < [|a|| and from the induction

principle follows bg) < ag). Therefore, if we compare

(9) with (D18), we see that aEEn) < a™), so the iterative
bound for E strategies is tighter than the one for AD
strategies. However, the minimization from (D21) cannot
be performed step by step as easily as in the adaptive
case because the minimimal value of agﬂ)
Q]

B -

is not always

achieved for the minimal value of a

Appendix E: Asymptotic equivalence between
adaptive and parallel strategies

For any fixed single-channel Kraus representation
{K} (not necessarily the optimal one), we have:

At = o) 4 flaf| + 2|BIVa®, o® =0. (B1)
We will show that V,,>1a(™ < f(n), where:
f(n) = nllal+n(n-1)||8]* +nlogn(|a] - [8]%). (E2)
First note that they are equal at n = 1:
F(1) =a® = |a]. (E3)
Next, we will show that this function satisfies the itera-
tion rule (E1) with inequality > instead of =,
?
fln+1) = f(n) = [l + 2081V f(n) — (E4)
which would lead to f(n) > a(™.
To prove (E4), let us write down the Lh.s. explicitly:
fn+1) = f(n) =

lleell+2[1B1*n+([ledll=[1811%) (1+n) log(1+n) —n log(n)).
(E5)

Note that first derivative of xlog(x) is a strictly increas-
ing function, and therefore:

n+1

(14 n)log(l+n) —nlog(n) = / (xlog(x)) dz >

(wlog(@))| _

Using (E6), we can deduce that (E4) follows from

=1+log(n). (E6)

ol + 20181 + (ol — 18171 + log(n)) =

llodl+2[181v/118]1*n(n — 1) + nllall + (lall = [|5]2)nlog(n),
(E7)

which, after subtracting ||a||, taking the square and sub-
tracting the r.h.s. reduces to

(lledl = 11BI*)(1 + log(n))* > 0, (E8)

which is always true.

Now, as f(n) > a™ for any fixed Kraus represen-
tation, 4f(n) minimized over all Kraus representations
constitutes a valid bound for the QFI (12).

Appendix F: Continuous time limit for Markovian
dynamics

We consider a Markovian semigroup dynamics in
continuous time, described by the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) master equation

J

dp . 1 1

o = —ilH. o+ > LjpLt— 5pLij — 5L}Ljp. (F1)
j=1



A Kraus representation of the dynamical map at the low-
est order in At is

Koy=1- (iH + ;LTL) At + O (At?) (F2)
K = LVAt+ 0 (At%), (F3)

where we introduced a vector notation L = [L1, ... Ls]T
for the J collapse operators, which means LIL =
Z}]=1 L;.Lj7 and for the J Kraus operators K =

[K1,...,K]T (the Oth operator is kept separate). Fol-
lowing Refs. [10, 11], we obtain the continuous time evo-
lution as the limit At — 0 of repeated sequential applica-
tions of the channel with the above Kraus representation.
Since F) = 4|a(?|| when the input state involves an-
cillary systems [7], we can rewrite Eq. (8) as an inequality
for the difference quotient of the (ancilla-assisted) QFI

FUth) _p@) g4 :
< (i)
o <5 (lal +18IVFO), (4

where « and 5 depend on At through the Kraus operators
in Egs. (F2,F3).

The parameter ¢ to be estimated is arbitrary and can
appear both in the Hamiltonian H and in the collapse
operators L;. The derivatives of the Kraus operators are

Ko = — (iH + %LTL + ;UL) At (F5)
K = LVAL (F6)

The different At-order of the Oth Kraus operator suggests
to divide the matrix h in Eq. (D4) that specifies the Kraus
representations in blocks as

h = [hOO hf] , (F7)

with hgo € R and ht = h. We expand this matrix in
powers of At as follows

h=h® + VAL +hVAL, (F8)

and it must be chosen such that the limit for At — 0
remains finite and Eq. (F4) gives a meaningful bound
on the time-derivative of the QFI. From Eq. (F4) it is
evident that we need to choose h such that the terms of
order less than A¢ in « and 3 are zero, while the terms
of higher order become irrelevant in the limit At — 0.
After some algebra one realizes that we must impose

hQ = h{z) = 0 and h© = 0 to have 8O = g(3) =

7

a® = o2 = 0; the first-order terms that remain rele-
vant in the limit are

~igM =f1 — % (LTL - LTL) + 191 4+ L) 4+ iL

+LinOL (F9)
and

1 1T 1 .
ol = [h(i)l +HOL + iL} [hb)l +HOL + iL} .
(F10)
The bound on the rate of increase of the QFI is

(el + el vr®)-

(F11)
Since Eq. (8) can also be derived when a different chan-
nel is applied at each step, the previous inequality also
holds in the Markovian time-inhomogenous case with
time-dependent H and L; in Eq. (F1).

Recently, the authors of Ref. [12] derived a bound
tighter than the one in Refs. [11, 13], without relying on
a discretization of the time evolution. For a Hamiltonian
parameter (i.e. L = 0), Eq. (18) of Ref. [12] gives a state-
dependent bound for arbitrary initial states. The in-
equalities in Eq. (19) of Ref. [12] can further be applied to
obtain a state-independent bound for finite-dimensional
systems which coincides with the bound in Eq. (F11) by

applying the substitutions —if(") < G, oV Zj A;Aj,

dF(t
ﬁ <4 min
dt (D ) po

) o h(%) _8: and B9 & .
00 7 T, T & Bj an hi]‘ < —Vij-

For a Hamiltonian parameter, the two asymptotic
cases are

1. The Hamiltonian derivative H is in the Lindblad
span and we can find h such that () = 0 leading
to

F <4t min

< o]
h) F(2) 5O 5(1)=0

(F12)

2. The Hamiltonian derivative H is not in the Lind-
blad span, then the asymptotic solution of the dif-
ferential equation for large ¢ gives

2
F<4® min ‘ﬂ(l)H .
hét)ﬁ(%)’h(o)

(F13)

Both bounds are asymptotically attainable with the par-
allel strategies described in Refs. [13, 14]. However,
Eq. (F11) can give tighter bounds for short times [12].
Finally, while the estimation of a parameter appearing
in the collapse operators is less studied, the bounds of
Refs. [11, 13] have recently been applied to study optimal
quantum thermometry in Markovian environments [15],
thus these tighter bounds may also be useful in that con-
text.
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Chapter 4

Universal bounds for quantum
metrology in the presence of
correlated noise

Commentary

In this work, universal upper bounds are derived for the most general metrological
schemes, incorporating both correlations and quantum adaptiveness (C3, Fig. 1.1).
As in Chapter 3, we bound the maximal QFI increment caused by increasing the
number of estimated channels, which leads to recursive formula for the QFI upper

bound.

Here, we propose a slightly different construction of a single recursion step, more in
the spirit of the MOP technique. We observe that purifying the joint state of the
system, environment, and ancilla at any stage of the protocol can only increase the
resulting QFIT. Moreover, using methods from Refs. [Alt21; Liu23|, we derive an SDP
for the QFI achievable with access to such a purification and m additional copies of
A,. This allows us to upper bound the QFI with N 4 m channels based on the QFI
with N channels, which constitutes a single iteration step.

Interestingly, for uncorrelated cases (C2), this procedure is at least as good as that
presented in the previous chapter and sometimes yields even tighter bounds for finite
N. More importantly, the approach can be generalized to correlated cases.

However, correlations require additional care. To construct a tractable iterative
procedure, we must cut the chain of many correlated channels A, (see C3, Fig. 1.1)
into smaller segments. Crucially, one cannot assume that environmental information
is lost between these segments, as this would underestimate the QFI.

Consequently, we make a different simplifying assumption: after every segment of m
connected channels, the environmental information becomes fully accessible to the
control operation C;. This assumption may increase the resulting QFI but can never
decrease it—thus guaranteeing a valid upper bound.

To make the bounds as tight as possible, one should minimize these information
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leakages by increasing m. However, this significantly increases the computational
complexity.

Nevertheless, as we demonstrate through examples of correlated dephasing and colli-
sional thermometry, even small values of m yield informative bounds that nontrivially
capture the impact of correlations. We benchmark the bounds’ performance using
the tensor-network based methods developed in Chapter 2.

We also construct SDPs that determine the asymptotic behavior of our recursive
bounds and introduce correlated analogs of the a and 8 operators used for uncorre-
lated cases. When all probed channels are identical, two scaling regimes emerge: SS
or HS, as in uncorrelated models.

Our bound is derived for scheme C3 but applies to all nine scheme classes depicted
in Fig. 1.1, which are subclasses of C3. In particular, it provides the first informative
universal bounds for classes A3 and B3. Whether tighter bounds for B3 or A3 can
be derived by restricting the set of estimation strategies remains an open question.

My contribution

I conceived—through extensive discussions with RDD and FA—and developed all the
main ideas presented in this work, performed all calculations and proofs. I developed
and implemented numerical procedures used to calculate the bounds, I generated
and analyzed all the numerical data. I wrote the whole main text and all appendices,
I am the corresponding author.
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We derive fundamental bounds for general quantum metrological models involving both temporal or
spatial correlations (mathematically described by quantum combs), which may be effectively computed in
the limit of a large number of probes or sensing channels involved. Although the bounds are not guaranteed
to be tight in general, their tightness may be systematically increased by increasing the numerical
complexity of the procedure. Interestingly, this approach yields bounds tighter than the state of the art also
for uncorrelated channels. We apply the bounds to study the limits for the most general adaptive phase
estimation models in the presence of temporally correlated dephasing. We consider dephasing both parallel
(no Heisenberg scaling) and perpendicular (Heisenberg scaling possible) to the signal. In the former case
our new bounds show that negative correlations are beneficial; for the latter we show evidence that the
bounds are tight. We also apply the bounds to collisional thermometry, i.e., estimation of a parameter of the
environment, showing evidence that entangled probes may provide only a limited advantage.

DOI: 10.1103/jy3v-wkeb

Introduction—Reducing noise effects is the foremost
challenge in advancing quantum technologies [1]. Real-
world quantum systems suffer from environmental inter-
actions, leading to decoherence and particle loss, yet
quantum error correction (QEC) codes often help to achieve
quantum advantage [2].

In quantum metrology [3-13], the most spectacular
quantum advantage is the Heisenberg scaling (HS), a
precision that scales as 1/N, where N is the number of
resources (such as particles or channel uses), whereas for
standard scaling (SS) the precision is proportional to 1/v/N.
Strategies that attain the HS are known for noiseless [3,14]
and noisy [15-17] phase estimation—in the latter case,
proper QEC is indispensable.

Recent developments in quantum channel estimation
theory enable full characterization of precision limits under
uncorrelated noise, allowing one to determine the optimal
scaling (HS or SS) and the corresponding constant via a
simple semidefinite program (SDP) [17-27]. However,
noise and signal correlations are significant in many systems
[28-37]. Despite various case studies including temporal
[38—47] and spatial [48-53] correlations, or both [54,55],
metrological bounds for these cases are missing, especially
in large-N limit. As such, one cannot assess the fundamental
optimality of a specific protocol. In the work presented here
we fill this gap and derive universal bounds for correlated
noise models.

State-of-the-art bounds—Numerous metrological tasks,
e.g., phase estimation or superresolution imaging [56],
amount to the estimation of a single parameter 6—the goal
is to find a (locally) unbiased estimator & with minimal
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variance A20. When the parameter is encoded in a
quantum state p,, the quantum Cramér-Rao bound
(QCRB) says that A%0 > 1/F(p,), where F(py) is the
quantum Fisher information (QFI) [57,58] (see [59] Sec. A
for the definition). The QFI is a local quantity that depends
only on p, and its derivative pg = dypy evaluated at some
specific value of 6.

Let |¥y) be a purification of p,, then it holds that
F(|¥y)) = F(pg) because any measurement on py can be
implemented on |¥,). Moreover, the QFI is equal to a
minimization over all purifications of py:

Flpg) = 4min (Pol¥y). (1)

which follows from the existence of a QFI nonincreasing
purification (QFI NIP) satisfying [18,60] F(|Wy)) = F(py).

In quantum metrology, the parameter 6 is encoded in a
quantum channel Ay(*) =3 Kig® KZ‘G, where K, are
Kraus operators [20]. The ultimate precision of € estimation
is quantified by the channel QFl F(Ag) = max,F(py),
where pg = (Ag ® Z 4)(p) and p € L(H ® A) is a possibly
entangled input state of probe () and noiseless ancillary
(A) systems, L(*) is the set of linear operators acting on e,
and 7 the identity channel. Starting from (1) one finds [18§]

. ~{ o
F(Ay) mhm||a|\, a zk: IS T (2)

where || * || is the operator norm, Ky = K9 — ihwKyp g
and £ is a hermitian matrix; the summation is performed

© 2025 American Physical Society
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over repeated indices. Importantly, (2) can be recast as a
simple SDP [20].

The real potential of quantum metrology appears when
N > 1 channel copies are probed collectively using adap-
tive or active quantum feedback (AD) strategies, where
channels Ay: L(Hy;_y) = L(Hy;) forie{1.2,...,N} are
probed sequentially, and arbitrary quantum control chan-
nels C;: L(Hy ® A;) > L(Hoiy ® A;yq) can act on a
probe and arbitrarily large ancilla A; after each A,y. The AD
class covers all strategies besides those involving indefinite
causal order [61]—in particular parallel strategies, i.e., all
channels simultaneously probed by an entangled state,
form a subset of AD [22].

A general AD strategy can be represented by a
quantum comb, which models the sequence of channels
sharing a common environment [62]. Formally, E€
Comb|[(K;, Ks), ..., (Kon_1, Koy)] when E is a quantum
channel with inputs Ky, ICs, ...JCoy_1 and outputs /Cy, Ky,...
KCon, satisfying some extra linear conditions (see [59]
Sec. B) ensuring that output C,; may only depend on input
KCor—1 when j < k. The Hilbert spaces KCyr_y, KOy can be
interpreted as the input and output of the kth comb tooth,
respectively.

Input state peL(H;) and controls C; connected
with ancillae A; are represented using a comb
C<N> ECOIHb[(@,H] ), (Hz,Hj,), ceey (HzN_Z,HZN_l ®~AN)]’
where @ is a trivial space (no input), see Fig. 1(a). The
parameter encoding is described by a comb AéN) S
Comb[(H;.H,). ... (Hay_1. Hay)], which can model
any type of noise and signal correlations; for uncorrelated
channels it reduces to Agv) = Aggw . The output state
po € L(Hoy ® Ay) is obtained by concatenating the cor-

responding inputs and outputs of C(Y) and Ang) through the
link product operation [62,63], pg = C™) %A,

The comb QFI [46] FU) = maxcom F(CM%ALM)
quantifies the ultimate estimation precision for a parameter
encoded in a comb AéN). To evaluate .7-'%8, we should
decompose the Choi-Jamiotkowski (CJ) operator [64]
of Ay as AYY =S KOV (K|, where |KLY) are
vectorized Kraus operators; we use roman font for chan-
nels, and italics for the corresponding CJ operators.
Analogously to a in (2), a performance operator is defined
as @) = Trou (3, [KYV(KLY)) 1651, where Tryy is the
partial trace over the last output space of AE,N) (Haow),
|I~(,((A2> = |K§f2) —ihk,(/\K,(:,%, h is a hermitian matrix.
Thus, the comb QFI can be rewritten as [46,61]

(%) _ gimin maxTr (™ &M
Fap min max r(a™ W), (3)

where CV) = Tr 4,C (V). This optimization can be formu-
lated as an SDP [46,61]. Unfortunately, its complexity

grows exponentially with N, making it intractable
for N = 5.

For uncorrelated noise, one can circumvent this problem
by computing bounds for F,p, using the iteration [27]

I+1 ! . ]
F < 7+ amin [l +\

| @

where =5, f(,LKk (see [59] Sec. C1 for a new, sim-

plified derivation). If there exists A for which g = 0, F X\Q
scales linearly with N for N > 1. Hence

lim FNWIN < 4minfla| s.t. p=0. (5)
—00 n

If instead g8 # O for all i, HS is in principle allowed, and the
asymptotic form of (4) reads

Jlim .0 /N? < 4min 4] (6)

The iterative bound (4) and asymptotic bounds (5), (6) can
be formulated as SDPs [21,27]. The bound (4) is not tight in
general, but its asymptotic limits (5) and (6) are always
saturable using a parallel strategy [26].

Bound for correlated noise—In what follows, we present
novel bounds analogous to (4)—(6) valid for all correlated
noise models. Unlike the exact comb QFI formula (3), these
bounds are efficiently calculable for arbitrarily large N.

The comb Afgm representing a correlated noise metro-

logical model is a link product of its teeth Ay: L(Hoi_; ®
Rizi1) = L(Hy @ R;) for i€ {1,2,...,N}, where R; are
inaccessible environmental spaces modeling correlations;
the fixed state o;, inputs the first register R, the last
register Ry is traced out—see Fig. 1(a). The <> symbol in

<>

Ay indicates unconcatenated environmental spaces.
Subsequent teeth are assumed identical, though this
assumption can be easily dropped.

. ) . <>(m)
We divide A, into blocks A, of m teeth each

[Fig. 1(b)], intertwined with control combs C(*") connected
via ancillae A;. Any global strategy C") can be simulated
using appropriate C("") with sufficiently large A,.
Notably, combs C**) control not only  and A at each
protocol stage, but also environmental subspaces R

. <>(m)
between different blocks Ay . In a normal AD scheme,
the environment is always directly sent to the next tooth of

Ang), but here we allow for arbitrary operations on the
environment every m teeth. These “environment leakages”
often make the bound less tight, but are necessary when
dividing N correlated channels into blocks of m while
keeping the validity of the bound—neglecting the envi-
ronmental information may lead to an underestimated
result.
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FIG. 1.

probe subspaces H (a). To derive an upper bound, we divide AgN)

into blocks of m teeth X(am)

N/m
mm) e (m) =2
Ao Ham,
(Om C/(m,m) Ao |

<>
The comb A((,N) consists of teeth A, connected with environmental spaces R; physical estimation strategies CV) act only on

(b), and allow for more powerful strategies,

in which a purified state of R, H, A after each block is an input of the next control C(-"),

Additionally, let us replace the joint mixed state pé” of

M, R, Aafter cach block Ay with its QFI NIP [#0"). This
can only increase the final QFI, since any operation
possible with a state is also possible with its purification.

Through purification, the space carrying the information

about pé” and pé” reduces to the qubit subspace

V)= span(\‘P(l)> '(D)) After fixing a basis of V,; and

Ii <>(m)
= ¥ >|‘P§J| ® Ag
ing the purified and “qubitized” Pe together with next m
teeth, we get (see [59] Sec. D1 for a detailed derivation)
.7:5(?) < F), where F© =0,

constructing a comb Y' contain-

Fl+m) — maxF (C(l,m)*Y(lm))
C(Lm) 0 ’

00

1 07 _ < VFOTO 17 _ <@m)
Ay + Ay, 7
[00}8)9 2 {10}‘89 @

1 0 <~ (m
Y((f"”){ }@Aé g

Y.él,m) _

maximizing over C(*”) amounts to computing the comb

QFI of Y.

The bound generated by (7) can be applied to uncorre-
lated noise—then additional QFI NIPs are the only reason
for the bound untightness, making it at least as tight as (4).
The new bound can be then tighter than the old one even for
m = 1, increasing m further tightens (7), but only for finite
N—see [59] Sec. C2.

For correlated noise, for which (4) does not apply, the
role of m is more significant, since information leaks from
the environment every m steps. Consequently, increasing m
tightens the bound also asymptotically.

Using (7), one can prove that (see [59] Sec. D2)

F<l+m>§F<)+4mm{a +V Fplm ]

—maxTr(a™ ™), pim
C(m) 00

atm =maxReTr (ﬂ<m)6'(1'g)) :

Cm)
(8)

where C is a comb of the same type as any

Clm = Tr A ctm aqm s a performance operator of

qum), B is a comb-adapted analog of § (defined as a™),

but without derivative acting on the (¢| part), C‘E}m =
W GIE),,
||| are replaced with their comb-adapted analogues a™),
b, Consequently, we get asymptotic bounds analogous

to (5) and (6) valid for the correlated case; when b(™) = 0
for some A, then

. Equation (8) is similar to (4), but ||a|| and

(N)
lim =A2 < —mina™ s.t. b0 =0, 9)
N-oo N m h

so the QFI scales at most linearly. If (") # 0 for all /, then

HS is allowed:

(N)

lim A2D g—zmmb m)2,
Nooco N m h

(10)

In [59] Sec. D5 we show how to translate (7), (9), and (10)
into single SDPs using the technique from Refs. [46,61].
Even though bounds (7), (9), (10) are not generally tight,
they can be tightened by increasing m (which increases the
complexity of the resulting SDPs).

Example: Correlated dephasing—To illustrate the prac-
tical relevance of the new bounds, we consider phase
estimation in the presence of correlated dephasing.
Single-qubit dephasing shrinks the Bloch vector by a factor
n = cos(e) toward the axis defined by a unit vector 7. It
corresponds to a random rotation by angle +¢ or —e around
7, each with probability 1/2.

To introduce basic correlations, we assume the consecu-
tive rotational signs r; € {+, —} follow a binary Markov
chain given by conditional probabilities [66]

Siti—1(rilricy) = (1 + 1121 €) /2,

(11)
where C€[-1,1] controls correlation: C =0 means no
correlation, C = £1 gives maximal (anti)correlation. The
corresponding quantum model AéN) is constructed by
alternating  unitaries Vo = R:(0)R;i(+¢€) ® |+)(+] +
R:(0)R;(—€) ® |—)(—| acting on H and R with mixing
operations S performing the stochastic map (11) on the basis
|£) of R [66], R;(¢) = e277, G = [o,, oy, 0], notice that
noise (random rotation by angle +¢) precedes signal
(rotation by 6).
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(a) Parallel dephasmg

(b) Perpendicular dephasing

(c) Collisional thermometry
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FIG. 2. Combs Ay

and resulting upper bounds for QFI for three different models, shown respectively in panels (a)-(c). Lower

bounds obtained using tensor networks techniques [66,67] are shown for comparison, areas between the corresponding tightest lower

and upper bounds are shaded.

(N) - . <(m),

The comb A, "’ can be split into pieces A, in different
ways, and this choice affects the tightness of the resulting
bound. First, we consider parallel dephasing it = %, when
noise commutes with signal. If we cut the chain after S and
before V,, we get information on the sign of ¢ for the first
dephasing channel in each block, while cutting the chain
after V, and before S, we get this information for the last
channel in each block. Consequently, the first or last
channel in each block is effectively noiseless, so the bound
manifests an unrealistic HS.

To resolve this issue, we write S as a concatenation of
two identical stochastic maps, S = VSov/S , see [59]

Sec. El for the exact construction of v/S. The chain cuts
are then made in the middle of every mth map S, the

resulting Aém) consists of V,, with S between them and v/S

at both ends; see Fig. 2(a). We insert Xém) into the recursive
procedure (7) to derive bounds, sending the maximally
mixed state as input for R for the first iteration (proba-
bilities of 4 are equal in the first channel).

We observe that the HS is not possible for correlated
parallel dephasing forany -1 <C<land 0<yp < 1. In
Fig. 2(a) we compare upper bounds, calculated for positive
(C=04) and negative (C = —0.4) correlations for
n =0.75, with lower bounds—QFIs achievable using
protocols with small ancilla dimension d4, calculated
using the tensor-network algorithm from Refs. [66,68].
These bounds can be made arbitrarily tight by increasing m
and dy, respectively; however, this quickly becomes
numerically costly. We performed calculations up to d 4 =
4 and m = 4, for which the lower and upper bounds still do
not coincide. Nevertheless, this is the first time that
precision limits of metrological protocols for correlated
noise with arbitrarily large d 4 are explicitly evaluated. This
allows us to deduce that negative correlations offer met-
rological advantage over positive correlations.

We also study perpendicular dephasing i1 = X, for which
the HS is possible [27]. In this case, we observe that the

tightest bound is obtained by splitting the comb after V,
and before S; see Fig. 2(b). This is because noncommuting
noise acts before the signal, and the information about
rotation sign is useless after the signal. Interestingly, the
resulting bounds are equally tight for m € {1,2,3}, sug-
gesting that the bound is already tight for m = 1. This is
further supported by the observation that the QFI achiev-
able by an adaptive protocol with d 4 = 2 is very close to
the upper bound calculated for m = 1; see Fig. 2(b). We
also show that for perpendicular dephasing the QFI does
not depend on the sign of C—all correlations act as an extra
source of information, since the achievable precision
increases with |C|.

Example: Collisional thermometry—From a different
perspective, the environment register R may not represent
noise, but an inaccessible quantum system, measured
indirectly by sequential interactions with the mediators
‘Hy. This setup corresponds to quantum collision models
[69] and, for factorized probes, to quantum Markov chains,
widely studied for parameter estimation [70,71].

We consider a simple realization of collisional quantum
thermometry [72-75], where a thermometer qubit (R)
probes a thermal bath, whose temperature 7 is to be
estimated by measuring mediator qubits () that sequen-
tially interact with the thermometer. Each collision is a
partial energy exchange between H and R governed by the
unitary V = ¢~0(0+®0-+0-894) ¢ is a coupling constant, 7 is
an interaction time, 6, = (o, & ic,); a full energy swap
occurs for gt = 0.5z. Between collisions, the thermometer
evolves via a nonunitary channel S%.(p) = €7 (p), where
L is a thermalizing Lindbladian, see [72] and [59] Sec. E2
for an exact definition. For 7 — oo, any input state gets fully
thermalized, S¥(p) = py.1» Where py = e He/ksT /7 is a
Gibbs state, He = hQo,/2. We assume that the thermom-
eter is initialized in a thermal state py, 7 [76].

Various strategies have been explored in this setting
[72,73], yet their rigorous study for large N is challenging
due to environment-induced correlations among measured
mediator qubits. Our bounds fully account for these
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correlations. Since parallel schemes are a subset of adaptive
ones, the bounds also apply to nonadaptive scenarios with
arbitrary initial entanglement among mediators and a final
collective measurement.

We define thermal Fisher information as Fy, = F(py, 7).
Interestingly, the channel QFI of S% can exceed Fy, for
finite 7, reaching F (S?“") ~ 5.66F, r at the optimal ther-
malization time 7, when kg7 /hQ = 2 [72]. We consider a
collisional model with gt = 0.35z < 0.5z, which leads to
correlations among output mediators. We then compute
upper bounds for Fp for m =1, 2, 3 in two regimes:
T = Top and 7 = 107,

To tighten the bounds, we insert an additional thermal-

<>
ization map STT[L at the end of each Aém), where Ty denotes a
fixed, reference temperature—i.e., (d/ dT)STTOO =0, so the
map is insensitive to 7; see Fig. 2(c). To preserve the
overall channel structure, we prepend an inverse map S}:O,
ensuring the two cancel out when constructing AéN) from
<>

the building blocks A;m). We choose 75 <7 to keep
STTOS;ZO completely positive, and optimize 7, to obtain
the tightest possible bounds.

For 7 = 7,,, correlations play a significant role, as
reflected by the tightening of asymptoptotic bounds with
increasing m [see Fig. 2(c)]. In contrast, for 7 = 10z, the
output of S is nearly thermal for any input, correlations are
negligible, and the bounds are almost insensitive to m.

To assess tightness, we compare our upper bounds with
lower bounds obtained by optimizing the output QFI over
input product states. This optimization, performed effi-
ciently via tensor networks [67,68], shows near saturation
of the upper bound for 7 = 107y, confirming that product
states are optimal in this regime. For 7 =17, a gap
remains, but the bounds still closely follow the QFI trend,
indicating limited potential gain from entanglement or
adaptivity.

Conclusions—These examples represent only a fraction
of the possible applications of the new bounds. The
formalism allows one to handle both classical and inherently
quantum correlations, i.e., generic non-Markovian open
quantum systems [29,30,32,34]. Although the sequential
scheme suggests a focus on temporal correlations, the
bound is also valid for analogous spatial correlations, where
channels are sampled in parallel, since this is a subset of
adaptive strategies. Furthermore, this approach provides a
tighter bound for uncorrelated noise than the current state of
the art [27].

This work is complementary to Refs. [66,77], where a
tensor network approach was proposed to find AD estima-
tion strategies with a limited ancilla dimension, providing a
lower bound on F 5. In combination, these works establish
a comprehensive framework to study metrological protocols
in the presence of correlated noise, for a large number of
probed channels. The package containing the functions to

compute the bounds as well as perform tensor-network
optimization to obtain the lower bounds as in Fig. 2 is now
publicly available [68].

A challenging extension will be to proceed toward the
continuous time limit, where quantum combs (known as
process tensors [34]) are routinely used in numerical
studies of the dynamics and control of non-Markovian
open systems [32,78-81]. Finally, it will be interesting to
see if similar ideas apply to the related problem of
discriminating quantum combs [82-89].
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Appendix A: Basics of Quantum Fisher Information

The quantum Fisher information (QFI) of an arbitrary mixed state py can be calculated using the formula

. 1
F(pg) = Tr(poL3), po = 3 (poLg + Lopo) , (A1)

where dot denotes the derivative over 6, and the symmetric logarithmic derivative (SLD) matrix Lg can be calculated
by solving the rightmost equation from (A1). For pure state models py = |tbg) (19|, the closed analytical formula for
the SLD and the QFI can be easily derived:

Lo =2 (o) (ol + o) (Bol) , Fll10)) = 4((Doltbo) — | olido) [2): (42)

When |¥y) is a purification of pg, then F(|¥y)) > F(pp). Additionally, for each py we can construct its QFI non-
increasing purification (QFI NIP) satisfying

F(|Wg)) = F(pg), (Wg|Tp) =0 (A3)
The second condition can be always satisfied by multiplying |¥y) with a global, #-dependent phase.

Appendix B: Basics of quantum combs

Let us introduce the formal definition of quantum combs [1]. We use roman font for channels and italics
for corresponding Choi-Jamiotkowski (CJ) operators: the CJ operator of a channel A : Hin — Hour is de-
fined as A = A @ Z(|¥4) (V4|), where |¥,) = > . [i)]i) , |7) is an orthonormal basis of Hin, Z is the identity
channel. Let E be a quantum channel with with inputs Ky, Ks,...,Kony_1 and outputs Ko, Ky4,...Kon. Then,
E € Comb[(K1,K2), (K3, K4), ..., (Kon_1,Kon)] if and only if (iff) there exists a sequence of operators E*) for
k=1,2,...,N such that £ = E®) and:

1. Trop E®) = EC-D @ 1,5, for k=2,3,...., N
2. Tro EW =1,
3.E-0

Intuitively, Kop_1, Kar are input/output spaces of the kth tooth of a comb. The above conditions imply the causal
order of the teeth—the output Ky, can depend on the input Ko;_; only if I > j. In other words, quantum combs can
be used to simulate channels with memory, when each output may depend on all preceding inputs. Therefore, they
are the ideal tool to represent sequences of correlated channels or adaptive quantum strategies. Notably, a sequence
E®) consists of quantum combs with increasing number of teeth: E® ¢ Comb|[(K1, K2), ...(Kak—1, Kak)]. Two combs
can be connected with each other using a link product operation x [1]. When E, F are two quantum combs, then
G = E x F is a comb created by connecting the input spaces of E with the corresponding output spaces of F and the
output spaces of E with the corresponding input spaces of F (only common spaces of E and F get connected). Let E,
F act on sets of spaces M, N respectively. The link product is then formally defined using CJ operators :

G=E*F < G="Tryan [(E™™ @ 1yum) (Lany ® F)],

where M N N is the set of common (linked) spaces, Tpnn is a partial transposition (with respect to common spaces
only). When M = N, then E xF is a scalar, using the comb conditions and the fact that each output of E is an
input of F and wvice versa, it can be then shown that ExF = 1. For more information about quantum combs and link
product see Refs. [1-3].



Appendix C: Uncorrelated noise bound

The bound (4) has been derived in Ref. [4], and the asymptotic bounds (5) and (6) are its direct consequences, see
equations (11), (12) from Ref. [4]. In what follows, we provide a simpler derivation of (4). From the new derivation
it is clear, that the bound generated by (7) for uncorrelated noise is at least as tight as the one given by (4). The
advantage of the old derivation is that it can be easily generalized to strategies involving causal superpositions.

1. Simplified derivation

We consider an adaptive (AD) scheme in which N independent channels Ay are probed (see Fig. 1) and keep the
notation from the main text. Let pél) € L(Ha ® A;) be the probe and ancilla state after [th use of Ag, and let

ol e Ao b-A0 H o b
P o s C(N—l o

Ay As C(]z\/:)_ An

FIG. 1. Adaptive scheme for uncorrelated channels

F(p((,l)) = FO. The state after the next control is Cl(p((gl)), we construct its QFI NIP |\Il(9l)> € Hopp1 ® Ajp1 ® &,
where & is an artificial space added for purification purposes. Using (A3) and (A2) and the fact that a #-independent
channel cannot increase the QFI [5, p. 57], we obtain

4 (WP B) = F(Cu(p)) < FO. (C1)

Let Ky g = Ko ® 14, 06, the state of probe and ancilla after the action of the (I + 1)th channel can be written as

l 2 ! V| K
pé +1) _ Tre, <Z Ky |‘I’é)> <‘I’é)| Klﬁ) :
k

Since the QFT of a subsystem is smaller or equal than the QFI of the whole system (i) and the QFI of a purification
is larger or equal than the QFI of a purified state (ii), we obtain

(i) _ _ (D) -
PO < p (Z Kio|05) <w§”|f<,i,a> < F (Z Kio|0) @ |k>5'1) , (C2)
k k

where &’ is an additional space added for purification, and the vectors |k)¢,, form its o.-n. basis. After expanding
the rightmost part of (C2) using (A2), we obtain

. l — — . l . l — - l l - — . l
FO < (013K Ko 189 + (001" K] Ko [W3)) + (U1 Y K] Kow [95)) + (C3)
k k

k
1 > > 1
+ (USR] Kok [0))
k

From (C1) and the identity _, K;’kfgg,k = 1 we deduce that the first term is upper bounded by F®) /4; the last

term is upper-bounded by ||| because <\Il§l)|\ll((,l)> =1 and [|[A® 1| = ||A||. Both the second and the third term are
upper-bounded by /F® /4]|8||, this follows from the inequality

(z[Aly) <V {zlx) | AV (wly),

which is a less general version of (7) from [4]. After taking this all together, we obtain

l l . l
A5 < £ + amin ol + 781 (c4)



which is (4) from the main text.

To derive this bound, we assumed to have access to the QFI NIP of probe and ancilla after each control. Moreover,
we maximized each term of (C3) independently—this is another factor making the bound not tight, since usually
all the terms cannot be maximal at the same time. Interestingly, to derive (7), we only assumed to have access to
the QFI NIP every m steps, no additional assumptions were required (see the exact derivation in the next Section).
Therefore, the bound generated by (7) is guaranteed to be at least as tight as the one generated by (4) already for
m = 1. Increasing m may tighten the bound even more.

2. Example

To illustrate the effectiveness of the new bound for uncorrelated noise, let us calculate it for m € {1,2, 3} for phase
estimation in the presence of amplitude damping noise, for which K ¢ = K ke*w%, with

Ky =10) (0l +vp 1) (1], Ko =+/1=pl|0)(1].

In Fig. 2, we demonstrate the results for p = 0.5. The newly introduced bound is tighter than the old one already
for m = 1 . For larger m, the bound becomes even tighter, and very close to the optimal QFT calculated exactly for
m < 4 using the algorithm from Ref. [6].

4.0
3.5
3.0
é 2.5
el
oo
& 20+ old bound
— new,m=1
1.51 -==- new, m=2
ol o/ new, m = 3
e exact QFI
1 2 34 10 100

FIG. 2. Precision bounds for phase estimation in the presence of amplitude damping noise.

Appendix D: Correlated noise bounds

In this Section, we provide a detailed derivation of the recursive bounds (7) and (8) valid for correlated noise.
Then, we derive the asymptotic bounds (9) and (10) using (8). Finally, we demonstrate how to formulate these new
recursive and asymptotic bounds as SDPs.

1. Derivation of recursive bound (7)

Consider the joint state of the system, ancilla, and environment after [ teeth of the comb AéN): pél) € Hau®@Ri® A

see Fig. 1 in the main text. To upper bound F(pé”m)) in terms of F(pél))7 we replace pél) with its QFI NIP |\I!él)>.

This substitution can only increase the resulting QFI, since any operation possible on the original state is also possible
on its purification. Next, we derive an upper bound on the QFT of the state obtained by evolving |\Il((7,l)) through the

+(m)
next m teeth, represented by A, . Arbitrary adaptive control is allowed during this evolution. To calculate this



upper bound, let us construct a comb T(l m = |\Il(l)> <\I/(l)| ® Ao , such that |ﬁlél)> <\I/él)| is its first tooth (with trivial
input), see Fig. 3.

(I,m)

- TQR,
e l+m

(1) * X(m)

|\II€ >_Vl ] _Q_ Ho(14m)

Horrm Moy  [Hauss "7 Harm)—1

l .-
C( ,m) Jp— AH—'m

FIG. 3. The scheme of comb Tél and construction of the output state p(Hm)

Then, the total output state of Ho(4m) @ Riym @ Aiym can be written as ctm) *Tél’m), where C™) is an arbitrary

(m) acts on the spaces depicted in Fig. 3. Notice, that C':™) acts also on

comb representing adaptive control, C
environmental subspace R;, which is impossible in a normal AD scheme. Therefore, the QFI of obm) 4 T((,l’m) might
be larger than F(ng_m))7 moreover F(pél+7n)) < maxgum F(CE™ « Tg’m)) because all types of controls allowed in

a normal AD scheme can be simulated by a proper choice of Ct™) . These “environmental leakages” that happen
every m teeth are one of the reasons for the potential looseness of the bound.

We are now nearly ready to compute the upper bound for F(pé“rm))7 expressed as the comb QFI of T((,l’m), which
can be evaluated for any comb using the results of Refs. [6, 7]. To fully specify Tél’m), we define the basis of
Vi = span(|¥g) , [¥5):

0) = w3y, 1) =28y /\/F(p). (D1)

This basis is orthonormal, which follows directly from quantum state normalization and from properties of the QFI
NIP (A3). The density matrices of the state and its derivative can be expressed in this basis as

O]
Dy (1 10 d Dy (0 Flpg') [0 1
e = g o] g (e ) = Y 0

Finally, we can explicitly write the bound for F(p(l+m)) as F(péH_m)) < FU+m) where F*) is defined by the
following iteration

FO =q, FUE™ = max F(C(l m)*T(l m)) T(l m) _
otm)

b

a(m) &M ED e (m)
(m)y |10 01
—[o o|es” 1 =[5 B eds + 5= ] 5] @
(D2)

where F(p[(,l)) was changed to its upper bound F) in the expression for - (|\I/él)> <‘I/§)l)\>.
The maximization over C"™ can be performed using the SDP described in Refs. [6, 7]. The iteration D2 gives

an upper bound for F(p ()) valid for all control combs C, so it is also an upper bound for }'X])). Interestingly, for
uncorrelated cases there are no “environmental leakages”, so the only reason for the lack of tightness of the bound is

that the state p( ) is replaced with its QFI NIP every m steps. This makes the bound (D2) at least as tight as (C4)
for uncorrelated cases.

2. Derivation of recursive bound (8)

etm (m)y (i tm) _ 1Oy gD o 1
Let /19 = 0 [ Kpy') (K|, since Ty =|0,")(¥,'|® Ay , we can decompose

where |Lg"9m)) = |\Il(al)> ® |K,gtg)). Using Leibniz rule and (D1) we obtain

lm m lm (m m
Ly =10y @ (K7, L) = 10) @ K7 + VEO 2 (1) @ |K) . (D4)
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Let |K ,if?} = |K ,gfg)) — thy |K (7?9) ), where h is a hermitian matrix generating equivalent Kraus representations of a

channel; the summation is performed over repeated indices. Then, |Iig:gn)) =10) ® \f(,??} +VF®/2]1) ® |K,i’m0)>,

«(m)

where \I:,(clem)> = |Lg”;n)> — i |L(l,”7g)>. The performance operator of A, is @™ = Tryy <Zk |[~(,(£)) (f(,gné)\),

the performance operator of Tgl’m) is ag,m) = Trout (Zk Iiff,’;” )> (IN/,(C{’HT")D, here Tryy; is the partial trace over the

(m)

subspace Ha(j4m) ® Ritm, which is the last output of Ay  and of T((,l’m). Using (D4), we get :

m 1 m 1 m 1 A(m
o™ = [0) (0] @ @™ + 2V EO |0) (1] & B + SVFO 1) (0@ T+ LFO 1) (1] @ A, (D5)

(m

- < (m) B
where AM) = Tro A, , B™ = Trow (Zk |K,(€TZ)) (K,gwgl)o. After writing the maximization in (D2) using the

expression for the comb QFI (3) in terms of the performance operator, we get

FU+™) — min max 4Tr (agrl’m)é(l’m)) )
h é'(m,l)

where O™ = Try,,  C™). After decomposing ™) = Z;,j:o i)y, (Ul ®C~'i(]l.’m), using (D5) and the normalization

condition Tr(é’{ll’m)/ﬂm)) = Cgll’m) * Al™) =1, we obtain

4Tr (a%m)é(l,m)) — FO 44Ty (a<m>@(ggm>) + 4V FORe (Tr (ﬁ(m)éﬂ)’m))) 7

and consequently

FOEm) = PO 4 4min max [Tr (a<m>é§f5m)) +VFORe (Tr (ﬁ<m>é{ﬁ;m)))] (D6)
Ctm)
The normalization condition was derived wusing the fact that Cil{m) € Comb[(0, Hoi+1 ®

R1), (Harp2, Hares), o (Ha(em)—20 Ha(rm)—1)] and A™) € Comb[(Har1@Ry, Harra), (Haits, Harva), oo (Hagsm)—1, 0)],

~ (I,m . ~ .
so all outputs of C(H ) are inputs of A(™ and wvice versa.
To further simplify the bound, we maximize each term of the RHS of (D6) independently and use the inequality
between the maximum of a sum and the sum of maxima, which leads to (8) from the main text:

Flm < p@) 4 4m}3n [a(m) +V F(l)b(m)} ,a™ = max Tr (a(m) C'((]gl)) , b = maxRe Tr (ﬂ(m)é%")) . (D7)
cm) Cm)

The bound (D7) is less tight than (D2), but, as we will prove in the next section, there is no difference between bounds
generated by (D7) and (D2) asymptotically (for large N).
For simplicity, starting from (D7), we replace C»™ with C"™) under maximization, since C“*"*) has the same

structure regardless of [ . This is possible, when subsequent teeth of a comb X@ are the same, as we assumed
from the very beginning in the main text. Notice that this assumption is not necessary if we just want to derive
recursive bounds as in (D2), but it is important to derive an asymptotic bound. For simplicity and for the sake of
deriving an asymptotic bound, let us also adopt convention / = 0 for naming of spaces H, R, A. Then we have
C™) € Comb|[(Vo, Ro @ H1), (Ha, H3), -, (Hom—2, Hom—1 @ Am)], see Fig. 3 for a comparison.

3. Derivation of asymptotic bounds (9) and (10)

To derive the asymptotic bounds we will use the following lemma.

Lemma 1 Let (™) be a sequence of real numbers satisfying z(**% = (") 4 A 4 2BV z(™) for any integer n, (%) = 0,
A > B?. Then

lim ™ /n=A for B=0; lim 2" /n?=B? for B>0.

n— o0 n—oo

Proof When B = 0, then 2(") = An, so the first part of lemma is obvious. When B > 0, then for any n > 1
2™ < f(n) = An+ B?*n(n — 1) + (A — B®)nlogn, (D8)



which is proven in the Supplementary Material of Ref. [4], Appendix E, in which ||« and ||8]| play the role of A and
B. Let us now prove that for any n > 1

£ > B2, (DY)
This can be shown by induction, we have () = A > B212, and when (D9) holds for some n, then for n 4 1 we have
") > B2p? 4 9B%n + A > B*n? 4+ 2B%*n+ B? = B3 (n +1)2.

From (D8) , (D9), and the fact that lim,,_, f(n)/n? = B? follows the second part of the lemma. B

The asymptotic bounds for uncorrelated noise (5) and (6) are direct consequences of the iterative bound (4) and
Lemma 1—mnotice that asymptotically (for large .7-"&%) the minimum over h is always achieved when ||| is minimal,
since it is multiplied by }-1(;% and consequently eventually dominates over the term with |||, unless ||3]| = 0.

The assumptions of Lemma 1 are true for the uncorrelated case because of the inequality ||a| > ||3]|?. Let us show
that the analogous inequality holds for the correlated case as well.

Lemma 2 o™ > b(m)2

~A ~B ~(m
Proof Let us use the notation C , C  for combs C( ) maximizing a(™ and b(™) respectively. Because a(™ =

. _ N2
Tr (a(m)C’(‘%) >Tr (a(m)COBO) and b(m? < ‘Tr (ﬂ(m)ClBO) , the inequality

Tr (a(m)égo) > ‘Tr <,3(m)C~'1BO) ‘2

implies the thesis of our lemma. To prove this inequality, notice that

(s -

Tr <T (Z K <K£Tz>|> OFO) ‘ =
k

S ED(6R) (68) 7 EB @ Ll &)
k

SR ICR @ Lowl KTy
k

<

) m) A m S(m)) A = -1 ~(m (i) “(m) A ~(m
< \/Z (KDICR @ Lowl K{T3)) ¢Z (KO (CB) O © LaulKY3) < \/Z (K 1CB @ Lo K73 =
k k k

= /T (almCE)

In (i) we used Cauchy-Schwarz inequality |3, (@r|yr)| < />op @rlzr) /D k Wrlyr) with [zx) = (CN'E) * ®Lout IK,E’,’;)%
_1 .
lyp) = (C’ﬁ) : CE @ low |K ,?Z)) In (ii) we used the fact that the expression under the first square root is

<(m) | «(m) -
Tr (/19 Cﬁ) =1, since 4, and CP are two combs whose inputs and outputs are compatible. We also used the fact
Cty C
Chy Ch
~ ~ ~ -1 . ~ ~ ~ -1 .
Schur’s complement condition CB) = CHf (C’lBl) CB,, which means that (u|CB @ 1|u) > (u|CT (ClBl) CH @ 1ju)
for any |u). W

that the matrix CB = { ] is hermitian and positive-semidefinite, which implies that 0(1)31 = C~'1B0Jr, and due to

If we perform the minimization over h in (D7) for F) — oo, then the term with 5™ dominates the term with
a™ . When there is an h for which b(™) = 0, then for large enough ! the minimum over h in recursive steps is achieved
when (™) = 0, and, according to Lemma 1 applied for a sequence FO plm) pEm) we get

FY 4
Jim % < — mhina<m) st b =0, (D10)
—00 m



which is (9) from the main text. When there is no such &, in the large ! limit the minimum over h in (D7) is achieved
when b(™ is minimal. Therefore, using Lemmas 1 and 2 for a sequence F(O), F(m) p2m) e get

(N)

: y AD 4 : 2
< = (m) )
]\}lm N2 m2 mﬁnb (Dl].)

Notably, according to Lemma 1, we did not loose any tightness while going from the recursion (D7) to the asymptotic
bounds (D10) and (D11). However, the tightness could be potentially lost when we replaced maximum of sum in (D6)
with sum of maxima in (D7). Let us now demonstrate that this has no effect asymptotically, so after iterating (D2)
many times we get an asymptotic behavior predicted by (D10) or (D11). To show this, let us consider two cases:

1. Heisenberg scaling is possible. Then, for F() — oo the term v F()Re (Tr (,B(m) C’lo)) dominates over the term
Tr (a(m)é()()) in the RHS of (D6) . When we pick CU+m) guch that Cyo maximizes the dominating term, then

the result of a maximization over CU+m) ig arbitrarily close to the result of independent maximization over C4,
CP for F) — oo (the ratio between the two results — 1).

2. Heisenberg scaling is not possible. Then, to perform minimization over h in (D6) for F() — oo, we should
choose h for which Re (Tr (ﬁ(m)élo)> = 0 for any Cho. Then, we can choose Cip = 0 without affecting the

result. This makes the condition C'(™ = ( equivalent to 0007 5’11 = 0, and the maximization over C(™) of the
sum of terms is equivalent to maximization of the first term over Cog.

4. Simpler form of the asymptotic bound for standard scaling

The asymptotic bound (D10) is expressed as a minimization over all hermitian matrices h for which the con-
straint b(™) = 0 is satisfied. This constraint is hard to deal with because b(™ is defined as a result of a non-trivial
maximization, see (D7)—let us therefore try to formulate it in a more manageable way.

Let X, be a linear subspace of space X'°' = L(Rg @ H1 @ Ha ® ... ® Hom—_1) such that X € X, iff

1. Tr(X) =0,

2. There exists a sequence of operators X (1, X2 X (m=1 x(m) for which X = X(™) | Vocpcp, Tray,, , X® =
XED @1y, ,, XY e L(H1®Ry).

Notice that condition 2. is similar to the linear comb conditions, a space X,, has a similar structure to the
set of CJ operators of combs, but without positivity constraint and with zero trace. Let us also define X5 as an
orthogonal complement of &, in the space X° with respect to Hilbert-Schmidt scalar product (A|B) = Tr(AB?).

Since 8™ € X!t we can uniquely decompose it as 3™ = ,Bgm) + 557”), where ﬁﬁ"” € X, 557”) € Xt
We are now ready to prove the following statement.

Lemma 3 (™) > 0, moreover b(™) = 0 iff 5§m) =0.

Proof The comb conditions for C"™ are equivalent to the following set of conditions for its blocks @(Jm ), (i)
oS el e Combl(, 1 @ Ro), (M, Ha), ., (Ham-—2, Ham-1)]; (i) OV, ClY € X (iil) CFY = OV and
clm = olmi <C~'ﬂn)> ™) When € is singular, then its inverse should be replaced with pseudo inverse.

Conditions (i) and (ii) are a consequence of the linear constraints for the comb C'", and condition (iii) is a con-
sequence of the positivity constraint and Schur’s complement condition. If we choose any C'égn), C’ﬁn) satisfying

(i) and set C’O(T) = CN’%H) = 0, then conditions (ii)-(iii) are also satisfied and Tr (,B(m)é’ﬂ)")) = 0 which proves
that b(™ > 0. Since for all cases él(g”” € X, and ,Gg’”) € X, we have Tr (é{gl)ﬂém)) =0, so b™ = 0 when

(m) (m)
1 1

= 0. Let us now assume that 3 # 0, and fix strictly positive definite C’(()gl) and Cﬂﬁn) satisfying condition
(i), and C™ = 8™, ¢ = 8™ Then, condition (ii) is satisfied since 8™ € X,,, and for small enough

e > 0 condition (iii) is also satisfied since CN’S(T)") is strictly positive. Therefore, there exists a comb C(™) for which

Re (Tr (,B(m)éfgn))) = €eRe (Tr (ﬁgm)ﬂgm”)) > 0, so b™ > 0, which finishes the proof of the second part of the

lemma. W
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According to Lemma 3 the condition b(™) = 0 can be replaced with condition 5§’") = 0, or, equivalently, with the
condition 8™ e xL.

5. Formulations as SDPs

To formulate the bounds as SDPs, we will use the following Lemma.

Lemma 4 Let us consider the following primal SDP maximization problem:

max¢ Tr(AC)
s.t. Ce Comb[(lCl,ng), ...(ICQN_l,ICQN)] ’

A is a hermitian matrix, here Comb]...] is the set of CJ operators of combs. Then the dual problem is

..... o Tr (QW)
s.t. QWM @1yn = A (D12)
Trgk,,lQ(k) = Q(kil) ® lop_o for k€ {2,37 ,N}

minQ<1> Q@

where Q) are hermitian matrices, Q*) € L(K; ® Ko ® ... ® Kax_1). The optimal value of the dual problem is equal
to optimal value of the primal problem (strong duality).

Proof A very similar statement was proven in the Supplementary Material of Ref. [6], see Section I.B, Lemmas 5
and 6. There, A was assumed to be equal to performance operator, but this assumption was not used, and the proof
remains correct for any hermitian A. Moreover, the proof provided in Ref. [6] can be only directly applied to cases
when K is a trivial one-dimensional space (). To generalize the proof for a general case, it is enough to apply it for
a comb with an additional artificial empty teeth, so we consider C' € Comb|[(0, 0), (K1, Ks2), ..., (Kan_1, Kan)] instead
of C' € Comb|[(K1,Ks), ..., (Kan—1,Kan)]. Then, we end up with a dual problem in the form (D12).H

The iterative bound (D2) can be formulated as an SDP using Algorithm 1 from Ref. [6] directly applied

for parameter-dependent comb Tél’m). Let us use the decomposition (D3), (D4), and define |c',(€l7’jm)(h)) =

1,m)
Ho(14m)ORi+m k.j
on the mixing hermitian matrix h). The recursive step (D2) can be calculated using the following SDP:

(j\l;/](cl”gn)% where |7) is some orthonormal basis of Ho(4m) @ Ri4m (notice that |¢, " (h)) depend linearly

Fl+m) — g4 mi Tr (Q<1>) ,
hAQM Y1, .. om}
subject to
A=0,
2§k§vm71TrH2<l+k>Q(k+l) =W e LL PYISY

TeruzQ@) = Q(l) ® ]1H2l+1®R17

where

m .(I,m .(I,m
QU™ ® Lygyy o [T () o 15 ()

(@ (h)|

. ldr

(e ()
d is the dimension of Ho(4m) ® Riym, 7 is the rank of Tél’m), QW € L£(V)), notice that \é,(fy’;n)(h)) depend on F®.

The asymptotic bound (D10) can be written as a similar SDP with additional constraints for h coming from
condition b(™) = 0. First, let us notice that the maximization over C™ in (™) in (D10) boils down to a maximization
over C’égl) € Comb[(0, H1 ® Ro), (Ha, H3), ..., (Ham—2, Ham—1)]. Secondly, the condition b(™) = 0 can be written as
,B(m) € XL (see Lemma 3 and the remark below). Since the dual affine space to comb space is another comb space
(with outputs and inputs interchanged) [7, 8], it can be shown that g™ e XL iff there exists a sequence of operators
YW y®@ Yy for which 8™ = YD @ 1y, | Vockem 1Tra,, Y® = YED @1y, | Try, YD =
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YO 1y, gr,, Y € C. By introducing the notation [c}"” (h)) = o GIELS), [ (h)) = o GIELY, we
get

B (h Z ™) (b)) (e, (D13)

notice that ,B(m)(h) depends linearly on h. Finally, after supplementing the SDP from Ref. [6] with the condition for
,B(m), we get the following SDP for the asymptotic bound:

lim FY/N < 4/m min )
Novoo” AP =4 hAQW Y M} ycro, .. ,m—1} Q
subject to
A=0,
(k) — (k=1)
2Sk§vmflTrH2kQ Q N EVA

Try, QY = Q1 0r,, Q¥ €R,

B =YD @1y, ,,

Vockem1Trp, Y® = YED @1y,

Try, YV = YOy, 07, Y eC,
where

QU @ 1y, |1 () ... | ()

(@ (h)]

. 1d'r
(& ()
—(m)
d is dimension of Hay, ® Ry, 7 is the rank of A,
The asymptotic bound in the presence of HS (D11) can be written as

lim fgI]\;)/Nzg 2/m min max Tr [ G
N—00 h - &(m)eComb[(Vo,H1®Ro),(H2,Hs),-.,(Ham—2,Ham—1)]

2
0 %Ig(m)
%ﬁ(m)T 0

where C’éT)T = C’{gl). After dualizing the maximization

Cégl) C(m)
C%n) C(m)

problem using Lemma 4, we can write the whole min max problem as a single SDP minimization:

where we used the block decomposition C'(™) =

subJect to
1 g(m)
(m) 0 5B
Q ® ]17‘[2m 1 — [ 5(m)T O ] 9
2<Ic<vm—1TrH2kQ(k+1) = Q(k) ® ]17'[%717

TerQ(Q) = Q(l) ® ]]-R0®7-l17

where Q) € £(Vy), B™ is given by (D13).

Appendix E: Examples

The code we used to generated upper bounds introduced in this work and tensor-network based lower bounds
introduced in [9, 10] is available in a public repository [11]. To generate upper bounds, we used the function
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ad_asym bound _correlated from file gmetro/bounds.py. To generate lower bounds for correlated dephasing exam-
ples, we used tensor-network based optimization over adaptive strategies with limited ancilla dimension d 4, this was
done using the function iss_tnet_adaptive_qfi from the file gmetro/protocols/iss.py. We calculated lower bounds
for the collisional thermometry example by considering a parallel scheme, when input state and output measurement
are represented using tensor networks—the optimization was performed using the function iss_tnet_parallel gfi
from the file qmetro/protocols/iss.py.

1. Correlated dephasing

All the details related to the correlated dephasing model are described in Ref. [9] (note that here we use notation S
instead of T for a mixing map). The only additional difficulty is that the tightness of an upper bound depends on the
way in which we cut the chain of correlated channels into pieces. As we checked numerically, for parallel dephasing
the tightest bound is obtained when we decompose mixing map as S = /S o /S, and make cuts between two maps
V'S, see Fig. 2(a) in the main text. The Kraus operators of channel S implementing a stochastic map S;;_; on the

basis |£) are S = /25 |s) (r| for 5,7 € {+,—}. It can be shown by direct calculations, that the square root map
for C'> 0 is

\/Ei\ifl(n'h"i—l) = (1 +rri-1V/]C]) /2,

the corresponding Kraus operators of a quantum map are v/S,, = H# V1€ |s) (r|for s,r € {+,—}. When C < 0,
we should construct a map like for positive C' of the same absolute value, but then additionally add a flip between
elements of basis |+), |—) between two maps v/S.

2. Collisional thermometry

The collisional quantum thermometry model was introduced in Ref. [12]. The thermal bath of temperature T is
probed by a qubit thermometer whose hamiltonian is H = /20, /2. The thermalization of a thermometer is described
by a quantum master equation in Lindblad form

dp _ _

L = Lr(p) = 4(n + )D(o) +17D(o),

where D(X) = XpXT — H{XTX,p}, 00 = (0, Lioy), n = (e"¥*#T — 1)1, v is a coupling constant between the
thermometer and the thermal bath. The channel describing the thermalization for a time 7 is given by integrating
the above equation

ST(p) = e“7(p),

which is a generalized amplitude damping channel. When 7 — oo, then the output of a channel ST. is a Gibbs state
Pth,T = e‘Hf/kBT/Z7 the QFI of this state is a thermal Fisher information Finr = F(pwn,r). Interestingly, the
channel QFI of ST can be larger than Fy,p. We numerically study a case when kT /hQ = 2, which means that
7 = 1.514 (the same value of i was chosen in Ref. [12]). We observed that the maximal channel QFT is achieved for
Topt & 0.417y71, then F(ST) ~ 5.66F;1, 1, see Fig. 5(a). Notably, one needs to entangle the input state with ancilla
to achieve this optimal channel QFI.

In a collisional scheme, there is no direct access to a thermometer, one only has access to mediator qubits that
exchange energy with thermometer after each thermalization process, the interaction between thermometer and me-
diator is governed by the unitary V = e~ #9tH(0+®7-+0-®94) ' 4 i5 a coupling constant, ¢ is an interaction time; a full
energy swap occurs for gt = 0.57, in this work we numerically analyze the case gt = 0.357. In Fig. 4, we present a
collisional thermometry scheme, in which all mediators are prepared in a product state, but each mediator is assisted
with a qubit ancilla, which can be entangled with it. Mediators interact with thermometer, and at the end, all
mediators and ancillary qubits are measured. Note, that the thermometer is initialized in a thermal state, whereas in
Ref. [12] the initial state of a thermometer is a stationary state of concatenation of maps V' and S7.. This stationary
state depends on the input mediator of V', so we cannot fix a stationary state when computing universal bounds.
However, the choice of initial state of thermometer does not affect the asymptotic results.

Importantly, our upper bounds cover a much broader class of strategies, in which mediators can be prepared in an
arbitrary entangled state, and adaptive control between subsequent probings can be applied.
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Pth, T -

Hon

FIG. 4. Collisional quantum thermometry: thermalizing channels ST acting on thermometer are interwined with unitary
channels V' describing energy exchange between mediators (H) and thermometer. At the end, the joint measurement M is
performed on all mediators and ancillary qubits (initially entangled with mediators). Our upper bounds cover strategies with all
possible entangled states of mediators and ancillas. We also calculate lower bounds for the strategy in which initially mediators
are not entangled with each other, but each mediator (H2;—1) can be entangled with the corresponding ancilla (A;).

To complement these general upper bounds, we calculate lower bounds using tensor network techniques [10, 11],
assuming that the input state of mediators is a product state, each mediator is entangled with an ancillary qubit,
and that the final state of mediators and ancillas is measured using a collective measurement M, which is described
by a matrix product operator with bound dimension 4 (which means that some non-locality in a final measurement
is allowed). As demonstrated in Fig. 2(c) in the main text, this strategy is optimal (up to numerical precision)
for 7 = 1074, when correlations between subsequent channels are negligible. For 7 = 74p¢, there is some potential
advantage from using entangled states—however, this potential advantage is relatively small.

To make the bounds as tight as possible, we need to judiciously cut the whole chain of channels V' and ST, (AéN)) into

«(m) «(m)
smaller pieces Ay . More precisely, we need to find combs A, such that their link product is A((,N) (environmental
—(m)
spaces of neighbouring combs are linked). Therefore, we can concatenate A,  with some map X acting on its output
«(m)
environment and the inverse of this map X! acting on an input environment—then, after linking A, with each

other, each X will be concatenated with X!, so we will obtain the same resulting comb A(QN). However, the bound

m
tightness might be affected by the choice of X. Importantly, X must chosen such that the resulting X; : are still valid
combs (in particular, they must be completely positive).

In our example we choose X = Sg%, which is a map that does not differ from S7° at the value of temperature
around which the estimation is performed, but %S;ﬁ; = 0, which means that S7} is insensitive to the changes of T’
so its channel QFI is 0. The intuition behind this choice is that such T-insensitive thermalization may hide some
information that leaks from environment when we cut the whole chain of channels into pieces.

Obviously, the inverse map S;OTO is not completely positive. However, the total map acting on an input environment
is ST o S;OTO is completely positive assuming that 79 < 7—the resulting channel at T' = T} is a thermalization with
time 7 — 7p, the channel is full-rank, so it will remain completely positive in the first order expansion irrespectively of

its derivative. (m)
—(m
The large values of 7y allow to reduce the role of environmental leakages at the outpus of A, , but at the same
time, extra anti-thermalization map S;OT“ at the beginning may increase the QFI. Therefore, one need to optimize
over 79 (assuming 79 < 7) to get the tightest possible bound. Interestingly, for 7 = 7op¢ the optimal value is 79 = 0,
so it is not advantagous to use the described trick. The situation is completely different for 7 = 107y, see Fig. 5(b),
then choosing 79 > 0 can tighten the bound significantly. With the optimal value 79 ~ 0.62y~!, we get an upper
bound that coincides with lower bounds already for m = 1.
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FIG. 5. (a): The ratio between channel QFI of a thermal channel ST and the QFI of a thermal state as a function of

thermalization time multiplied by a coupling constant y7. (b) The tightness of the bound is affected by the choice of time 7o
in an inverse map S;."°. Here we show how an asymptotic bound depends on v for 7 = 1075ps m = 1.
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Chapter 5

Measurement noise susceptibility in
quantum estimation

Commentary

In this work, we propose a universal way to quantify how vulnerable the FI is to
noise affecting the measurement. We introduce a quantity called Fisher information
measurement noise susceptibility (FI MeNoS) and show how to compute it for general
metrological scenarios. We thoroughly study the quantum-inspired superresolution
imaging case, which was discussed in Sec. 1.5 of Chapter 1. Using FI MeNoS, we
identify the QCRB-saturating measurement that is the least susceptible to noise. An
alternative approach, which also addresses the general role of measurement noise in
quantum estimation, has been presented in Ref. |[Len22.

In Appendix F, we study the role of signal correlations arising from sub-Poissonian
emitter statistics. As shown in Sec. 1.5, Chapter 1, such correlations do not increase
the QFI, even though they increase the classical FI for DI measurements. However,
as we demonstrate here, correlations enable construction of measurements less
susceptible to noise, suggesting that non-Poissonianity is a valuable resource for
imaging not only for DI, but also more fundamentally, when the measurement is
optimized.

My contribution

I conceived and developed (supported by RDD) the main idea presented in this work,
performed all the calculations and proofs, generated and analyzed all the numerical
data, wrote the whole main text and all appendices, I am the corresponding author.
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Fisher information is a key notion in the whole field of quantum metrology. It allows for a direct
quantification of the maximal achievable precision of the estimation of the parameters encoded in quantum
states using the most general quantum measurement. It fails, however, to quantify the robustness of
quantum estimation schemes against measurement imperfections, which are always present in any practical
implementations. Here, we introduce a new concept of Fisher information measurement noise suscep-
tibility that quantifies the potential loss of Fisher information due to small measurement disturbance. We
derive an explicit formula for the quantity, and demonstrate its usefulness in the analysis of paradigmatic
quantum estimation schemes, including interferometry and superresolution optical imaging.

DOI: 10.1103/PhysRevLett.130.160802

Introduction.—Noise, decoherence, and implementation
imperfections are the main factors hindering the transfer of
quantum enhanced technologies (e.g., quantum computing
and communication) from proof-of-principle experiments
to real-life applications [1]. These issues also affect the
development of quantum metrology, whose goal is to
utilize sophisticated properties of light and matter to
enhance sensing instruments [2-5]. Quantum estimation
theory [6,7] laid theoretical grounds for present-day
quantum metrology—one of its greatest achievements is
identification of protocols that perform optimally in the
presence of noise [8—12].

One of the key elements affecting the precision of
metrological protocols is the imperfect realization of the
final measurement step, where information is being extracted
from quantum sensors. In order to assess the effect of
imperfect measurement implementation, the standard route
is to characterize the type of noise present, e.g., detector dark
counts, measurement output crosstalks, etc., and then ana-
lyze its impact on the relevant figures-of-merit [13]. A more
systematic and general study of the effect of readout noise on
the measurement precision is provided in Ref. [14].

Still, from a fundamental point of view, it would be much
more advantageous to be able to determine the noise
robustness of a given measurement scheme without speci-
fying the actual form of the noise. A similar motivation lays
behind measurement robustness considerations that can be
found in the context of other quantum information tasks,
see, e.g., [15,16], but have never been applied to quantum
estimation theory. In this Letter, we focus on the most
common figure of merit in quantum estimation theory—the
Fisher information—and propose a quantity, Fisher infor-
mation measurement noise susceptibility (FI MENOS),
which characterizes the maximal relative decrease of FI due
to small measurement disturbance of the most general type.
This quantity allows us to obtain a deep insight into

0031-9007/23/130(16)/160802(6)
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fundamental noise-robustness properties of different meas-
urement schemes without assuming any particular noise
form. We illustrate the fruitfulness of this approach by
analyzing paradigmatic quantum enhanced metrological
schemes including interferometry and superresolution
imaging.

Quantum estimation theory preliminaries.—In a para-
digmatic quantum estimation scenario, a continuous
parameter @ is encoded in a state p, of a probe system
with associated Hilbert space Hg. In order to describe the
process of extraction of information on the parameter 6
from the state in full generality, one considers an external
measuring device whose Hilbert space is H;,. The device is
initialized in a pure state |0),, and the generalized meas-
urement of py consists of two stages: (i) interaction between
S and M described by a unitary operation Ug,, and
(ii) projective measurement of the postevolution state of
M, which returns an outcome i € {1,2,...,K} with a
probability
Po(i) =Tr(ppM;),  M;= (01U |i)p (| Usu|0)yr (1)
where M; are effective measurement operators acting on
S—note that scalar products in the above formula are
partial, they act on subsystem M only, leaving part S intact.
A set M ={M,}, is called a positive operator-valued
measure (POVM), where M, satisfy (1) >, M; =1 and
(i) M; > 0. The set of all POVMs will be denoted as M, so
we will write M € M. Different choices of Ug,, lead to
different POVMs, the number of possible outcomes is
K = dim'H,,. Each POVM can be physically implemented
with the help of an appropriate choice of H,; and Ug,,. The
projective measurement in a basis |i) of Hg corresponds to
M with M; = |i){i|.

When N copies of py are measured independently with
the same POVM M this leads to N i.i.d. random variables

© 2023 American Physical Society
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sampled from py(i). According to the Cramér-Rao bound
(CRB) [6,7], the mean squared error (MSE) of any (locally)
unbiased estimator 9, that estimates @ based on this data,
will be lower bounded as

_ 1
A0 > —— Fc_zp,ﬂ (2)

where F- is the classical Fisher information (CFI),
pi = po(i), and [; = 9ylog py(i) is the logarithmic deriva-
tive of py(i). Intultlvely, the CFI quantifies how sensitive
po(i) is to the change of 6—the larger 2, the greater the
CFIL. The CRB is tight—it is always possible to find a
locally unbiased estimator whose MSE saturates (2), and
for N - oo one can construct a globally unbiased CRB-
saturating estimator [17].

For a fixed quantum state py, the CFI depends only on
the measurement M, and in order to highlight this we will
denote it as F[M]. Combining (2) with (1) the explicit
form of the CFI reads

= Tr(poM,)E2,

where the dot denotes the derivative over 6. It is natural to
ask what the greatest possible CFI is for a given py—
the answer is given by the quantum Fisher information
(QFD [6,7], which is the maximum of the CFI over all
POVMs M, and can be computed as

_ Tr(poM,)
h= Tr(peM;)’ ®)

F,= Fo M
QAI?E%C[]

= Tr(pgA}). (4)
where Ay is the symmetric logarithmic derivative matrix
defined by the equation dgpy = 3 (pgAg + Agpy). For a
given py, and arbitrary M, the MSE of any locally unbiased
estimator of @ is lower-bounded by the quantum Cramér-
Rao bound (QCRB), which is similar to (2), but F is
replaced with F. The projective measurement on eigen-
states of A, is always QCRB saturating (its CFI is equal to
QFI), but sometimes there are many different QCRB sat.
measurements, see Refs. [18] and [19] Section D for a
detailed discussion.

Fisher information measurement noise susceptibility.—
Let us assume, that due to a small disturbance, M changes
to M = (1 —¢)M + eN (summation of two POVMs is
done elementwise), which can be viewed as the replace-
ment of desired POVM M with an unwanted one N with a
probability € < 1. This type of noise may be caused by
inaccurate initialization of a measuring device M in a mixed
state (1 — €)]0)(0] + ep}, instead of |0){0], or it may be the
result of other small imperfections, such as signal losses,
dark counts, crosstalks etc. (see Ref. [19] Sections A
and B).

The measurement noise affects the CFI, the effect of
which we quantify using

7M. N] —hmF [M]—FC[(I—G)M+€N]’ (5)
e=0 eF C [M ]

which can be understood as the relative decrease of the

CFI under infinitesimally added noise N—the effect of €

noise results in F- in the CRB, Eq. (2), being replaced with

FcM|(1 —ey[M,N]). After inserting (3) into (5), we

obtain, after straightforward calculations,

¥IM.N| =1+ Fc[M]"'G[N]. (6)

where

A= 112/)0 = 2lipg. (7)

= Tr(A:N)).

To get an intuition regarding this quantity, consider a
simple example where M = (0,M,,...,My) and N =
(1,0,...,0), so noise only activates a noninformative
measurement outcome 1. Then, G[N] =0 and hence

xIM,N] =1, which means that the relative decrease of

the CFI is equal to the probability of obtaining a useless,
noisy result. Clearly, the decrease of CFI will be more
substantial, when the disturbance affects the statistics of
informative outcomes, and noise cannot be separated from
the signal easily. Our goal is to figure out, what is the
maximal shrinkage rate of the CFI caused by an infini-
tesimal measurement noise described by an arbitrary
POVM N. The answer is given by a quantity

#IM] = maxy[M.N] 8

which we call FI MENOS because it tells us how suscep-
tible CFI is to small disturbances of the measurement. Note
that the larger y implies potentially stronger decrease of CFI
as a result of measurement disturbance, so strictly speaking
this is a negative susceptibility (cf. “menos” in Spanish).
Notably, it does not depend on N—this allows us to
compare the robustness against noise of different measure-
ments without invoking any specific noise model.

Explicit formula for FI MENOS.—We now present an
explicit solution to the maximization problem from (8),
which, according to (6), boils down to finding the maximum
of G[N]. Without loss of generality, we can relabel the
elements of POVM M such that logarithmic derivatives
satisfy /1 <[, < ... <Ig.LetN = (Ny,...,N;, ..., Ng) bean
arbitrary POVM while T'}(N) = (N, + N;, ...,0, ..., Ng)
and TK(N)=(Ny,...,0,...,Ng +N;) be two POVMs
constructed from N with zeros at ith positions,
i €{2,...,K—1}. Using (7), we obtain

G[I}(N)] - GIN]| = filli). ©)

:fi(ll)

160802-2



PHYSICAL REVIEW LETTERS 130, 160802 (2023)

G[TE(N)] = GIN] = fi(li) = fi(li). (10)
where f;(x) = x*Tr(pgN;) — 2xTr(pyN;) is a convex quad-
ratic function, and therefore f;(1;) > f;(1;,)Vfi(lx) = fi(l;),
so from (9) and (10), G[T'}(N)] > G|N]VG[T'¥(N)] > G[N].
Therefore, for each N and i, there is j; € {1, K} such that
G| (N)] > G|N], so we can choose i5. ....ix_; € {1.K}
such that N = I'2o...ol%! (N) satisfies G[N] > G|N], and
from the construction of N, N; = O fori € {2,...,K—-1}.1t
means, that for arbitrary N, it is possible to construct N =
(N1,0,...,0,1 — N,) satisfying y[M,N] > y[M, N]. Hence,
the worst-case scenario noise will affect only the outcomes
with the smallest and the largest logarithmic derivatives. This
observation allows us to perform the maximization from (8)
analytically, (see Ref. [19] Section C), and obtain the general
expression for the FI MENOS:

M| =1+ (B+ 1+ A = Aklly). (1)

2F c[M]

where ||A||; = TrvVAAT is the trace norm. Notice, that y
depends on F., py, pg, and the extremal logarithmic
derivatives only. When an outcome i has a vanishing
probability, p; — 0 but its contribution to the CFL, p;Z,
remains finite and nonzero, then ll? — o0, which implies that
either l% or I% diverges, and hence, y diverges as well
according to (11). This reflects the fact, that the contribution
to the CFI resulting from an outcome with a very low
probability may be completely washed out by a very small
measurement noise, and the chosen measurement is not
likely to be practical.

When there are many measurements which lead to
the same CFI, the FI MENOS may help to judge which
one is more robust and hence more suitable for
practical purposes—the one with lower y. It is especially
interesting to find the minimum of y[M] over all QCRB
sat. measurements,

_ i M 12
10 = rend P, M (12

FIG. 1.
depend on ¢ when v =1,

since the corresponding measurement M should be
regarded as the most robust among the most informative
measurements. This task is tractable thanks to the exact
formula (11)—we demonstrate exemplary solutions to this
problem in the next two paragraphs.

Pure state models.—Let us start with a simple, yet
important case when py is pure, pg = |wy) (we|. We focus
on the local estimation paradigm and assume 6 is close
to some known parameter value 6. For any 6, it is possible
to fix orthonormal vectors |O> 1) € span(|y/90> \z/'/g()))
such that pg = [+){+], pg, =5 \/7(5, where |+) =
(1/v/2)(|0) + 1)), o, is a Pauli matrix, Fy, is the QFL
Then, the measurement M is QCRB sat. if and only if all its
elements are of the form M; = A;|¢;)(¢p;|, where |¢p;) =
(1/v/2)(|0) 4 e™i|1)) (see Ref. [19] Section El). As we
prove in [19] Section El, y[M]>4F, for all such
measurements, and the inequality is only saturated for
the projective measurement on the eigenstates of o,.
Notice, that we used a qubit subspace to describe the
evolution of any pure state locally even though Hg can be
arbitrarily large.

This parametrization allows us to represent any pure state
problem as a phase estimation in a Mach-Zender interfer-
ometer with a single photon input. When the phase 6 between
the upper (|0)) and lower (|1)) arm is acquired, then the
photon state is |yp) = (1/v/2)(|0) + €|1)). After fixing
6y = 0, our problem reduces to the one already defined with
Fy = 1. All QCRB sat. projective measurements can be
implemented with the help of two single-photon detectors
followed by a beam-splitter, and a well-controlled phase
difference between two arms, ¢ (see Fig. 1). The upper and
lower detectors click with probabilities p, and p_, respec-
tively, where p,. = 1[I + cos(6 + ¢)]. Straightforward cal-
culations confirm, that F-[p, ] = 1 independently of ¢ [23].
However, the FI MENOS depends on ¢, and for 6, =0
we have

2(@) =1+cos?(p/2) + tan%(p/2),  (13)

20

K =
v=1
v =0.98 4
0 0
0 6+ ™ 0 0+ ™

Phase 6 is measured using a Mach-Zender interferometer; ¢ is an extra, well-controlled phase. The resulting CFI (F ) does not
which is never achieved in practice. For any smaller visibility (e.g.,

v =0.98), the CFI is

maximal for 6 + ¢ = z/2, and vanishes for 0 + ¢ € {0, z}. We can deduce that 6 + ¢ = z/2 is the optimal working point without
assuming nonunit visibility because FI MENOS (y) is minimal there, so the precision of the estimation of @ is the least vulnerable to a

general measurement noise.
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which means that the optimal working point is at ¢ = 7/2
(balanced interferometer), while our scheme is extremely
sensitive to a measurement noise for ¢ — 0 and ¢ —» 7
(unbalanced interferometer) as in this case y(¢) — o,
see Fig. 1.

Similar conclusions follow from a standard analysis of
the nonunit visibility (v < 1) interferometer model, where
the detection probabilities are p, = 1[1 + v cos(6)]. Then,
the CFI is maximal for ¢ = /2, and reaches O for ¢ €
{0, z} even for v very close to 1, see Fig. 1. The advantage
of the approach based on FI MENOS, is that one does not
need to consider any particular noise model, and it is
guaranteed that the worst case scenario has been taken
into account.

Superresolution optical imaging.—Quantum estimation
theory allows for a rigorous study of fundamental limits in
optical microscopy, and serves as a tool for a systematic
search for the most precise imaging schemes [24-30]. In
the elementary scenario, two equally bright incoherent
weak point sources are imaged using a translationally
invariant system [25] (see discussion of limitations of this
approximation in [31]). The state of a single photon in the
image plane is

—

Po (Jug o) (up gl + |u_g)(u_pl), (14)

T2
where (x|uyg) = u(x £6/2), {|x)} is the position basis,
lu(x)* = (226%)71/2e7*'/27" is the system point spread
function. The only unknown parameter is the separation
between two sources, 0, the centroid of two points is
known a priori. Intuitively, it should be hard to estimate 0
when 6 < ¢ because then images of two points overlap
significantly. This is true for a standard measurement in
the position basis |x) because Fc[{|x){x|}] —» 0 when
0 — 0. Surprisingly, the QFI does not depend on 6 at
all, Fylpg] = 1/40® [25]. Therefore, it seems to be no
fundamental difference between small and large separa-
tions €, when all quantum measurements are allowed.
Unfortunately, this is a highly idealized statement since
the estimation precision for small € is highly affected by
detection noise, system misalignment, crosstalk noise, and

Po M 0.25 ———
A A ESE SN
|'u,+,0> e '7’_‘ — 5 N
© >
9 | = K=4
u—p) R
2 o ¢\ os) 7 |x1) K=2 1
|ul | 1 1] 0 , 0
W= s = W= 0 200 4 6 0

other imperfections [28—-30]—in fact, even for the most
clever choice of the measurement, the CFI vanishes with
6 — 0 for all practical scenarios.

At this point, we want to demonstrate the fundamental
difficulty of resolving two sources whose images overlap,
without referring to any specific noise model, but rather
employing the newly introduced FI MENOS figure of
merit. In the most commonly studied superresolution
protocol, the state in the image plane is measured in the
basis of orthogonal Hermite-Gaussian modes |¢,) whose
center lies in the centroid of two observed sources [25]—
see Ref. [27] for an overview of implementations of this
measurement based on holography, interferometry, etc. In
most of these implementations, we can extract and separate
first K — 1 modes, and the rest of the signal is collected in
the Kth outcome, such that our POVM consists of elements
M;=|pi) (¢l forie {1,...K -1}, Mg =1-3" M,
The CFI increases with K, but for = 0, it approaches the
QFI already for K = 2. The QCRB is saturated in the full
range of 6 only for K — oo, but the precision is close to
optimal for a wide range of @ already for K = 4—see
Fig. 2. In the figure we also plot y(6) for different values of
K. Unfortunately, y - oo for § -0 in all cases.
Consequently, for § < o, it is impossible to achieve the
high CFI in the presence of noise using the family of
measurements considered so far.

However, there are many other ways to saturate QCRB
locally for any fixed value of 8, and some of them may
be less susceptible to noise. As for the pure states model,
we systematically study all QCRB sat. measurements
to find y,(6). Following the technique from [25], we
reduce the problem to four-dimensional Hilbert space
H = span{|uy g), g|us )}, which is a direct sum of
two orthogonal two-dimensional subspaces H,; and H,,
containing symmetric and antisymmetric modes, respec-
tively. We construct the orthonormal basis of both sub-
spaces, |0),, |1), and |0),, |1), respectively, such that

1+6 1-6
Po = T |0>5<0| +T |O>a<0|7

po = al0),(0] + 6% — a]0), (0] + o0\,

(15)

(16)

FIG. 2. Thesingle photon state (py) in an image plane is the mixture of two Gaussian wave functions of width ¢. Their separation 6 can be
estimated accurately even when 6 < ¢ by measuring py in the basis of Hermite-Gaussian modes |¢;)—in practice, it is enough to extract
the first few (K — 1) of these modes. Unfortunately, the presented strategy is very sensitive to measurement noise for small 6, which is
reflected by diverging FIMENOS (y) for §/¢ — 0. No QCRB sat. measurement is free of this issue because y, diverges as well for § — 0.
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where § = (u, g|u_ ), real constants a, f,,, f; are specified
together with the exact construction of the basis in [19]
Section E2. Matrices p, and p are both block diagonal with
respect to H, and H,. This means, that the QCRB
sat. minimal susceptibility POVM contains only elements
acting on H, or H, (see Ref. [19] Section D for proof).
Consider the family of QCRB sat. POVMs

M(ps.(p“ — {Pq(;;)’ P(v)

@Qs+m P((/J?? P((pi)+ﬂ}7 (17)

where PJ/* is a projector on cos(¢/2)[0),,+
sin(¢/2)[1),/,- We prove ([19] Section E2) that the
minimal susceptibility QCRB sat. measurement is of the
form M, , . Then, we obtain y, by minimizing numeri-
cally [M,, ,.] over ¢, and ¢,, the results are shown in
Fig. 2. We observe, that y, — co when ¢ — 0, which
means, that no QCRB sat. measurement is robust against
noise in the region & < o. Surprisingly, y, does not
decrease with 6 everywhere—for example, a minimum
y = 4isachievedin 0 = 2v/26. For § — 0, yo — 4 again,
and then the problem is equivalent to a single source
localization both from the point of view of F, and y,.
Interestingly, it is possible to achieve noise susceptibility
smaller than y,, when correlations between subsequent
photons are present—see Ref. [19] Section F for a
discussion.

Outlook.—Computation of the FI MENOS should be
regarded as a natural sanity check whenever any idealized
quantum metrological protocol is proposed. If this quantity
is large (or divergent) this should ring a bell that the
performance of the proposed protocol will be significantly
reduced by even a small imperfection in the measurement
design. On the contrary, small values indicate that the
measurement scheme is robust. The importance of this
quantity stems also from the fact, that the FI is a local
quantity (computed at single value of parameter) and
therefore prone to reveal ephemeral effects that vanish in
the presence of even infinitesimal noise—a property that
haunts quantum metrology literature a lot. We envisage that
our approach may be naturally extended to a multipara-
meter estimation framework as well as generalized to cover
the Bayesian analysis as well. Still, we expect that in these
cases it may be much harder or even impossible to obtain
the explicit formula for FI MENOS analogous to (11).
Moreover, we expect that the role of small measurement
disturbances should be less substantial in the Bayesian
approach, since such an approach is by construction
applicable to more realistic scenarios, when the number
of collected data samples is finite, and the protocols are
expected to perform well beyond the “local estimation
approach”.
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Appendix A: Noise due to inaccurate meter preparation

In this Section, we prove that an inaccurate initialization of a measuring device M in a state pas = (1—¢) |0)0|+€p’y,

instead of [0)0| changes the POVM acting on S from M to M = (1 — €)M + N, where the exact form of POVM N
depends on p,. Initially, S and M are uncorrelated, the state of S is ps. The joint state of S and M after unitary
interaction Ug); is

psm = Usnips @ puULyy = (1= )Usaps @ |00 Uy, + eUsnips ® pay Ul . (A1)

After interaction, the projective measurement of M in the basis [i), a
i-th outcome is

K} I8 performed. The probability of obtaining

.....

p(i) = Tr (3, (ilpsarli) ) = (1= €)po(i) + epa (i), (A2)

where
po(i) = Tr(psM;), M; = ,,(0|UL1i),(ilUsar|0) (A3)
p1(i) = Tr (ps © 1+ 1@ phy Uiy [0a(il Usir ) = Tr (psTras (1 phy Ul [i)aflil Usar ) ) = Tr (psNe) . (A4)

The partial scalar product notation was used—|i),, = 1 ® |i), (i|,, = 1 ® (i|, partial trace is defined as Try;(e) =
> i v (il ® i), Operators M; € L(Hs) are the same as those defined in (1), and form undisturbed POVM M, by
L (H) we denote the set of all operators acting on #H. Let us now prove that N = {Ny, ..., Nk}, where N; € L (Hs)
is also POVM. Firstly,

> Ni=Try (1 ® PrrUdar D 1) alil USM> =Try (1® phy) = 1s. (A5)
Moreover,
N; = Tryr (K}Ki), K= 1,0 Usar 1@ /sy (AG)
so N; > 0 because partial trace of positive operator is positive. From (A2),
p(i) = (1 — ) Tr(ps M;) + €Tr(ps Ni) = Tr(ps M), (A7)

so indeed M is replaced with M due to the considered disturbance of the initial state of a measuring device.

Appendix B: Different sources of noise—examples

In practice, the real source of noise may be different than the one described in the previous section. However, our
general noise model M — (1 —¢€)M + eN encompasses many different types of noise. In this Section, we demonstrate
a few practical examples of noise types together with corresponding noise POVMs N.

*
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1. Signal losses

Let us consider arbitrary POVM with K — 1 elements, M’ = (M, ..., Mk )—clearly, the measurement described by
M is equivalent to the one described by M = (0, Mo, ..., M) because the probability associated with the 1st element
of M is always 0. When the noise of the form NN = (1,0, ...,0) acts with probability €, then the resulting POVM
is M = (e1,(1 — €)My, ..., (1 — €)Mg). The st element of M corresponds to non-informative outcome because its
probability doesn’t depend on p and is always equal to €. Therefore, M describes the scenario in which we loose our
signal with probability €, independently of the measured state. Then, G[IN] = 0, and consequently x[M, N] = 1—for
example, when € = 1%, then we loose 1% of the signal, which leads to ex[M, N| = 1% relative decrease of the Fisher
Information.

2. Dark counts

Let us assume, that we have K detectors in our setup, undisturbed measurement is described by POVM M =
(M, ..., Mg). Detector may sometimes ”click” even if no signal was sent—such events are called ”dark counts”, in
each repetition real signal is observed with probability 1 — ¢, and a dark count with probability e. Probabilities of
dark counts do not depend on p, but may be different for different detectors, so the most general POVM describing
dark counts is N = (q11,...,qx1), ¢1 + ... + gx = 1. Dark counts are generally more problematic than signal losses
because noise is not separated from the signal. This is reflected by larger x[M, N]—notice that G[N] = >, ¢;I? > 0,
where [; = 8;;5”, p; = Tr(peM;). For a particular case ¢; = p;, we have G[N] = Fo[M], so x[M, N] = 2—there are
dark counts models, for which the decrease of FI is twice as large as for signal losses.

3. Cross-talks

This type of noise appears, when different measurement outcomes are sometimes confused with each other. In a
noiseless scenario, i-th detector clicks with a probability p; = Tr(ppM;) (i € {1, ..., K}). However, because of cross-
talks, the result associated with M is interpreted as ¢ with a probability ¢(i|j), so the probability of obtaining i-th

outcome becomes p; = Zszl t(i5)p; = Tr(peM;), where operators M; = >_; t(ilj)M; form a noise-affected POVM
M, > ;t(i]j) = 1 for all j. As in all previous examples, we assume that the noise is e-small, so t(i]i) > 1 — € for
all 4. Then we can express cross-talk probabilities as t(i|j) = (1 — €)d;; + €t(i|j), where (i|j) > 0, >, #(ilj) = 1.
Consequently, M; = (1 — €)M; + eN;, where operators N; = P t(i|j)M; form a noise POVM N.

4. Random rotations of measurement basis

Let us consider a projective measurement M = (|p1X¢1], ..., |¢xXPK|). In some cases, the misalignment of the
measuring device may change the measurement basis. Let us assume, that the basis is rotated by unitary operation
U, with probability eg;, Zj ¢; = 1. Then, the noise-affected POVM is M = (1 — €)M + eN, where N consists of

elements N; = Zj q;Uj |9i X il U;~

Appendix C: Explicit Formula for FI MENOS

In this Section, the derivation of (11) is completed. As we proved in the main text, the worst-case scenario noise
is of the form N = (MNy,0,...,0,1 — Ny), and the maximization of G[IN] over all POVMs N simplifies to

_ \ N — J2 _ \T
]{rnéi/{(/[G[N} = og%);lTr {AlNl + Ak (1 Nl)} l% + Oérll\%);lTr [(Al AK)Nl] . (C1)

Let |e;) be orthonormal basis diagonalizing A; — Ax. We can express both A; — Ax and Nj in this basis:

R R
Ar—Ag = Nileel, Ni= Y Nyli)il, (C2)

i=1 ij=1



where R = dimHg is the size of the matrices. We choose the ordering of |e;) such that for some P € {1, ..., R},
A, Ap > 0 and Apyq, ..., Ag < 0. The maximization problem from the RHS of (C1) transforms to

max Tr [(Al AK)Nl} = maxZN“)\ (C3)

0<N;<1

From positivity of Nl and of 1 — Nl, Nii >0 and Ni,; < 1, therefore

max Tr {(Al Ak) Nl} i (C4)

0<N, <1

which is the sum of positive eigenvalues of A; — Ag. Moreover, we have Tr(A; — Ag) = S0 A + ZZR:PH A
A1 — Ak |1 = Zil A — Zf;PH i, which means that

P
1 1
> = 5 (Tr(Ar = Ar) + (1A — Ax[h) = 5(1% — Uk + A = Axlh)- (C5)

=1

Taking all this results together, we obtain

_ \7 \7 _ 1 2 2 _
s GIN] = max Tr[AiN: + Ax (1 - Nl)} = S + 5 + 1141 = Ax ), (C6)

which, after inserting into (6), leads to (11).

Appendix D: The most robust among the most informative measurements—Theorems

In this Section, we show how to approach the problem of finding a QCRB sat. measurement with the minimal
FI MENOS. Before showing solutions for examples mentioned in the main text, let us introduce some theorems that
help to systematically describe potential candidates for such a measurement. Let us start with quoting a condition
for QCRB saturability, firstly introduced in [1], and then reformulated in [2] in a following form:

Theorem 1. POVM M = {M;}; is QCRB sat. for the family of states pp around 6 = 6y iff
MLy MY? =0, Vi, jk (D1)
and

Vi st. Tr (Mipg,) =0, M;/*Ag, |tbe,.;) =0, Vj. (D2)

Here pg = > Do, [1a,; (%o ;| is the diagonalization of pg, pg ; > 0, Ag is the symmetric logarithmic derivative matrix,
and Lk = [Yg,,5)V6,,k| Aoy — Aoy [V6,,5)X Voo ,k|-
Proof. See Ref.[2] for a proof. B

Next two lemmas will help us to reduce the set of potential candidates for the minimal MENOS QCRB sat.
measurements to those containing only rank-one elements M; (see Theorem 2).

Lemma 1 Let py(i) be the family of probability distributions indexed by 0, i € {1,..., K}. Let go(j) = >, pa(4)t(j|?)
be another probability distribution, j € {1,..., L}, ¢(jli) > 0, 3_; ¢(j|i) = 1. Then

L Felpo(i)] = Felao(d)); (D3)
2. Folpo(i)] = Felao ()] M Vi, (8(]i1) # 0 A E(jliz) # 0) = by =iy, (D4)
where [; poli ; Point 2. means, that random mixing of results does not decrease the CFT iff only results with the

same logamthmlc derivatives are mixed with each other.

Proof. Let us adopt a short-hand notation p; = pg(i), ¢; = qo(j). The CFI associated with the distribution gg(j) can
be written as

<2
Fo [g0(j Z F;, where F; = 4. (D5)

4q;



Now we want to prove, that

(S n)

p
Fj=-————"< E t(y |z) 1. (D6)
4 i=1
For a fixed j, let us introduce the notation «; = % From the definition of g; follows that >, a; = 1, moreover

a; > 0. Taking this into account, we have

K
(é) Z o

=1

Zaz @ ia<ze(joj)gg>2 (D7)

i=1 g

K
Zt(y i)pi

where (1) is triangle inequality, and (2) follows from the weighted power mean inequality (between arithmetic and
quadratic mean, AM-QM in short). After squaring both sides of D7, substituting the definition of «; in the RHS, and
dividing both sides by g; we obtain inequality D6. Subsequently, using D6 and D5 , we obtain

Folgo(j Zztum% > *;— — Folpali)] (DS)

Jj=11i=1

which is exactly part 1. of our Lemma. In order to prove part 2., let us notice, that inequality D8 is saturated iff
inequalities (1) and (2) in D7 are saturated for all j. For a given j, part (1) of D7 becomes equality iff for all i s.t.

t(j]7) # 0, terms % = qj% have the same sign. Part (2), which is AM-QM inequality becomes saturated, when
all terms in the mean with non-zero weights are equal, which implies that for a given j, for all all ¢ s.t. t(j]i) # 0

terms ’qj Bil are equal. From these two saturability conditions, we obtain part (2) of Lemma 1.

The next lemma states that random mixing of the elements of POVM either decreases the CFI or keeps both the
CFI and FI MENOS unaffected.

Lemma 2. Let M,M' € M, M = {M;}icq1,..x}, M' = {Mj’.}je{l ,,,,, L} M]’ = >, t(jlt)M;, where t(jli) >
>_;t(jli) = 1. The family of quantum states py is fixed. Then

L. Fo[M] > Fo[M'), (D9)
2. Fo[M] = Fo[ M) = x [M] = x [M]. (D10)
Proof. The classical probability distributions associated with measurements M and M’ are pe(i) = Tr(peM;),
q0(j) = Tr(poM;). From the definition of M’, we have go(j) = >, t(j|i)pe(é). Therefore, part 1. of Lemma 2 is a

direct consequence of part 1. of Lemma 1.
The logarithmic derivative of g; is

I = q]’ Zl t(ﬂi)pi Zz t(ﬂi)lipi

= Ty = — D11
T SR STF ) (P1D)

When Fo[M] = Fo[M’], then, according to part 2. of Lemma 1.,
iy =1,=..= lej =1, (D12)

where ji, jo,...jK; are the indices satisfying #(j]j;) # 0. That means, that the sequence of logarithmic derivatives [’
consist off exactly the same elements as the sequence I; (some elements may repeat), and the minimal and maximal
logarithmic derivatives for M and M’ are the same, so according to (11), x [M] = x[M']. &

Theorem 2. For any family of quantum states py, there exists a QCRB sat. measurement with a minimal FI MENOS
whose all elements are rank-one matrices.

Proof. Let M' = {M]}; be any QCRB sat. POVM with a minimal FI MENOS, F¢ [M'] = Fg, x|[M'] = xq. In
a diagonal form, M = 3°; A j | ;X¢i;l, Aij = 0 because M| are positive-semidefinite. Let us consider a POVM
M = {Xi ;|0 i Xbij|}i,;, whose elements are all rank-one matrices. According to Lemma 2, Fo [M] > Fo [M'] = Fg,
but on the other hand, the CFI cannot be greater then the QFI, so Fo [M| = F¢ [M'] = Fg. Therefore, from part 2.



of Lemma 2., x[M] = x[M'] = x¢q, which means, that M is a QCRB sat. POVM with a minimal MENOS consisting
of rank-one matrices only. l

The next theorem is helpful for problems involving states with block-diagonal structure, it will be used in the next
section to study super-resolution imaging.

Theorem 3. Let pg, pp € L(H) be a density matrix and its derivative, which can be decomposed as

1 2 L
po=py) + o5 + .+ o, (D13)
po = py) + 5P + o+ 5, (D14)
where pg)7 pg” act on a subspace H) ¢ H (it has zeros outside this subspace), H = HYSHP o, .aoHE) | subspaces
H® are orthogonal to each other. Then, there exists a QCRB sat. measurement with a minimal MENOS, which can
be written as

1 1 2 2 L L
M — {M{ o MO MM P, M >,...,M§<L>,} (D15)

where for each [ € {1,...,L} matrices Ml(l),...,MI((lf act on H() and form a QCRB sat. POVM for a family of
normalized states ﬁél) = pg)/Tr (pé”).

Proof. Let us denote an orthogonal projector on H(®) by P®). Let M’ = {M{}icq1,...ky be any QCRB sat. POVM
with a minimal FI MENOS. Let us construct another POVM M" = {M/'};c(1,... .k}, where M|’ = POM/PD 4

POM/PP 4 . 4 PE M PE),
We have

Tr(pp M) = Tr ((pg“ L p§L>) M;) ~Tr (pg (P“)M;P(l) Fot P<L>M;P<L>)) = Tr (pgM), (D16)
where we used the fact that pél) = PWp, PW . Similarly,
Te(poM]) = Te (34" + 57 + o+ 57) M7) = T (po ). (D17)

Therefore, POVMs M’ and M" are fully equivalent—probabilities of different outcomes py(i) and their derivatives
po(i) are the same for M’ and M". Consequently, Fo[M'] = Fo[M"] and x[M'] = x[M"].
Let us finally construct a POVM

M — {P(l)M{P(l),P(l)MQ’P(l), oy PO PO PO £ pL) pDpp pL) P(L)M}(P(L)} , (D18)

which is clearly of the form from (D15) because P M/ P®) act on H(). Moreover, elements of M are linear combi-
nations of the elements of M, so, according to Lemma 2, Fo [M] = Fg and x[M] = xq. Therefore, we constructed a
QCRB sat. POVM with a minimal MENOS which has a form defined in (D15). Let us now prove, that when M from
(D15) is QCRB sat., then for any I € {1,...,L}, POVM M® = {PO M| PO POAsPO . POM, PO} is QCRB

sat. for ﬁél). It is straightforward to show that

L
Folpo,M] = Fe [,sg”, M(l)} + Fo [Po(1)], (D19)
=1
where Py(l) = Tr (pél)) is the probability of measuring py in a subspace H). When for some I, M® is not
QCRB sat., then there exists a POVM M2(l) for which Fg [ﬁg), MQ(Z)} > Fo {ﬁél),M(l)}. Then, according to (D19),
Fe [po, Ms] > Fe [po, M|, where My = {M(l), . MQ(I)7 . M(K)}. This is a contradiction with the assumption that
M is QCRB sat.—therefore M® is QCRB sat. for ﬁ((,l). |

Theorem 4. Function y[M] defined in (11) is non-decreasing with {x and non-increasing with I; for fixed Fo[M]
(when Iy, I, Fe[M] are treated as independent variables).



Proof. Let us introduce a notation
K
GIN, Iy, .. lk] =Y Tr(A;N;), A; =17 pp — 2L, (D20)

which is a more precise version of (7). We assume that py and py are fixed, so we do not write them down explicitly
as arguments of G. Let l; < ... <lx < lk41 be an arbitrary ascending sequence of real numbers. For any K-element
POVM N = {Ny,..., Nk} it is possible to construct a K + 1-element POVM N satisfying

GIN, iy, lx] :G{N,zl,...,zK,ZKH}, (D21)
just by defining N = {N1,..., Ng,0}. Consequently,

GN, i, . lx] < G{N,l,...,l N } D22
Inax, [N, K]_Eleaf)\(/l 1 Kylk41 (D22)

After applying (C6) to both sides of this inequality, we obtain
1
ST+ T + | A = Ak ) < (l2 e + 1A= Agalh), (D23)

which means that for a fixed Fo[M], x[M] is non-decreasing with [x 41 because real number I < [x41 can be
arbitrary. Analogously, we can prove that for any pair Iy < [y,

1 1
5(1% + 1% + || A1 — Ak lhh) < 5(13 + Ik + |40 — Ak 1), (D24)

from which follows the 2nd part of our thesis. B

Appendix E: The most robust among the most informative measurements—Examples

1. Pure state models

Let ps = |o)be|, po = [1e)tbg| + |the)(tbg|. Then, the symmetric logarithmic derivative matrix is Ay =
2 (I4)abol + [do)(wol ), and the QFL is
S . 2
Fo = Tx(puA3) = 4 (ol [(éteal|*). (E1)

For a fixed value of a parameter = 0y we define

0) = =5 o) +1/285" (1) = (W lo) ) "
1) = 5 o) = /285" (o) = (o) ¥0,)) - .

It is straightforward to check that |0) and |1) form o.-n. basis of span {|d)90> , |z/}90>}, the representations of pg, , pg,
and Ay, in this basis are:

1

o= 1 1] = = VR [) ] = 3R ey = Vs, (1)
The condition (D1) from Theorem 1 says, that all elements M; of any QCRB sat. POVM must satisfy
M¢1/2L11Mi1/2 —0, (E5)
where

Ly = Wjeo ><w90| A9U - Aeo |1/)90 ><¢90| = Z.\/%UZ (EG)



in the basis |0), |1). After taking the trace of n-th power of both sides of E5, we obtain

The most general parametrization of M; is
e B
Mi=lgvi 6 | (E8)

where a;, 8;,7i,0; € R. Using E7 with n = 1 and n = 2, we obtain the following conditions:
n=1:q;=20, n=2:detM; =0. (E9)

From the 2nd condition, one eigenvalue of M; must be 0, so M; is rank-one, and can be written as

;| 1 1
M= xloed, 16 =[] = 75 [ (E10)
0 <\ <1, |a;| = |bi] = 1/v/2 because a; = §; and because of normalization of |¢;). We obtained necessary conditions

for QCRB saturation, but it turns out, that they are also sufficient—all POVMs, whose elements are of the described
form, saturate QCRB. To show this, let us compute the CFI explicitly:

il Po, | P F T
R SR(EUEL RS (©11)

where we used the identity >, M; = 1, from which follows that >, A; = Tr(1) = 2, and Y, \i@:ib; = >, \ia;b; = 0.
To conclude, for a given parametrization of a family of pure states, a POVM is QCRB sat. iff it contains only elements
proportional to projectors on states from the Bloch sphere’s equator.

At this point, we are ready to compare different QCRB sat. measurements according to their FI MENOS. Let us
start with projective measurements, i.e. those for which K =2, \; = Ao = 1, o1 = —¢, 92 = m — ¢, we refer to
notation from (E10), ¢ € [0,27] corresponds to phase ¢ which has to be added to the lower arm of Mach-Zender
interferometer from Fig. 1 in order to implement the described projective measurement. Logarithmic derivatives
associated with this measurement are

Tr(pg, M) Tr(pg, Ma)
= Pl Fotan(p/2), 1 _ Tl(popMz) _ VFotan~1(/2). E12
Tr(pg, My ) @tan(e/2). b= ) (/2 (E12)

There are only two logarithmic derivatives, so one of them is maximal, and another is minimal. After inserting the
values of [1, I into (11) and computing eigenavalues of A; — Ay we obtain (13), from which it follows that x[M] > 4
for all QCRB sat. projective measurements, and the inequality is saturated only for ¢ = 7/2. Let us now show, that
X[M] > 4 for all QCRB sat. measurements (not only projective). For M with K elements of the form defined in
(E10), we construct a noise POVM

N ={N1,...Np}, Ni=X(1—|oi}oil)- (E13)
Then
GINT=> Tr(AiN;) = > Nl? = pil? + 2pili = Fo + > \il7, (E14)
and therefore
x[M,N] = 2+F§12)\ilf7 (E15)

where we substituted Fo with Fg because M is QCRB sat. In our case, [; = —/F¢ tan(yp;/2), so

x[M, N _Q—ZA +ZA cos (i /2) —22—|CO§ (i/2)[, (E16)



where we used the identity ), A; = Tr(1) = 2. Using power mean inequality (between powers 2 and —2, \;/2 are
weights), we obtain

(E17)

~1/2
\/Z|Cos Ypi/2)* > (ZA |cos™* <pi/2)|2> =2,

the last equality follows from the fact that -, A; cos?(¢;/2) = § 3, Xi(2+ €% + e7"i) = 1 because the sum over i of
anti-diagonal terms of M;, which are A\;e™*?:, is equal to 0. After inserting (E17) into (E16), and using an inequality
X[M] > x[M, N], we obtain that x[M] > 4 for any QCRB sat. M. This inequality can only be saturated if (E17)
is saturated, which means that all terms in the average are equal, and therefore cos?(p;/2) = ... = cos®(px/2).
Then we have 1 = >, \;cos?(¢;/2) = cos?(p1/2) >, \i = 2cos?(p1/2), so cos?(p1/2) = ... = cos?(pi/2) = 1/2,
and consequently ¢; = +m/2 for each i. Therefore, y[M] = 4 iff the measurement is a projective measurement on
eigenstates of oy,.

2. Super-resolution optical imaging

Let us firstly follow the construction from [3] of vectors |0),,[1),,|0),,/0),, where |0/1)  form o.-n. basis of H,,
|0/1), form o.-n. basis of H,, HO) =H, ®H,, for a fixed value of 0, pg, pg € L (’H(a)). We define

1
0), = U + |u— , E18
0). = s () +lu-) (EL3)
LT
.= = | =V2(Jtgg) + [i_p)) + 0).1, E19
1), o | (it 0) + [i—0)) \/ﬁl > (E19)
1
0) = ——(|u — |lu_yg)), E20
00 = 5= () ~ -0 (E20)
10 , . gt |
1D, =— | =V2(liye) = i) — 10)a ] » (E21)
e | 1-96 ]
where dot over vector denotes its derivative over 6, and
5= (uyglu_g) =e /3 (E22)
92
. fe” 302
Y= 2(utplti—p) = — 17 (E23)
. . . ) 2 1 | 802sinh — 62
cs = \/4 (i glit_ o) — 4 (g glit_g) — —— = = 52802) : (E24)
1—-0 4 o4 (6872 - 1)
. . . ) 2 1 | 802sinh + 02
4= \/4 (i plii— ) + 4 (it glig) — =~ () (E25)
1 + 5 4 0_4 (6802 + 1)

Direct computations show, that |0),, |1),,]0),,/1), indeed form o.-n. basis, and pyg, ps can be expressed in this basis
as
1+60 0 0 v —4V1+6 0 0
m=y| o ortsolm=g| TG 0 L
0 0 0 0 0 0 —-2V1-9 0,
which is equivalent to (15), (16) after substituting
=2, Bo=—FVIHD, fu=—2VI-0. (E27)
Both py and py have block-diagonal structure (as in Theorem 3):
po =y + 0" po = by +pi", (E28)



~(s/a)

normalized components of py are g, * = |0) 5 = 28509 5la) — 260 (o)

(0], their derivatives: p,’ = 1750 s Py = 150z . Therefore,

s/a
the evolution of the normalized density matrix in each subspace is locally equivalent to rotation of a pure state |0)
around y axis of a Bloch sphere. Consequently, taking into account Theorem 3 and the characterization of QCRB sat.
measurements for pure states from Section E 1, we conclude that potential candidates for minimal MENOS QCRB
sat. measurements are of the form

M = {M<S>,M<“>}, M — {M{”,...,Mﬁj}, M@ — {Ml(“),...,M;g)} (E29)

where Mi(s/a) = Nis/a \%,s/a>s/a<%,s/a| o |©)s 0 = cos(/2) |0),, +sin(p/2) [1),,. In this case, QCRB sat. measure-
ments in each subspace consist on projectors on states from a meridian of a Bloch sphere, not from equator, because

parametrization is different from the one used in Section E 1. As the last step, let us prove that M with a minimal
MENOS is of the form (17), which means that K1 = Ky = 2. We will prove,that if K; > 3, then it is possible

to construct a QCRB sat. measurement M = {M(S),M(“)} such that x[M] < x[M] and M) contains K; — 1

elements. Let us start with choosing two indices i,j € {1, ..., K1} such that

(pi,s S on,s A (@i,sv Soj,s S [Oaﬂ—] \ 901',5: on,s S [7Ta 271—]) . (E?)O)

Such a choice is always possible for K > 3 because of pigeonhole principle. After some algebra, we obtain the
following identity

MY + M) = AL, + B|3) (3, (E31)

where

1
B = \JA, 402, 4 200\ 008 (94 — Pis)s A= (his + Ajis = B) (E32)
are positive constants, A < 1 because ;s + A; s < Tr(1s) = 2, and

N C'tan (p;,s) + Dtan (¢, 6
tan(go): (SO C)y+D (QOJ )

, C=Xis cos™? (pjs), D=Xs cos™! (pis) - (E33)

From the above formula it is clear that tan(@) lies between tan(y;s) and tan(pjs), so using (E30), we obtain

@ € [@is, 5] After removing Mi(s) and M;S) from M (), and replacing them with B |@) (3, the sum of all elements
is decreased from 1 to (1 — A)1,, according to (E31). Therefore, to obtain a valid POVM we need to rescale all
elements after such a replacement, and then we end up with

M© = { (1—4)"' M (1-4)"'B |<ﬁ>s<s5|} ; (E34)

ke{l,.. K1\ {i,j}

which is a POVM containing K7 — 1 elements. From the construction, M) contains only elements proportional
to projectors on a Bloch sphere meridian, so it is QCRB sat. Let us now prove, that for a given construction,

X[]\Z’] < x[M]. The logarithmic derivative of py(k,s) = Tr (ng,gS)> :

T (01" 5

= s), Where = a+ 28stan(p/2)), E35
) ) Y 10 = g e+ o) (E35)

lk,s =

notice that I, s does not depend on Ay 5, and that f() is monotonic in range [0, 7] and in range [7, 27]. That means,
that after replacing M) with M (), logarithmic derivatives of outcomes with indices k € {1, ..., K1} \ {i,5} are not
affected, and [; 5, I ; are replaced with a logarithmic derivative [ = f(¢). From inclusion ¢ € [ s, ¢j.s], we conclude
that [ lies between l;;s and l; ;. This means, that the described modification of M neither increased the largest

logarithmic derivative, nor decreased the smallest one. Therefore, according to Theorem 4, x[M] < x[M]. It means,
that we can lower the value of K; without affecting the CFI, and without increasing MENOS;, as long as K7 > 2. The
same reasoning can be applied to the assymetric subspace, so we can also lower K5. Therefore, we can always find a
QCRB sat. measurement with a minimal MENOS with K; = Ky = 2, and such a measurement must be of the form
defined in (17).
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In the main text, we also considered the family of measurements in Hermite-Gaussian modes, M; = |¢;)¢;| for
ie{l,2,... K —1}, Mgk =1— M; — ... — Mg_1, where the representation of |¢;) in a position basis is

(z]¢s) = (%102)1/4 \/;T'Hq (\/;a> exp (-ﬁ) . (E36)

According to Ref.[3], the probability of obtaining i-th outcome for an input state defined in (14) is

, S o (62/160%)
poli) = (9ilpole) = oxp (~62/160%) 270 for i € {1, K 1}, po(K)=1=p1— o~ prc1,  (E3)
corresponding logarithmic derivatives are
0 21 . lip1 + ... +lk_1pKr—1
li=———=+— f 1, ,.K—-1}, lg=— . E38
802 + g forie { Yo lk o (E38)

Both CFI and FI MENOS plotted in Fig. 2 are computed directly using above relations and formulas (3) and (11).

Appendix F: The role of correlations in super-resolution imaging

For some types of sources, subsequent photon emissions are not independent, and then many-photon density matrix
)&

is not separable, i.e. p9 N) # (p , where p( ) is defined in (14). Then, the CFI and QFI for péN) are not necessarily

N times larger than for p( ) 50 the results obtained using the one-photon model cannot be applied directly. It was
shown, that correlations bctwccn subsequent photons, resulting from super-bunching or anti-bunching phenomena,
can be used to increase the imaging resolution within the direct imaging paradigm, where each photon in the image
plane is measured in the position basis [4-6].

It is natural to ask, if the advantage from correlations can be also seen if we do not restrict ourselves to direct
imaging, but rather assume, that any quantum measurement can be performed. To get some intuition regarding this
problem, let us consider a simple toy-model involving correlations—we assume, that sources always emit photons in
pairs and the time between subsequent pairs is much longer than the time between emissions of two photons within
one pair. Consequently, each pair comes from one source, but we do not know from which one, and the state of a
photon pair is

2 1 2 2 2 2
7 = 5 (Il + 1 )uyl) (F1)

(1)

where |u(2) ) = Jug, 9>® This density matrix has the same structure as p; ’, so we can construct 4-element o.-n. basis

spanning p(9 ) and c%pg , as in (E18-E21):

0), = ———— (W) + %) (F2)
2(1 +5)

|M—;%ﬂwwww%%-ig®$ (F3)

~ 1

0), = ——— (lu%) — [uZ)). (F4)
2(1—0) ( o )

C3

M—l{ﬁm?>W%) i @4, (Fs)
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where
S: <u(2) |u(2) > —02/41727 (FG)
92
~ 2 2 96_472
5 =2 WP, = R (F7)
52 1 |40%sinh (Z;) — 02
= 4@, — 4@y - 1 | do7sinh (i) 6% (FS)
' ’ -9 2 ot (e4rr — 1)
52 1 | 402 sinh + 62
G = 4 @1,y + @@y - L -1 (i52) + 0 (F9)
1+6 2 ot (6402 +1)

The expressions for ﬁ§2) and 805((, in the introduced basis are the same as the expressions for p( ) and ,0(1) (E26),

the only difference is that &, 7, ¢s, ¢4 are replaced with 8, 7, és, ¢&. After comparing Eqs. (E22- E25) Wlth Eqgs.
(F6-F9) we see, that formulas for ﬁ((f) and 89ﬁ(2) are obtained by replacing ¢ with ¢/+/2 in formulas for p ) and p(l)

(1)

Therefore, two-photon model described by ﬁé is equivalent to one-photon model p,’ with o narrowed by a factor

V2. Using this observation, and the fact that Fy [pé” we obtain

}—4§2,

Qliy)] =

FolpS = 2Fg[p5"] (F10)

4(/f)

The density matrix descrlblng two uncorrelated photons is p( ) = pél) ® pél), and from additivity of QFI, we have

Folp ((,2)] = 2Fplp (1)] Folp, 52)}. This may suggest, that super-bunching based correlations of the considered type
do not provide any increase of the imaging precision, when all quantum measurements are allowed. However, this is
only true for a noiseless scenario—let us check, how small measurement noise affects the esimation precision in both
cases—with and without correlations.

For the correlated model described by p( ), we consider arbitrary (possibly correlated) measurement M () which
can be affected by arbitrary noise N such that noise-affected two-photon POVM is M® = (1 — e)M® + eN @),
and then the resulting noise-affected CFI is, up to terms of the order of e,

Fo [pé2)7M(2)} — Fc[ﬁé?)’MQ)] (1 _ €X[]\4(2)’]\I(2)]) . (F11)
The lowest possible FI MENOS of QCRB sat. measurement for this model is

(2 9) - min (M@ F12
XQ (O’ {M(Q)eMch[M(2)]:FQ}X ( )
Fortunately, we do not need to repeat the whole procedure from Section E2 to calculate X(Q) (U) because models

described by p(l) and Pe are isomorphic, and the only difference between them is that parameter o is decreased by

a factor v/2 in the latter one. Consequently,
2 (0 (9 > F13
XQ (0 ) XaQ <0\f (F13)

Let us now examine the scenario with uncorrelated photons (péz) = p((,l) ® pél)) and uncorrelated one-photon
measurements (M) = M® @ M™). We choose M) to be the lowest susceptibility QCRB sat. measurement for
pgl), found in Section E 2, and compute Xl(og = x[M® @ MM] directly from (11). As we see in Fig. 1, X(Q) > xW.

loc
This is because x[M ™ @ M] is computed by maximizing x[M™ @ M N®)] over all noise POVMs N, also
non-local ones. Therefore, the maximization is taken over a larger class of noise than for one-photon model.
It is often reasonable to assume, that for uncorrelated measurements on uncorrelated systems, the same noise affects
each one-photon POVM independently, such that M) becomes M) = (1—e)M™ +eNM and consequently M ()

becomes M) = M® @ M®) . Then, the noise affected CFI is

(1)

where x,

is xo computed for pél).

Pl F) = 2Rl W) = 28l M) (1 ey N ) = Rl M) (1 en b, N0
(F14)
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terms of the order of €2 were omitted. When M) is the lowest susceptibility QCRB sat. measurement, then
Felp?, MM & MD] > Folp?](1 - exy) (F15)

We see, that the optimal noise susceptibility for two non-correlated photons is X(Ql), assuming non-correlated QCRB

sat. measurement and non-correlated noise. Notice, that when e-small noise N acts on each photon, then two
photons are affected by 2e-small noise because

MO oMY =1 -20MD @ MDY 1 2.N®, (F16)

where N® = J(M® @ N® 4+ N1 @ M®) is a two-photon noise POVM. However, from comparison between XS)

and Xl((i): follows, that the effect of non-correlated 2e-noise is weaker than the effect of e-small correlated noise.

As we see in Fig. 1, we have )Z(QQ) < Xl(gg Consequently, even though correlations do not increase the QFI, they
allow to obtain better robustness against noise, and consequently better precision of the estimation of # in a noisy
environment. The advantage for § < 20 is present even if we assume that for the non-correlated model, noise also has
to be non-correlated, because then )Z(Q) < x(l).

To sum up, we considered a simple model of two-photon correlations, and demonstrated their usefulness in achieving
better precision of the separation estimation between two sources in the presence of noise. Further research is re-
quired to study more realistic correlation models, and search for practical, noise-robust protocols utilizing correlations

between photons and correlated measurements.

201

0 S g ;

FIG. 1. Two-photon correlations allow to achieve a lower noise susceptibility ()Zg >) than for non-correlated case (Xl(fc)) Optimal

one-photon noise susceptibility (X(Ql )) can be interpreted as two-photon noise susceptibility for non-correlated case, when we
restrict ourselves to non-correlated noise.
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Chapter 6

Super-resolution microscopy via
fluctuation-enhanced spatial mode
demultiplexing

Commentary
This is the least quantum-focused and most experiment-oriented work in this thesis.

Signal correlations resulting from super-Poissonian [Rus06; Der09] and sub-Poissonian
[Sch12; Sch13| photon statistics have been proven to enhance direct imaging resolution—
this fact is exploited in practical microscopy techniques. Nevertheless, the calculations
in Sec. 1.5 of Chapter 1 may suggest that this advantage exists only for direct imaging
and vanishes for optimal measurements.

However, we only proved that correlations do not increase the QFI for a simple
case of estimating the separation between two equally bright sources with a known
centroid. Moreover, no noise was present in our model. The fundamental advantage
from correlations may still exist in the presence of noise (as suggested by results
in Chapter 5) or for more complex objects. Even for binary objects, correlations
allow to slightly increase the QFI for unknown centroid and unequally bright sources
[Hor25].

In this work, optical signal correlations are shown to significantly enhance the
estimation precision of spatial moments of complex objects. The analysis is done
for the H-G modes (1.30) measurement proposed by Tsang [Tsal6]. The higher the
estimated spatial moment, the larger the gain from correlations. This aligns with
the absence of correlation-induced improvements for the estimation of separation
between two points—correlations become important for estimating more refined
object features that are absent in simple binary objects.

Even more importantly, correlations resulting from emitter fluctuations enable
simplified measurements for extracting information about all spatial moments of an
analyzed object. The information contained in higher H-G modes can alternatively
be extracted from higher-order temporal statistics of lower modes.
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Super-resolution microscopy via fluctuation-enhanced spatial mode demultiplexing

Stanistaw Kurdzialek
Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warszawa, Poland

We introduce a superresolution technique that combines spatial mode demultiplexing (SPADE)
with emitter blinking. We show that temporal fluctuations not only enhance the precision of SPADE
imaging, but also drastically simplify the measurement required to recover full object information—
in the presence of fluctuations, SPADE can be replaced by the much simpler image inversion inter-
ferometry. Both gains are enabled by exploiting temporal cumulants of the detected signal.

I. INTRODUCTION

Light diffraction limits the resolution of conventional
light microscopy to ~ 200 nm (Rayleigh criterion [1]).
Recently developed super-resolution methods [2-27] over-
come this barrier and, under certain conditions, reveal
details at nanometers scale[28-30].

Traditional imaging assumes (i) uniform and classical
illumination, (ii) a linear, time-invariant and classical re-
sponse of imaged object, and (iii) measurement of output
field with a camera placed in an image plane. Super-
resolution techniques break at least one of assumptions
(1)—(iii), yielding three broad classes.

Category (i) covers structured illumination microscopy
(SIM) [22] or image scanning microscopy (ISM) [23], as
well as approaches with nonclassical light sources [15, 17,
18],

Category (ii) exploits emitter dynamics [3, 4, 6], non-
Poissonian photon statistics [24, 25, 31] or nonlinearity
[26, 27]. Stochastic optical reconstruction microscopy
(STORM)[4] and photoactivated localization microscopy
(PALM) [3], both awarded Nobel Prize in Chemistry in
2014, exploit blinking: under uniform excitation, flu-
orophores randomly switch on and off, leaving only a
few active at a time, which enables precise localization.
Stochastic optical fluctuation imaging (SOFI) [6, 32]
also uses blinking but does not require isolating single
emitters; instead, it analyzes temporal cumulants of im-
age sequences. Photon antibunching, which yields sub-
Poissonian statistics, can likewise enable super-resolution
imaging [24, 25].

Category (iii) is the youngest family of techniques,
inspired by Tsang et al. [10], who showed that resolu-
tion can be enhanced by replacing intensity measure-
ments with more informative detection of the optical
field. In particular, measuring in the Hermite—Gaussian
basis is optimal for resolving two closely spaced point
sources. This idea is realized by spatial mode demulti-
plexing (SPADE) measurement, which we use to refer to
Tsang’s imaging scheme. A closely related, less powerful
but often more accessible variant is image inversion inter-
ferometry (III) [33, 34], which sorts the field into even and
odd spatial modes [this technique is also sometimes called
Super Localization by Image inVERsion (SLIVER)]. Su-
perresolution can also be achieved via homodyne or het-
erodyne detection of the image-plane field [12, 35, 36] or
by using Hong-Ou-Mandel effect [14].

Several techniques combine categories (i) and (ii), for
example the Nobel Prize-winning stimulated emission de-
pletion (STED) [5] microscopy or SOFISM [37, 38], which
merges SOFI and ISM. Yet no method has so far com-
bined the resolution gains of non-Poissonian sources [cat-
egory (ii)] with measurement strategies of category (iii)
such as SPADE.

In this work we introduce stochastic optical fluctua-
tion SPADE (SOFSPADE), which for the first time com-
bines emitter fluctuations with SPADE detection to re-
alize joint resolution gain. Equally important, temporal
fluctuations allow to significantly simplify the measure-
ment: instead of full SPADE, one can perform the much
simpler IIT measurement while still recovering informa-
tion about complex object structure. We will call this
technique stochastic optical fluctuation image inversion
interferometry (SOFIII).

The paper is organized as follows. In Sec. II we intro-
duce general formalism describing linear optical imaging,
and discuss direct imaging (DI) and known superresolu-
tion techniques such as SPADE, III, iSPADE and SOFI
using this formalism. Section III contains the main re-
sult of this work—the working principle of novel SOFS-
PADE and SOFIII superresolution techniques, with prac-
tical recipe for object’s spatial moments estimator. Then,
in Sec. IV, we show numerical results demonstrating the
practical advantage from fluctuations and the optimal-
ity of proposed estimator. Additional practical aspects
of proposed techniques are discussed in Sec. V, Sec. VI
contains the summary and the discussion of the results.

II. OPTICAL IMAGING MODELS

Any linear imaging system is characterized by a trans-
fer function T'(j|r), which is a probability of detecting
a photon emitted from object’s position r at detector
labeled by j. Consider an object consisting of multiple
independent, incoherent, weak (< 1 photons per tempo-
ral mode) sources with positions r; and constant bright-
nesses ¢;. Bach source emits n; ~ Poiss(¢g;) photons
per unit time, where Poiss(y) denotes Poissonian ran-
dom variable with mean u. The detectors photon counts
n; are then independent and

n; ~ Poiss([;), I; = ZT(ﬂri)Qu (1)



H-G modes sorter

FIG. 1. In SPADE technique, image plane field is decomposed
into & H-G modes, which allows to estimate lowest k object’s
even spatial moments. To estimate odd spatial moments, one
needs to interfere neighbouring H-G modes, which leads to
iSPADE technique.

where I; are detectors intensities. Note that we cannot
measure I; exactly, we only have access to shot-noise-
affected photon counts n;. In direct imaging (DI), de-
tectors correspond to camera pixels at positions r;. The
resulting transfer function is

TP (rlr) = U (r; —7), 2)

where U is the point spread function (PSF). Coordinates
were rescaled such that system magnification is unity,
and 7 denotes signal attenuation factor. From now on we
set n = 1, so that g; represent total brightnesses observed
in the image plane rather than at the object.

We also assume a 1D object, and write positions as
scalars x instead of vectors r. This simplification high-
lights the core ideas of introduced imaging techniques, all
the results extend to 2D, as we will show in Sec. V A. Flér—
1

thermore, we set a Gaussian PSF U(z) = 6_2172,

2702

extensions to more realistic PSFs are straightforward
[39].

A. Spatial mode demultiplexing imaging (SPADE)

In SPADE imaging technique, we replace the posi-
tion measurement with the measurement in Hermite-
Gaussian (H-G) modes basis [10]

50 = G (25) e (). @

j €1{0,1,2,...}, H; are Hermite polynomials, z’ is a po-
sition in the image plane. This can be implemented by
commercially available multi-plane light converters [40—
42] or by heterodyning image field with local oscilla-
tors with varying space profiles [12, 43-45]—this latter
method, however, causes additional signal losses. The
resulting transfer function is

1 22 X 25
Sy -t &Y
(k) = e @ (5) (4)

where x is measured respectively to the center of a mode
sorting device. Notably, T'(0|0) = 1, T'(j]0) = 0 for j > 0,
so all H-G modes except ¢g are dark for a point source
at £ = 0. Small changes of position and shape then
produces signal in these initially dark modes. This is the
reason for resolution enhancement achieved by SPADE—
it is easier to distinguish zero from nonzero than to re-
solve small changes atop a large background. This mech-
anism can be used for exoplanet detection[46]—higher
H-G modes are dark for a lone star but become excited
for a star with an orbiting planet.

The superresolving power of SPADE can be demon-
strated using a minimal example of two identical sources
of unknown separation s and a known centroid. For
DI, the mean squared error (MSE) of any unbiased sep-
aration estimator §, satisfies, for a fixed photon bud-
get, 625 °2° ((s — 8)?)—roo—this is called a Rayleigh’s
curse [10]. Surprisingly, with SPADE one can construct
an estimator for which 425 remains finite and constant
even for s — 0, enabling precise separation estimation
even far below Rayleigh’s limit. While noise and mode
sorter misalignment reduce SPADE precision [47, 48], it
still outperforms DI in sub-Rayleigh regime, which was
demonstrated both theoretically [49-52] and experimen-
tally [40-42].

After Taylor expanding (4) and inserting it into (1),
we get light intensities on SPADE detectors for a general
multi-emitter object,

. oo . s (_1)#—1'

where 0, = > ¢;(x;/0)" are object’s dimensionless spa-
tial moments.

Consequently, object’s even spatial moments can be
reconstructed by performing SPADE measurement and
inverting linear relation (5). In a subdiffraction limit
A = max; |z;/o| < 1, (5) reduces to [53]

1 )
Ijs = 4].—].!92j + O(AY+?), (6)
so 2jth moment estimator is simply égj =475 'njs

Unfortunately, SPADE only allows to estimate even
moments because IjS do not depend on odd moments.
To remedy this, interferometric SPADE (iISPADE) tech-
nique was introduced [53], in which a mode sorting de-
vice is followed by beam splitters mixing neighbouring
modes, as shown in Fig. 1. When the SPADE sorter
distinguishes k£ modes ¢g, ¢1, ..., px_1, then there are 2k
iSPADE outputs labeled by 0, j+ for j € {0,1, ...,k — 2},
k — 1; outputs j1 contain interfered modes j and j + 1.
The corresponding transfer functions are

(i) = STl for j € 0,k) (7)

. 1 «2 s\ 27 1 T 2
TS (jilr) = ——e o7 (—) 1+ ") .
(ele) = e o NEDE

(8)



These transfer functions depend on odd powers of =z,
which allows to estimate odd moments—in particular, in
the subdiffraction limit [53]

iS iS 275+2
L+ 12 = 5 g7y 02 T O(AYT), (9)
11
24751\/7 + 1

50 05 = 2 4951(nS +ni® ), Oyy0 = 2-4751/FF I(nf —

Relative errors of moments estimation for SPADE and
iSPADE techniques satisfy [53, 54] 60,,/0,, = O(A~T%])
—this is the optimal scaling with A over all measure-
ments allowed by quantum mechanics[55-57]. For DI,
80,,/6,, = O(A~*) 53], so (1)SPADE gives a better scal-
ing for p > 2. While these results are derived for A — 0,
numerical studies confirm (i)SPADE’s optimality in a
more realistic A = 1 regime [58].

In principle, iSPADE enables any object reconstruc-
tion by estimating spatial moments and expressing in-
tensity distribution in terms of them. This was demon-
strated in a proof-of-principle experiment, with neural
networks assisting in processing noisy data [43, 44] .

However, this approach is impractical for objects much
larger than the PSF (A > 1) since large number of mo-
ments is needed, and the advantage of (i)SPADE over
DI is not clear in this regime [59]. It is therefore much
more promising to use (i)SPADE in scanning, confocal
microscopy, where the illuminated part of an object is of
the size of diffraction spot, so A ~ 1. The object can
then be scanned, (1))SPADE measurements taken locally,
and the full image reconstructed from multiple spatial
moment maps using generalized Richardson-Lucy decon-
volution algorithm [60] or neural networks [61].

Applying (i)SPADE in practical microscopy with flu-
orescent emitters and high-NA objectives is technically
and conceptually demanding [62]. A simpler and much
easier to implement [63, 64] alternative is image inversion
interferometry (IIT), which has already demonstrated su-
perresolution of two fluorescent emitters in a high-NA
setup [65]. III sorts the optical field into even and odd
modes by interfering the image with its spatial inversion.
The corresponding transfer function is

A Oaj1 + O(AYFD), (10)

1 e
T (&) = 5 (Hzefﬁ), (11)

+/— correspond to even/odd modes. For two point
sources, III and SPADE achieve the same precision for
s — 0 [34]; however, III becomes worse for larger sep-
arations. More importantly, III provides limited infor-
mation about complex objects; with only two outcomes,
only two independent object properties can be inferred.
In the subdiffraction regime, intensities of even and odd
modes are

M =0, +0(a%, M= % +0(AY), (12)

so only Oth and 2nd spatial moments can be estimated.

An important result of this work, demonstrated in
Sec. IIT A, is that temporal fluctuations enable extraction
of all even moments from III, providing the full informa-
tion of SPADE with a much simpler measurement.

B. Stochastic optical fluctuation imaging (SOFI)

Let us consider super-Poissonian sources with time-
fluctuating brightnesses, such as quantum dots [66] or
dyes [67] used in fluorescence microscopy. We divide ob-
servation time into frames. In each frame, the photon
number from ith source follows n; ~ Poiss(g;), where ¢;
is a random variable representing the frame-integrated
source brightness. Thus, fluctuations of n; arise both
from variability of ¢; and and from shot noise. For mul-
tiple sources at positions x;, the pixel intensity for DI is
I(z;) = >, @;U(x; — x;), which also fluctuates in time.
Recording multiple frames yields different samples of a
random variable I(z;).

SOFTI [6, 32] exploits these fluctuations to enhance res-
olution. The rth cumulant of a random variable X is
defined as

k(X) = log(e'X), (13)
t=0

for example, £ (X) = (X), £ (X) = (X?) = (X)?, (o)
denotes expected value. For independent g;s

ROU(25) =Y k@)U (25 — @), (14)

i

dt”

This is the core equation of SOFI—in the rth cumulant,
the PSF is effectively replaced with its rth power, and
consequently narrowed by a factor /. In principle, one
can arbitrarily narrow the PSF using cumulants of large
orders; however, in practice higher cumulants become
very noisy, which limits the resolution gain [68].
Importantly, in practice one measures shot noise-
affected photon counts n(z;), not the noiseless intensities
I(z;), and ") (I(z;)) # &7 (n(x;)) for r > 2. There-
fore, (14) does not hold for experimentally measured
cumulants—the discrepancy is especially significant at
low photon numbers. This issue was recently addressed
in Ref. [31], which showed that resolution enhancement
by \/r requires using an appropriate linear combination
of measured cumulants /1(1), k@) ..., k) rather than (")
alone. We will return to this point in Sec. III B when dis-
cussing the techniques introduced in the present work.

III. CONNECTING SPADE AND SOFI
A. General principle

It is natural to ask whether intensity fluctuations help
to enhance resolution beyond DI measurement. We an-
swer this question positively and introduce SOFSPADE
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FIG. 2. Photon emission from quantum dots or dyes used to label an object fluctuates in time—typically, an emitter switches
between two states characterized by brightnesses gor and gon (a). The resulting image also varies over time (b). In SPADE,

the image plane field is sorted into H-G modes (c).

Fluctuations of photon counts n; in different modes provide additional

information about object’s higher (u > 4) spatial moments through suitable intensity cumulants—this leads to a proposed
SOFSPADE technique. In III, the image-plane field is interfered with its spatial inversion (d), yielding a much simpler setup
than SPADE, but providing access only to two outcomes corresponding to Oth and 2nd spatial moments. However, temporal
fluctuations allow all even moments to be recovered from temporal cumulants of the odd-mode intensity I_, which forms the

basis of the proposed SOFIII technique.

technique which combines resolution gains from SOFI
and SPADE.

Let us consider a 1D object consisting of independent
fluctuating emitters imaged by a general linear system
with a transfer function 7'(j]x)—(1) then applies with g;
and I; interpreted as random variables.

Emitters fluctuations introduce correlations between
detectors, which can be characterized by joint cumulants,
defined as

d'I"
X1, X)) = log (e ti i
K( 1yeeey ) dtldtg dtr Og<e >)

ti1,...,t,=0

(15)
for example x(X1, Xo) = (X1 X2) — (X1)(X2). The gen-
eral formula for multivariate cumulants is

R(X1 X)) =D 0 ] <H X> (16)

Ben \ieB

where the sum runs over all partitions 7 of {1,...,7}
into non-empty blocks B, Q (|x] = DI(=1)lm=1]
where |7| denotes the number of blocks in a given parti-
tion; see appendix A for explicit formulas for low-order
cases and further cumulants properties. We denote by
k(o) (X L., X)) the joint cumulant in which X; ap-
pears r; times.

The joint cumulant of detectors intensities is
6Ly, s 1j,) =

=K (Z T(j1lwi )i, ~--7ZT(J'Z|%‘T)Q“> =
i1 Ty
I :
©3 TGl T

D1y lp

(I1) . .
= ZT(11|$i)T(J2|33i)---T

(.jl ‘331',,.)%(%'17 ceey QM) =

(jT|$i)’9(T)(Qi): (17)

in (I) we used cumulants linearity, in (II) we used the fact
that cumulants of independent random variables vanish.
We got extension of (14) for arbitrary measurement and
arbitrary multi-detectors correlations; for cumulants, ef-
fective transfer functions are products of intensity trans-
fer functions.

To proceed further, let us assume that the ratio &, =
x)(q:)/(q;) is the same for all emitters. This assump-
tion is true for statistically identical sources, but also
more generally, when each single source consists of mul-
tiple independent, identical emitters stick together. Im-
portantly, if blinking dynamics is not known, coefficients
Ky can be estimated based on measured signal, see VB
for more details. Let T'(jlz) =3  , Ay j(z/0)" be Taylor



expansions of transfer functions, then (17) becomes

K(Ijl,sz, ...,Ij ) = ,‘2]7« ZA%;QM, = (jl,jg, ...,jT),
I
Au,f = Z A i Apz o Apr gy (18)
prtpet. A pr=p
where 6, = > .(q:)(z;/0)" are object’s dimensionless

spatial moments, previous definition was generalized to
fluctuating sources.

Equation (18) shows that intensity cumulants provide
additional information about the object’s spatial mo-

ments. For SPADE measurement, in a subdiffraction
limit, (18) reduces to
(Igslv- vaS,) fr 92(]1+ +]7‘)+O(A2(‘71+ +jr)+2)

(19)

so higher-order moments can be inferred from lower-order
H-G modes by analyzing suitable cumulants. For exam-
ple, K (I1) = 2260, + O(A°), so the variance of intensity
in 1st H-G mode encodes the fourth spatial moment.

This allows to enhance estimation precision by com-
bining information from different cumulants: 64 can be
estimated using both k(Iy) = (I3) and £®)(I}), 65 can
be estimated using x(I3) = (I3), (I, I2), k) (1), etc.,
see Fig. 2c. This extra information sources lead to higher
estimation precision, as we will demonstrate in Sec. IV

Moreover, one can simplify the measurement and re-
duce the number of distinguished H-G modes while re-
taining the ability to estimate higher moments; for ex-
ample, 64 can be estimated only based on &) (I), 6
based on k(3 (I;), etc. Therefore, measurement of just
two H-G modes, ¢¢ and ¢, allows to estimate all even
moments.

Pursuing this idea further, one can use a significantly
simpler IIT measurement instead of SPADE, and still re-
cover all even moments since cumulants of intensity of
odd modes satisfy

ROI(L) = 2265, + O(A ), (20)
so rth cumulant encodes 2rth spatial moment, see
Fig. 2d. This is the basis of our newly introduced SOFIII
technique.

For odd moments, one needs to use iSPADE, for which
cumulants also allow to gain more information about
higher moments. In particular, iISPADE with just four
different outcomes—0, 04, 0_ and 1—allows to recon-
struct all moments, for example, using equations

. For ,
KM(I18) = geg,. + O(A? +2)

m(IiS(T), 0+) _ Ii([is(r), 0_) _ 92r+1 + O(A2r+3)

(21)

23'r+1

So far we focused on subdiffraction limit and provided
formulas for cumulants in the leading orders of A to un-
derly the most important aspects of fluctuation enhanced

SPADE. Nevertheless, (18) is valid beyond this approxi-
mation and allows to express any intensity cumulant as
linear combination of spatial moments. This allows to es-
timate moments of any object with increased precision,
as we will demonstrate in what follows.

B. Estimator construction

Let us now analyze the statistics of data obtained in a
general imaging scheme of fluctuating sources. The ob-
servation time is divided into M frames (as was done to
describe SOFT in Sec. IIB), the number of photon counts
at detector j in frame m is n;,,. To simplify the anal-
ysis, we assume that subsequent frames are statistically
independent, but we will comment how to go beyond this
assumption at the end of this section.

Using collected data, we compute sample temporal mo-
ments

R 1
A0 n3,) = 37 D Mmooy (22)

m=1

which are efficient and unbiased estimators of theoretical
temporal moments p(nj,,...,nj,.) = (nj,...n;, ). Then, we
construct cumulants estimators using (16),

K(ngy, .- nJT)—ZQ H fi(n

Bern

i€ B),  (23)

these estimators are asymptotically unbiased for M —
00.

In order to make practical use of (18), we should trans-
form estimators of photon count cumulants into estima-
tors of intensity cumulants using

ROV (I 1) =
T

1

s(ry, k)i (kl"'"’k’)(njl,...,njl),

(24)

where s(r, k) denote Stirling numbers of the 1st type,
j1,-..J1 are non-repeating indices—see appendix B for the
definition of Stirling numbers and proof of (24). Formula
similar to (24) was derived in Ref. [31] for more general
photon statistics—we provide an alternative proof valid
for super-poissonian sources only, but extend the appli-
cability to many detectors cases.

Let vector #) collect estimators of all intensity cu-
mulants we want to use. For example, with two
detectors and cumulants up to 2nd order, RO =
[(1), i(I), & (1), 5 (1), (I, I5)]

Using frames independce and central limit theorem,
we prove (in appendix C) that cumulants estimators cal-
culated using (23) and (24) are asymptotically normally
distributed,



R M2se (A@i » () /M) , (25)

where 2 /M is a covariance matrix, &) = Af is the
vector of theoretical cumulants, depending linearly on
objects spatial moments collected in . The matrix A,
whose elements are determined via (18), specifies this lin-
ear relation. Strictly speaking, gis usually infinite, since
elements of /) generally depend on infinitely many spa-
tial moments. In practice, the series is truncated by ne-
glecting higher moments contributions, making g finite.

To estimate spatial moments, we use maximum like-
lihood (ML) estimator, which, for our linear Gaussian
model, is given by [69]

i=(an (37) ") A (5) TR e

where ﬁ](n) is a covariance matrix estimated from col-
lected data—the exact procedure of covariance matrix
estimation is described in appendix C.

To summarize, we provided spatial moments estima-
tion procedure valid for any object size (also beyond
subdiffraction limit). One should firstly compute rel-
evant temporal moments estimators directly from col-
lected data using (22), and then transform them to in-
tensity cumulants estimators using (23) and (24). Then,
spatial moments estimators are linear combinations of in-
tensity cumulants estimators, with coefficients given by
(26).

This reasoning can be extended to temporally corre-
lated frames case provided that correlations decay fast
enough, so that generalized versions of central limit theo-
rem [70] can be used to justify (25). This can be done, for
example, when emitters blinking is governed by a Markov
process, which leads to exponentially decaying temporal
correlations between frames [68]. In such a case, one
needs to take into account these correlations when com-
puting covariance matrix estimator.

C. Fundamental bounds

When consecutive frames are independent and iden-
tically distributed, all relevant information is contained
in the empirical temporal moments of photon counts,
f(njy, ..., n;.), provided that a sufficiently high moment
order is used. However, the question remains, whether
the procedure described in the previous section optimally
estimates object’s spatial moments 6,,, especially for fi-
nite M, when (25) does not hold exactly, ML estimator
(26) is not guaranteed to be optimal, and covariance ma-
trix estimator %(*) might be inaccurate.

To answer this question, we will compare the MSE of
the described estimation procedure with the fundamental
Cramér-Rao (C-R) bound. Let C be a covariance matrix

6

of spatial moments estimators, C,, = Cov(éu,éy). The
C-R bound states that for any unbiased estimators [69]

C>F"' F, :/df
p(7[0)

where F' is a Fisher Information matrix, A > B means
that matrix A — B is positive semidefinite, & collects all
relevant measurement outcomes, p(f|§) is a probability
of obtaining outcome 7 for parameters values 5, Oy =
%. In our case, g contains the spatial moments to be
estimated, and & corresponds to the empirical temporal
moments of photon counts, & = ﬁ'(”). When bounding
the precision achievable with a chosen set of cumulants,
Z should include only the temporal moments required to
reconstruct those cumulants. .

Using (27) and asymptotic normality of /i), we obtain
the following bound for MSE of estimating ¢, from M
frames:

~ 1 _
529u 2 M [F 1]

_ O 1 O
'’ nZ 86)# 891, )
(28)
where i collects the theoretical temporal moments (the
expected values of photon counts products), =™ is a
covariance matrix of these photon counts products, see
appendix C for more details. Importantly, F does not de-
pend on M and can be computed exactly from the statis-
tical model of a single frame, without random sampling.
While the bound above is valid for any M, it becomes
tight only in the asymptotic limit M — oco. Neverthe-
less, we show that even for finite M, the simulated MSEs
of our estimators closely follow the bound—this demon-
strates both the bound relevance and the estimator op-
timality.

IV. EXPERIMENT SIMULATION

We now demonstrate the performance of the proposed
imaging techniques, SOFSPADE and SOFIII, in esti-
mating spatial moments of blinking objects. We do
not discuss the subsequent reconstruction of the ob-
ject from its moments, as this has already been demon-
strated in SPADE imaging simulations [60] and experi-
ments [43-45], both in confocal and wide-field setups. It
is clear that improved accuracy in estimating spatial mo-
ments—especially higher-order ones—directly translates
into higher image resolution and reconstruction fidelity.

Consider an object consisting of & = 20 independent
blinking point emitters, distributed within a subdiffrac-
tion region (A = 0.3), as shown in Fig. 3a. Each emitter
switches between “on” and “oftf” states with brightnesses
Gon = 100% and qo = 5p§]‘f;ﬁ‘e‘s, respectively, the
probability of “on” state is p,, = 0.1—these are rea-
sonable assumptions for SOFI experiments [71-73]. For
each frame, the brightness ¢; of every emitter is drawn
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FIG. 3. Simulations are performed for a subdiffraction object
(A =0.3) composed of k = 20 emitters distributed as in (a).
Panel (b) shows the relative errors of even spatial-moment es-
timates as functions of the number of frames (markers: simu-
lated MSEs; solid lines: C-R bounds) The area corresponding
to accuracy 10% or better is shaded in each chart to facilitate
comparison. Higher-order moments are harder to estimate,
and the benefit of fluctuation-based methods (SOFSPADE,
SOFIII) increases with moment order.

independently, after which photon counts at the detec-
tors are sampled from a Poisson distribution with mean
given by (1).

This process is repeated independently for M frames.
From resulting time series of photon counts, empirical
temporal moments are computed using (22), and the cor-
responding spatial-moment estimators éu are obtained
via (23), (24), (26). The entire estimation procedure is
repeated N = 1000 times for independently generated
datasets of M frames, and for each run we evaluate the
squared error (é# —0,)% Averaging these errors over all
repetitions yields the MSE for each estimated moment.
We compare these MSEs with C-R bounds obtained us-
ing (28).

Let us firstly consider estimation of 5 leading
even moments, 6 = [00,02,04,06,05]".  This can
be done using mean intensities on 5 SPADE de-
tectors (mean SPADE), which corresponds to & =
[R(I5), k(ID), A(I$), &(I5), &(I)]T.  Alternatively, one
can significantly simplify the measurement and use
SOFIIT technique, which requires just two detec-
tors and temporal cumulants up to 4th order, R =
[R(I), (110), &) (110), 5G) (710 5@ (7). Finally,
to get maximal precision, one can use SOFSPADE, in

which temporal correlations between multiple detectors
are used,

R = [R(I5), R(ID), &(I5), R(I5), &(I3), kD (ID), k(I I5),
R(IT,I5), 6 (I15), kO(1D), &BD(I3, I5), & (IF)] T,

note that we neglected cumulants with sum of detectors
labels greater than 4 since they do not give any informa-
tion about spatial moments of orders up to 8. The calcu-
lated MSEs and corresponding C-R bounds as functions
of the number of frames M are shown in Fig. 3b. These
results demonstrate that higher-order spatial moments
can be reliably estimated using the experimentally ac-
cessible SOFIII technique. Remarkably, SOFIII achieves
even higher precision than full SPADE with mean sig-
nal only. This advantage diminishes for weaker fluctua-
tions, where SOFIII may become less precise than mean
SPADE, though still far easier to implement. However,
SOFSPADE consistently outperforms both methods, as
it combines the information from multiple detectors and
temporal correlations. Our simulations show that SOFS-
PADE advantage grows with spatial moment order since
higher spatial moments receive contributions from multi-
ple cumulants. For 6;, SOFSPADE gives no advantage,
as only the first-order cumulant (I;) carries information
about this parameter. In contrast, higher-order cumu-
lants dramatically enhance higher-order moments esti-
mates: SOFSPADE achieves the same precision for the
8th moment with nearly 1000 times fewer frames than
mean-signal SPADE.

To estimate odd moments, we need to use iS-
PADE measurement. If we want to know mo-
ments up to order 6, then 6 = [0y,61,...,05]. Let
us consider two estimation strategies: (i) mean iS-
PADE, for which we use mean intensities on 8 de-
tectors, & = [R(IF),w(I5), (1), w(IE), (1))
(ii) binary, stochastic optical fluctuation iSPADE (bin
SOFiSPADE), for which 2 H-G modes are interfered,
which leads to 4 detectors 0, 04, 0_, 1, for which
temporal cumulants from (21) are computed, R o=
[&(Io), {& (1), &0V (Io, , Iy) : r € {1,2,3}}]7 The
estimation MSEs again follow the C-R bound for suf-
ficiently large M, see Fig. 4. Interestingly, fluctuation-
based method with simplified measurement again outper-
forms mean iSPADE, especially for high even moments
and small values of M, for which C-R bound for mean
iSPADE is not saturated.

V. PRACTICAL ASPECTS
A. Generalization to 2D objects

To illustrate the working principle of SOFSPADE and
SOFTII superresolution techniques without introducing
extra mathematical complications, we focused on 1D
imaging. Let us now discuss how these results generalize
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FIG. 4. Odd and even moments of an object shown in Fig. 3a
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number of frames. For even moments, the estimator based
on mean iISPADE only becomes efficient for large number of
frames, but bin SOFiSPADE method is free of this issue.

to a more practical, 2D case. The SPADE measurement
is then performed in the basis of 2D H-G modes defined
as ¢z, y) = ¢ () or(v'), j, k € {0,1,2,...}. The cor-
responding transfer function is a product of 1D transfer
functions,

T%5(j, klz,y) = T%(j|2)T° (kly), (29)

where x,y are coordinates of a light emitter in the ob-
ject plane. A 2D object consisting of point sources with
positions (x;,y;) and fluctuating brightnesses ¢; can be
characterized by its 2D moments defined as 0, ,, =
Si{gi)at =yl As in 1D case, objects moments are di-
rectly related to mean intensities I;; of different H-G
modes—for subdiffraction objects

1 .
(I7%) = mgzmk +O(AMFEEZ) - (30)

where A = max; \/z? + y? /o characterizes the size of 2D
object. Again, one can go beyond subdiffraction limit

and express (I ;) as a combination of infinite number of
moments with leading contribution from 6y o1, as in (5).
The 2D analogue of (19) is

k(I

28 —
jl,k17"'7I k )_

Grokr

R
:mgz(ﬁ+...+jr>,2<k1+...+kr)v (31)
so as in 1D case, cumulants of intensities in lower modes
provide information about higher-order moments; for
example, w(I35,175) = 52625 + O(A®) P (I75)
22044 + O(A'), etc. Therefore, fluctuations help to
estimate even 2D moments 6, ;, for which j + & > 4; the
general estimator construction is the same as for 1D case.
To estimate odd moments, one should use 2D version of
iSPADE measurement [53]; there is also 2D version of III
technique [74], which, when enhanced by fluctuations,
may be used to estimate all 2D even moments.

B. Blinking parameters estimation

To apply SOFSPADE or SOFIII techniques in prac-
tice, one needs to know £, coefficients characterizing
blinking dynamics of emitters. These coefficients can
be easily computed when blinking parameters gon, qoff
and pon are known. If this is not true, one can esti-
mate R, from experimental data. Let nanm = > ;5 m
be the total number of photon counts collected from all
detectors in a given frame m. Then, one can calculate
sample moments 1" (na) = & Z%ﬂ N, and, fur-
ther on, intensity cumulants of total signal (") (I, using
(16) and (24). Then, coefficients &, can be estimated as
R = &) (Ln)/(I.n)—because of cumulants additivity,
the ratio between rth cumulant and mean of total sig-
nal is the same as the corresponding ratio for a single
emitter.

VI. CONCLUSIONS

To summarize, we have shown that blinking can sub-
stantially enhance the performance of SPADE: the pro-
posed SOFSPADE method exploits temporal fluctua-
tions to achieve markedly improved precision, especially
for higher moments estimation.

More importantly, emitter fluctuations enable the far
simpler ITI measurement to recover the full object infor-
mation. The proposed SOFIII technique is experimen-
tally much easier to implement than SPADE, yet it still
allows recovery of all even spatial moments of the object.
The only practical limitation comes from the fact that
higher-order cumulants become hard to estimate.

It is especially promising to implement SOFIII in a
confocal microscope—on one hand, confocal versions of
SPADE have already demonstrated the ability to recon-
struct complex objects with enhanced resolution; on the



other hand, SOFIII delivers the same information con-
tent as SPADE, while the III measurement has already
been realized for fluorescent sources and high-NA ob-
jectives. Incorporating blinking fluorophores and time-
resolved detectors should not significantly increase the
experimental complexity of an III setup.
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Appendix A: Cumulants properties

We can get explicit formulas for single-variable and multi-variable cumulants by expanding cumulants generating

functions, (13) and (15) respectively. This allows us to express cumulants in terms of moments, see (16). The
expressions for single-variable cumulants up to order 4 are:
(X)) = (X), (Ala)
P(X) = (X?) - (X)?, (Alb)
(X)) = (XP) = 3(X*)(X) + 2(X)?, (Alc)
(X)) = (X*) = 4X3)(X) = 3(X?)? + 12(X?)(X)? — 6(X)*. (Ald)

Note that 2nd and 3rd cumulants are equivalent to central moments.

cumulants are

The analogous expression for multivariable

R(X,Y) = (XY) — (X)(Y), (A2a)
R(X,Y, Z) = (XY Z) = (XY)(Z) = (XZ)(Y) = (Y Z)(X) + 2{X)}(Y)(Z), (A2b)
#(X,Y, Z,W) = (XY ZW) = (XY Z)(W) = (XYW)(Z) = (XZW)(Y) = (Y ZW)(X)
- (X >< W) = {(XZ)(YW) - (XW)(Y Z)
+2((XYNZ) (W) + (XZ)(YV)(W) + (XW)(Y)(Z)
+ (Y ZUX) W) + (YW)HXNZ) + (ZW)HX)(Y))

— 6(X)(YZ)(W). (A2¢)

One can also express moments in terms of cumulants; inverted relation (16) reads
w(X1, .., X,) = X,y => [ s(Xi:ieB), (A3)

7 is set of all partitions of {1, ...,

k(aX + BY, Xo, ...,

™ Bem

r} into subsets. Importantly, multivariate cumulants are linear in each argument

Xn) = ak(X, Xo, ...,

Xn)+ 8, Xo, ..., (A4)

X”l)7

a, # are numbers. For single-variable cumulant of order r this formula leads to

r

->

Jj=0

k" (aX 4 BY)

(;) aj/gr—j,{(jw—j) (X,Y) (A5)
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The crucial property of cumulants , which distinguishes them from other statistics like moments and central moments,
is

k0o (X X)) =0 for independent Xy, ..., X, if #{i:r; >0} > 2, (A6)

where #{i : o} is the number of indices ¢ satisfying condition e. This property makes cumulants so useful in SOFI,
SOFSPADE and SOFIII techniques as long as different light emitters are statistically independent. Using (A5) and
(A6), we get

KM (aX 4+ BY) = o k(X)) 4+ 876" (Y) for independent XY, (A7)

and, more generally
k() (Z ain) = Zaf k(" (X;) for independent X7, ..., X,,. (A8)

This equation is a basic principle of SOFI technique, as it directly translates to (14) when X; are replaced with g¢;
and «; are replace with U(z; — ;).

The other property, which will be used in appendix B is the law of total cumulance [75]: when X1, Xa,..., X,,, Y
are random variables, then

(X1, Xa, . Xp) = Y ky(k(Xi:i€ BY): Bem), (A9)

where summation is over all partitions m of set of indices{1,2,...,n} into subsets, B denotes a subset of a given
partition; for example, when n = 6, then one exemplary partition of the set of indices is 7 = {{1,2},{3,4},{5},{6}},
elements of this partition, are B = {1,2}, B = {3,4}, B = {5}, B = {6}. Conditional cumulants x(X; : i € B|Y)
depend on the value of Y, so they are random variables because Y is a random variable; we use notation ky to
indicate that the external cumulant is computed taking into account the randomness of Y only. To get some more
intuition, let us see how (A9) looks like for n =2 and n = 3

IQ(XLXQ) = Hy(H(Xl,XQD/)) + Iiy(li(XﬂY), I{(X2|Y)) (AlO)

K)(Xl,XQ,Xg) = /ﬂ}y(/ﬂ}(X17X2,X3|Y)) + /iy(h}(X1|Y), IQ(X27X3‘Y)) + Ky(H(XQ‘Y),K(Xl,X3|Y))+
+ Hy(H(Xg‘Y), I{(Xl, X2|Y)) + Hy(lﬁ(XﬂY), K(X2|Y), I{(X3‘Y)) (All)

Finally, another useful property is that all cumulants of a Poissonian random variable are equal to mean value of
this variable,

X ~ Poiss(p) = ¥, &"(X) = p, (A12)

Appendix B: Relation between n-cumulants and /-cumulants

In this work we distinguish between photon counts numbers n and intensities I which are linked by relation
n ~ Poiss(I), see (1). It is much easier to use intensities in derivations because relation I; = > T(j|r;)¢; holds
for I (expected values of Poissonian random variables), but not for n—this is related to the fact that coherent
(Poissonian) state at beam-splitter transforms into independent coherent states, but Fock state transforms into non-
trivially correlated states. In fact, for a fixed numbers of photons emitted by different sources n;, photon counts at
detectors n; are correlated and distributed according to multinomial distribution. We can then include fluctuations
by introducing a probability of different numbers of photons emitted P(n;), and write down the statistical model for
n; as a combination of multinomial distributions—this was done for direct imaging measurement in Ref. [31].

Here we take different approach, valid for super-poissonian sources only—we assume that the number of photons
emitted by each source in a single frame is given by Poiss(g;), where ¢; is a random variable describing brightness of a
given source. Therefore, the number of emitted photons fluctuates both due to variability of ¢; and due to shot noise,
which leads to superpoissonian fluctuations. Then, we use (1) to transform brightnesses ¢; into detectors intensities
I, and, further on, into detectors photon counts n;.

For this, we need (24), which links measurable cumulants of photon counts with easier-to-calculate cumulants of
intensities. Let us now prove (24).



13

Firstly, let us write an equation for s ("7t) (njy,...,n5) (when ji, ..., ji are non-repeating indices) using the law of
total cumulance (A9) with Y = (I, ..., I;,), X; = nj;; then conditional random variables Xy, ..., X;|Y are independent
Poissonian variables with mean values (X |Y") = I;,. Using the fact that cumulants of independent random variables
vanish (A6) and using (A12), we get

Ijk if rp > 0,r1=...=1r)_1 = Tk+1 = ...T1 = 0

0 in all other cases (B1)

R (X 0Y) = {
Therefore, many terms in the total cumulance expansion (A9) will vanish, and the only non-zero terms are those,
in which partition 7 contains only subsets B consisting of one repeating variable. Let 7 be a partition in which r;
variables X, were divided into i, subsets, ro variables X5 were divided into is subsets, etc. Then,

Ijl) (BQ)

Moreover, there are S(ry,41)...S(r,4;) such partitions 7, where S(r,4) denotest the number of partitions of r-element
set into 4 subsets. Therefore,

ky (K(X; i € B|Y): B €)= xl-i)(I;

1900y

T1 T2 Tl
R (g =3 0> > Sy i) S (i) st (I ). (B3)

i1=0i2=0  4,=0
Numbers S(r,¢) are called Stirling numbers of the 2nd type, and they have the following property [76]

n

Z s(n, k) S(k,m) = 0pm = Z S(n, k) s(k,m) (B4)

k=0 k=0
where s(r,4) are Stirling numbers of the 1st type, defined as the coefficients in the following expansion

n

r@+1).(z+n—1)=> s(n, k) (B5)
k=0

Equation (B4) allows us to invert relation (B3), which leads to (24) from the main text.

Appendix C: Details of estimator construction

Let us remind that vectors i(™ and &) collect all theoretical photon counts moments and intensity cumulants
we want to use; analogously, vectors (™ and () collect estimators of photon counts moments and estimators of

intensity cumulants; elements of fi(") are given by (22), elements of 7D can be expressed in terms of fi(") using (23)
and (24), and the same equations can be used to express #/) in terms of A . We can define a Jacobian matrix of
transformation from (™ to &) as

IR, o)

elements of this matrix can be found using (23) and (24). The matrix J ij(ﬁ(")) is a Jacobian of transformation from
i to D). Cumulants estimators calculated using (23) and (24) are asymptotically unbiased, which means that

(R M50 g = A (C2)

Let us observe that (22) can be written as (™ = Z%:l fim, where each 7, is an independent random vector
containing the products of photon counts n;, m, - - -1, m used to estimate the moments. By the central limit theorem,

i M50 (™, =™ /), (C3)

where N (ji, ) denotes multivariate normal distribution with mean vector i and a covariance matrix 3. In our case,
a covariance matrix can be estimated from collected data using

M
&) 1 I (n) )T
) - M <m§=1 nmnm) —HH (C4)
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Cumulants estimators are functions of moments estimators, so from delta method [77], 7 is also normally distributed,
and

R N (AR ) B < )R T (). (©3)

We proved that cumulants estimators are described by linear Gaussian model (25). This allows to construct a
simple maximum likelihood estimator [69] of object’s spatial moments

f— (AT (z:(”))*l A) T (E(“)) Y (C6)

We cannot use this formula directly because we do not know the covariance matrix E(”); however, we can replace
» (%) with its estimator constructed as

() %)y (1) %(n

o = J@E)ET gt ), (CT)

where £ is constructed using (C4), fi™ entering J(ji(™) are constructed using (22); this leads to initial moments
estimate

- SN T ()
0, = <AT (20 ) A) AT (20 ) 70 (C8)
We can further increase the estimation accuracy and robustness by using estimated moments to create new, more
accurate estimators 2(»@)7 which are then used to reestimate 6; subsequent estimators can be constructed iteratively:
Ay -1

N -1 N 1
2, o (k) 5 (k) o 2,
i = (A7 (122600)  4) AT (3@) &0, (c9)

&(5) > . . . L
where X, (6;) means that we calculate covariance matrix estimator assuming 6; are real moments—firstly, we calcu-

late cumulants as a function of 6, using (18), then we transform intensity cumulants to photon counts moments using
(B3) and (A3), and finally, covariance matrix estimator is calculated using (C4) and (C7).



Chapter 7

Conclusions & Outlook

The main goal of Chapters 2-4 was to advance the state of the art in QFI optimization
for single-parameter estimation problems.

The emphasis was placed on the little-explored area of correlated quantum channels.
The main challenge was to extend existing methods based on the quantum comb
formalism to the large-/N limit, where even storing the complete comb matrix in
computer memory becomes impossible. To overcome this problem, tensor-network
based (Chapter 2) or iterative (Chapters 3, 4) methods were applied.

The frequentist framework was a natural choice for exploring the uncharted waters of
quantum metrology. Despite recent widespread interest in Bayesian [Rub21; Bav24;
Zho24; Hay25; Alb25| and other non-local [Ges23; Mey25| approaches to quantum
metrology , extending the results presented in this thesis beyond local estimation
regime is still a challenge for the future.

Significant progress in Bayesian quantum metrology was recently made in Ref. [Zho24],
which showed how to translate Bayesian problems into frequentist ones using the
imaginary-time evolution technique. This enabled application of MOP-based methods
to formulate Bayesian cost optimization as a single SDP. However, these results
apply only to small N, and whether iterative techniques like those in Chapter 4 can
extend them to large-N fundamental bounds remains unclear.

The channel discrimination problem [Bav21; Kat21la; Kat21b] can be viewed as a
particular case of Bayesian problem with a discrete prior. For channel discrimination,
the tensor-network based optimization from Chapter 2 has been recently successfully
applied [Sie26|. Nevertheless, it is not obvious how to extend this result to continuous
priors without drastically increasing the tensor network bond dimension.

It would be also interesting to extend the results from Chapters 2—4 to a multipa-
rameter case. Nontrivial tradeoffs then appear because different input probes or
estimation strategies are optimal for different estimated parameters, a phenomenon
called probe incompatibility [Alb22; Alb25].

The methods proposed for correlated models are efficient for relatively small envi-
ronmental space dimensions dim(€). However, this limitation can be sometimes

132



circumvented using the Markovian embedding technique [Ple20; Das25a|, which
enables treatment of even infinite-dimensional environments.

Regarding the results presented in Chapter 5, the introduced FI MeNoS quantity
has been generalized to multiparameter scenarios in Ref. [Alb24], and the problem
of noise vulnerability of quantum estimation protocols has been further examined in

Ref. [For26].

The results of Chapter 6 are particularly interesting from an experimental perspective.
I show that temporal signal correlations enable the image inversion interferometry
(III) technique to extract information otherwise accessible only via higher H-G modes.
The III technique is much simpler than measurement in the full H-G mode basis and
has recently been demonstrated in realistic microscopic setups [Mit24]. Practical
demonstration of fluctuation-enhanced III for imaging of complex sub-diffraction
objects would be a valuable experimental direction.
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Other publications

Published before PhD studies:

e Super-resolution optical fluctuation imaging—fundamental estimation
theory perspective
Stanistaw Kurdzialek and Rafal Demkowicz-Dobrzariski
Journal of Optics 23, 075701 (2021)
DOI: 10.1088/2040-8986 /ac059¢

Published during PhD studies but not included in this thesis:

e Back to sources — the role of losses and coherence in super-resolution
imaging revisited
Stanistaw Kurdziatek
Quantum 6, 697 (2022)
DOLI: 10.22331/¢-2022-04-27-697

e Noise-resistant phase imaging with intensity correlation
Jerzy Szuniewicz, Stanistaw Kurdziatek, Sanjukta Kundu, Wojciech Zwolinski,
Radostaw Chrapkiewicz, Mayukh Lahiri, and Radek Lapkiewicz
Science Advances 9, adh5396 (2023)
DOI: 10.1126/sciadv.adh5396

e Certifying the quantum Fisher information from a given set of mean
values: a semidefinite programming approach
Guillem Miiller-Rigat, Anubhav Kumar Srivastava, Stanistaw Kurdziatek, Grzegorz
Rajchel-Mieldzioc, Maciej Lewenstein, and Irénée Frérot
Quantum 7, 1152 (2023)
DOI: 10.22331/q-2023-10-24-1152
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https://doi.org/10.22331/q-2023-10-24-1152

e Optimal phase estimation in the presence of correlated dephasing
Srijon Ghosh, Arkadiusz Kobus, Stanistaw Kurdzialek, and Rafal Demkowicz-
Dobrzanski
arXiv preprint: 2511.07211 (2025)

e QMetro++ — Python optimization package for large scale quantum
metrology with customized strategy structures
Piotr Dulian, Stanistaw Kurdziatek, and Rafal Demkowicz-Dobrzanski
Quantum 10, 1991 (2026)
DOI: 10.22331/q-2026-01-29-1991
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